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PHILOSOPHY 


Bridging Concepts 


This book presents a fresh, new approach to the concepts of calculus for students in 
fields such as business, economics, liberal arts, management, and the social and life 
sciences. It is appropriate for courses generally known as “brief calculus” or “applied 
calculus.” 

Our overall goal is to improve learning of basic calculus concepts by involving 
students with new material in a way that is different from traditional practice. The 
development of conceptual understanding coupled with a commitment to make cal- 
culus meaningful to the student are guiding forces. The material in this book 
involves many applications of real situations through its data-driven, technology- 
based modeling approach. It considers the ability to correctly interpret the mathe- 
matics of real-life situations of equal importance to the understanding of the con- 
cepts of calculus in the context of change. 


Data-Driven 


Many everyday, real-life situations involving change are discrete in nature and man- 
ifest themselves through data. Such situations often can be represented by continu- 
ous or piecewise continuous mathematical models so that the concepts, methods, 
and techniques of calculus can be utilized to solve problems. Thus we seek, when 
appropriate, to make real-life data a starting point for our investigations. 

The use of real data and the search for appropriate models also expose students 
to the reality of uncertainty. We emphasize that sometimes there can be more than 
one appropriate model and that answers derived from models are only approxima- 
tions. We believe that exposure to the possibility of more than one correct approach 
or answer is valuable. 


Modeling Approach 

We consider modeling to be an important tool and introduce it at the outset. Both 
linear and nonlinear models of discrete data are used to obtain functional relation- 
ships between variables of interest. The functions given by the models are the ones 
used by students to conduct their investigations of calculus concepts. It is the con- 
nection to real-life data that most students feel shows the relevance of the mathe- 
matics in this course to their lives and adds reality to the topics studied. 


Interpretation Emphasis 

This book differs from traditional texts not only in its philosophy but also in its 
overall focus, level of activities, development of topics, and attention to detail. Inter- 
pretation of results is a key feature of this text that allows students to make sense of 
the mathematical concepts and appreciate the usefulness of those concepts in their 
future careers and in their lives. 
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PEDAGOGICAL 
FEATURES 


CONTENT CHANGES IN 
THE SECOND EDITION 


Informal Style 

Although we appreciate the formality and precision of mathematics, we also recog- 
nize that this alone can deter some students from access to mathematics. Thus we 
have sought to make our presentations as informal as possible by using nontechni- 
cal terminology where appropriate and a conversational style of presentation. 


@ Chapter Opener Each chapter opens with a real-life situation and several 
questions about the situation that relate to the key concepts in the chapter. 
Many of these applications have been rewritten so that they correspond to and 
reference an activity in the chapter. 


@ Concept Objectives The Concept Objectives appear at the beginning of each 
chapter and list the goals of the chapter. The objectives are divided into two 
categories: concepts to be understood and skills to be learned. 


@ Concept Inventory A Concept Inventory listed at the end of each section gives 
students a brief summary of the major ideas developed in that section. 


@ Section Activities The Activities at the end of each section cement concepts and 
allow students to explore topics using, for the most part, actual data in a variety 
of real-world settings. Questions and interpretations pertinent to the data and 
the concepts are always included in these activities. The activities do not mimic 
the examples in the chapter discussion and thus require more independent 
thinking on the part of the students. Possible answers to odd activities are given 
at the end of the book. 


@ Chapter Summary A Chapter Summary connects the results of the chapter 
topics and further emphasizes the importance of knowing these results. 


@ Concept Check A check list is included at the end of each chapter summarizing 
the main concepts and skills taught in the chapter along with sample odd activ- 
ities corresponding to each item in the list. The sample activities are to help 
students assess their understanding of the chapter content and identify on which 
areas to focus their study. 


@ Chapter Review Test A Chapter Review Test at the end of each chapter provides 
practice with techniques and concepts. Complete answers to the Chapter Review 
Tests are included in the answer key located at the back of the text. 


@ Projects Projects included after each chapter are intended to be group projects 
with oral or written presentations. We recognize the importance of helping 
students develop the ability to work in groups, as well as hone presentation 
skills. The projects also give students the opportunity to practice the kind of 
writing that they will likely have to do in their future careers. 


This new edition contains pedagogical changes intended to improve the presen- 
tation and flow of the concepts discussed. It contains many new examples and 


activities. In addition, many data sets have been updated to include more recent 
data. 


TECHNOLOGY FOCUS 
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@ Algebraic Rigor The authors have sought to increase the algebraic rigor of some 
sections of Calculus Concepts as a means of making the book more usable in 
those courses demanding a certain level of algebraic difficulty. In doing so, 
however, the authors have not diminished the reform flavor of their approach, 
and all added algebraic rigor can be easily omitted without loss of continuity. 


@ New Topics Some new topics (such as limits, classical optimization, and related 
rates) have been added to increase the book’s appropriateness for some courses. 
Most new topics can be easily omitted. The inclusion of algebraic rigor and new 
topics expand your choices in customizing a course that best suits the needs of 
your students. 


@ Chapter 11 Dynamics of Change: Differential Equations and Proportionality 
For those of you who may want to integrate coverage of these topics into your 
course, this chapter is available to you and your students in downloadable PDF 
format at the Calculus Concepts Web Site (accessible through 
college.hmco.com). 


Bridging Technology 


Graphing Calculators and Spreadsheets 

Calculus has traditionally relied upon a high level of algebraic manipulation. How- 
ever, many nontechnical students are not strong in algebraic skills, and an algebra- 
based approach tends to overwhelm them and stifle their progress. Today’s easy 
access to technology in the forms of graphing calculators and computers breaks 
down barriers to learning imposed by the traditional reliance on algebraic methods. 
It creates new opportunities for learning through graphical and numerical repre- 
sentations. We welcome these opportunities in this book by assuming continual and 
immediate access to technology. 

This text requires that students use graphical representations (scatter plots of 
data and graphs of functions) freely, make numerical calculations routinely, and 
find functions to fit data. Thus continual and immediate access to technology is 
essential. Because of their low cost, portability, and ability to personalize the math- 
ematics, the use of graphing calculators is appropriate. The concepts in the text have 
also been successfully taught using computer software (such as Maple and Excel). 


Technology Guides 
Because it is not the authors’ intent that class time be used to teach technology, we 
provide two Technology Guides for students: a Graphing Calculator Instruction 
Guide containing keystroke information adapted to materials in the text for the 
TI-83, TI-86, and TI-89 models, and an Excel Manual providing basic 
spreadsheet instruction. In the student text, technology icons (formerly 





within the appropriate technology guide. 

It is worth noting that different technologies may give different model coeffi- 
cients than those given in this book. We used a TI-83 graphing calculator to gener- 
ate the models in the text and the answer key. Other technologies may use different 
fit criteria for some models than that used by the TI-83. 
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RESOURCES FOR 


INSTRUCTORS 


LEARNING RESOURCES 
FOR STUDENTS 


Eye on the Internet 

The Calculus Concepts Web Site (accessible through college.hmco.com) provides 
an exceptional variety of valuable resources for instructors and students alike. Pass- 
word-protected resources for instructors include worksheets, PowerPoint slides, 
additional projects, data sets categorized by type for use on tests and quizzes, and 
other resource materials. 

Instructors can also participate in the Calculus Concepts Listserve—a regularly 
scheduled e-mail service facilitated by the text authors that will provide instructors 
with links to teaching resources and suggestions for integrating these materials into 
classroom instruction. For more information about the Calculus Concepts Listserve, 
please e-mail college_math@hmco.com or contact your local Houghton Mifflin 
Sales Representative. 

For students, the web site provides a glossary of terms, skill and drill quizzes, and 
graphing calculator keystroke information. In addition, the web icon found in the 
margins of the textbook directs students to the book-specific web site for é 
further information on algebra review, additional practice problems, prac- pay 
tice tests, and links to sites for obtaining data updates. www 

NEW! On-line tutoring provided by SMARTHINKING will be available free of 
charge for all students. This service provides one-on-one, real-time tutorials with 
qualified instructors, seven days a week. 


Building Bridges to Better Learning 


In addition to the resources found on the web site, the printed Instructor’s Resource 
Guide with Complete Solutions gives practical suggestions for using the text in the 
manner intended by the authors. It gives suggestions for various ways to adapt the 
text to your particular class situation. It contains sample syllabi, sample tests, ideas 
for in-class group work, suggestions for implementing and grading projects, and 
complete activity solutions. 

The Instructor’s Annotated Edition is the text with margin notes from the 
authors to instructors. The notes contain explanations of content or approach, 
teaching ideas, indications of where a topic appears in later chapters, indications of 
topics that can be easily omitted or streamlined, suggestions for alternate paths 
through the book, warnings of areas of likely difficulty for students based on the 
authors’ years of experience teaching with Calculus Concepts, and references to top- 
ics in the Instructor’s Resource Guide that may be helpful. 


1. The Calculus Concepts Video Series contains chapter-by-chapter lectures by a 
master teacher. The video series can be used by students who miss a class or by 
students who think they would benefit from seeing another teacher explain a 
particular topic. These videos can also be used as training tools for graduate 
teaching assistants. 
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These two Technology Guides contain step-by-step solutions to examples 
in the text and are referenced in this book by a technology icon. 
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The Student Solutions Manual contains complete solutions to the odd activities. 


The Graphing Calculator Instruction Guide contains keystroke information 
adapted to material in the text for the TI-83, TI-86, and TI-89 models. 


An Excel Manual provides basic instruction on this spreadsheet program. 





The Calculus Concepts Web Site (accessible through college.hmco.com) con- 
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assistance. The web icon in the text directs you to the book-specific 
web site when appropriate. www 





Students can also access free on-line tutoring available through SMARTHINK- 
ING. Through a special agreement with Houghton Mifflin, this on-line tutoring 
service provided by SMARTHINKING will be available free of charge. This ser- 
vice provides one-on-one, real-time tutorials with qualified instructors, seven 
days a week. 


For more information about SMARTHINKING, please visit the Calculus Concepts 
Web Site at college.hmco.com. 
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To Students 





WHAT THIS BOOK 
IS ABOUT 


HOW TO USE 
THIS BOOK 








Bridging Concepts 


This book is written to help you understand the inner workings of how things 
change and to help you build systematic ways to use this understanding in everyday 
real-life situations that involve change. Indeed, a primary focus of the material is on 
change, since calculus is the mathematics of change. 


Even if you have studied calculus before, this book is probably different from any 


other mathematics textbook that you have ever used. It is based on three premises: 


iE 


Understanding is as important as the mastery of mathematical manipulations. 
Algebraic skill and the ability to manipulate expressions must be regularly prac- 
ticed, or they will fade away. If you understand concepts, you will be able to 
explain some things in your life forever. 


Mathematics is present in all sorts of real-life situations. It is not just an abstract 
subject in textbooks. In real life, mathematics is often messy and not at all like 
the tidy, neat equations that you were taught to factor and solve. Speaking of 
equations, where do they come from? Nature seldom whispers an equation into 
our ears. 


The new graphics technoiogy in today’s calculators and computers is a powerful 
tool that can help you understand important mathematical connections. Like 
many tools in various fields, technology frees you from tedious, unproductive 
work; enables you to engage situations more realistically; and lets you focus on 
what you do best . . . think and reason. 


Begin by throwing away any preconceived notions that you may have about 
what calculus is and any notion that you are “not good” in mathematics. 


Make a commitment to learn the material—not just a good intention, but a 
genuine commitment. 


Study this book. Notice that we said “study,” not “read.” Reading is a part of 
study, but study involves much more. You should not only read (and reread) the 
discussions but work through each example to understand its development. 


Use paper, pencil, and your graphing calculator or computer when you study. 
These are your basic tools, and you cannot study effectively without them. 


Find a study partner, if at all possible. Each of you will be able to help the other 
learn. Communicating within mathematics, and about mathematics, is 
important to your overall development toward understanding mathematics. 
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To Students 


HOW TO GET HELP 


@ Write your solutions clearly and legibly, being certain to interpret all of your 
answers with complete sentences using proper grammar. Careful writing will 
help you sort through your ideas and focus your learning. 


@ Make every effort not to fall behind. You know the dangers, of course, but we 
remind you nevertheless. 


@ Finally, remember that there is no substitute for effective study. You have your 
most valuable resource with you at all times—your mind. Use it. 


Despite your best efforts, you may find yourself needing additional help with the 
ideas and skills presented in this book. We have designed several aids to assist you. 

The Answer Key following the last chapter contains the answers to all the odd 
activities. 

In addition, the following supplements provide further explanation and practice 
on the concepts of calculus. Please refer to pages xvi—xvii of the Preface for an 
in-depth description of the supplements listed below. You may purchase the 
printed supplements by visiting Houghton Mifflin’s on-line College Store at col- 
lege.hmco.com or in your local bookstore. 


@ Student Solutions Manual (0-618-12180-3) 


@ Brief Student Solutions Manual to accompany the brief version of Calculus 
Concepts (0-618-12181-1) . . 


@ The Calculus Concepts Video Series (0-618-12467-5) 
@ The Calculus Concepts Web Site—visit our site at college.hmco.com 


@ SMARTHINKING Free On-Line Tutoring available through the Calculus 
Concepts Web Site 


@ Graphing Calculator Instruction Guide (0-618-12179-X) 
@ Excel Manual (0-618-12178-1) 


Calculus 
Concepts 


Ingredients of Change: 
Functions and Linear Models 


Concept Application 


Chlorofluorocarbons (CFCs) released into the atmosphere 
are believed to thin the ozone layer. A worldwide protocol 
calling for the phasing out of all CFC production was 
ratified in 1987. Here are some questions about the release 
of CFCs into the atmosphere that can be answered 
mathematically by using functions and calculus: 


What was the amount of CFCs released into the atmos- 
phere in 1975? in 1995? 





At what rate was the release of CFCs declining between 
Robert Brenner/PhotoEdit 1974 and 1980? 


On the basis of data accumulated since 1987, in what 
year will there no longer be any CFCs released into the 
atmosphere? 


This chapter gives you the tools that are necessary to answer 
such questions. The information needed to answer these 
questions is found in Activity 27 of Section 1.5. 


(iaic| This symbol directs you to the supplemental technology guides. The different guides contain 
2A step-by-step instructions for using graphing calculators or spreadsheet software to work the 
“particular example or discussion marked by the technology symbol. 


This symbol directs you to the Calculus Concepts web site, where you will find algebra 


review, links to data updates, additional practice problems, and other helpful resource 
— material. 





Concept Objectives 


This chapter will help you understand the 
concepts of 


Mathematical model 
Function 

Discrete versus continuous 
Function composition 
Inverse function 

Limits and end behavior 
Continuity 


Linear function, slope, and rate of change 


and you will learn to 


Set up and appropriately label a model 
Find inputs and outputs of functions 
Interpret graphs 

Solve simple business problems 

Find composite and inverse functions 
Work with piecewise continuous functions 
Estimate limits graphically and numerically 
Find limits algebraically 


Use technology to fit a linear model to data 


Determine the rate of change of a linear model 


The primary goal of this book is to help 
you understand the two fundamental 
concepts of calculus—the derivative and 
the integral—in the context of the 
mathematics of change. This first chapter 
is therefore devoted to a study of the key 
ingredients of change: functions and 
mathematical models. Functions provide 
the basis for analyzing the mathematics 
of change because they enable us to 
describe relationships between variable 
quantities. 


This chapter introduces you to the process 
of building mathematical models. In later 
chapters, we apply methods and 
techniques of calculus to the equations 
the models provide as we investigate rates 
of change and their implications in a 
variety of everyday situations. 


Weight 
(pounds) 


165 


155 


0 1 
FIGURE 1.1 
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1.1 


EXAMPLE 1 


Ingredients of Change: Functions and Linear Models 


Models, Functions, and Graphs 


Calculus is the study of change—how things change and how quickly they change. 
We begin our study of calculus by considering how we describe change: Let us start 
with something that many Americans desire to change: their weight. Suppose Joe 
weighs 165 pounds and begins to diet, losing 2 pounds a week. We can describe how 
Joe’s weight changes in several ways. 

With a table, such as Table 1.1: 


TABLE 1.1 





With a graph, such as Figure 1.1. 
With words: 


W(t) is Joe’s weight (in pounds) t weeks after he begins to diet if he 
weighs 165 pounds at the start and loses 2 pounds each week. 
With an equation: ~ 
Weeks 
W(t) = 165 — 2t pounds, where W(t) is Joe’s weight after t weeks 
of dieting 


Mathematical Models 


Although all four representations are helpful, only the equation and the graph 
enable us to apply calculus concepts to a particular situation in order to study 
change. The process of translating a real-world problem into a usable mathematical 
equation is called mathematical modeling, and the equation (with the variables 
described in the problem context) is referred to as a model. We use models to 
describe numerical data or verbal information. Then we use the model to answer a 
variety of questions about the situation, interpreting our answers and stating them in 
numerical and verbal form. This process of translating a real-life situation into a 
usable equation, applying mathematics to the equation to answer questions about 
the situation, and translating the answers back into the real-world situation is the 
focal point of this text. 


Building a Tunnel 


A civil engineer is planning to dig a tunnel through a mountain as shown in Figure 
1.2. (Note that Figure 1.2 is not drawn to scale.) The tunnel will begin 575 feet above 
sea level and will be constructed with a constant upward slope of 5%; that is, the tun- 
nel will rise vertically 5 feet for every 100 feet of horizontal distance. Table 1.2 shows 
the amount of vertical rise for several horizontal distances. 
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TABLE 1.2 


Horizontal Vertical 
increase increase 





Sea level 








FIGURE 1.2 


a. Use the verbal description and the table of data to write a model for the elevation 
above sea level of the tunnel in terms of the horizontal distance from where the 
tunnel begins at the base of the mountain. 


b. Find the elevation of the tunnel at a horizontal distance of 2500 feet from the 
starting point. 


c. Ifthe tunnel exits the mountain at a horizontal distance of 7000 feet from where 
it began, what is the elevation of the tunnel when it emerges from the mountain‘? 


d. If the tunnel will cost $120 per foot to construct, what will be the cost (to the 
nearest thousand dollars) of building the tunnel? 


Solution 


a. The elevation of the tunnel begins at 575 feet and rises 5 feet for every 100 hori- 
zontal feet. We write this as 


Elevation of tunnel = 575 + 5 feet for every 100 horizontal feet 


Using y as the elevation and x as the horizontal feet in hundreds, we convert this 
statement to the equation 


y = 575 + 5x feet above sea level 


where x is the horizontal distance from the starting point in hundreds of feet. This 
equation (with the variable descriptions) is a model for the elevation of the tunnel. 


b. Any of the following three methods can be used to determine the elevation. 
Algebraically: Substitute x = 25 in the equation to obtain 700 feet above sea level. 
Graphically: Draw a graph of the equation y = 575 + 5x with x-values between 
0 and 50 and suitable y-values. Read the y-value from the graph that corresponds 
to x = 25. It is y = 700. Numerically: Use the fact that the tunnel rises 25 feet for 
each 500 feet of horizontal increase to extend Table 1.2 as shown in Table 1.3. 


TABLE 1.3 






Because the elevation at the starting point is 575 feet, the height of the tunnel 
2500 feet from the starting point is 125 + 575 = 700 feet above sea level. 
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This symbol indicates 
that additional help 
with the algebra 
required for this 
example is available on the 
Calculus Concepts web site. 


ip 
Time on 
diet in 
weeks 


: 






Input 


FIGURE 1.4 





algebra 


} 


W(t) 
Weight in pounds 
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c. Using any of the methods described in part b, we find that the elevation of the 
tunnel when it emerges from the mountain is 925 feet. 


d. Using the Pythagorean Theorem, we find that 
Length of tunnel = d = V'7000? + 350° = V49,122,500 ~ 7009 feet 


350 feet 





FIGURE 1.3 7000 feet 


The cost of construction is (7009 feet) ($120 per foot), or approximately $841,000. 


Seer ocecesceseesseseeee 


Example | serves as a preview to our use of mathematical models in calculus. It 
uses the available data to produce a mathematical equation (model) that describes 
the relationship between the variable quantities of interest (elevation of the tunnel 
above sea level and horizontal distance from where the tunnel enters the mountain). 
It then uses the model to answer associated questions. 


Functions 


How Joe’s weight changes during the course of his diet and how the tunnel’s height 
above sea level changes as the horizontal distance changes are examples of functions. 
The four representations (data, words, graph, and equation) all describe the same 
function. Informally, a function is a description of how one thing, called the output, 
changes (Joe’s weight or the tunnel’s elevation) as something else, called the input, 
changes (the number of weeks on the diet or the horizontal distance). To understand 
functions thoroughly, however, we need a more precise definition. 

Think of Joe’s weight function as a rule that tells you what he weighs 
when you know how long he has been dieting. We visualize the relationship 
between weight and time spent dieting with the input/output diagram 
shown in Figure 1.4. A rule is a function if each input produces exactly one 
output. If any particular input produces more than one output, then the 
rule is not a function. 


Output 


A function is a rule that assigns exactly one output to each input. 





To verify that the rule for Joe’s weight is a function, we must ask, “Can Joe have 
more than one weight after a certain number of weeks on his diet?” Assuming that 
Joe’s weight is measured at a fixed time on the same scale once a week, there will 
be only one weight that corresponds to each week. Thus Joe’s weight is a function 
of the number of weeks he has been on his diet. 


EXAMPLE 2 
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You probably recall from previous math courses than the standard terms for the 
set of inputs and the set of outputs of a function are domain and range, respectively. 
Other terms for input and output include independent variable and dependent vari- 
able and controlled variable and observed variable. In this book, however, we use the 
terms input and output. 

In the table representation of Joe’s weight function, the set of inputs is {0, 1, 2, 3, . 
4, 5} and the set of outputs is {165, 163, 161, 159, 157, 155}. In the graph representing 
Joe’s weight, the set of inputs is all real numbers (not just integers) between 0 and 5 
(0 < weeks < 5) and the set of outputs is all real numbers between 155 and 165 
(155 < weight < 165). We call this graph continuous because it can be drawn with- 
out lifting the writing instrument from the page. We will give a more precise defini- 
tion of continuous in Section 1.4. 


Student Grades 
Suppose Q(s) is the grade (out of 30 points) that student s scored on the first quiz in 


a course attended by the five students listed in Table 1.4. 


TABLE 1.4 


ae 

















J. DeCarlo J. Lykin 


’ G. Schmeltzer 





ei 





a. Is Qa function of s? 


b. Identify the set of inputs and the set of outputs. 


Solution 


a. Q is a function of s because each name (input) corresponds to only one quiz 
grade (output). The input/output diagram for Q is shown in Figure 1.5. 


Student 





| Output 
Grade 


FIGURE 1.5 O(s) 


b. The set of inputs is simply the students’ names, and the set of outputs is {12, 21, 
25, 28}. 


eee eecereeeeeeeereereee 
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Determining Outputs 


In the example of Joe’s diet, t is the number of weeks on the diet (the input) and W is 
the name of the rule. The notation for the output is W(t). The t is inside the paren- 
theses to remind us that t is the input, and the Wis outside to remind us that it is the 
rule that gives the output. Thus W(4) = 157 means that when Joe has. been on his 
diet for 4 weeks (the input), he weighs 157 pounds (the output). 

The way you find the output that corresponds to a known input depends on how 
the function is represented. In a table, you simply locate the desired input in the 
input row or column. The output is the corresponding entry in the adjacent row or 
column. For example, the output corresponding to an input of 1999 is in color in 
Tables 1.5 and 1.6. 


TABLE 1.5 





TABLE 1.6 


In a function represented by a graph, the input is traditionally on the horizontal 
axis. Locate the desired value of the input on the horizontal axis, move directly up (or 
down) until you reach the graph, and then move left (or right) until you encounter 
the vertical axis. (You will find a see-through ruler helpful.) The value at that point 
on the vertical axis is the output. In Figure 1.6, the graph of average faculty salaries at 
a private liberal arts college, the output is approximately $56,000 when the input 
is 1999, 














Salary 
(thousands of 


dollars) 
60 
5) 
50 
45 
40 


35 
FIGURE 1.6 1992 1994 1996 1998 2000 2002 





Year 


Finally, if a function is represented by a formula, you simply substitute the value 
of the input everywhere that the variable appears in the formula and calculate the 


EXAMPLE 3 
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result. To use the formula W(t) = 165 — 2t to find Joe’s weight after 3 weeks, substi- 
tute 3 for tin the formula: W(3) = 165 — 2(3) = 165 — 6 = 159 pounds. 


Units of Measure 


In understanding how functions and graphs model the real world, it is important 
that you understand the units of measure of the input and output of functions. In 
the weight loss example, the unit of measure of the input is weeks and the unit of 
measure of the output is pounds. The units of measure in Figure 1.6 can be read from 
the graph. The unit of measure of the output is thousands of dollars, and the unit of 
measure of the input is years. Note that the unit of measure is a word or short phrase 
telling how the variable is measured, not an entire description telling what the vari- 
able represents. For example, it would be incorrect to say that the unit of measure of 
the output in Figure 1.6 is “average faculty salary in thousands of dollars.” This is a 
description of the output variable, not the output units. 


Bacteria Growth 


We all have bacteria on our skin, and they reproduce at a rapid rate. The graph in 
Figure 1.7 describes the growth of a colony of bacteria on the human body. 


Bacteria 


6000 
0 Time 
6 a.m. 9 a.m. 11 a.m. 1 p.m. 3 p.m. 


FIGURE 1.7 


a. Describe a situation that might result in the graph in Figure 1.7 for the growth of 
bacteria on your skin. 


b. Is the vertical axis the input or the output axis? What are the units on this axis? 
Fill in values for the unlabeled tick marks on the vertical axis. 


c. Describe the horizontal axis variable. In what units is the distance between two 
consecutive tick marks measured? 


d. Use the graph to estimate the number of bacteria on your skin at 9 a.m. and at 
3 p.m. 


e. At what times is the concentration of bacteria on your skin the highest? Give an 
estimate of the maximum number of bacteria on your skin at these times. 


f. Estimate the intervals of time during which the number of bacteria is increasing. 


g. Estimate the intervals of time during which the number of bacteria is decreasing. 


10 


CHAPTER 1 


Ingredients of Change: Functions and Linear Models 


Solution 


a. 


(Ss 


There are many possible descriptions you could give. Consider this one. While 
you are sleeping in your air-conditioned apartment, the rate of growth of the 
bacteria is slow. After you arise at 8 a.m., the colony grows faster, and its growth 
really accelerates when you play tennis between 9 a.m. and 11 a.m. You then take 
a 15-minute shower and wash off most of the pesky critters! You relax, eat lunch 
in your apartment, and go jogging at about 2 p.m. After jogging, you remain out- 
side to talk with a friend until approximately 3:30 p.m. In the humid, moist 
atmosphere created by jogging, the number of bacteria grows rapidly. 


The vertical axis measures output, and the units are bacteria. The graph indicates 
that each tick mark represents 6000 bacteria. Thus, reading upward, the remain- 
ing tick marks are labeled 12,000, 18,000, 24,000, 30,000, 36,000, and 42,000. 


The horizontal axis variable is time. The distance between displayed tick marks is 
measured in hours. 


The number of bacteria on your skin at 9 a.m. is near 12,000. One possible visual 
estimate is 11,500. (See Figure 1.8.) The number at 3 p.m. is between 18,000 and 
24,000. A possible answer is 21,000 bacteria. 


Bacteria 


42,000 
36,000 
30,000 
24,000 
18,000 
12,000 

6000 





Time 
6 a.m. 9 a.m. 11 a.m. 1 p.m. 3 p.m. 


FIGURE 1.8 


The times at which the concentration of bacteria on your skin appears to be the 
highest in relation to nearby times are 11 a.m. and around 4 p.m. The maximum 
number of bacteria is a value on the vertical axis. The values corresponding to 
11 a.m. and 4 p.m. are approximately 38,000 bacteria and 36,000 bacteria, respec- 
tively. We estimate that the greatest number of bacteria was 38,000, occurring at 
ain, 


If a graph is rising as you move from left to right along the horizontal axis, then it 
is said to be increasing. This graph is increasing between approximately 6 a.m. 
and 11 a.m. It is also increasing from about 11:15 a.m. until approximately 4 p.m. 


A graph is said to be decreasing if it is falling as you move from left to right along 
the horizontal axis. This graph is decreasing between 11 a.m. and approximately 
11:15 a.m. A graph that neither rises nor falls is called a constant graph. This 
graph is never constant. 


FIGURE 1.9 
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Recognizing Functions 


Consider the following input/output tables: 





To determine whether these tables represent functions, we must decide whether each 
input produces exactly one output. Table 1.7 does not represent a function because 
when the input is tf = 1, the output can be either 7 or 11. In Table 1.8, each input has 
only one associated output, so this table does represent a function. This is true even 
though different inputs (q = 1, 3, 5) correspond to the same output [C(q) = 10.6}. 
It is easy to determine whether a graph represents a function. Examine the two 
graphs in Figure 1.9. The top graph does not describe y as a function of x because 
each positive x-value produces two different y-values. The bottom graph does show P 
as a function of t because every input produces only one output. The quickest way to 
find out whether a graph represents a function is to apply the Vertical Line Test. 


Vertical Line Test 


Suppose that a graph has inputs located along the horizontal axis and 
outputs located along the vertical axis. If at any input you can draw a vertical 
line that crosses the graph in two or more places, then the graph does not 
represent a function. 





Figure 1.10 shows a graph that fails the Vertical Line Test. 


Output 





Input 


FIGURE 1.10 This graph is not a function 


To determine whether a formula represents a function, first graph the equation 
and then apply the Vertical Line Test. 
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EXAMPLE 4 


This symbol 
indicates that 
instructions specific 
to this example for using 
your calculator or computer 
are given in a technology 
supplement. 
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Land Value 


The value of a piece of property between 1980 and 2000 is given by the equation 
v(t) = 3.622(1.093') thousand dollars 

where tf is the number of years since the end of 1980. 

a. Describe the input variable. What are its units? 

b. Describe the output variable. What are its units? 

c. Graph the equation. Explain why the graph represents a function. 

d. What was the land value in 1995? 

e. When did the land value reach $20,000? 


Solution 
a. The variable t is the number of years since the end of 1980. Its units are years. 
b. The output v(t) is the value of a piece of property. Its units are thousand dollars. 


c. In order to draw an appropriate graph of the value equation, we should first con- 
sider which values of t and v we want to see. Because the equation describes the 
value between the years 1980 and 2000, we want to view the graph with a minimum 
value of t as 0 and the maximum value of t as 20. In order to determine the output 
values corresponding to those input values, evaluate the equation at t = 0 and 
t = 20. The output values are v(0) = 3.622 and v(20) ~ 21.446. If you graph the 
equation with t varying from 0 to 20 and v varying from 3.5 to 21.5, then you should 
see the graph in Figure 1.11, showing the property value between 1980 and 2000. 


v(t) 
(thousands of dollars) 
DVS 


t 
FIGURE 1.11 3y5) + Years since 


0 20 1980 





This graph represents a function because any vertical line drawn through the 
graph crosses it at only one point. In terms of land value, the function gives only 
one value for the land at any particular time. 


d. The input t = 15 corresponds to 1995, so the value of the land in 1995 was 
v(15) = 3.622(1.093"*) = $13,748. 


e. In this question we know the output, and we need to find the corresponding 
input. This requires us to solve for t in the equation 20 = 3.622(1.093"). You can 
either solve the equation algebraically (using logarithms) or use technology to 
solve it. In either case, you should find that t ~ 19.2. Note that because t is 
defined as the number of years since the end of 1980, t = 19 corresponds to the 
end of 1999, so t = 19.2 corresponds to early in the year 2000. Thus the land 
reached a value of $20,000 in 2000. 


Coo Poe oersesscessesoes 
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Modeling in Business 


Modeling in the business world often involves terms that are easily understood. 
Examples of such business terms are fixed costs (also called overhead), variable costs, 
total cost, revenue, profit, and break-even point. To help you understand these terms, 
consider an enterprising college student who opens a dog-grooming business. An 
initial capital investment is needed to purchase equipment, buy a business license, set 
up a lease agreement for a shop, and so on. 

Once the business officially opens, the owner sets aside money at the beginning 
of each week to pay rent, utilities, salaries, and the like. These costs remain the same 
regardless of the number of dogs that are groomed during the week and are called 
fixed costs. Other costs change with the number of customers. These variable costs 
include expenditures such as advertising, supplies, laundry and custodial fees, and 
overtime. The fixed costs plus the variable costs give the total cost of doing business. 


Total cost = fixed costs + variable costs 





When the commodity produced (dogs groomed, in this example) can be meas- 
ured in units, then the total production cost divided by the number of units pro- 
duced is known as the average cost. 


total cost 








Average cost = : 
number of units produced 





Businesses receive revenue, which is, in general, the quantity of a commodity sold 
times the price of that commodity. In the pet-grooming business, revenue is the num- 
ber of dogs groomed times the grooming price. Profit is revenue minus total cost. 


Profit = revenue — total cost 





The graph in Figure 1.12 shows the weekly profit for this business as function of 
the number of dogs groomed.The places where a graph crosses (or touches) the hor- 
izontal and vertical axes are called intercepts. The intercepts often have interpreta- 
tions in the context of the situation that the graph represents. The horizontal axis 
intercept in Figure 1.12 is approximately 31, and the vertical axis intercept is about 
-380. Therefore, from this graph we can conclude that the fixed costs each week are 
approximately $380 (the cost associated with grooming no dogs). Profit is negative 
until 31 dogs are groomed. This point on the graph is called the break-even point, 
the point at which revenue equals total cost so that profit is zero. 


The break-even point occurs when revenue equals total cost and profit 


equals 0. 





14 CHAPTER1 Ingredients of Change: Functions and Linear Models 


Weekly profit 
(dollars) 


400 + 


Number of 
dogs groomed 









60 80 





-400 
FIGURE 1.12 


Profit appears to peak at approximately $350. This occurs when about 62 dogs are 
groomed each week. Thus 62 is the optimal number of dogs for this business to 
groom each week. If more than 62 dogs were groomed each week, profit would actu- 
ally decline, perhaps because of the need to pay overtime or hire another employee. 
Cost, profit, revenue, and break-even points are fundamental concepts that are 
important for business and non-business students to understand. We will refer to 
them regularly throughout this text. 

In this section we have considered models, functions, and graphs. These three 
concepts form the foundation for the remainder of this text. Because calculus is the 
study of how functions (and the models and graphs representing functions) change, 
it is vital that you have a thorough understanding of functions. The remainder of this 
chapter and the next chapter are devoted to a further exploration of functions. 








Concept 


Inventory Activities 


@ Mathematical modeling For each of the rules in Activities 1 through 10, specify 

@ Function the input and output, the input and output variables, 

@ Inputs and outputs and the input and output units. Determine whether 

© Units of measure each rule is a function. 

@ Graph terms: continuous, increasing, decreasing, 1. R(w) = the first-class domestic postal rate (in 
constant, axes intercepts cents) of a letter weighing w ounces 

@ Vertical Line Test 


D, G(t) = your score out of 100 on the first test in 
this course when you studied t hours the 
week before the test 


Business terms: fixed costs, variable costs, average 
cost, total cost, revenue, profit, break-even point 


3. B(x) =the number of students in this class 
whose birthday is on the xth day of the 
year (assuming it is not a leap year) 


4. D(p) = the distance from the origin to a point p 
onthe circlessGhy 1 


5. A(m)=the amount (in dollars) you pay for 
lunch on the mth day of any week 


6. C(m) =the amount of credit (in dollars) that 
Citibank Visa will allow a 20-year-old 
with a yearly income of m dollars 


7. a. B(t) = the amount in an investment account (in 
dollars) after t years, assuming that no 
deposits or withdrawals are made during 
the t years 


b. A(t) = the amount in an investment account (in 
dollars) after tf years, assuming that 
deposits and withdrawals are permissible. 


8. _D(r) = the number of years it takes for an invest- 
ment to double if the annual percentage 
rate (APR) is r% 


9. P(x) =the hair color of movie starlet x during 
2002 


10. H(a) = your height in inches when you were age 
a years old 


Determine whether the tables in Activities 11 through 
14 represent functions. Assume that the input is in the 
left column. 
















11. TABLE 1.9 
Percent with 
flex schedules 


at work 













1. Statistical Abstract, 1998. 
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12. TABLE 1.10 


(10 years service) (dollars) 


13. TABLE 1.11 


Person's height Person’s weight (pounds) 
6 





























ioe ce ed 


5 
5 
5 
6 


14, 


TABLE 1.12 


Total wagers in Nevada on the Super Bowl? 
Year (millions) 


iiine ene ae  ae 
















2. Information Please Almanac, 1998. 
3. As reported in the Reno Gazette—Journal, January 18, 1999, p..1A. 
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15. P(m) is the median sale price* (in thousands of dol- 
lars) of existing one-family homes in metropolitan 
area m in 1997. Write the following statements in 
function notation. 


a. The median sale price in Honolulu was 
$307,000. 


b. In Springfield, MA, the median sale price was 
$107,000. 

c. $152,000 was the median sale price in Portland, 
OR. 


16. E(t) is the value of cotton exports’ in millions of 
dollars in year t. Write sentences interpreting the 
following mathematical statements. 


a. E(1988) = 1975 
b. E = 1999 when t = 1992 


17. Which of the following graphs represent functions? 
(The input axis is horizontal.) 


an b. 








FIGURE 1.1.1 FIGURE 1.1.2 





FIGURE 1.1.3 


18. Which of the following graphs represent functions? 
(The input axis is horizontal.) 


FIGURE 1.1.4 FIGURE 1.1.5 





4. Statistical Abstract, 1998. 
5. Statistical Abstract, 1994. 
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FIGURE 1.1.6 


19. The graph in Figure 1.1.7 shows the cost of buying 
compact discs at a music store that offers one free 
CD with the purchase of four CDs priced at $12 
each (tax included). 


a. What is the cost of 6 CDs? 
b. How many CDs could you buy if you had $36? 
c. How many CDs could you buy if you had $80? 


d. What is the average price of each CD if you buy 
3'CDs? 6 ‘CDs? 


Cost 
(dollars) 


96 + e e 
ee4e . 

(Pu . 

60 + . 


edt 








————=t + + + 


ea Sa ae 1) 
FIGURE 1.1.7 


20. A fraternity is selling T-shirts on the day of a foot- 
ball game. The shirts sell for $8 each. 


a. Complete Table 1.13. 


TABLE 1.13 


Number of shirts sold Revenue (dollars) 





i nner <P ee 
EOE ere oer 
| ___ ae aae eaE 
| _ Se 6l je ead 


b. Construct a revenue graph by plotting the points 
in Table 1.13. 


c. How many T-shirts can be purchased with $25? 


+ 


ZA be 


9? 


d. If an 8% sales tax were added, how many 
T-shirts could be purchased with $25? 


You are interested in buying a used car and in 
financing it for 60 months at 10% interest. As a spe- 
cial promotion, the dealer is offering to finance 
with no down payment. The graph in Figure 1.1.8 
shows the value of the car as a function of the 
amount of the monthly payment. 


Car value 
(dollars) 


28.000 | 
24,000 
20.000 
16,000 
12,000 
8,000 
4,000 Monthly 
payment 


100 200 300 400 500 600 (dollars) 


FIGURE 1.1.8 


a. Estimate the value of the car you can buy if your 
monthly payment is $200. 


b. Estimate the monthiy payment for a car that 
costs $16,000. 


. Estimate the amount by which your monthly 
payment will increase if you buy a $20,000 car 
rather than a $15,000 car. 


d. How would the graph change if the interest rate 
were 12.5% instead of 10%? 


ly 


. You have decided to purchase a car for $18,750. You 


have 20% of the purchase price to use as a down 
payment, and the purchase will be financed at 10% 
interest. The graph in Figure 1.1.9 shows the 


Monthly payment 


(dollars) 


1500 + 


1200 + 





“FIGURE 1.1.9 


ist 
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monthly loan payment in terms of the number of 
months over which the loan is financed. 


a. What is the actual amount being financed? 


b. Estimate your monthly payment if you finance 
the purchase over 36 months. 


c. Estimate the number of months you will have to 
pay on the loan if you can afford to pay only 
$300 a month. 


d. If you decrease the time financed from 48 to 36 
months, by how much will your payment 
increase? 


e. How would the graph change if you were buying 
a $20,000 car? 


The graph’? in Figure 1.1.10 shows the percentage by 
which Social Security checks increased as a result of 
cost-of-living adjustments every other year from 
1988 through 1998. 


Social Security 


cost-of-living increase 


(percent) 


so + 





0 SS ER 
1988 1990 1992 1994 1996 1998 


FIGURE 1.1.10 
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a. What was the cost-of-living increase in 1992? 

b. When was the cost-of-living increase the great- 
est? Estimate the cost-of-living increase in that 
year. 

c. When was the cost-of-living increase 2.8%? 

d. Did Social Security benefits increase or decrease 
between 1996 and 1998? Explain. 


The graph’ in Figure 1.1.11 compares the mini- 
mum wage to its adjusted value in constant 1996 
dollars. 


6. Social Security Administration. 
7. Bureau of Labor Statistics. 
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Minimum wage 
(dollars) 


7.50 







Adjusted wage 
s 2 $5.15 


$5.03 


Real wage 


1.50 


3 Year 
1968 1972 1976 1980 1984 1988 1992 1997 


Distance 
from hole 


FIGURE 1.1.12 Putt 


FIGURE 1.1.11 


a. Estimate the minimum wage in 1980 and the 
adjusted minimum wage in that same year. 


b. During the years when the minimum wage did 
not increase, what happened to the buying 
power of the minimum wage? 


c. In what years was the adjusted minimum wage 
below $5.75? 


25. A baby weighing 7 pounds at birth loses 7% of her . 
weight in the 3 days after birth and then, over the Bie 
next 4 days, returns to her birth weight. During the 
next month, she steadily gains 0.5 pound per week. 

Sketch a graph of the baby’s weight from birth to 4 
weeks. Accurately label both axes. 


26. Harry Eagle is putting on the 18th hole of a golf 
course he has never played. His approach shot has 
landed on the green, and his putts are described by 
the graph in Figure 1.1.12. (The dot on the vertical 
axis represents the distance from the hole that 
Harry’s approach shot landed on the green.) 


0 1 2 3 A number 


a. Assign appropriate units to the tick marks on the 
vertical axis. 


b. What do you think happened on Harry’s second 
putt? 


-c. If Harry’s approach shot that landed on the 


green was his third shot, what was his score on 
the hole? 


The plot in Figure 1.1.13 depicts a certain girl’s 
height plotted according to her age. 

a. What are the units along the vertical axis? 

b. How long was the girl when she was born? 


c. Approximately how much did she grow during 
the first year? 


d. At approximately what age did she reach her full 
height? How tall did she become? 


e. Did the girl grow faster during her first 3 years or 
during the last 3 years before she attained her 
full height? 


f. Would you expect the graph to increase or 
decrease after age 20? Why? 


Age 





} ee pp} $$} $$ $$ pp 


0 D 4 6 8 10 12 
FIGURE 1.1.13 
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28. A graph depicting the average monthly profit for b 
Slim’s Used Car Sales for last year is shown in 
Figure 1.1.14. Slim needs your help in interpreting 


. Slim also has variable costs, such as the prices he 
pays for the cars. Other variable costs include 
paying someone to wash and maintain the cars 


this graph. on the lot, minor repairs to the cars, and so on. 
Slim receives revenue from the customer for 
Monthly profit each car he sells. Where is Slim’s total cost more 
than his revenue? 
(dollars) ; 


c. What is Slim’s monthly break-even point? 
35,000 
30,000 


d. Between what numbers of cars sold is Slim’s 
profit increasing? 


e. The monthly profit peaks at two places. Estimate 
the number of cars sold and the monthly profit 
generated from the sale of those cars at these two 
points. 


20,000 


10,000 


Number of if 
cars sold 





Give plausible reasons why Slim’s profit some- 
times decreases. 


10 20 30 40 50 60 70 80 90 100110 120 


g. On the basis of the information presented in the 


FIGURE 1.1.15 


vol. 98, nos. 1 and 2 (January/February 1994). 


-15,000 graph, how many cars should Slim try to sell 
each month to maximize his monthly profit? 
ee 29. Donner Pass in the Sierra Nevada of northern Cali- 
FIGURE 1.1.14 fornia is the most important transmontane route 
between Reno and San Francisco. Donner Pass is 
named after George and Jacob Donner, who in 1846 
a. Slim pays rent on the lot where the cars to be attempted to lead a party of more than 80 immi- 
sold are displayed, and he pays himself and his grants through the pass to the Sacramento Valley. 
two salespeople a fixed salary at the beginning of They were unable to make it through the pass 
each month. There is also the cost of electricity, before they became snowbound. A little over half 
water and sewer, health insurance, and so on. the party survived the winter and finished their 
These costs remain the same regardless of the journey. 
number of cars sold during the month. Estimate The graph® in Figure 1.1.15 represents the depth 
Slim’s fixed costs at the beginning of each of the snow cover at Donner Memorial State Park 
month. from December 1993 through February 1994. 
Snow 
(inches) 
50 
40 
30 
20 
10 
Days 
Decl 8 15 22 2 ean el 19 We 12, 16 2328) 


8. Compiled from data in Monthly Climatological Data: California, vol. 97, no. 12 (December 1993) and 
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a. How deep was the snow on December 1, 1993? 


b. For approximately how many days after Decem- 
ber 2 did the snow remain at the same depth? 


c. What do you think happened on December 8-9, 
December 12-15, January 23-27, February 9-11, 
February 17, and February 19-21? 


d. Why might there have been an immediate 
decrease in the depth of the snow cover after 
each one of the peaks? 


e. On what day was the snow deepest? How deep 
(in feet and inches) was the snow at that time? 


f. What event may have taken place to cause the 
rapid decrease of the graph after the last peak? 


g. During what day(s) did the most snowfall prob- 
ably occur? 


30. A patient is instructed by her doctor to take one pill 
containing 500 milligrams of a drug. Assume that 
her body uses 20% of the original amount of the 
drug daily. Let y equal the number of milligrams of 
the drug remaining in the patient’s body after x days. 


a. Complete Table 1.14 to describe numerically the 
elimination of the drug from the patient’s body. 


TABLE 1.14 





b. Find a model that describes the elimination of 
the drug from the patient’s body. 


c. What are the smallest and largest values of x that 
make sense in this problem? What are the small- 
est and largest values of y that make sense in this 
problem? Graph your model. 


d. Calculate the x- and y-intercepts for the graph of 
your model. Interpret these values in the context 
of this problem. 


e. For which values of x is y decreasing? 





Calculus Concepts web site. 


practice 
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f. Use a graph of the model to estimate how much 
of the drug is left in the patient’s body after 3.5 
days. Use your model to find the exact value. 


g. Use a graph of the model to estimate when the 
concentration of the drug will be 60 milligrams. 
Use your model to find the exact value. 


31. Repeat Activity 30, assuming that each day the 
patient’s body uses 20% of the amount of drug that 
was in her body the previous day. 


For Activities 32 through 35, find the output 
of the function corresponding to each input 





practice value given. 
SLY = oe oS 
x — 20,06 ee 


33. R(w) = 39.4 (1.998); 
w=3,w=0 


120 


ee eresryar 


eas yeas 

35. OW) =032e = 79x + 100% 1512 
For Activities 36 through 39, find the input of the func- 
tion corresponding to each output value given. 

Ley = hee oe = PAE? = sys 

37. R(w) = 39.4 (1.998”); R(w) = 78.8, R(w) = 394 


120 


38. S() = ————— 
(#) 1 + 3.5e7 


S(t) = 60, S(t) = 90 


39. Q(x) = 0.32x° — 7.9x* + 100x — 15; 
Q(x) = 515, Q(x) = 33.045 
For each of the functions in Activities 40 through 43, 


determine whether an input or an output value is given, 
and find its corresponding output or input. 


40. g(x) = 49x* + 32x — 134; e(x) = 5086 
ALA = 320024 4 = 15 


100 


42. p es ie 356 037m P = 28 


43. y = (39.4)(In 1.998)(1.998*); y = 2.97 


This symbol indicates that additional practice problems are available on the 
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Functions: Discrete and Continuous 


As we have seen, functions can be represented with tables, graphs, words, or equa- 
tions. Although each is a valid way to describe functions, there are important differ- 
ences between these representations. Table 1.1 in Section 1.1 gives Joe’s weight at six 
different moments in time: when he begins dieting, 1 week later, 2 weeks later, and so 
on. In contrast, the graph in Figure 1.1 shows Joe’s weight at every time during the 
5 weeks of his diet. We use the terms discrete and continuous to distinguish between 
the type of information given in Table 1.1 and that given in Figure 1.1. All the infor- 
mation we encounter in tables is discrete, but it is possible to record continuous 
information. Continuous information is recorded in some type of graph, such as an 
EKG strip chart or output from a seismograph. 

Table 1.1 contains discrete information: Joe’s weight at six different moments in 
time, not at all values during the first 5 weeks. In Figure 1.13, we plot these six data 
points and get a discrete graph called a scatter plot. 


Weight Weight 
(pounds) (pounds) 
165 + 165 








155 I e LSS ion 
Weeks +—__+—_ } | +— Weeks 





0 1 2 3 4 5 0 ! 2 3 4 5 
Discrete graph of Joe’s weight Continuous graph of Joe’s weight 
FIGURE 1.13 FIGURE 1.14 


Once we draw a line through the points on the scatter plot, we change the discrete 
graph to a continuous one showing Joe’s weight constantly changing as he diets. See 
Figure 1.14. The continuous graph has a weight associated with every possible time 
during the 5 weeks of Joe’s diet and can be drawn without lifting the writing instru- 
ment from the page. The continuous graph is a better description of how Joe’s weight 
changes, because he doesn’t lose weight all at once at the end of each week. An equa- 
tion [in this case, W(t) = 165 — 2t] that represents a continuous graph is a continu- 
ous equation. 


Continuous Functions with Discrete Interpretation 


There are times when we use a continuous function, represented by a continuous 
graph, in a situation that is not actually continuous. Perhaps the best example of this 
is compounded interest. Suppose you invest $100 at a 7% annual percentage rate. We 
call the initial amount invested the principal. If interest is compounded annually, 
then the formula for the amount in your account t years after you made the invest- 
ment is A(t) = 100(1.07') dollars. Its graph is shown in Figure 1.15. 
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Amount 
(dollars) 





FIGURE 1.17 
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A(t) A(t) 
(dollars) (dollars) 
140 140 
130 130 
120 120 
110 t 110 t 
100 (years) 100 (years) 
0 1 D 3 4 5) 0 1 2 3 4 5 
FIGURE 1.15 FIGURE 1.16 


Although the equation and graph are continuous (they are defined at all values of t, 
and the graph can be drawn without lifting the writing instrument off the page), they 
make sense only for integer values of t = 0 in the context of annually compounded 
interest. 

Suppose that 6 months after you invest the $100, you have to withdraw the 
money. According to the equation, when t = 3 year, the amount in the account 
should be 100(1.072) =~ $103.44. However, because interest is compounded once a 
year (at the end of the year), your money has earned no interest after 6 months, and 
the amount in the account is only $100. The only points on the continuous graph 
that have meaning in this investment situation are those corresponding to positive 
integer inputs, some of which are shown in black in Figure 1.16. Because A, which is 
a continuous function, has meaning in this.context only at distinct points, we say that 
A is a continuous function with discrete interpretation. 


Continuous Functions with Discrete Interpretation 


A continuous function whose interpretation makes sense only at certain 
distinct points is said to be continuous with discrete interpretation. 





A more accurate graph of the amount, which shows the balance changing only at 
positive integer input values, is given in Figure 1.17. (The open circles at the end of 
each year indicate that the amount is the value of the solid dot at the beginning of the 
next year.) 

The equation for the graph in Figure 1.17 describes the balance after t 
years and can be written as 


$100 when 0 S t < 1 
$107 when 1 = t < 2 
$114.49 when2 St < 3 
$122.50 when3 St< 4 
$131.08 when4=t<5 
$140.26 whent=5 


We call this representation of the amount a piecewise continuous function. 

We will discuss functions of this type in Section 1.3. This function is not a 
continuous function, and its graph is not a continuous graph; however, we do not use 
the term discrete to describe either the equation or the graph. We reserve the word 
discrete for scatter plots, tables of data, and the interpretation of continuous func- 
tions in some situations. 


Bit) = 
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Inputs and Outputs of Continuous Functions with Discrete 
Interpretation 


When we are working with a continuous model that has discrete interpretation, it 
is important that we understand how to interpret both input and output values 
correctly. Let us reconsider the example of an account in which you invest $100 at 
a 7% annual percentage rate with the account balance given by the function 
A(t) = 100(1.07') dollars after t years. As we have already discussed, A(t) makes sense 
only for positive integer values of t. What do we do when we need to answer ques- 
tions such as “If you close the account after 5 years and 3 months, how much money 
will be withdrawn?” or “When will your account balance first exceed $1252” 

In order to answer the first question, we must remember that 5 years and 3 months 
is represented as t = 5.25 years and that the output of this function does not have 
an interpretation at this input. However, we know that the balance will be the 
same amount 3 months into the sixth year as it is at the end of the fifth year. 
The appropriate input to use to answer this question is t = 5. The output at t = 5 is 
A(5) = 100(1.07°) ~ 140.26 dollars. When the account is closed after 5 years and 
3 months, the amount withdrawn is $140.26. 

Now consider the second question, “When will your account balance first exceed 
$1252” Because $125 is an output of the function A, we set A(t) equal to $125 and 
solve for the input t: 100(1.07°) = 125. In this case, t ~ 3.298. However, t makes sense 
in the context only if it is a positive integer. We cannot simply round the value of t. If 
we were to round to t = 3, then the amount in the account would be A(3) = $122.50, 
which does not exceed $125. We must instead consider what will happen the next 
time interest is compounded after t ~ 3.298. Interest is next compounded at t = 4, 
and at that time the balance is A(4) = $131.08. Thus the first time the amount in the 
account exceeds $125 is at the end of 4 years. 

The following example further illustrates how to interpret the input and output 
of a continuous function with discrete interpretation. 


Quarterly Sales 


A model for the quarterly sales of a corporation over a 2-year period is 
q(t) = 0.07t* — 0.65t + 2.38 million dollars sold 
during the tth quarter. Figure 1.18 shows a continuous graph of this function. 
q(t) 


Quarterly sales 
(millions of dollars) 


24 


r 


t 


__,_4___+____;__,__;____+___+—._ (quarters) 
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a. Why must this continuous function be interpreted discretely in the context of 
quarterly sales? 


b. According to the model, when did quarterly sales dip below $1,500,000? 
c. When did quarterly sales rise above $1 million? 


d. In what quarter were sales at their worst, and what was the lowest quarterly sales 
figure? 


Solution 


a. When we calculate quarterly sales, the sales are zero at the beginning of each 
quarter, rising to the quarterly total at the end of the quarter. Then sales begin at 
zero again, rising to the next quarter’s total. The continuous function does not 
describe this behavior of sales. The function values for inputs other than positive 
integers have no meaning in relation to this corporation’s sales. For this reason, 
the model must be interpreted discretely at positive integer values only. 


b. We are asked to find the input (quarter) that corresponds to a certain output 
($1,500,000). Note that the output units of q are million dollars, so we must write 
$1,500,000 as $1.5 million. We set the function q equal to 1.5 and solve for t: 


0.07t? — 0.65t + 2.38 = 1.5 


There are two solutions: t ~ 1.645 and t ~ 7.640. We can ignore the second solu- 
tion, because the graph indicates that sales are not falling around this point. 
Remember, when considering the first solution (t ~ 1.645), that tf must be a pos- 
itive integer in the context of the quarterly sales; thus, we consider what happens 
at the integer values on either side of t ~ 1.645. When t = 1 the quarterly sales are 
$1.8 million, and at t = 2 the quarterly sales are $1.36 million. We conclude that 
the second-quarter sales dropped below $1.5 million. 


c. We first need to find the input that corresponds to an output of $1 million. Set 
the function q equal to 1 and solve for t: 


O10] tes O65 58 


The two solutions are t ~ 3.286 and t = 6. We are looking for a time in which 
quarterly sales are rising. Quarterly sales are declining, rather than rising, around 
t ~ 3.286, so this cannot be the correct answer. However, quarterly sales are rising 
around t = 6. Do not assume, just because this value of t is a positive integer, that 
it is the answer we seek. Carefully consider the question: When did sales rise 
above $1 million? At t = 6 sales were $1 million. We can conclude that quarterly 
sales were above $1 million at t = 7. Thus seventh-quarter sales (sales for the third 
quarter of the second year) were above $1 million. 


d. To answer the question “When were quarterly sales the worst?”, we need to con- 
sider the lowest point on the graph of the function q. This lowest point appears to 
be between t = 4 and t = 5. We find the corresponding outputs by evaluating the 
function at these input values: 


q(4) = $0.9 million and q(5) = $0.88 million 


The lowest point on the function q that has a valid interpretation is at t = 5 when 
q(t) = 0.88. Thus the lowest quarterly sales amount was $0.88 million. This was 
the sales amount for the first quarter of the second year. 


we eeeereseesescssesecos 
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As the previous discussion and example illustrate, when you are working with a 
continuous function with discrete interpretation, it is important to consider carefully 
what is happening to both the input and the output. You must take special care not 
simply to round input values in these situations without thinking about the context 
of the question you are answering and the nature of the input and output of the 
model. 


Other Continuity Considerations 


There are situations that are not technically continuous but for which we use a con- 
tinuous model that is not discretely interpreted. For example, consider the cumula- 
tive sales of the corporation in Example 1. The quarterly sales and cumulative sales at 
the ends of the first four quarters are given in Table 1.15. 


TABLE 1.15 











Total sales (millions of dollars) 5a 2 


Table 1.15 contains discrete information, and a scatter plot of the data is a dis- 
crete graph. We also know that if it were possible to record cumulative sales of the 
corporation at every moment in time, the graph would not be smooth. It would 
“jump” up as sales were made (or down in the case of refunds) because sales values 
are always numbers that have two decimal places. For this reason, a graph of sales at 
every moment in time is not continuous. However, because the “jumps” in the graph 
are insignificant in the context of total sales of the corporation over an extended 
period of time, we use a continuous function, interpreted as a continuous function, 
to model total sales. Situations similar to total sales include cumulative totals of any- 
thing and growth of populations. 

The models used throughout this text are either continuous or piecewise contin- 
uous. The question to ask yourself in every modeling situation is “For this model, do 
inputs of any value make sense in context?” If the answer is yes, then the model is 
continuous without restriction. If the answer is no, then the model must have dis- 
crete interpretation. In the case in which a piecewise continuous function is used, we 
say piecewise continuous without restriction or piecewise continuous with discrete inter- 
pretation. To illustrate, consider the four function situations we have discussed: 






1. Joe’s weight: Because Joe has a weight at every possible moment, and because the 
model gives an approximation of his weight at all times, we use the continuous 
model without restriction. 


2. Annually compounded interest: Although there is an account balance at every 
possible time, and although the output of the continuous function exists at every 
possible time, the output from the function does not describe the account bal- 
ance for inputs other than positive integers. For this reason, if we use the contin- 
uous function, it must be discretely interpreted at positive integer values only. 


3. Quarterly sales: Because quarterly sales exist only at the ends of quarters, a con- 
tinuous function would not have meaning for any inputs other than those asso- 
ciated with ends of quarters. For this reason, a continuous function modeling 
quarterly sales would have discrete interpretation. 
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4. Cumulative sales: Because cumulative sales exist at all times and because a con- 
tinuous function is an approximation of those sales, we use the continuous func- 
tion without restriction. 

Examples of situations that can be represented by continuous functions but have 
discrete interpretation include interest that is not compounded continuously and 
anything that is a yearly total, such as sales, profit, revenue, number of live births, 
number of overseas telephone calls, and yearly high price of gasoline. 


Cost of Public Defender Services? 


Determine whether each of the following function representations is discrete, con- 
tinuous without restriction, or continuous with discrete interpretation. 


a. TABLE 1.16 


yer 1987 | 1989 | 1991 | 1993 | 1995 1997 | 1999 | 
Percent of fees collected for 53 50 37 30 
public defender services 


b. Percent of fees collected for . 
public defender services 
60 
50 P : 









10 —+—_+—_+——+—-+ Year 
1987 1989 1991 1993 1995 1997 1999 


FIGURE 1.19 


c. Percent of fees collected for 
public defender services 
60 


10 $$ ——+——+}- Year 
1987 1989 1991 1993 1995 1997 1999 


FIGURE 1.20 





d. C(t) = -0.0175t* + 0.4411? — 4.015t? + 12.415t + 40.987 percent of fees col- 
lected by public defenders t years after 1987 


9. For Washoe County, NV, Public Defender’s Office. 
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€. Total fees collected in 1999 
(thousands of dollars) 


191 


0 Month 
Mar Jun Sep Dec 


FIGURE 1.21 


Solution The table of data in part a and the scatter plot in part b are discrete. The 
graph in part c and the equation in part d are both continuous functions with dis- 
crete interpretations, because they are defined only at values of t that correspond to 
the end of each year. The graph in part e is a continuous function that can be used 
without restriction. This function can give us the total fees collected at any time 
throughout 1999. 


eee eeeeeesoceseses oeee 


Because calculus is primarily the study of continuous change rather than discrete 
change, the ability to transform discrete data into a continuous function (a model) is 
a vital part of our study of calculus. It is important, however, to understand for what 
input values the model makes sense in context. 


Concept d. P(x) is the number of passengers traveling on an 
Inventory airline during the xth month of 1997. 





2. If a continuous function is used to model the fol- 
lowing function descriptions, can it be used with- 

@ Scatter plot out restriction or must it be discretely interpreted? 

@ Continuous with discrete interpretation 


@ Continuous without restriction 


@ Discrete and continuous 


a. P(m) is the amount, in millions of dollars, of 
property value loss resulting from an earthquake 
of magnitude m centered in a particular major 
metropolitan area. 





Activities 





b. H(x) is the number of hits at a certain web site 
on the xth day of 2001. 


c. Q(t) is your body temperature in degrees Celsius 
t hours after you take 500 mg of Tylenol. 


1. Which of the following statements describe contin- 
uous situations, and which describe discrete situa- 
tions? 


d. C(r) is the number of children who register for 
summer day camp when the registration fee is 
set at r dollars. 


a. H(a) is your height at age a years. 


b. W(t) is the percentage of the popular vote that 
the winning candidate for president received in 


year f. 
c. A(t) is the amount in a savings account after the In Activities 3 through 10, categorize each function rep- 
principal has been invested for t years at 7% resentation as discrete, continuous without restriction, 


compounded continuously. or continuous with discrete interpretation. 
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3. TABLE 1.17 Average basic 


cable rate'? 


(dollars per month) 





4. 
Temperature 
(°F) 
80 A 6 
70 
60 


50 é 


40 





=! + | t +—+—- Time 
8am. 10am. 12noon 2p.m. 4p.m. 6p.m. 


FIGURE 1.2.1 


5. On the basis of data recorded in the spring of each 
year between 1988 and 1997, the number of stu- 
dents of osteopathic medicine in the United States 
can be modeled"' as 


O(#) = 0.0277 — 4.854t + 218.929 
thousand students in year 1900 + tf. 


6. Humidity level 
(percent) 
75 
65 
55 
45 
35) Hours 
25 since 
Es GI Wp SEE ey 


FIGURE 1.2.2 


10. Statistical Abstract, 1998. 
11. Based on data from Statistical Abstract, 1998. 
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Te 


Temperature 
(CE) 
80 
70 
60 
50 
40 
4} ++ ++ +—+— Time 


8am. 10a.m.12noon 2p.m. 4p.m. 6 p.m. 


FIGURE 1.2.3 


8. U.S. osteopathy students 
(thousands) 
oD 





FIGURE 1.2.4! 


9. G(m) = (2.798-10*)m? — 0.041m — 9.956 gallons 
of gas in a car’s gas tank after m minutes of driving 


10. U.S. osteopathy students 
reported in the spring 


(thousands) 
9.5 
6.5 Year 
1988 1997 


FIGURE 1.2.5'3 


11. Table 1.18 shows the predicted amount of rainfall as 
a function of the wind speed of a tropical storm. 


12. Statistical Abstract, 1998. 
13. Based on data from Statistical Abstract, 1998. 


TABLE 1.18 





E. 


13. 


a. Draw a scatter plot of these data. 


b. Use your scatter plot and the Vertical Line Test to 
verify that Table 1.18 represents a function. 


c. Can you determine, using the given information, 
the rainfall predicted when the wind speed is 
6 mph? If so, find the amount. If not, explain 
why not. 


d. Is this function representation discrete or con- 
tinuous? Give reasons for your answer. 


The predicted amount of rainfall for a tropical 
storm can be modeled by the equation 


R(v) = 54.1(0.847") inches 


where v is the wind speed (in miles per hour) of the 
storm. 


a. Describe the input and output of the function R. 


b. State the units of measure of the input and out- 
put. 


c. Is R an increasing, decreasing, or constant func- 
tion for wind speeds between 3 mph and 10 mph? 


d. Can you determine, using the given information, 
the rainfall predicted when the wind speed is 
6 mph? If so, find the amount. If not, explain 
why not. 


e. Is this model discrete, continuous without 
restriction, or continuous with discrete interpre- 
tation? Give reasons for your answer. 


f. According to this function, at what wind speed 
will there be 28 inches of rain from the storm? 


The average daily profit resulting from telephone 
marketing calls by an employee of a certain com- 
pany can be modeled by 


P(c) = 0.043c? — 3.129c? + 71.133¢ — 315.524 dollars 


when calls are made daily. 

a. Find P(25) and interpret the answer. 

b. Find the value of c between 0 and 25 for which 
P(c) = 180, and interpret the answer. 


c. Graph this function for 0 to 30 calls per day. Use 
the graph to estimate when the greatest daily 
profit occurs. 


1.2 Functions: Discrete and Continuous 
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Funds awarded" to arthritis researchers by the 
Arthritis Foundation each year between 1990 and 
2000 can be modeled by the equation 


R(t) = 0.95 (1.408') + 9 million dollars 


t years after 1990. 


a. Write “In 1999 the funds awarded to arthritis 
researchers were approximately $29,660,000” 
using function notation. 

b. Explain the meaning of the notation R(11.5). 
Does R(11.5) make sense in the context of this 
problem? Explain. 

c. Find the value of t for which R(t) = 18. Interpret 
your answer. 


On the basis of data for the years 1988 through 
1997, the number of students of osteopathic medi- 
cine’” in the United States, measured in the spring 
of the year 1900 + t, can be modeled as 


O(t) = 0.027686t? — 4.854t + 218.58318 
thousand students 
a. Describe the input and output of the function O. 


b. State the units of measure of the input and out- 
put. 

c. Should this continuous model be discretely inter- 
preted? Why or why not? 

d. Use the model to estimate the number of 
osteopathy students in the spring of 1998. 


e. How many osteopathy students attended sum- 
mer school in 1998? 


f. According to the model, when will the number 
of students studying osteopathic medicine 
exceed 10,000? 


The number of yearly kidney transplants'® per- 
formed in the United States between 1992 and 1996 
can be modeled by the equation 


K(t) = 9088.859 + 1697.717 In t transplants 


t years after 1990. 
a. Describe the input and output of the function K. 


b. State the units of measure of the input and out- 
put. 


Arthritis Foundation. 
Statistical Abstract, 1998. 
Based on data from Statistical Abstract, 1998. 
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c. Should this continuous model be discretely 
interpreted? Why or why not? 


d. Use the model to estimate the number of trans- 
plants in 1995. 


e. Find K(2.5) and interpret the answer. 
f. According to the model, when did the number of 


yearly transplants first exceed 13,000? 


17. The price of Amazon.com stock on a particular 
trading day can be modeled by 


P(h) = -2.295h + 125.4375 dollars per share 


h hours after the market opened. 
a. Describe the input and output of the function P. 


b. State the units of measure of the input and out- 
put. 

c. Should this continuous model be discretely 
interpreted? Why or why not? 

d. What was the price of this stock after 3 hours of 
trading? 

e. Did the price reach $100 per share during this 
particular day? (The market opens at 9:30 a.m. 
and closes at 4:00 p.m.) 


18. The customer base in the late 
Amazon.com" can be modeled by 


1990s_ for 


A(t) = 2.3(4.652') million customers 


t years after 1998. 
a. Describe the input and output of the function A. 


b. State the units of measure of the input and out- 
put. 


c. Should this continuous model be discretely 
interpreted? Why or why not? 


1.3 


1). 


202 


Ingredients of Change: Functions and Linear Models 


d. Estimate the size of the customer base at the end 
of 2000. 


e. When was the customer base 9 million? 


The yearly per capita consumption of milk'* from 
1980 to 1996 can be modeled by 


C(x) = -0.2138x + 44.8434 gallons 


where x is the number of years after 1900. 
a. Describe the input and output of the function C. 


b. State the units of measure of the input and out- 
put. 


c. Should this continuous model be discretely 
interpreted? Why or why not? 

d. When was the yearly per capita consumption 
25 gallons? 


The total number of passengers of a certain airline 
who have flown into the Seattle-Tacoma Interna- 
tional Airport during 2002 can be modeled by 


P(d) = 86.86d passengers 


d days into 2002. 
a. Describe the input and output of the function P. 


b. State the units of measure of the input and out- 
put. 

c. Should this continuous model be discretely 
interpreted? Why or why not? 

d. Estimate the number of passengers during the 
first 6 months of 2002. 


e. Estimate the total numbers of passengers in 2002 
and in 2005. 


f. When during 2002 did the number of passengers 
reach 20,000? 


Constructed Functions 


In Sections 1.1 and 1.2, we examined what a function is and how functions can be 
represented. Now we consider constructing more complicated functions. 


Combining Functions 


We can combine two or more functions to create a new function by adding or sub- 
tracting. Consider Tables 1.19 and 1.20, which show sales and costs for a corporation 


from 1996 through 2001. 


17. Based on data from “Amazon.com takes loss for quarter,’ Reno 
Gazette—Journal, July 23, 1999, p. 4B. 


18. Based on data from Statistical Abstract, 1998. 
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TABLE 1.19 


Sales (millions) 








$5323 








TABLE 1.20 


Costs (thousands) 
57329 
$2594 


Both tables represent functions, and by subtracting costs from sales, we can get anew 
function representing profit. Before doing so, however, we need to ask ourselves two 
questions: “Is the set of inputs the same for both functions?” and “Are the outputs 
given in the same units?” The answer to the first question is yes, but the answer to the 
second is no. However, we can easily change one of the tables to achieve the same out- 
put units. The resulting profit function is shown in Table 1.21. 



















TABLE 1.21 














Sales (millions) $5.881 
Cost (millions) $2.782 
Profit (millions) $3.099 


The equation S(t) = 3.570(1.105') gives the sales in millions of dollars t years after 
1996, and the equation C(t) = -39.2F + 540.1f + 1061.0 gives the costs in thousands 
of dollars t years after 1996. As we did with the tables, we can find the profit equation 
by subtracting costs from sales as long as the output units correspond and the set of 
inputs is the same for both functions. 

To construct an equation P for profit, we must first multiply C by 0.001 to con- 
vert the output units from thousands of dollars to millions of dollars. Then profit can 
be written as 











P(t) = S(t) — 0.001C(#) 
= 3.570(1.105') — 0.001 (-39.2r + 540.1t + 1061.0) million dollars 


where t represents the number of years since 1996. 

Further, we can now use P to find the profit in any given year. For instance, the 
profit in 1998 was P(2) ~ 2.375 million dollars. 

Product functions are created by multiplying two functions. Again, this makes 
sense only if both functions have the same set of inputs and if the output units are 
compatible so that, when multiplied, they give a meaningful result. 

Suppose that S(x) is the selling price (in dollars) of a gallon of milk on the xth day 
of last month, and G(x) is the number of gallons of milk sold. The input/output dia- 
grams are shown in Figure 1.22. 
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xth day xth day 
of of 
Input \ month Input ii 
Rule $ Rule G 
: Output | Output 
S(x) G(x) 
Selling price Gallons sold 


FIGURE 1.22 in dollars per gallon 


The inputs of both functions are the same, and when the outputs are multiplied, 
with units ($ per gallon)(gallons), the result is the sales in dollars on the xth day of last 
month. The input/output diagram for the new function T = S - Gis given in Figure 1.23. 


xth day 
of 
month 









Input 


Output 


T(x) 
FIGURE 1.23 Revenue in dollars 


S(x) = 0.007x + 1.492 dollars per gallon and G(x) = 31 — 6.332(0.921*) gallons are 
functions that model the selling price and the number of gallons of milk sold on the 
xth day of last month. Thus milk sales can be modeled by the function 


T(x) = [S(x)]-[G(x)] 
= [0.007x + 1.492]-[31 — 6.332(0.921*)] dollars 
on the xth day of last month. 
Another way in which we combine functions is called function composition. 


Consider Tables 1.22 and 1.23, which give the altitude of an airplane as a function of 
time and give air temperature as a function of altitude, respectively. 


TABLE 1.22 TABLE 1.23 


t = time into F(t) = feet F = feet A(F) = air temperature 
flight (minutes) above sea level above sea level (degrees Fahrenheit) 
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It is possible to combine these two data tables into one table showing air temperature 
as a function of time. This process requires using the output from Table 1.22 as the 
input for Table 1.23. The only restriction is that both the numerical values and the 
units in the output of one function match those in the input of the other function. 
The resulting new function is shown in Table 1.24. 


Because we used the output of Table 1.22, F(t), as the input for Table 1.23, the new 
function output is commonly written as A(F(t)). The A outside the parentheses is to 
remind us that the output is air temperature, and putting F(t) inside the parentheses 
reminds us that altitude from Table 1.22 is the input. It is common to refer to A as the 
outside function and to F as the inside function. The mathematical symbol for the 
composition of an inside function F and an outside function A is A ° F, so 


(Ate T) Gi A(E(a)) 


The altitude data can be modeled as F(t) = -222.22t3 + 1755.95t2 + 1680.56t + 
4416.67 feet above sea level, where t is the time into the flight in minutes. The air tem- 
perature can be modeled as A(F) = 277.897(0.99984") — 66 degrees Fahrenheit, where 
F is the number of feet above sea level. The composition of these two functions is 


(Ae F(t) — ACE) 
= 277.897(0.99984 (222.22 + 1755.95t* + 1680.56¢ + 4416.67)) =f he 


TABLE 1.24 











t = time into 
flight (minutes) 
A(F) = air temperature 


(degrees Fahrenheit) 








where fis the time in minutes into the flight. 
Let us consider another example to help make function composition clearer. 


EXAMPLE 1 Lake Contamination 





Consider the word descriptions of the following two functions and their input/cut- 
put diagrams shown in Figure 1.24. 


C(p) = parts per million of contamination in a lake when the population of the 
surrounding community is p people 


p(t) = the population in thousands of people of the lakeside community in 
year f 


Pp t 
People Input Year 


: } 





Input 








Rule p 
| Output ) | ( Output 
C(p) P(t) 
Concentration People in thousands 


FIGURE 1.24 in parts per million 


34 


CHAPTER 1 


FIGURE 1.26 





Ingredients of Change: Functions and Linear Models 


a. Draw an input/output diagram for the composition function that gives the con- 
tamination in a lake as a function of time. 


b. The contamination in the lake can be modeled as C(p) = Vp parts per million 
when the community’s population is p people. The population of the community 
can be modeled by p(t) = 0.4 + 2.5 thousand people t years after 1980. Write 
the function that gives the lake contamination as a function of time. 


Solution 


a. Note that the output of the second function is almost the same as the input of the 
first function. If we multiply p(t) by 1000 to convert the output from thousands 
of people to people, we have the function P(t) = 1000p(t) people in year t. Now 
we can compose the two functions C and P to create the new function C ° P 
whose input/output diagram is shown in Figure 1.25. 






Rule CoP 


| Output 
C(P(t)) 
Concentration 
FIGURE 1.25 in parts per million 


b. To convert the output of the function p to people, multiply by 1000 to obtain the 
function P(t) = 1000(0.4t? + 2.5) people t years after 1980. Thus the contamina- 
tion in the lake f years after 1980 can be modeled as 





(CoP)\(t) = C(P(t)) = V1000(0.47 + 2.5) parts per million 


We formalize the process of function composition as follows: Given two func- 
tions f and g, we can form their composition if the outputs from one of them, say f 
can be used as inputs to the other function, g. In terms of inputs and outputs, we have 
those shown in Figure 1.26. In this case, we can replace the portion of the diagram 
within the blue box by forming the composite functions g ° f whose input/output dia- 
gram is shown in Figure 1.27. 





Output 

off 2 : 
becomes Input ; 

input | 

of g 

Rule gof 
FIGURE 1.27 | 
Output 


sfc) aaa ne a flx)) 


Rule s 


, FIGURE 1.28 


s(Q) Output 
Student 


EXAMPLE 2 
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Note that the inputs to the composite function g of are the inputs to the inside 
function f and that the outputs are from the outside function g. We use composite 
functions more in later chapters. 


Sy 


Inverse Functions 


Given a function, we can sometimes create a new function by reversing the input and 
output of the original function. We call this new function an inverse function. To illus- 
trate, we begin by examining the quiz grade function from Table 1.4 in Section 1.1. 


Student, s J. DeCarlo J. Lykin E. Mills G. Schmeltzer 
cade 


Let us turn the relationship around and let the input be the grade on the quiz and the 
output be the student who made that grade. The input/output diagram is shown in 
Figure 1.28. : 

The set of inputs is now {12, 21, 25, 28} and the set of outputs is {J. DeCarlo, S. 
Dyers, J. Lykin, E. Mills, G. Schmeltzer}. Is s a function of Q? This is the same as ask- 
ing, “Does each grade correspond to only one student?” The answer is no. If the input 
grade is 25, the output is both J. Lykin and G. Schmeltzer. This relationship.is not a 
function. If, however, the quiz grades had been as shown in Table 1.25, 

















TABLE 1.25 









Student, s J. DeCarlo S. Dyers J. Lykin E. Mills G. Schmeltzer 
cade) E 


then swapping the inputs and outputs would have resulted in a function because no 
two students had the same grade. When the input and output of a function are 
reversed, we obtain a new rule. If this rule is also a function, we call it the inverse of 
the original function. 









New-Home Prices! 





a. Does Table 1.26 show new-home prices as a function of the year? 


TABLE 1.26 





Year 1970 1980 1985 1990 995 


Average sale price $23,400 | $64,600 | $84,300 | $122,900 | $133,900 
of anew home 


b. If inputs and outputs are reversed, is the result an inverse function? 












19. Statistical Abstract, 1998. 
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Solution 


a. Because each year (input) corresponds to exactly one average price (output), 


Table 1.26 shows the average new-home price as a function of the year. 


b. If we swap the inputs and outputs, we get 


TABLE 1.27 


Average sale price $23,400 $64,600 $84,300 $122,900 $133,900 
of anew home 


Year 1970 1980 1985 1990 1995 


Each average price (input) corresponds to only one year (output), so Table 1.27 also 
represents a function, the inverse of the original function. 


eee wcevesroesesesesoee 













Office Space 





The scatter plot in Figure 1.29 shows the percentage of vacant office space”? in 
Chicago from 1987 through 1993. 


Vacancy rate 
(percent) 


23 





+++} ++ Year 
FIGURE 1.29 1987 1988 1989 1990 1991 1992 1993 


Does the discrete function represented by this scatter plot have an inverse function? 


Solution Swapping the inputs and outputs for this scatter plot requires that we 
put years on the vertical axis and vacancy rates on the horizontal axis. 








Year 
1993 + 5 
1992 -- . 
1991 = . 
1990 + ° 
1989 + ° 
1988 + ° 
1987 + ° 
AREA LLL smash .¢ Vacancy rate 
FIGURE 1.30 15.9 17.0 18.6 20.0 22.1 (percent) 


20. Statistical Abstract, 1994. 
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Note in Figure 1.30 that a rate of 17.0% corresponds to two different years (a vertical 
line through 17.0% passes through two points). This also occurs at 22.1%. The year is 
not a function of the vacancy rate, so the function represented by the scatter plot in 
Figure 1.29 does not have an inverse function. 


COO e eer eceereesescsees 


Algebraically Finding Inverse Functions 


Finding an algebraic expression for an inverse function requires that you solve for the 
input variable of a function in terms of the output variable. Sometimes this is simple, 
sometimes it is difficult, and sometimes it is impossible. Although determining 
inverse functions algebraically is not the focus of our discussion, looking at this tech- 
nique will help reinforce your understanding of the concept of inverse functions. It 
will also enable us to discuss an important algebraic property of inverse functions. 
You may recall from previous math courses that when a function fis used as the input 
for its inverse function g, the result is simply the input variable. That is, when a func- 
tion and its inverse are combined to create a composite function, the composition 
has the result of “undoing” the effects of the two functions. 


Composition Property of Inverse Functions 


If fand g are inverse functions, then 


FG0)=Geogtx=x— and gfix))= (eof) =x 





EXAMPLE 4 Cab Fares 





The fares for a cab company are determined by the function 


F(d) = 1.8d + 2.5 dollars 





where d is the distance traveled in miles. 

a. Find the inverse function of F. 

b. Find the distance traveled that corresponds to a fare of $33.10. 
c. Find the fare for a 3-mile ride. 


d. Use F and its inverse to illustrate the Composition Property of Inverse Functions. 


Solution 


a. Because the input and output of the original function are swapped in the inverse 
function, we need to find a function with the cab fare as input and the distance 
traveled as output. To begin, we replace F(d) with the variable f and solve for d: 


f= 18d + 2.5 
fom 2:5 = 18d 
d= f= 2.5 
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We rewrite this equation using standard function notation as 
D(f) = pees miles 
"78 


where fis the cab fare in dollars. 


b. To answer the question of distance given the fare, we use the inverse function 


found in part a. 


2 oP 


D(33.1) = ie — = 17 miles 


A cab ride that costs $33.10 corresponds to a distance of 17 miles. 
c. To answer the question of fare given distance, we use the original function F. 
FO 91.83) 12:5 = $7.90 
A 3-mile cab ride costs $7.90. 


d. The Composition Property of Inverse Functions can be illustrated with the fol- 
lowing equations: 

F(d) — 2.5 _ (1.8d + 2.5) — 2.5 _ 
1.8 1.8 


(PoD)(p (DG) = epg a2 18 GB ae 


see cesesecsecseeccecese 





(De F)(d) = D(F(d)) = d 





)+25=f 


Two particular inverse functions that will be of interest to us later in this book are 
the exponential function f(x) = e* and the natural logarithmic function (or natural 
log function) g(x) = In x. These functions should be familiar to you from algebra, but 
they will be discussed in more detail in Chapter 2. The Composition Property of 
Inverse Functions applied to these two functions gives 


ent = x and In(e) = x 


You may recall from algebra that when e* in the second equation is replaced with b*, 
the result is not x but is a constant multiple of x. In particular, 


In(b*) =xInb 


These important properties of exponential and logarithmic functions will be useful 
to us in Chapter 2. 


Exponential and Logarithm Properties 
ie = x 


2. In(e*) =x 
3. An(b) =x In b 





We illustrate the use of Property 3 in Example 5. 


EXAMPLE 5 
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Investment 


Suppose $100 is invested in a savings account that pays 7% annual interest. An equa- 
tion for the balance in the account after t years of investment is 


A(t) = 100(1.07') dollars 
a. When will the balance in the account be doubled? 
b. Find the inverse function of A. 


c. Use the inverse function to determine when the balance will surpass $400. 


Solution 


a. ‘To determine when the balance will double, we replace A(t) with $200 and solve 
for t. The solution can be found using technology, but we show the algebraic 
solution. 


200 = 100(1.07°) 
2 = 1.07' 
We now apply the natural log function to both sides of the equation. 
In 2 = In(1.07') 


Using Property 3, we have 


In 2 = tln 1.07 
In 2 
In 1.07 — 
= 10.24 years 


Because A is a continuous function with discrete interpretation, our answer, a 
value of t, must be a positive integer. Recall from the discussion in Section 1.2 
that we cannot simply round the answer. If the amount function is $200 when 
t ~ 10.24 years and A is an increasing function, then the amount is less than $200 
after 10 years and more than $200 after 11 years. See Figure 1.31. 


A(t) 
Amount 
(dollars) 


200 





100 











FIGURE 1.31 


We can conclude that the balance in the account will never be exactly $200 but 
that the balance will exceed $200 at the end of 11 years. 


40 


CHAPTER 1 


Ingredients of Change: Functions and Linear Models 


b. To find the inverse function, we replace A(t) with a and solve for t. Solving for t 
requires the same algebraic steps as in part a. 


W000?) 

A= iyi 

100 

a 

me) a 07s 
in) B07) 

da 
fa) = Say 
nf <5 





where a is the amount in dollars in the account. 


c. To answer the question of when the balance will exceed $400, we can simply sub- 
stitute 400 for a in the inverse function formula. 


in( 
— "\100/ _ In4 


In 1.07. In 1.07 





=~ 20.5 years 


Again, we must keep in mind that only positive integer year values make sense in 
this context. Using similar reasoning to that in part a, we conclude that the 
amount will exceed $400 at the end of 21 years. 


eoeceressocececscseseees 


Piecewise Continuous Functions 


One final way in which we will construct functions is putting two or more functions 
together to create a piecewise continuous function. In Section 1.2 we saw that the 
investment function in Example 5 over the first 5 years of investment could be better 
represented by the piecewise continuous function 


$100 when0 =t< 1 
$107 when 1 St < 2 
$114.49 when2 St <3 
$122;50 when 3 =7 = 4 
$131.08 when4=t<5 
$140.26 whent = 5 


B(t) = 


t years after the $100 was invested. A graph of the function is shown in Figure 1.17 on 
page 22. 

We call this equation a piecewise continuous function because it is made up of 
portions of six different continuous functions and is defined for all values of ¢ 
between 0 and 5. The values of t where the formula changes (here t = 1, 2,3, 4,5) are 


EXAMPLE 6 





a 


algebra 
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called the break points of the function. Piecewise continuous functions will be espe- 
cially helpful in modeling situations in which a quantity demonstrates a distinct and 
sudden change in behavior. Such a situation is illustrated in Example 6. 


Population of West Virginia 


The population of West Virginia from 1985 through 1993 can be modeled”! by 


P(t) = (eas + 3903.667 thousand people when 85 S t < 90 
7.7t + 1098.7 thousand people when 90 = t = 93 


where t is the number of years since 1900. 
a. Graph P. 


b. According to the model, what was the population of West Virginia in 1987? in 
1992? 


c. Find P(85) and P(90). Interpret your answers. 


Solution 
a. The graph of P is shown in Figure 1.32. 
PO 


Population 
(thousands) 


1950 
1900 
1850 


1800 1S a 
t 


1750 +——_+——_+—__+—_+——_+- Years since 
85.986 8771.88 1189 90 919 92 493 1900 





FIGURE 1.32 


b. To determine the population in 1987, we substitute 87 for tin the top function. 
P(87) = -23.514(87) + 3903.667 ~ 1858 thousand people 
To determine the population in 1992, we use the bottom function. 


P(92) = 7.7(92) + 1098.7 ~ 1807 thousand people 


c, P(85) = -23.514(85) + 3903.667 ~ 1905 thousand people. In 1985 the popula- 
tion of West Virginia was approximately 1,905,000 people. 
P(90) = 7.7(90) + 1098.7 ~ 1792 thousand people. In 1990 the population of 
West Virginia was approximately 1,792,000 people. 


Saree resem eceseresesos 


Calculus is the mathernatics of change that occurs in continuous portions of 
functions. This is why we have reviewed the basic ideas of functions in the first three 


21. Based on data from Statistical Abstract, 1998. 
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sections of this text. We have reviewed the definition of a mathematical function, and we 
have looked at a few techniques for constructing new functions from basic functions. 
Throughout these sections, we have considered mathematical functions as they 
model the real world. As we embark on our study of calculus, we will consider mod- 
eling primarily as a tool for developing the functions we use to analyze the change 
that occurs in real-world problems. In order to apply calculus to situations that occur 
in business, health science, agriculture, and the like, we must first be able to describe 
the situations as continuous or piecewise continuous functions (some having dis- 
crete interpretation). Section 1.5 and Chapter 2 deal with using different functions to 
model real-world data. Once we can model data with a function, we can use calculus 
to analyze that model—especially to determine rates of change and identify maxima, 


minima, and inflection points. 


Concept 
Inventory 





@ Adding, subtracting, and multiplying functions 
@ Function composition 

@ Inverse functions 

@ Composition Property of Inverse Functions 

@ Exponential and log properties 

@ Piecewise continuous functions 





Activities 





1. The number of kidney and liver transplants” in the 
United States between 1992 and 1996 can be mod- 
eled by 

K(x) = 9088.859 + 1697.717Inx kidney transplants 

L(x) = 2424.764 + 915.0251lnx liver transplants 


where x is the number of years since 1990. 

a. Construct a model for the number of kidney and 
liver transplants between 1992 and 1996. 

b. Use the model to estimate the number of kidney 
and liver transplants in 1995. 


2. The salary of one of Compaq Computer Corpora- 
tion’s senior vice presidents*® from 1996 through 
1998 can be modeled by 


S(t) = 69,375t + 380,208 dollars 


t years after 1996. His other, nonsalary compensa- 
tions during the same period can be modeled by 


22. Based on data from Statistical Abstract, 1998. 
23. Compaq’s 1999 Notice of Annual Meeting. 


C(t) = -31.67t? + 137.15t + 233.5 thousand dollars 
t years after 1996. In addition, each year he received 
an average bonus of $650,000. 


a. Construct a model for this VP’s total yearly 
salary package, including nonsalary compensa- 
tion and bonuses. 


b. Estimate the VP’s 1997 total salary package. 


3. Per capita milk consumption” in the United States 
between 1980 and 1996 can be modeled by 


M(t) = -0.2138t + 44.8434 gallons per person per year 


and consumption of whole milk for the same 
period can be modeled by 


W(t) = -0.5472t + 60.4767 gallons per person per year 


In both models, t is the number of years since 1900. 
Use the models to construct a model giving the per 
capita consumption of milk other than whole milk. 


4. State lotteries have gained in popularity over the 
past 20 years. The cost” of the lotteries to the states 
(prizes and expenses) between 1980 and 1997 can 
be modeled by 


C(x) = 35.302x? + 740.223x + 1207.223 million dollars 


where x is the number of years after 1980. The 
profit realized by the states as a result of the lotteries 
can be modeled by 


P(x) = -2.28132 + 57.900x2 + 
320.625x + 976.390 million dollars 
where x is the number of years after 1980. Find an 


equation for the revenue the states earned as a result 


24. Based on data from Statistical Abstract, 1998. 
25. Ibid. 


of lotteries, and estimate the total lottery revenue in 
the year 2000. 


5. The percentages of Iowa corn farmers in two com- 
munities who had heard about, and who had 


planted, hybrid seed corn t years after 1924 can be 
modeled” as follows: 


Percentage hearing: 


A= 100 


1 + 128.0427¢ 072112641 percent 


Percentage planting: 


(ae 100 
R913 724) ech Aeer percent 








Write an equation for the percentage of Iowa corn 
farmers who had heard about, but who had not yet 
planted, hybrid seed corn t years after 1924. 


6. Table 1.28°” shows two functions: I(t) is the amount 
of natural gas imports in trillions of cubic feet in 
year t, and E(t) is the amount of natural gas exports 
in billions of cubic feet in year t. Show how you 
could combine the two functions to create a third 
function giving net trade of natural gas in year t. 
(Net trade is negative when imports exceed exports.) 


TABLE 1.28 


1980 1990 | 1995 
: 
TE 


7. The number of births** during the 1980s to women 
who were 35 years of age or older can be modeled as 


n(x) = -0.034x° + 1.331x? + 9.913x + 164.447 
thousand births x years after 1980 













The ratio of cesarean-section deliveries”’ performed 
on women in the same age bracket during the same 
time period can be modeled as 


p(x) = -0.183x2 + 2.891x + 20.215 
deliveries per 1000 live births x years after 1980 


Write an expression for the number of cesarean- 
section deliveries performed on women 35 years of 
age or older during the 1980s. 


26. Based on data from Ryan and Gross, “The Diffusion of Hybrid 
Seed Corn in Two Iowa Communities,” Rural Sociology, March 
1943. 

27. Statistical Abstract, 1998. 

28. Based on data from Statistical Abstract, 1992. 

29. Ibid. 
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8. Table 1.29°° represents two functions: R(t) is the 
average price in dollars of a gallon of regular 
unleaded gasoline in year t, and P(t) is the purchas- 
ing power of the dollar as measured by consumer 
prices in year ft, using 1983 as the base year. Indicate 
how to combine the two functions to create a third 
function showing the price of gasoline in constant 
1983 dollars. 


TABLE 1.29 





Determine whether the pairs of functions in Activi- 
ties 9 through 12 can be combined by function 
composition. If so, give function notation for the 
new function, and draw and label its input/output 
diagram. 


9. P(c) is the profit in dollars generated by the sale of c 

computer chips. 
C(t) is the number of computer chips a manufac- 
turer has produced after t hours of production. 

10. C(t) is the number of cats in the United States at the 
end of year t. 
D(c) is the number of dogs in the United States at 
the end of year c. 

11. C(t) is the average number of customers in a restau- 
rant on a Saturday night t hours after 4 p.m. 
P(c) is the average amount in tips in dollars gener- 
ated by c customers. 


12. R(x) is the revenue in deutsche marks from the sale 
of x soccer uniforms. 


D(r) is the dollar value of r deutsche marks. 
In Activities 13 through 18, rewrite each pair of func- 
tions as one composite function. 


13. fit) = 3e t(p) = 4p° 


30. Energy Information Administration; Statistical Abstract, 1998; 
and Economagic. com. 
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14. h(p) =5 


De Cola WV Res sea 


Pe = Tse = 
x(w) = 4e” 
q(p) = 6.439(0.07") 


t(m) = 4m + 17 


16. s(q) = -14 + 7455 Ing 
ae as 


18. c(x) = 3x*—2x4+5 x(t) = 4 — 6t 

Swap the inputs and outputs for each of the functions in 
Activities 19 through 24. Draw an input/output diagram 
for each new rule. Then write out the new rule in words. 
Which of the new rules are inverse functions? 


19. R(w) = the first-class domestic postal rate (in cents) 
of a letter weighing w ounces 


20. G(t) = your score out of 100 on the first test in 
this course when you studied t hours the 
week before the test 


21. B(x) = the number of students in this class whose 
birthday is on the xth day of the year, 
assuming it is not a leap year 


22. A(m) = the amount (in dollars) you pay for lunch 
on the mth day of any week 


23. B(t) =the amount in an investment account (in 
dollars) after t years, assuming no with- 
drawals are made during the t years 


24. D(r) = the number of years it takes for an invest- 
ment to double if the annual percentage 
rate (APR) is r% 


Reverse the inputs and outputs in the function tables in 
Activities 25 through 28, and determine whether the 
results are inverse functions. 


25. TABLE 1.30 


A 





Percent with 
flex schedules 
at work 










31. Statistical Abstract, 1998. 
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26. TABLE 1.31 


Basic monthly 
pay in 1997 
(dollars) _ 


Military rank?? 
(10 years service) 


General 





27. TABLE 1.32 






height (pounds) 
acne Daten al 






28. TABLE 1.33 








Total wagers in Nevada on the Super Bowl??_ |; 
Year (millions of dollars) 








ses ote es aR | 


1997 70.9 


29. Table 1.34 gives tuition rates at a certain university™4 
in the southeast. Note that a full-time student is one 
taking 12 or more credit hours. 










32. Information Please Almanac, 1998. 
33. As reported in the Reno Gazette—Journal, January 18, 1999, p. 1A. 
34. Clemson University 1999-2000 Undergraduate Announcements. 


35. 
- 36 


TABLE 1.34 









Graduate assistant fee 


a. Complete Table 1.35 for a resident under- 
graduate. 


TABLE 1.35 


Credit 
hours 


Credit 
hours 


10 
11 
12 
13 





Let T(c) = tuition (in dollars) for a resident 
undergraduate taking c credit hours. 


. Find a formula for T(c). 
. Graph T. 
. Is T a function? 


(SP 


. Give the set of inputs and the set of outputs of T. 


may @e Gui G 


. Draw an input/output diagram for the. rule 
obtained by swapping inputs and outputs of T. 
g. Is the rule in part f an inverse function? Why or 

why not? 


The functions given in Activities 30 through 
36 all have inverses. Find an algebraic formula 
for each inverse function. 





practice 

30. g(r) =Inr 31. s(v) =e” 

32. f(x) = 7.362 — 12.9 33. g(t) = V4.9t + 0.04 
34. h(x) = 0.0063 + 72) 


-c(s) = 1034.926(0.0062°) 
. J”) = 73,000(2.639”) 


Schedule of academic charges 
Full-time academic fee $1735 $4728 


Part-time academic fee (per hour) 


Auditing academic fee (per hour) 
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37. The number of health insurance complaints received 
in 2001 by a state’s board of health can be modeled by 


C(m) = 319.6m + 801 complaints 


in the mth month of 2001. 


a. Can C be used without restriction in this context 
or must it be discretely interpreted? 


b. Find the inverse of C. 
c. In what month were 2399 complaints filed? 


d. How many complaints were filed in the first 
quarter of the year 2001? 


e. Use C and its inverse to illustrate the Composi- 
tion Property of Inverse Functions. 


38. The time it takes for an average 8- to 14-year-old 
athlete to swim the 100-meter freestyle? can be 
modeled by the equation 


T(a) = -5.5a + 137 seconds 


where a is the age of the swimmer in years. 

a. Can T be used without restriction in this context 
or must it be discretely interpreted? 

b. Find the inverse of T. 

c. How long does it take an average 9-year-old to 
swim the 100-meter freestyle? 


d. If a young person can swim 100 meters freestyle 
in 1 minute 20 seconds, what is the person’s 
probable age? 


e. Use T and its inverse to illustrate the Composi- 
tion Property of Inverse Functions. 

39. The number of livestock that can be supported by a 
crop of rye grass*° can be modeled by 


9.52(15,000) 
WAS ag eee 


where r is the annual energy requirement of the ani- 
mal in megajoules per animal. 


animals per hectare 


35. Swimming World, August 1992. 

36. R. S. Loomis and D. J. Connor, Crop Ecology: Productivity and 
Management in Agricultural Systems (Cambridge, England: Cam- 
bridge University Press, 1992). 
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a. Find the inverse of L. 


b. If milking cows require 64,000 megajoules per 
cow, how many cows can this crop of rye grass 
support? 

c. If the crop is supporting 7 animals per hectare, 
what is the energy requirement of the animals? 

d. Use L and its inverse to illustrate the Composi- 
tion Property of Inverse Functions. 


The heat loss*” experienced by the human body 
exposed to a 16-mile-an-hour wind can be modeled 
by 


H(t) = 34.45(33 — t) kilogram-calories 
per square meter of body surface area 


when the temperature is t°C. 
a. Find the inverse of H. 


b. What is the temperature if the heat loss of the 
body is 1550 kilogram-calories per square 
meter? 


The population of Mexico” between 1920 and 1990 
can be modeled as 


P(t) = 7.394(1.0269') million people 


t years after 1900. 

a. Can P be used in this context without restriction 
or must it be discretely interpreted? 

b. Find the inverse of P. 

c. In what year was the population 40 million? 

d. What was the population in the middle of 1930? 


The yearly emissions of carbon monoxide” in the 
United States between 1980 and 1992 can be mod- 
eled by 


E(t) = 115.0326(0.9687') million metric tons 


t years after 1980. 


a. Can E be used in this context without restriction 
or must it be discretely interpreted? 


b. Find the inverse of E. 


W. Bosch and L. G. Cobb, “Wind Chill”, UMAP Module 658, The 
UMAP Journal, vol. 5, no. 4 (Winter 1984), pp. 477-492. 

SPP and INEGI, Mexican Census of Population 1921 through 
1990 as reported by Pick and Butler, The Mexico Handbook: West- 
view Press, 1994). 

Based on data from Statistical Abstract, 1994. 
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c. What were emissions in 1987? 
d. In what year were emissions 82 million metric 
tons? 


Yearly sales of water skis in the United States 
(excluding Alaska and Hawaii) between 1985 and 
1992 can be modeled* by 


12.1x — 905.4 million dollars 
when 85 = x S 88 

-14.8x + 1414.9 million dollars 
when 89 = x S 92 


S(x) = 


where x is the number of years since 1900. 

a. Find the values of $(85), S(88), S(89), and S(92). 
b. Use the answers to part a to sketch a graph of S. 
c. Is Sa function of x? Explain. 


The population of North Dakota between 1985 and 
1996 can be modeled*' by 


-7.35t + 1301.05 thousand people 
when 85 =t= 91 

2.5t + 403.5 thousand people 
when 91) f= 96 


P(t) = 


where t is the number of years since 1900. 
a. Find P(85), P(89), P(94), and P(96). 


b. According to the model, what was the popula- 
tion in 1991? 


c. Use the answers to parts a and b to sketch a 
graph of P. 


d. Is Pa function of ft? Explain. 


A mail-order company charges a percentage of the 
amount of each order for shipping. For orders of up 
to $20, the charge is 20% of the order amount. For 
orders of greater than $20 up to $40, the charge is 
18%. For orders of greater than $40 up to $75, the 
charge is 15%. For orders of greater than $75, the 
charge is 12%. 


a. Why would it benefit a company to assess the 
shipping charges described here? 


b. What will shipping charges be on orders of 
$17.50? $37.95? $75.00? $75.01? 


c. Write a formula for the shipping charge for an 
order of x dollars. 


d. Sketch a graph of the formula in part c. 


40. Based on data from Statistical Abstract, 1994. 
41. Based on data from Statistical Abstract, 1998. 
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é. Which of the following representations of the 46. A music club sells CDs for $14.95. When you buy 
shipping charge function do you believe it would five CDs, the sixth one is free. 
be best for the company to put in its catalog? (i) 
a word description, (ii) a formula as in part c, 
(iii) a graph, or (iv) some other representation 
(specify)? Explain the reasons for your choice. 


a. Sketch a graph of the cost to buy x CDs for val- 
ues of x between 1 and 12. 

b. Write a formula for the graph you sketched in 
part a. 





Limits: Describing Function Behavior 


We have already stated that calculus is the study of change. There are algebraic 
descriptions of how quantities change, but what sets calculus apart from algebra is 
the use of limits to describe change. Limits enable us to describe change in ways that 
would otherwise be impossible. Limits set the stage for understanding the calculus 
concepts of derivative and integral that are later presented in this text. 

In addition to their usefulness in calculus, limits give us a mathematical way to 
describe the behavior of a function’s output. It is this use of limits as descriptions of 
function behavior that is our focus in this section. 


An Introduction to Limits 


Before we define and use limits, we want to give you an opportunity to explore limits 
as they are applied to a variety of functions and to become intuitively comfortable 
with this important concept. We consider numerical and graphical estimation of lim- 
its, as well as algebraic analysis of limits. 

Consider the function r(t) = a = ¢ This function is not defined at t = 4 (that is, 
r(4) does not exist), because the denominator of r is 0 when t = 4. However, rather 
than discuss the function value at t = 4, we wish to explore what happens to the out- 
put of the function at input values near, and on either side of, 4. To do so, we evaluate 
the function at values increasingly close to t = 4. Table 1.36 shows r(t) values as 
t approaches 4 from the left (this is denoted t > 4), and Table 1.37 shows r(t) values 
as t approaches 4 from the right (this is denoted t > 4°). 





TABLE 1.36 TABLE 1.37 









3 4.01 


In Table 1.36 it appears that as t approaches 4 from the left, the output is becoming 
closer and closer to 8. We symbolize this idea by writing 





lim r(t) = 8 


t>4 
which is read “the limit of r(t) as t approaches 4 from the left is 8” On the basis of 
Table 1.37, we make a similar statement: “The limit of r(t) as t approaches 4 from the 
right is 8,’ which we write as 

lim r(f) = 8 


to4- 
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FIGURE 1.33 





CHAPTER 1 





le eS ee Ss ne eS 


Ingredients of Change: Functions and Linear Models 


Note that the input values in the tables were arbitrarily chosen. You should 
arrive at the same conclusion if you choose other values increasingly close to 
t = 4, Because the limits from the left ‘and right of 4 are the same, we conclude 
that lim + = 8; that is, the limit of r(t) as tapproaches 4 is 8. 


To support our conclusion that 8 is the limit, we consider the graph of r 
shown in Figure 1.33. The graph of this function is simply a line with a hole in 
it at t = 4. To estimate lim r(t) using the graph, place the tips of two pencils on 

to 


the graph on either side of t = 4 and, keeping the pencils on the graph, move 
them toward each other. The pencil tips should move toward the hole in the 
function. Indeed, as the input becomes closer and closer to 4 from either direc- 
tion, the graph becomes closer and closer to an output of 8. The fact that r(t) is 
never actually 8 is of no consequence. This fact does not affect the limit, because 
when determining limits, we are interested in where the function is headed, not 
in whether it ever actually arrives there. 


When answering limit questions, we are concerned only with where a 


function is headed, not with whether the output ever arrives at that value. 





Later in this section, we will see that when a function is defined at a point and 
there are no jumps or breaks in the function at that point, the limit can be found sim- 
ply by evaluating the function at the point. For example, consider again the function 





r(t) = L = ie that is defined and has no jumps or breaks at all input values for which 
t # 4 (see Figure 1.33). We calculate the limit of r(t) as t approaches -2 as follows: 
eS A Ge iS. 2s ee) 
t>-2 t—4 to-2 -2—4 =© 36 








2 


Before proceeding with other examples, we define the limit of a function at a 
point. 
Definition of Limit 


A limit is a number to which the output of a function becomes closer and closer as the 
input becomes closer and closer to a stated value. We use the notation lim f(x) to denote 
X= ¢ 


the limit of f(x) as x approaches c, and we make the following informal definition. 


The Limit at a Point 


The limit of f(x) as x approaches a constant c is the number L; that is, 


lim flx) = L 


if f(x) becomes arbitrarily close to L as x becomes arbitrarily close to c. 





As we saw for the function r, limits can be estimated numerically or graphically, 
and some limits can be calculated algebraically. When estimating the limit of r(t) as t 
approaches 4, we considered both left and right limits of the function because r was 
not defined at t = 4. It may be the case that a function is defined at a point but the 
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limit does not exist there. If the left and right limits are different at a point, then we 
say that the limit does not exist at that point. This is often the case at the break 
point(s) for portions of piecewise continuous functions. It is important to keep in 
mind the necessity of checking limits from both directions for such functions, and it 
is also helpful to view a graph. 


Left and Right Limits 
If the left and right limits are not the same, then the limit does not exist. That is, 
For a constant c, if lim f(x) does not equal lim f(x), 


then lim f(x) does not exist. 
xc 


If the left and right limits are the same number, then the limit does exist and 
is that number. That is, 


If L is a number and lim fix) = lim fix) = L, 


then lim f(x) = L. 





Before we further discuss methods for finding limits, we consider two situations 
where limits do not exist. 


Limits That Do Not Exist 


If you are caught speeding in a certain state, the fine is $35 for the first 5 mph (or a 
portion thereof) over the limit and an additional $50 for the next 5 mph (or a por- 
tion thereof) over the limit. For each additional 2 mph above 10 mph over the speed 
limit, the fine increases by $2. Thus the function that represents the fine for speeding 
in this state is 


35 dollars when0<x<5 
s(x) = ¢ 85 dollars when 5 <x = 10 
85 + 2(x — 10) dollars whenx > 10 


where x is the number of miles per hour the vehicle is traveling over the speed limit. 
Does the limit of s(x) as x approaches 5 exist? Note that s(5) = 35, but because s is a 
piecewise continuous function, we need to consider the left and right limits as x 
approaches 5 in order to answer this question. To both the left and the right of x = 5, 
s is constant. If you choose values increasingly close to x = 5 from the left, s remains at 


35,80 lim s(x) = 35. For values increasingly close to x = 5 from the right, s remains 
x57 
at 85, so lim, s(x) = 85. Because the limits from the left and right of 5 are not the 
x35t 


same, we conclude that the limit of s(x) as x approaches 5 does not exist. 

Other types of functions for which limits do not exist are functions whose out- 
puts become larger and larger as the input approaches a certain value. We say that the 
output of a function fis increasing without bound as x approaches c if the output 
continues to increase in height infinitely. If the output of a function f continues to 
decrease infinitely as x approaches c, we say that the output is decreasing without 
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h(x) 








FIGURE 1.34 
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bound as x approaches c. These descriptions can apply to the limits of the function 
from the left, from the right, or from both directions. Consider, for example, the 
function shown in Figure 1.34. Although the function does not have a limiting value 
as x approaches 7, we use the notation iim. h(x) > -© to indicate that the output 


h(x) is decreasing without bound as x approaches 7 from the left. As x approaches 7 
from the right, we use the notation lim, h(x) > © to indicate that the output h(x) is 


increasing without bound. Neither of these limits exists. 


Graphically Estimating Limits 


Suppose that a small nation is ruled by a ruthless dictator who wishes to rid a part of 
his country of all people of a certain ethnic background. For 10 years he practices 
subtle ethnic cleansing, virtually unnoticed by the world. After 10 years he suddenly 
begins such violent purging that many of the people flee the country or are killed in 
a matter of a few weeks. The extreme violence ends, but over the next year some of 
the people continue to seek refuge in neighboring countries. At the end of the 11th 
year of his reign, the dictator is assassinated and a democratic government is estab- 
lished. Immediately the refugees flood back into the country. The graph in Figure 
1.35 shows the approximate size of the population of the affected region of the coun- 
try for the 20 years after the dictator’s rule began. 


P(t) 
Population 
(millions) 











FIGURE 1.35 


When considering the behavior of the population as t approaches 10 years, we 
must first consider two pieces of the function: the one to the left of t = 10 and the 
one immediately to the right of f = 10. Between 0 and 10 years, the population 
decreases and becomes closer and closer to 1 million people. That is, as t approaches 
10 from the left, P(t) approaches 1 million people: lim P(t) = 1 million people. 
Recall that the fact that the function does not peal have the value of 1 million 
when t = 10 does not affect our answer. 

Similarly, we consider the portion of the function immediately to the right of 
t = 10 to determine the limit of P(t) as tapproaches 10 from the right. To do so, place 
the tip of a pencil on the middle portion of the function graph near t = 11. Move the 
pencil on the graph from right to left toward t = 10 to see that the graph rises and 
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becomes closer and closer to 5 million. We say that the limit of P(#) as t approaches 10 
from the right is + million people: Jim, P(t) = 5 million people. Thinking backwards 
in time from 11 years to 10 years, the population rose to } million people. 
We have found that lim P(t) = 1 million people and lim P(t) = 5 million 
x> x= 107 


people. Because the behavior of the output of the function is different as t becomes 
closer to 10 from the left than it is as t becomes closer to 10 from the right, we say that 
lim P(t) does not exist. Similar reasoning reveals that lim P(t) does not exist. 

t> 11 


Finding Limits Graphically 


Consider the graph of g shown in Figure 1.36. 











FIGURE 7.36 


a. Find g(1), iim g(r), lim g(r), and lim g(r). 
b. Find g(4), lim g(r), lim g(r), and lim g(r). 


Solution 


a. From the graph it appears that g(1) = 0, lim g(r) = -2, and fim, g(r) = 3. Thus 
lim g(r) does not exist. - a 

b. It appears from the graph that g(4) does not exist because there is not a 
point on the graph where r = 4. An examination of the graph also indicates that 
lim g(r) =5 and lim, g(r) = 5. Thus lim g(r) = 5, 


Numerically Estimating Limits 


We illustrated how to estimate limits numerically in our opening example, where we 


a . 5 
considered lim 4 2 1. In that example, we chose values on either side of 4 and 
> 





increasingly close to 4. We looked for a trend in the output values—that is, a value to 
which the output was becoming closer and closer. We again illustrate this process of 
numerical investigation in Example 2. 
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EXAMPLE 2__ Estimating Limits Numerically 








Bese ke ; 
aa , numerically estimate 
SGD on seis ae y 
- sas oe D. aes me 


Does a graph of u suggest that your answers are correct? 


Solution 


a. Note that u(-1) is not defined because the denominator of u is zero at x = sil, he) 
estimate this limit numerically, we need to consider values of x increasingly close 
to -1 from both the left and the right. The calculations are shown in Table 1.38. 


TABLE 1.38 





09 | 0.44262 


-0.999 0.42869 
-0.9999 





From the table, we estimate that lim_ u(x) ~ 0.429 and lim u(x) ~ 0.429. 
x>— x3 -17 
Because the left and right limits appear to be the same, we estimate that 


lim u(x) = 0.429. 
tae eal 


b. Again, u(x) is not defined at x = $ because the denominator is zero when x = $. 
The procedure we follow is similar to that shown in part a. Consider values of x 
increasingly close to 3 ~ -0.222222 from both the left and the right as shown in 
Table 1.39. 


TABLE 1.39 





It appears that the output values of u are becoming increasingly large as x moves 
closer and closer to > from the left. Also, the output values of u are negative, and 
their absolute values seem to become increasingly large as x moves closer and 
closer to $ from the right. On the basis of this numerical investigation, we 
conclude that the limits as x approaches $ from the left and right do not exist. 
To indicate that u(x) increases without bound as x approaches ¥ from the left, we 


use the notation lim u(x) > %. We also write lim u(x) — -© to indicate 
x— —2/9 x —2/9+ 


that u(x) decreases without bound as x approaches ¥ from the right. 


algebra 
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Keep in mind that this numerical method gives only an estimate. Figure 1.37 
shows a graph of the function u. 


u(x) 











FIGURE 1.37 


The graph seems to support our estimates that lim | u(x) ~ 0.429, 
t= 


lim u(x) ~ 0.429, lim u(x) >%,and lim u(x) 3-~., 
x —1* x — 2/9" x — 2/97 
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Algebraically Determining Limits 


The speeding fine illustration presented earlier in this section indicates that the limit 
of a constant function is that constant. There are many other rules and properties 
that apply to limits of functions. We state three here. 


@ The Constant Rule: The limit of a constant is a constant. 


lim k = k, where c and k are constants 
ae 


e@ The Sum Rule: The limit of a sum is the sum of the limits. 
lim[f(x) + g(x)] = lim f(x) + lim g(x), where c is a constant 


e@ The Constant Multiplier Rule: The limit of a constant times a function is the 
constant times the limit of the function. 


lim kf(x) = k lim f(x), where c and k are constants 


Based on these limit rules we can state the following rules, which give us our first 
method of algebraically determining limits. The Replacement Rules enable us to 
find limits of polynomial functions and rational functions, which are quotients of 
polynomials. 


Replacement Rules 


1. If fis a polynomial function and a is a real number, then 


lim fix) = fla) 


xa 


2. If fis a rational function and a is a valid input of f, then 


lim fix) = fla) 
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The Replacement Rules enable us to determine certain limits by evaluating a 
polynomial or rational function at a constant. For example, 


lim (x2 + 2x — 5.2) = 0.46" + 2(0.46) — 5.2 = -4.0684 








x 0.46 

lim 2=3 =-3 

pr-1P 

eco eis ee 
a, ae eae SS 


In some instances, we can algebraically determine the limit of a rational function 


at an input value for which it is not defined. In this section, we have seen two rational 
- = 16 





functions with a single point removed. The function r(t) = >—_ isa line with the 
: 3x7 + 3x Ct rae : ; ey 
=; —— — js missing the poimtat whichx "4 
point (4, 8) removed, and u(x) ae eo g p 


and u(-1) ~ 0.439. Note that in both cases, when we factor the numerator and 
denominator, we see a common factor: 











= IG et ie <F 
UNS ee t—4 
and 
3x’ + 3x Sedge = Il) 
u(x) = = 





Oreo eli vce am (Ox) eet) 

The presence of a common linear factor in the numerator and denominator of a 
function is often an indication that a single point is missing from the graph of the 
function. The algebraic act of reducing the fraction by canceling the common factor 


creates a new function identical to the original function except that the single point 


is filled in. For example, if we reduce r(t) = u a - 2) to s(t) = t + 4, we obtain 





the line ae in Figure 1.33 with the hole filled in. Similarly, if we reduce u(x) = 
3 aul ; : . 
ER to v(x) = ae we have a new function identical to the one shown 


in Figure 1.37 except that the point corresponding to x = -1 is no longer missing. It is 
important to understand that r and s are not the same function and that wv and v are 
not the same function. However, because the graphs of each pair of functions differ 
by only a single point, their limits at all points are the same. Therefore, by reducing 
and applying the Replacement Rules, we can say 





ies xcs 1) a Be =3 
r-1.(9% + 2)Qcbd) xo o%42 <7 











2 10.429 
- i 


These limits found algebraically confirm our previous estimates. Note that in the 
second case, the algebraic method gives us the exact answer, >, which we could not 
determine from the numerical or graphical investigations. These are two examples of 


a general rule that will be important in our consideration of limits in calculus in 
Chapter 4. 
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Cancellation Rule 


If the numerator and denominator of a rational function share a common 


factor, then the new function obtained by algebraically canceling the 
common factor has all limits identical to the original function. 





The principle that filling in a point does not affect limits can also be applied to break 
points of piecewise continuous functions. Consider the function 


3b8 ae 2D Winsnge 50) 
we— 3 wnense SO 


f(x) = 


Replacement Rule 1 enables us to find the limit as x approaches zero from the right 
by substituting 0 for x in 5x — 3. If we remove the point (0, -3) and add the point 
(0, 2), we change the function to 


Spear 2 woeemse 2 @) 
ee mEWING TIE () 


g(x) = 


Modifying the function by a single point does not affect the limits. We determine the 
limit of g as x approaches zero from the left by substituting 0 for x in 3x + 2. Thus we 
find left and right limits at break points by substituting the input value at the break 
point into the portions of the function on either side of the break point as long as 
each portion can be evaluated at that input value. 


Piecewise Continuous Rule 


If fis a piecewise continuous function with x = a asa break point, then the 
existence of lim f(x) can be determined by using the Left and Right Limits 
=> 


Rule. If they exist, the left and right limits can be found by substituting a for 
x in the portion of f to the left and right of x = a. 





Definition of Continuous 


Graphically, we understand that a function is continuous if its graph can be drawn 
without lifting the writing instrument from the page. The functions r and u whose 
limits we determined using the Cancellation Rule are not continuous functions. 
Because calculus is the study of continuous portions of functions, it is important to 
have a complete understanding of what makes a function continuous or discontinu- 
ous. Limits enable us to define continuous more precisely. 

Consider the four functions shown in Figure 1.38. 
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f(x) g(x) h(x) J(x) 
_ See 
x 5 Be x 
c é c 
fand g are not continuous at c h is not continuous J is not continuous 
because f(c) and g(c) do not exist. at c because lim h(x) at c because lim J(x) # Jj). 


does not exist. 


FIGURE 1.38 


These graphs illustrate three criteria for determining whether a function is continu- 
ous at an input value c: The function must be defined at c, its limit must be defined as 
the input approaches c, and the limit must be the same as the output value at c. Intu- 
itively, continuity at a point occurs when the function arrives at the point to which it 
is headed. These observations lead us to the definition of continuous. 


Continuous Function 


A function y = f(x) is continuous at x = cif and only if 


1. f(c) exists 


2. lim f(x) exists 
x>¢ 


3. lim f(x) = flo) 


A function is continuous on an open interval if these three conditions are 
met for every input value in the interval. 


A function is continuous everywhere if it meets all three conditions for 


every possible input value. We refer to such functions as continuous 
functions. 





Note that the Replacement Rules are simply restatements of the definition of contin- 
uous. We find the limit at an input value for which a function is continuous by find- 
ing the output of the function at that input value. Example 3 illustrates how to apply 
the definition to determine whether a function is continuous. 


EXAMPLE 3 Determining Continuity 


Consider the function 


iD peet 
Pan 2p when p < 4 
0 when p = 4 
Qe)=) 8 
25 when 4 < Dev, 


Daa when p > 7 


Determine whether Q is continuous at p = 0, 2, 4, and 7. 
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Solution Q is not eee at p = 0 or p = 2 because those input values make 
the denominator of 2 on. zero. Thus Q(0) and Q(2) do not exist, which violates the 
first condition for setts 

The function does exist at p = 4 and p = 7: Q(4) = 0 and Q(7) = p77 = Jel 
order to determine whether the function is continuous at these input values, we must 
determine the corresponding limits. To find the limit as p approaches 4, we use the 


Piecewise Continuous Rule and Replacement Rule 2 to find the limits from the left 
and right: 





= rhc) beled | 
ii P = ar 
Boris pp ee ens and 


fine OCD) ae ra Sa pee els ame 
post p> 8—-p 8-4 4 








Because the left and right limits are the same, we conclude that lim Q(p) = i Thus 
we have 


1. Q(4) = 0 
2. lim Q(p) = i 
3. lim Q(p) # Q(4) 


and we conclude that Q is not continuous at p = 4 because the limit is not the same 
as the function value. 

The limits from the left and right of 7 also can be found using the Piecewise Con- 
tinuous Rule and the Replacement Rules: 


1 l 





Ca a aa aT err 
lim. Q(p) = es Sy) 2 = 5 


po7 


Because the left and right limits are not the same, we conclude that wp Q(p) does not 
exist and that the function is not continuous at p = 7. 

The graph in Figure 1.39 seems to support that Q is not continuous at p = 0, 2, 4, 
or 7. 


O(p) 





FIGURE 1.39 


Per ecesoeeereesseeseses 


58 





FIGURE 1.40 
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Limits Describing End Behavior 


How the output of a function behaves as the input becomes more and more positive 
(increases without bound) or more and more negative (decreases without bound) is 
called the end behavior of the function. For example, consider the graph of the func- 
tion shown in Figure 1.40. 

As x becomes arbitrarily large (that is, as we move from left to right without bound 
along the graph of the function), we say that x is approaching positive infinity, and 
we write x > %. As x approaches infinity, the function outputs decline while becom- 
ing closer and closer to -3. As x becomes more and more negative (moving from 
right to left without bound on the function graph), we say that x approaches negative 
infinity, and we write x  -%. As x approaches negative infinity, the function outputs 
become closer and closer to 4. We express these two facts mathematically by writing 

lim f(x) = -3 and jim f(x) =4 


x70 
When a function y = f(x) approaches a number k as the input increases or 
decreases without bound, we call the horizontal line that has equation y = k a 
horizontal asymptote. The function depicted in Figure 1.40 has two horizontal 
asymptotes, y = -3 and y = 4. 

In addition to estimating end behavior from a graph, it is also possible to esti- 
mate the end behavior of a function numerically by evaluating the function at increas- 
ingly large values of the input variable. This process is illustrated in Example 4. 


Numerically Estimating End Behavior 





For u(x) = aioe ically estimat 
rn pon > humerica y estimate 
a. lim u(x) Dae lima) 
Leones x—-00 
Solution 


a. To estimate the positive end behavior of u numerically, choose increasingly large 
values of x, as shown in Table 1.40. 


TABLE 1.40 


a 
0.272008 0.272653 


It appears that lim u(x) ~ 0.273. 
x0 













10,000 100,000 
OR 272 0.272727 








b. Next, consider the negative end behavior of u by choosing increasingly negative 
values of x, as shown in Table 1.41. 


TABLE 1.41 


-100 -1000 -10,000 -100,000 
0.273495 0.272802 0.272735 0.272728 
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It also appears that lim u(x) ~ 0.273. Figure 1.41 shows the graph of u. 
xX-00 


u(x) 








FIGURE 1.41 


Note that the end behavior of the function cannot be estimated as accurately 
from the graph as from the numerical investigation. 


COC HOH ee ee ererseeeeces 


If a function approaches the same value when x becomes increasingly 
positive as it does when x becomes increasingly negative (that is, if lim f(x) = L 
x70 


and lim f(x) = L) we describe this end behavior in one statement by writing 
x—>=00 


lim f(x) = L.In Example 4, we say lim u(x) ~ 0.273. 
<> co => 260 


If a function f has the same limit L when x approaches positive infinity as it 


does when x approaches negative infinity, then we write lim f(x) = L. 
oo) 





Caution: Do not confuse the statement “x > +” with the symbols used to 
indicate approaching an input value from the right or from the left (x > c+ or 
x — c’). A plus or minus sign placed in front of a number or the infinity sym- 
bol indicates whether the number or infinity is positive or negative, whereas a 
plus or minus sign written after a number indicates a specific direction from 
which that number is to be approached. 


J(x) 


It is possible for a function to oscillate and not approach any specific output value as 
lim j(x) does not exist. x approaches infinity. Such is the case with the function j in Figure 1.42. In this case, 
re PP y: bade jets 

FIGURE 1.42 we say that the limit of j as x approaches infinity does not exist. 


Algebraically Determining End Behavior 


It is easy to determine end behavior for quotients of polynomials. Most of the func- 
tions in this section are in this category. As the input increases or decreases without 
bound, the terms in the numerator and denominator with the greatest power domi- 
nate the behavior of the function. We call a term dominant if it is the term in the 
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expression with the highest power of the variable. For example, in the function 
ae , the dominant terms on the top and bottom are p and p’, respectively. 


ee 
CON, 


Thus the end behavior of Q is the same as the end behavior of the quotient of the 





dominant terms: 2 That is, 


In the activities at the end of this section, you will be asked to support graphically 


and numerically the statements that lim ; = (. These statements are special cases 
p> Lo 


of the following rule concerning limits at infinity. 


Limits at Infinity 


If cis any constant and n is any positive number, then 





Algebraically Determining End Behavior 


3x70 + x 
3x + 11x? + 2° 





Determine the end behavior of u(x) = 


Solution The terms with the largest powers in the numerator and denominator of 
u are 3x° and 11x’, respectively. Thus the end behavior of u is determined by consid- 


ering the end behavior of aS = z. Because this quotient is a constant, u approaches 








3 ant Fees 3 
jz; aS x increases or decreases with : ; 5 = Fie 
1 s without bound; that is Jim plan tice iI 
Thus the function u has one horizontal asymptote with equation y = > Pe) 27 273% 


Note that, unlike the numerical method used in Example 4, this algebraic method 
gives the exact value. 


Summary of Limit Methods 


One of the easiest ways to estimate limits is to examine the graph of a function. 
Graphs, however, cannot always provide information that is accurate enough to iden- 
tify a limit. The method of creating a table of values to estimate a limit is also helpful. 
This numerical estimation process often can provide a more accurate answer than an 
estimate obtained from a graph. 
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Although graphical and numerical methods are important in understanding the 
concept of a limit, they do have limitations. Algebraic methods give accurate limit 
answers, whereas graphical and numerical methods yield only estimates. Algebraic 
methods include evaluating a function at a given input value when the function is 
continuous there, factoring the numerator and denominator of a function to look for 
common factors, and considering the dominant terms in a quotient of polynomials. 
Our final example combines all three methods. 


EXAMPLE 6 Using Multiple Methods for Limits 


Consider the function represented by the graph shown in Figure 1.43. 





FIGURE 1.43 


The equation for the function is 








-2x? — 21x — 54 
when x = -4 
se ap 6) 
f(x) = estos when -4 <x <0 
(x + 2) 
sp 4! 
z ae 5 when x = 0 
Dap Tse 


a. Use the graph to estimate 


i. lim fix) ii. lim, fix) ili. lim, fix) 
iv. lim fix) v. lim f(x) Vi. lim fix) 


b. Numerically estimate the limits in parts 77 and v of part a. 


c. Algebraically determine the limits in parts 1, 711, iv, and v of part a. 
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Solution 
a. From the graph we make the following estimates: 
ih iim fix) =3 
il. iim, fix)--@ 
lil. lim fix) =-1 
iv. jim, fix) = 7 and tim fix) =-1, so lim fix) does not exist. 
V. lim f(x) =5 
vi. tim fix) 3 © 
b. ii. Numerically estimate tim, fix) using f(x) = ae (because x is approaching 


a number between -4 and 0) and the values shown in Table 1.42. 


TABLE 1.42 


i 

















p21 | 0 fa] a0 | 


We conclude that lim, fix) > -~. 
x, 
v. Table 1.43 shows the function values for increasingly large input values. The 


formula f(x) = 5° + = + 5 was used for these calculations. Table 1.43 enables 





us to estimate numerically the right end behavior of the function as x > ~. 


TABLE 1.43 


5.143388 | 5.142910 














100,000 1,000,000 


5.142862 5.142857 










From this table we conclude that lim f(x) ~ 5.143. This estimate is more 


accurate than our graphical estimate of 5 in part a. 








Lay i te = 
2, th Unigieyes lie == es 
x>-6 x>-6 ae sp (6) 
ya nlaex — 9) (x 6) 
= lim 
x>-6 sear © 


= lim (-2x — 9) = -2(-6) -9 = 12-9 =3 


Therefore, lim f(x) = 3. 


x6) 





iii. 


IV. 


Se a) 
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Because f is a piecewise continuous function with a break point at x = -4, we 
must consider the limits of f as x approaches -4 from the left and right. 
Replacement Rule 2 indicates that we do so by evaluating the portions of the 
function to the left and right of x = -4 at -4: 





hs ee 8 A SE Se = 











lim f(x) = li a oe 
oe ) pacers x25 © HAL se (§ 2 
. -4 -4 2 
lim fx) = bi = = x = 
ar ik ) ee (x AF 2)7 (GA ae Die Cay? 4 


Because the limit from the right is the same as the limit from the left, we con- 
clude that lim f(x) = -1. 
x>-4 


Again, we must consider the two portions of the function on either side of 
x =), 








Because these limits are different, we conclude that lim f(x) does not exist. 
x> 


. To determine the end behavior as x increases without bound, we first identify 


the dominant terms in the expression #->z. The end behavior of +++ is the 
same as the end behavior of # = 4. On the basis of the first statement in the 
Limits at Infinity box, we can say that the end behavior of $+ + 5is+ +5. 
That is, 


eee a lf Sle mnie Sl a 
ad — = it — = = 
pa eNO Peas aol Ta ase) 7 
Compare this answer with the numerical estimate of 5.143 from part b and 
the graphical estimate of 5 from part a. This algebraic limit is exact. 





eee ceecessoses 


As we will see in subsequent chapters, limits are a foundational idea in all of cal- 
culus. Your ability to understand limits conceptually will greatly enhance your ability 
to understand the calculus concepts of derivative and integral. 


Concept 


Limits at a point 
Left and right limits 


Increasing and decreasing without bound 
Graphically and numerically estimating limits 


Algebraically determining limits 
Replacement Rules 
Cancellation Rule 

Piecewise Continuous Rule 
Continuous function 

End behavior © 

Horizontal asymptote 


Inventory 


Activities 





Use the graphs shown in Activities 1 through 6 to esti- 
mate the limits given. 


Il, @, ‘him fase) b. lim h(x) C. lim h(x) 


xO xX—>—00 
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Dee Jaz eliimis(s) b. lim s(x) C lim s(x) 


5(X) 





= x 





By Gl lim g(t) b. iim g(t) €; lim g(t) 
t> = o> 


d. lim g(t) 


g(t) 











Ama lim m(t) b. lim m(t) e. lim m(t) 
ere t>1* =) 
d. lim m(t) e. im m(t) 
t>0 —-00 
m(t) 
as Sree teas Spa eee ee 
are 
1 
t +————+ it 
1 





Shock lim ifkes) 
d. lim fix) 


b. lim f(x) 


10. 


Mk, 


Ingredients of Change: Functions and Linear Models 


f(x) 








t(p) 








. A function g is such that lim, g(x) = 20, 


lim, g(x) = 20, and g(3) = 14. 

x 

a. Does lim g(x) exist? Explain your reasoning. 
x= 

b. Is g continuous at x = 3? Explain. 


c. Sketch a possible graph of g near x = 3. 


. A function f is such that f(-6) does not exist, 


lim f(t) = 9,and lim f(t) = 9. 

jl t>-6" 

a. Does lim f(t) exist? Explain your reasoning. 
to- 

b. Is f continuous at t = -6? Explain. 


c. Sketch a possible graph of fnear t = -6. 


. A function his such that lim h(x) = 2, 


lim’ h(x) = -2; lim h(x) > -©%, and lim, h(x) > ©, 


x00 
a. Is h continuous at x = 2 and x = -2? Explain. 

b. Sketch a possible graph of h. 

c. Discuss the end behavior of this function. 

If f is a continuous function, is it possible for 
jim fix) = L, and Jim, fix) = L,, where L, and L, 
are not the same number? Explain. 

If fis a continuous function, is it possible for there 


to be an input value of f for which the limit does not 
exist? Explain. 


Algebraically find the limits given in Activities 12 





through 17. 
12. lim 7 Tse ees igs 2 
re #3 [Baa 
13. lim (3.78w — 4.3) 16) im £4 
w>3 to4 t—4 
h 2x? — 2x7 + 
14. | im i 
hed h? + 4h ws si 4x? — x3 
18. Consider the function 
6x 
Pag ace when x < 6 
fx) = 4 ~ 6x 
= 7 when x = 6 


iD. 


20. 


Die 


dap 


Find the following limits: 





a. Jim fix) b. lim ie) © lim f(x) 
d. lim. fix) e. lim, fix) i lim f(x) 
Consider the function 
2'-4 when t < 2 
0 hen2=t<4 
aie when t 
i = WS 
when t > 4 
jg = 


Find the following limits: 


Ak lim g(t) b. lim g(t) é. lim g(t) 


d. lim g(t) e. lim g(t) if jim g(t) 
g. lim g(t) h. lim g(t) 
i, er Ace) 


Refer to the function fin Activity 18. 

a. Are there any horizontal asymptotes for this 
function? If so, give the equation(s) of the 
asymptote(s). If not, explain why not. 

b. Discuss whether the function is continuous for 
the following inputs: 

ili. x = 10 


1 x=2 ll. x=6 


Refer to the function g in Activity 19. 

a. Are there any horizontal asymptotes for this 
function? If so, give the equation(s) of the 
asymptote(s). If not, explain why not. 

b. Discuss whether the function is continuous for 
the following inputs: 

(eet 52 =O Te ive eS 4 

Refer to the function s on page 49 that gives the fine 

for speeding in a certain state. 
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a. Draw a graph of this function, and use the graph 
to estimate these limits: 


lim. s(x) 
x35 


b. Estimate numerically these limits: 


ieeimes(g0) il. 
coe 


i. lim. s(x) iui, hina, G8) 
x 107 x—> 10° 
c. Discuss the continuity of s at these inputs: 
Cee ik eI alin Sy | el) 


Numerically estimate the limits given in Activities 23 





through 26. 
: : 14 
oe 90 EL + 70 
; 1 : 
24. lim 26. lim (- 24+ 6) 


q7-% 


Numerically estimate the limits in Activities 27 through 


30. 


AW 


BE), 


0. 


iil. 


x’ + 6x 
im 
x>-1/3 3x4 1 





3x° + 1.6x — 2.4 








x28 114 — 6 — 93x" 
Ee ae ae Se = oy 
lim 
x30.65 4x? — 1.69 
The U.S. Postal Service priority mail may be used 


for packages weighing up to 70 pounds and not 
exceeding 108 inches in length and girth combined. 
Fractions of a pound are rounded up to the rate for 
the next full pound. Table 1.44 gives priority mail 
rates for parcels up to and including 5 pounds.” 


TABLE 1.44 


Mailing fee, 
f(w) 





42. United States Postal Service. 
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a. Find the priority mail fee for packages weighing 
1.5 pounds and packages weighing 3.28 pounds. 


b. Sketch a graph of the mailing fee as a function of 
the weight for0 =w=5. 


c. Find, if possible, each of the following limits. If 
any limit does not exist, explain why not. 


i. lim flw) ii, lim. flw) iii. lim, fl) 


iv. tim fiw) V. jim, flw) — vi. lim fiw) 
vii. lim, f(w) viii. lim f(w) 
w>0* w>3 
The accumulated amount in an account that is 
opened with an initial deposit of $P and earns 
interest at an annual rate of 100r% for t years can be 


expressed as 


A(x) = P(1 + rx) dollars 
where x = i for n compounding periods each year. 


a. Discuss the continuity of A. 

b. For r = 0.1 and t = 10, numerically estimate 
lim, A(x). Interpret your answer. 
x3 


c. For r = 0.05 and t = 3, numerically estimate 
lim, A(x). Interpret your answer. 
x7 


The cost of cleaning up 100x% of a small chemical 
spill from a mountain stream is given by 


C(x) : 


= a ake thousand dollars 
a. 


a. What is the cost of removing 50% of the chemi- 
cal spill? 

b. Find lim C(x). Does this limit have meaning in 
the ON of this problem? Explain. 

c. What is the cost of cleaning up all of the spill? 

An urban hospital parking garage charges $3 for 


parking 1 hour or less plus $0.50 for each additional 
half-hour or fraction thereof. 


a. How much would you pay for parking 45 min- 
utes in this garage? 

b. How much would you pay for parking 2 hours 
and 50 minutes? 


c. Draw a graph of f whose output is the fee for 
parking t hours, where t is between 0 and 5. 


d. Is the graph of f continuous? 
e. Find Jim, fit) 
f. Find lim fit). 

i 


33. 


36. 


Me 


38. 
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g. Find lim f(¢). 
h. What can you say about lim fit)? 


A solicitation for donations to a scholarship fund is 
mailed to graduates of a small college. A model 
describing the total response is R(t) = 38(1 — Eee) 
percent of graduates responding, where ft is the 
number of weeks after the solicitations were mailed. 


a. Find and interpret R(6). 

b. What percent of the graduates will eventually 
respond? 

Ultram is a non-narcotic pain reliever. Suppose a 

person takes two 50-milligram tablets of Ultram. A 

model for the amount in her blood t hours after the 

initial dose is 


U(t) = 100(e1* — e?*) milligrams 


a. Draw a graph of U, and describe the concentra- 
tion of Ultram in this person’s blood. 


b. Find lim U(t). 


c. When do you feel it is safe for this person to take 
another dose of Ultram? 


The price of Microsoft Corporation stock between 
1989 and 1998 can be modeled by 


P(x) = 1.0324(1.5184*) dollars per share 
where x is the number of years after 1989. Find, if 
possible, each of the following limits. If it is not 
possible to find the limit, explain why not. 
A. lim, P(x) 


b. lim Ina ee Manse) 


d. lim. P(x) (Note that 1989 was the first year that 
x= 


Microsoft Corporation stock was offered.) 


A grocery store puts its brand of cola on sale for one 
day according to the model 


lee dollars 


CC 
1.19 dollars 


when 1 = x S$ 3 
when x > 3 


where x is the number of bottles of cola purchased. 
a. How much do 3 bottles of this cola cost on sale? 
b. How much do 6 bottles of this cola cost on sale? 
c. Find, if it exists, lim C(x). If the limit does not 


exist, explain why not. 
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39. U.S. factory sales of electronics“? between 1986 and 


seperti ae Fhe 
1990 can be modeled by i i x ESSA LE NANA eA 

Discuss lim —— in each of these three cases 

S(i) = 220 — 44,436 3922 billion dollars xx bx” ; 


t years after 1986. Determine the end behavior of the functions in Activi- 


a. Find and explain the difference between S(4) ties 41 through 46 as the input increases and decreases 
and lim Sta) without bound. 
b. Find lim S(t), and interpret it in thi Sit aah 3H — 12t 
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Linear Functions and Models 


Having explored the concept of a function earlier in this chapter, we now turn our 
attention to several specific types of functions that will be helpful as we seek to 
describe real-life situations with mathematical models. Our goal here and in the next 
chapter is to give you an understanding of the behavior underlying certain functions 
in order to help you determine what function is appropriate in a particular modeling 
situation. 


Representations of a Linear Model 


We begin with the simplest of all functions: the linear function. A linear function is 
one that repeatedly and at even intervals adds the same value to the output. The out- 
put values form a line when graphed; thus we use the term linear to describe the data. 
For example, consider a newspaper delivery team that makes weekly deliveries of 
newspapers and devotes their Saturday mornings to selling new subscriptions. Sup- 
pose that the team starts with 80 customers and that 5 new customers are added each 
week. The data and scatter plot showing the number of customers over a 7-week 
period give us a picture of the increase in the number of customers. (See Table 1.45 
and Figure 1.44a.) 


TABLE 1.45 





43. Based on data from Statistical Abstract, 1992. 
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FIGURE 1.44 


Let us also consider a continuous model of the situation given by the equation 
C = 5w + 80 customers, where w stands for the number of weeks since the team 
began the subscription drive. The model gives us a comprehensive description of the 
situation and is available to help answer questions about the number of customers. 
A graph of the model is the line that results when the points of the scatter plot are 
connected. (See Figure 1.44b.) 

Note how each of the four representations (data, scatter plot, graph, and equa- 
tion) provides its own particular insight into the nature of the customer base. The 
data in Table 1.45 show the regular pattern of the customer counts and its steady 
increase. The scatter plot and graph in Figure 1.44 show the steady climb in the num- 
ber of subscribers and the constant nature of the growth. Finally, the algebraic 
expression given in the mathematical model captures the mathematical relationship 
between the two variable quantities (weeks and number of customers). 

The model can be used in many ways. At the start of the campaign to recruit new 
customers, team members could take the model as their planned objective and then 
make plots of each week’s result to check their progress. The model could also be 
used to answer a variety of “what if” questions. For example, if the newspaper had a 
strike and the team could receive at most 130 papers to deliver, how many weeks 
could the strike continue before the team ran into supply problems? 

Where should you look for linear models? In general, linear models are appropri- 
ate when things are left undisturbed and are allowed to undergo regular, incremental 
change. In these situations, momentum usually takes hold, and things change by a 
regular, constant amount; that is, the data are linear. 


The Parameters of a Linear Model 


A linear equation is determined by two parameters: a starting value and the amount of 
the incremental change. All linear functions graph as lines and algebraically appear as 


fix) =ax+b 


where a is the incremental change and b is the starting value.“ 

The magnitude of the incremental change is the steepness of the line, and the 
starting value indicates the placement of the line on a coordinate axis. The slope of a 
line is a measure of its steepness or how rapidly the line is rising or falling. The start- 
ing value is the point at which the line crosses the vertical axis. This value on the ver- 
tical axis is known as the vertical axis intercept. The concept of the steepness of a 


44, y =a + bx isan alternative form of the linear equation. This form is commonly used by statisticians. 
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graph is of primary importance in our study of calculus. As we shall see in Chapter 3, 
the slope of most functions is determined using calculus; however, the slope of a line 
can be calculated more simply. 

The directed horizontal distance from one point on a graph to another is called 
the run, and the corresponding directed vertical distance is called the rise. The quo- 
tient of the rise divided by the run is the slope of the line connecting the two points. 
Consider again the newspaper subscription graph. We have chosen the points on the 
graph that correspond to 0 and 7 weeks. The rise and run corresponding to those two 
points are shown in Figure 1.45. 
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FIGURE 1.45 
The slope is calculated as 7 = 32 pegs = 5 customers per week. This 





slope value will be the same regardless of which two points are chosen for the cal- 
culation. The steeper a line, the greater the magnitude of the value of the slope. 
Lines that fall rather than rise have negative slope. Unlike the slope, the steepness 
of a line does not depend on whether it rises or falls. 

The slope of a graph of a function at a particular point is a measure of how 
quickly the output is changing as the input changes at that point. We call this meas- 
ure the rate of change of the function at that point and discuss it more thoroughly in 
Chapters 3 and 4. Because linear functions are characterized by constant incremental 
change, their slope (rate of change) is constant at all points. Other types of functions 
have a different slope at every point; that is, their rate of change is not constant. 

As another example, consider the resale value of a used car represented graph- 
ically as shown in Figure 1.46. Recall that the places where the line crosses the hor- 
izontal and vertical axes are called intercepts. The vertical axis intercept is 12,000 
and corresponds to the value of the car, in dollars, when it was purchased. The 
horizontal axis intercept is 8 and indicates the first year in which the car had 
essentially no value. 

To travel from the years intercept 8 to the value intercept 12,000 on the graph 
requires that you move 12,000 units up (+$12,000 = rise) and 8 units to the left 
(-8 years = run). See Figure 1.47. The quotient of the rise divided by the run is 





sais = -$1500 per year. If you traveled from the value intercept 12,000 to the 
years intercept 8, the run would be positive and the rise negative. The quotient of 
the rise divided by the run would be ae = -$1500 per year. Note that the quo- 
tient ae is the same either way you compute it. The quotient ae is equal to the 


slope of the linear model and is the rate of change of the value of the car. We say 
that the car depreciated at a rate of $1500 per year. 


70 


CHAPTER 1 


EXAMPLE 1 


Ingredients of Change: Functions and Linear Models 


The equation of the line that represents the value of the car has slope -1500 and 
starting value 12,000. If we let the variable t represent the number of years since the 
car was purchased, the equation for the value of the car is 


Value = -1500t + 12,000 dollars 


Although the slope of a particular linear model never changes, the graph of the 
model may look different when the horizontal or vertical scale is changed. You 
should therefore always use the same horizontal and vertical views when comparing 
two different graphs. The importance of this is shown in Example 1. 


Energy Production and Consumption 


The two graphs in Figure 1.48 show energy production and energy consumption” in 
the United States from 1975 through 1980. 
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FIGURE 1.48 


a. Which of the two graphs appears to be steeper? 
b. Calculate the slope of each graph. 

c. Which of the two graphs is steeper? 

d. Write a linear equation for each graph. 


e. What were the rates of change of energy production and energy consumption 
between 1975 and 1978? 


f. What was the rate of change of energy production in 1976? in 1978? 


Solution 


a. The energy production graph appears to be steeper. 





b. Slope of energy production Slope of energy consumption 
rise 64.8 — 59.9 quadrillion Btu rise 76.0 — 70.6 quadrillion Btu 
run 5 years run 5 years 


45. Based on data from Statistical Abstract, 1994. 
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c The energy Consumption graph is the steeper graph because it has a greater posi- 
tive slope than the energy production graph. 


d. The starting value b for energy production is about 59.9. The slope a is approxi- 
mately 0.98, so the equation is 


Energy production = 0.98x + 59.9 quadrillion Btu 
where x is the number of years since 1975. Similarly, 

Energy consumption = 1.08x + 70.6 quadrillion Btu 
where x is the number of years since 1975. 


e. The rate of change of a linear function is simply the slope of the line. The rate of 
change of energy production between 1975 and 1980 was approximately 0.98 
quadrillion Btu per year, and the rate of change of energy consumption was 
about 1.08 quadrillion Btu per year. 


f. The rate of change of a linear model is constant at all input values for which the 
model applies. Therefore, the rate of change of energy production in 1976 and 
1978 was 0.98 quadrillion Btu per year. 


Serer eeeecreeseesecseses 


We summarize our discussion of linear equations as follows: 


Linear Model 


A linear model is one that has a constant rate of change and has an equation 
of the form 


fix) = ax +b 


where a and are constants. A linear function forms a line when graphed. 
The parameter a in the equation is the constant rate of change of the output 
and is the slope of the line. The parameter b is the vertical axis intercept. 





Finding a Linear Model 


Suppose you are sole proprietor of a small business that has seen no growth in sales 
for the last several years. You have noticed, however, that your federal taxes have 
increased as shown in Table 1.46. A scatter plot of these data is shown in Figure 1.49. 


TABLE 1.46 













The scatter plot appears to show a linear pattern. Upon close examination of the 
data, you note that taxes increased by the same amount every year. 
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$2532 $3073 $3614 $4155 $4696 $5237 


EN Ne 


$541 $541 $541 $541 $541 


The changes in successive output, which are called first differences, are constant. 
This constant increase is the incremental change where the increment is one year. 
Because the incremental change is constant, we know that the data represent a linear 
increase in taxes. Because the data show the tax amount each year, this incremental 
change is the rate of change of the tax amount and the slope of the underlying linear 
model. If the data had shown taxes every other year, the first differences would be 
constant, indicating a linear pattern, but the value of the first differences would be 
twice the slope. Slope values are always expressed per unit increase in input. 

On the basis of the calculation of first differences, we make the following equiva- 
lent statements: 


Taxes increased by $541 per year. 
The slope of the linear function described by the data is $541 per year. 
The rate of change of the tax amount is $541 per year. 


If we consider 1996 to be our starting point, then the starting tax value is $2532. That 
is, the tax amount began in 1996 at $2532 and increased each year by $541. Thus the 
parameters in the linear function for the tax amount are a = $541 and b = $2532, 
and the linear model for the tax amount is 


Tax = 541¢ + 2532 dollars 


where ft represents the number of years since 1996. Such models are important 
because they often enable us to analyze the results of change. With certain assump- 
tions, they may even allow us to make cautious predictions about the short-term 
future. For example, to predict the tax amount owed in 2004, we substitute t = 8 into 
the tax model. 


Tax = 541(8) + 2532 = $6860 


Admittedly, in this instance, an equation is not necessary to make such a prediction, 
but there are many situations in which it is difficult to proceed without a model. 

It is important to understand that when we use mathematical models to make 
predictions about the short-term future, we are assuming that future events will follow 
the same pattern as past events. This assumption may or may not be true. That does 
not mean that such predictions are useless, only that they must be viewed with extreme 
caution. 


A Word of Caution 


When you predict output values for input values that are within the interval 
of input data in your scatter plot, you are using a process called interpolation. 


Predicting output values for input values that are outside the interval of the 
input data is called extrapolation. Because you do not know what happens 
outside the range of given data, estimates obtained by extrapolation must be 
viewed with caution and may result in misleading predictions. 





TABLE 1.47 


EXAMPLE 2 
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We have already noted that the rate of change of the tax amount is $541 per year, 
which is how much taxes increase during a 1-year period. Thinking about rate of 
change in this way helps us answer questions such as 


@ Ifyou pay taxes twice a year, how much will taxes increase each time? 
($541 per year)(} year) = $270.50 

© How much will taxes increase each time if you pay taxes quarterly? 
($541 per year)( year) se NES 5) 

© How much will taxes increase during the next 3 years? 


($541 per year) (3 years) = $1623 


Business Survival 


Table 1.47 shows the percent P of companies that are still in business*® after t years in 
operation. 


a. Find the constant rate of change in the percent of businesses surviving. 


b. Find a model for the percentage of companies still in business as a function of 
years of operation. 


c. Is the function in part b discrete, continuous without restriction, or continuous 
with discrete interpretation? Explain. 


d. If the rate of change remains constant, in what year of operation will the percent 
drop below 25%? 


Solution 


a. Calculating the first differences of the data in Table 1.47 indicates that the percent 
of businesses surviving decreased by 3 percentage points per year. We could also 
say that the rate of change of the survival percentage is -3 percentage points per 
year. 


Caution: Note that this is not the same as a rate of change of -3% per year. 
When the output of a function is a percent, units on the rate of change must 
be expressed in terms of percentage points per input unit. More will be said 
about this in Chapter 3. 


b. The data reveal that the percent begins with 50% and that each year after the first 
table value, the percent declines by 3 percentage points. We write this mathemat- 
ically as 


P(t) = -3t + 50 percent of businesses 


t years after the fifth year in operation. 


46. Cognetics, Cambridge, MA, 1998. 
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c. The function for the percent of businesses in operation is continuous, and it can 
be interpreted continuously without restriction. For example, P(6.5) ~ 31 can be 
interpreted as “About 31% of all businesses are still in operation after eleven and 
a half years” or as “After eleven and a half years, about 69% of businesses will no 
longer be in operation.” Similarly, P(8.083) ~ 26 can be interpreted as “About 
26% of businesses last 13 years and 1 month.” 


d. Solving the equation 25 = -3t + 50 gives t ~ 8.3 years after the 5th year. The end 
of the 13th year corresponds to t = 8, so the survival percentage will drop below 
25% in the 14th year of operation (in fact, during April of the 14th year). That is, 
less than 25% of companies will still be in business after 14 years of operation. 


eee ececesesosseeseosesse 


Examples 1 and 2 illustrate methods of finding a linear model of the form 
f(x) = ax + b for data points that fall on a line. However, real-life data values are sel- 
dom perfectly linear. For instance, the tax data we considered earlier are not likely to 
occur in real-life situations because tax rates and revenues of most businesses change 
from year to year. Consider the following modification to the tax data: 


Year 1996 1997 1998 1999 2000 2001 
Tax $2541 $3081] $3615 $4157 $4703 $5242 
$540 ~ $534 $542 $546 $539 


The first differences are not constant but are “nearly constant.” A linear model may 
be used if first differences are close to constant. Be sure to calculate first differences 
only for data that are evenly spaced. How do we get a linear model in this situation? 
Your calculator or computer will find an equation for the linear model that best fits 
the data. 

Use your calculator or computer to construct a scatter plot of these data. An exam- 
ination of the scatter plot reinforces our earlier observation, from first differences, 
that the data are close to being linear. Next, use the linear regression routine that is 
built into your calculator or computer to find a linear equation that fits the data. You 
should find the equation to be 


Tax = 540.371t — 1,076,042.467 dollars 


where tf is the year. 

If we are willing to assume that the rate of change of the tax remains constant at 
about $540.37 per year given by this model, then we can use the linear model 
to predict future tax amounts. For instance, the model predicts that the 2002 tax 
will be 540.371(2002) — 1,076,042.467 ~ $5781 and that the 2003 tax will be 
540.371(2003) — 1,076,042.467 ~ $6322. (These values were calculated using the 
unrounded model coefficients. ) 


Aligning Data 


When the input data are years, it is often desirable to modify how the years are num- 
bered to reduce the number of digits you have to enter, as well as to reduce the mag- 
nitude of some of the coefficients in the model equation. We refer to the process of 
renumbering data as aligning the data. For example, if we renumber the years in the 
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TABLE 1.48 


tax data so that 1996 is year 0, 1997 is year 1, and so on, we obtain the data shown in 
Table 1.48. 
$2541 $3081 $3615 | $4157 | $4703 $5242 


The aligned years are described as “the number of years since 1996.” Using a calcula- 
tor or computer to obtain a linear model for this aligned data, we have 


Tax2 = 540.371t + 2538.905 dollars 

















where t is the number of years since 1996. Note that this equation and the equation 
for the unaligned data have the same slope (rate of change) but differ in the vertical 
axis intercept (b value). Aligning the data has the effect of shifting the data (usually to 
the left). This does not change the slope of the line, but it does change where the line 
crosses the vertical axis. 

It is also possible to align the data by using the number of years since 1900. See 
Table 1.49. For some data, it may make more sense to align by using the number of 
years since 2000. 


TABLE 1.49 


Calaredyea [95 [a7 [a [09 | wo | tor 


Using this alignment shown in Table 1.49, we obtain the model 


Tax3 = 540.371t — 49,336.752 dollars 












where ¢ is the number of years since 1900. 
The three models we have obtained by aligning the data differently are 


Taxl = 540.371t — 1,076,042.467 dollars, where t is the year 

Tax2 = 540.371t + 2538.905 dollars, where t is the number of years since 1996 

Tax3 = 540.371t — 49,336.752 dollars, where t is the number of years since 1900 
These models may look different, but they are equivalent. They all share the same 
slope (rate of change) but have different vertical axis intercepts and different input 
variable descriptions. 

When using a model obtained from aligned data, it is important that you keep in 
mind at all times the description of the input variable. To estimate the tax in 2003, we 


use a value of t = 2003 in the first model, a value of t = 7 in the second model (the 
number of years that 2003 is from 1996), and a value of t = 103 in the third model: 


Taxl = 540.371(2003) — 1,076,042.467 dollars ~ $6322 

Tax2 = 540.371(7) + 2538.905 dollars ~ $6322 

Tax3 = 540.371(103) — 49,336.752 dollars ~ $6322 
All these models give the same output values. They are equivalent. Note that of the 
three models, the one with the lowest-numbered input (Tax2) has the smallest inter- 


cept value. In general, the smaller the magnitude of the input data, the smaller the 
magnitude of the coefficients. 


CHAPTER 1 Ingredients of Change: Functions and Linear Models 


To summarize, when the input is years, it is desirable to align data to make the 
data entry faster and to reduce the magnitude of some of the coefficients. The Tax2 
model also has the advantage that the constant term ($2538.905) is the approximate 
beginning amount shown in the table. Two models obtained from different data 
alignments are equivalent models. Take care to define the input variable accurately. 


EXAMPLE 3 Hepatitis A 





Table 1.50 shows the incidents of hepatitis A per 100,000 people in Clark County, 
Nevada, in the mid-1990s.*” 


TABLE 1.50 











Year 1993 1994 1995 1996 1997 


a. Use a calculator or computer to find three linear models for these data by align- 
ing the years in three different ways. 


b. Use each model in part a to estimate the incidents of hepatitis A in 1999. 


c. Is the calculation in part b interpolation or extrapolation? 


Solution 
a. Three possible models are 


H(t) = 6.2t — 12,349.64 incidents per 100,000 in year t 

A2(t) = 6.2t — 569.64 incidents per 100,000 t years after 1900 

H3(t) = 6.2t + 6.96 incidents per 100,000 t years after 1993 
Note that in each model, the slope value is the same and the intercept value is dif- 
ferent. Also note that the smaller the input values, the smaller the magnitude of 


the intercept value. The third model has the advantage that the vertical intercept 
corresponds to the first value shown in the table. 


b. To estimate the incidents of hepatitis A in 1999, we substitute 1999 for tin H1(t), 
99 for tin H2(t), and 6 for t in H3(t). 
(1999) ~ 44.2 cases per 100,000 people 
H12(99) ~ 44.2 cases per 100,000 people 
H3(6) ~ 44.2 cases per 100,000 people 


We estimate that in 1999, there were approximately 44.2 cases of hepatitis A per 
100,000 people in Clark County, NV. 


c. The estimate in part b is an extrapolation because 1999 is outside the year values 
given in the data. This estimate may or may not be valid. If health officials wanted 
to predict accurately the number of hepatitis A cases in a particular year, they 
would take many factors other than past incidence into account. 


Seer eee eeeeeeeseeroses 


47. Nevada Health Division. 
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What Is “Best Fit’? 


Whenever you use a calculator or computer to fit a linear equation to 
data, you should always use the routine that produces the line of best fit. 
How do we decide that a particular line best fits the data? After all, there 
are many lines that can be drawn through the data. Figure 1.50 shows a 
line fit to some data points. 
A visual indication of how well the line fits the data is the extent to 
which the data points deviate from the line. We determine a numerical 
measure of this visual observation in the following way. Calculate the 
és amount by which the line misses the data; that is, calculate the vertical 

distance (the deviation) of each data point from the line. These deviations 
FIGURE 1.50 are simply the lengths of the vertical segments shown in Figure 1.51. 
Each deviation measures the error between the associated data point and 
the line. 





Deviation = error = yaata — Vine 


— 
- 


To obtain a single numerical measure we square the errors and sum: 


SSE = the sum of squared errors 
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This number, denoted by SSE (sum of squared errors), is an overall 
measure of how well the line fits the data. The following example 
demonstrates how to calculate SSE. 
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FIGURE 1.51 


EXAMPLE 4 Consumer Price Index 


Table 1.51 shows the consumer price index*® (CPI) from 1987 through 1997. The CPI 
is 100 times the ratio obtained by comparing the current cost of a specified group of 
goods and services to the cost of comparable items determined at an earlier date. An 
index is a ratio of quantities with the same units; thus CPI is a unitless quantity. 


TABLE 1.51 a. Explain the meaning of the CPI of 152.4 in 1995. 


CPI 
Year (1982-1984 = 100) 






b. Find the deviation of each data value from the line VAT oe 823 ywinerey, 
is the CPI and x is the number of years since 1980. 







c. Calculate SSE for y = 4.7x + 82.3. 







Solution 






a. Goods and services that cost $100 from 1982 to 1984 would have cost 
$152.40 in 1995. 






48. Statistical Abstract, 1998. 
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b. TABLE 1.52 


y-value 
Year CPI from model Deviation 










asso | aso | as |S 
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c. Obtain SSE by squaring the deviations and summing. 
SSE = 2.56 + 0.36 + 4.84 + 1.21 + 0.16 + 2.89 = 12.02 


eeeeccveosecosecesesenee 


The key idea to the correct use of SSE is this: Smaller values of SSE arise from 
lines where the errors are small, and larger values of SSE arise from lines where the 
errors are large. Thus a common strategy for choosing the best-fitting line is to 
choose the line for which the sum of squared errors (SSE) is as small as possible. Such 
a line is designated as the line of “best fit,” and the procedure for choosing it is called 
the method of least squares. The line obtained by using the method of least squares 
for the data in Example 4 is y = 4.686x + 115.105. The SSE associated with this line 
is 11.84. This is the smallest SSE possible; therefore, y = 4.686x + 115.105 is the line 
that best fits the CPI data. 

Although it is possible to use calculus to find a line of best fit according to the 
method of least squares, we will use the routine in a calculator or computer whenever 
we wish to fit a line to data. In the next chapter, we will look at other functions that 
can be used to fit data. The method of least squares is the accepted method of finding 
a best-fitting line, but there are other methods of fitting different kinds of functions 
to data in which SSE does not play a role. Even though it is possible to compute SSE 
for each of these functions, SSE should not be used to compare models of different 
types. Such comparison is not a valid statistical procedure. 


Numerical Considerations 


When dealing with numerical results, it is important to understand their accuracy 
and how precise the results need to be. For instance, imagine that you have a bank 
account with a balance of $18,532.71 paying interest at a rate of 17;% compounded 
annually. At the end of the year, the bank calculates your interest to be 
(18,532.71)(0.1725) = $3196.892475. Would you expect your next bank statement to 
record the new balance as $21,729.60248? Obviously, when reporting numerical 
results dealing with monetary amounts, we do not consider partial pennies. The bank 
reports the balance as $21,729.60. The required precision is only two decimal places. 


You should always round numerical results in a way that makes sense in the 


context of the problem. 





TABLE 1.53 


Net sales 
Year (millions of dollars) 


a 







12 
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Generally, results that represent people or objects should be rounded to the 
nearest whole number. Results that represent money usually should be rounded 
to the nearest cent or, in some cases, to the nearest dollar. Consider, however, a 
company that reports net sales as shown in Table 1.53 

A linear model for these data is y = -34.95x + 69,945,683 million dollars, where 
xis the year. If we wished to estimate net sales in 2001, we would substitute x = 2001 
in the model to obtain y = $10.73333333 million. Should we report the answer as 
$10,733,333.33 or $10,733,333? Neither! When we are dealing with numerical 
results, our answer can be only as accurate as the least accurate output data. In this 
case, the answer would have to be reported as $10.7 million or $10,700,000. 


You should round numerical results to the same accuracy as the given output 


data. 





Although the correct rounding and reporting of numerical results is important, it 
is even more important to calculate the results correctly. Because you must some- 
times round your answers, it is tempting to think that you can round during the cal- 
culation process. Don’t! Never round a number unless it is the final answer that you 
are reporting. Rounding during the calculation process may lead to serious errors. 
Your calculator or computer is capable of working with many digits. Keep them all 
while you are still working toward a final result. 

When you use your calculator or computer to fit a function to data, it finds the 
parameters in the equation to many digits. Although it may be acceptable to your 
instructor for you to round the coefficients when reporting a model, make sure that 
you use all of the digits while working with the model. This helps reduce the possi- 
bility of round-off error. 

For example, suppose that your calculator or computer generates the following 
model equation for a set of data showing weekly profit for an airline for a certain 
route as a function of the ticket price. 


Weekly profit = -0.00374285714285x2 + 2.5528571428572x — 52.71428571429 
thousand dollars 


where x is the ticket price in dollars. In the answer key, you would see the model 
reported to three decimal places: 


Weekly profit = -0.004x* + 2.553x — 52.714 thousand dollars 


However, if you used the rounded model to calculate weekly profit, your answers 
would be incorrect because of round-off error. Table 1.54 shows the inconsistencies 
between the rounded and unrounded models. 


TABLE 1.54 


Profit from 
Ticket Price rounded model 
$200 $298 thousand 
$400 $328 thousand 


$600 $39 thousand 






Profit from 
unrounded model 


$308 thousand 
$370 thousand 
$132 thousand 












80 


CHAPTER 1 


Ingredients of Change: Functions and Linear Models 


Never use a rounded model to calculate, and never round intermediate 


answers during the calculation process. _ 





It would be extremely tedious for everyone if we reported all the digits found by 
all possible models of graphing calculators or computer software or even listed all 
digits for one particular type of technology! We therefore adopt the following con- 
vention for reporting models and statements of models in the text: 


We feel it is important to print the fewest digits possible under the condition 
that (a) the rounded model visua. fits the data, and (b) the rounded model 
gives values fairly close to answers obtained with the full model. In particular, 
if there is a difference between the results from the full model and those from 
the rounded model, that difference should appear only in the last digit for 
which we can claim accuracy. 


Thus the number of decimal places shown in models in the text will vary. How- 
ever, whenever we calculate with a model, we use all the digits available at that point 
in the text. If the data are given, the unrounded model will be used in calculations. 
When a model found earlier is used in a later section and the data are not repeated, 
all calculations will be done with the rounded model given in that later section. For 
convenience and consistency, the answer key will report all models with three deci- 
mal places in coefficients and six decimal places in exponents. 

Also keep in mind that when you are writing models, it is important to write 
down what the input and output variables represent. Look back to the models we 
obtained for the small business tax. The model written as Tax2 = 540.37143t + 
2538.905 is incomplete because no label is given to indicate the units on the tax. Is the 
tax measured in dollars, cents, or thousands of dollars? Tax is what is measured, and 
dollars is a label telling how it is measured. Always label a model equation with out- 
put units to tell how the output is measured. 

It is equally important to describe the input variable. If all that had been written 
was Tax2 = 540.37143t + 2538.905 dollars, you might have erroneously predicted 
that your federal taxes in 2003 would be 540.37143(103) + 2538.905 = $58,197 or 
even 540.37143(2003) + 2538.905 = $1,084,903! However, there is a statement with 
the equation that reads “where t is the number of years since 1996.” Because 2003 is 
the 7th year since 1996, you should correctly predict your federal taxes in 2003 to be 
540.37143(7) + 2538.905 = $6322. 

The tax model was obtained from data between 1996 and 2001. It is important, 
when giving a model that will be used without the data from which it was obtained, 
that you indicate the interval of input values over which the model is valid. This is the 
only way that other people who use the model will know whether they are interpolat- 
ing or extrapolating. Here is the convention we will adopt: When a model is pre- 
sented without the data from which it was obtained, we will indicate the range of 
input data used. For example, we would report the tax model by saying, “The tax 
between 1996 and 2001 can be modeled as Tax = 540.37143t + 2538.905 dollars 
t years after 1996.” This statement incorporates the four elements of a model. 
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There are four important elements of every model: 
An equation 


A label denoting the units on the output 


ie 

Vhs 

3. A description (including units) of what the input variable represents 
4. 


An indication of the interval of input values over which the model is 
valid. This information should be given whenever the model is presented 
or would be used apart from the data from which it was obtained. 





Finally, keep in mind that a number by itself is likely to be absolutely worthless as 
an answer to a question. Consider the reaction of a manager to a memo that reads 


—— 
Sykes: 


30 





Paul 
a ee | 





Sykes would probably have no idea what Paul was attempting to communicate. Sup- 
pose the next memo from Paul read 


nore | 





Regarding your 
question about how 
much overtime my 
division puts in per 
week, we typically 
put in 30. 


Paul 
a 


Again, Sykes would probably not understand. 30 what? 30 minutes? 30 hours? If Paul 
had 60 people in his division, it might even mean 30 days. A number is useless without 
a label that clearly indicates the units involved! 
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In summary, keep in mind the following general guidelines for numerical results. 


Guidelines for Numerical Results 


. When using a calculator- or computer-generated model equation to obtain 
answers, do not round the parameters in the model during the calculation 
process. When you are reporting the model, it may be acceptable to your 
instructor if you round the parameters to three or four decimal places. 


. When reporting a model, always label units on the output variable and 
state what the input variable in the model represents. A model is mean- 
ingless without a clear description of the variables. 


. Ifa model is presented without the data from which it was obtained, indi- 
cate the interval of input values of the data. This allows someone using 
the model to know whether they are interpolating or extrapolating. 


. Numerical results are worthless if you do not understand what they mean. 
The first step in understanding is to state the units clearly on all numerical 
answers. Numerical answers are incomplete without appropriate units. 


. Round final numerical results in a way that makes sense in the context of 
the problem. 


. When you are dealing with numerical results, an answer can be only as 
accurate as the least accurate piece of output data. 








Concept Profit 
Inventor (millions 
of dollars) 

Algebraic form of a linear model: f(x) = ax + b : 
Rate of change (slope) of a linear model is constant 
Calculating slope as a 
First differences oe ae 5 aie 
Aligning data 
oc FIGURE 1.5.1 


Interpolating and extrapolating 
The method of least squares 


Rounding rules 
b. What is the rate of change of the corporation’s 


Labeling units on answers A ape ; 
profit during this time period? 


Four elements of a model 


c. Identify the horizontal and vertical axis inter- 


cepts, and explain their significance to this cor- 
poration. 






Activities 
2. The air temperature in a certain location from 


1. The graph in Figure 1.5.1 shows a corporation’s 8 a.m. to 3 p.m. is shown in the graph in Figure 1.5.2. 
profit in millions of dollars over a period of time. a. Estimate the slope of the graph, and explain its 

a. Estimate the slope of the graph, and write a sen- meaning in the context of temperature. 
tence explaining the meaning of the slope in this b. How fast is the temperature rising between 


context. 8 a.m. and 3 p.m.? 


¥ 


Air temperature 
(°F) 
80 


40 


30 Time 
8 a.m. 10 a.m. noon 2 p.m. 


FIGURE 1.5.2 


c. What would be the meaning of a horizontal axis 
intercept for this temperature graph? 


3. The number of organ donors“? in the United States 
between 1988 and 1996 can be modeled by 


D(t) = 382.5t + 5909 donors 
t years after 1988. 
a. According to the model, what is the rate of 
change of the number of organ donors? 
b. Sketch a graph of the model. What is the slope of 
the graph? 
c. Find the vertical axis intercept, and explain its 


significance in context. 


4. Total Chapter 13 bankruptcy filings® between 1994 
and 1997 can be modeled by 


B(t) = 48.6t + 240 thousand filings 


t years after 1994. 

a. What is the rate of change of the number of 
Chapter 13 bankruptcy filings? 

b. Sketch a graph of the model. What is the slope of 
the graph? 

c. Find the vertical axis intercept, and explain its 
significance in context. 


5. The population of a certain country can be mod- 
eled by P(t) = 6.98t + 12.39 million. Estimate the 
population of that country in 2007. 


6. The absorption of a certain drug into the body can 
be modeled by A(x) = -0.076x + 0.3 grams. Find 
the amount of this drug that has been absorbed 
3 hours after the drug was taken. 


7. The revenue for International Game Technology”! 
was $744.0 million in 1997 and $824.1 million in 
1998. Assume that revenue was increasing at a con- 
stant rate. 

49. Based on data from United Network for Organ Sharing. 


50. Based on data from Administrative Offices of U.S. Courts. 
~"51. International Game Technology Annual Report, 1998. 


TABLE 1.55 
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a. Find the rate of change of revenue. 


b. By how much did revenue increase each quarter 
of 1998? 


c. Assuming that the rate of increase remains con- 
stant, complete Table 1.55. 


Revenue 
Year (millions of dollars) 
1998 






d. Find an equation for revenue in terms of the 
year. 


8. Suppose you bought a Mazda Miata in 1999 for 
$24,000. In 2001 it was worth $18,200. Assume that 
the rate at which the car depreciates is constant. 


a. Find the rate of change of the value of the car. 
b. Complete Table 1.56. 


09 | 
¥aoor jai 
eae aa 
so03" a 

cu 





TABLE 1.56 







c. Find an equation for the value in terms of the 
year. 

d. How much will the value of the car change dur- 
ing a 1-month period? Round your answer to the 
nearest dollar. 


9. Table 1.57 gives the number of gallons of oil in a 
tank used for heating an apartment complex t days 
after January 1 when the tank was filled. 


TABLE 1.57 
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a. What is the rate of change of the amount of oil? 


b. How much oil can be expected to be used during 
any particular week in January? 


c. Predict the amount of oil in the tank on January 
30. What assumptions are you making when you 
make predictions about the amount of oil? Are 
the assumptions valid? Discuss. 


d. Find and graph an equation for the amount of 
oil in the tank. 


e. When should the tank be refilled? 


10. A jewelry supplier charges a $55 ordering fee and 
$2.50 per pair of earrings regardless of the order size. 


a. If a retailer orders 100 pairs of earrings, what is 
the cost? 


b. What is the average cost per pair of earrings 
when 100 pairs are ordered? 


c. If the retailer marks up the earrings 300% of the 
average cost, at what price will the retailer sell 
the 100 pairs of earrings? (Sale price = cost + 
300% of cost) 


d. Find an equation for cost as a function of the 
number bought. 


e. Find an equation for the average cost per pair as 
a function of the number bought. 


f. Find an equation for the sale price based on a 
300% markup. 


g. If 100 pairs of earrings are purchased, how many 
must the retailer sell at a 300% markup to 
recover the cost of the earrings (break-even 
point)? 


11. Table 1.58 shows the amount of motor vehicle 
taxes*’ collected by a certain county between 1994 
and 1998. 


TABLE 1.58 


Year 1994 | 1995 | 1996 1998 





Amount collected 
(millions of dollars) ep ele2 


a. Calculate the first differences of the collected 
amounts. Would you classify the differences as 
constant, nearly constant, or neither? 


b. Find three models for the data using three differ- 
ent alignments. 


52. Nevada Legislative Counsel Bureau. 
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c. Estimate the amount collected in 2000. 


d. According to your models, when will the 
amount collected be $300,000,000? Under what 
conditions will your estimate be accurate? 


12. In 1996 the average ATM transaction fee for U.S. 
banks® was $0.97. In 1999 the average fee was $1.37. 


a. Assuming that ATM fees increased linearly 
between 1996 and 1999, calculate the rate of 
change in the average fee. 


b. By aligning the years differently, find three linear 
models for the amount of the average ATM fee 
between 1996 and 1999. 


c. Use your models to estimate the average fee in 
1998 and 2003. 


d. Are the estimates in part c interpolations or 
extrapolations? 


13. Table 1.59 shows the enrollment for a university in 
the southeast from 1965 through 1969. 


TABLE 1.59 


a. Find three linear models for these data by align- 
ing the years differently. 









b. Use all three models to estimate the enrollment 
in 1970. 


c. The actual enrollment in 1970 was 8038 stu- 
dents. How far off was your estimate? Do you 
consider the error to be significant or insignifi- 
cant? Explain your reasoning. 


d. Would it be wise to use these models to predict 
the enrollment in the year 2000? Explain. 


14, You and several of your friends decide to mass-pro- 
duce “I love calculus and you should too!” T-shirts. 
Each shirt will cost you $2.50 to produce. Addi- 
tional expenses include the rental of a downtown 
building for a flat fee of $675 per month, utilities 
estimated at $100 each month, and leased equip- 
ment costing $150 per month. You will be able to 
sell the T-shirts at the premium price of $14.50 
because they will be in such great demand. 


a. Give the equations for monthly revenue and 
monthly cost as functions of the number of 
T-shirts sold. 


53. U.S. Public Interest Research Group. 


b. How many shirts do you have to sell each month 


to break even? Explain how you obtained your 
answer. 


15. The price of tickets to a college’s home football 
games is given in Table 1.60, 


TABLE 1.60 


Price Price 
1981 | 981 Maes OR 
| Hoss [6 2) | Mea ae | 
ics 


a. Find a linear model for the price of tickets. 

b. Use the model to find the ticket price in 1984, 
1992, and 1999. (Round to the nearest dollar.) 
Were you interpolating or extrapolating to find 
these prices? 









c. In 1999, tickets cost $25. Was your prediction 
accurate? 


d. Suppose you graduate, get married, and have a 
child who attends that college. Predict the price 
you will have to pay to attend a football game 
with your child during his or her freshman year. 
Describe in detail how you arrived at your 
answer. 


e. Repeat part d assuming that you have a grand- 
child who attends the same college. 


f. What assumptions are you making when you use 
the linear model to make predictions? Are these 
assumptions reasonable over long periods of 
time? Explain. 

g. What conclusions can you draw about the valid- 
ity of extrapolating from a model? 


16. You are an employee in the summer at a souvenir 
shop. The souvenir shop owner wants to purchase 
650 printed sweatshirts from a company. The cata- 
log contains a table and directions to call the com- 
pany for costs for orders more than 350. The catalog 
table is shown in Table 1.61. 


The shop owner, who has tried unsuccessfully for a 
week to contact the company, asks you to estimate 
the cost for 650 shirts. 


~ 454, Clemson University Athletic Department. 
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Number Total cost | Number Total cost 
purchased (dollars) purchased (dollars) 


375 300 825 










a. Find a linear model to fit the data. 


b. Use the model to predict the cost for 650 shirts. 
Note that all costs in the table are integer multi- 
ples of $25. 


c. Determine the average cost per shirt for 650 shirts. 


d. The shop owner is preparing a newspaper adver- 
tisement to be published in a week. If the stan- 
dard markup is 700%, what should the adver- 
tised price be? 

e. How many of the 650 shirts will need to be sold 
at the price determined in part d in order to pay 
for the cost of all 650 shirts (break-even point)? 


17. The percentage” of funding for public elementary 
and secondary education provided by the federal 
government during the 1980s is given in Table 1.62. 


TABLE 1.62 


1986-87 
1987-88 


1988-89 





a. Find a linear model for the percentage of funding. 


b. What is the rate of change of the model you 
found? 


c. On the basis of the model, estimate the percent- 
age of funding provided by the federal govern- 
ment in the 1993-94 school year. 


d. Judging by the model, determine in what school 
year federal government funding will first be less 
than 5% of educational funding. 


18. Consumer credit*© in the United States was 
$838.6 billion in 1993 and $1235.8 billion in 1997. 


55. Based on data from Statistical Abstract, 1992 and 1994. 
56. Statistical Abstract, 1998. 
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Assume that consumer credit increases at a con- 

stant rate. 

a. Find the rate of increase. 

b. On the basis of the rate of increase, estimate con- 
sumer credit in 2000. 

c. Is the assumption that consumer credit increases 
at a constant rate valid? Explain. 

d. Assuming a constant rate of change, when will 
consumer credit reach $2 trillion? 

e. Do you expect consumer credit to reach $2 tril- 
lion sooner or later than your answer in part d 
indicates? Why? 

19. A house sells for $73,000 at the end of 1990 and for 

$97,500 at the end of 2002. 

a. If the market value increased linearly from 1990 
through 2002, what was the rate of change of the 
market value? 

b. If the linear increase continues, what will the 
market value be in 2005? 

c. In what year might you expect the market value 
to be $75,000? $100,000? 

d. Find a model for the market value. What does 
your model estimate for the market value in 
1999? Do you believe this estimation? What 
assumption was made when you created the 
model? Is this assumption necessarily true? 


20. Twenty-eight percent of the births’ in 1990 were to 
unmarried women. The percent in 1995 was 32. 


a. Find the rate of change of the percentage of 
births, assuming that it is constant. 


b. Estimate the percentage of births to unmarried 
women in 1996. 
21. Table 1.63 shows year 2001 first-class domestic 
postage°® for mail up to 9 ounces. 
TABLE 1.63 


Weight not exceeding 


Postage 





57. Statistical Abstract, 1998. 
58. United States Postal Service. 
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a. Draw a scatter plot of these data to determine 
visually whether a linear model is appropriate. 


b. Verify your observations in part a by calculating 
first differences in the postal rates. 


c. Find a formula for the postage in terms of weight. 
Be specific about what the variables represent. 


22. The 1999-2000 tuition changes” for students 
attending a certain university in the southeast are 
given in Table 1.64. A full-time student is a student 
who enrolls in 12 or more credit hours. 

Schedule of 


Full-time academic fee $1735 $4728 


Part-time academic fee 
138 388 


(per credit hour) 
Find formulas for the amount of tuition that each 
of the following students pays when she or he regis- 
ters for x credit hours. 


TABLE 1.64 















Auditing academic fee 
(per credit hour) 





Graduate assistant fee 


a. Resident student 
b. Nonresident student 
c. Graduate assistant 

23. Explain the difference between using a model for 
interpolation and using it for extrapolation. Does 
interpolation always give an accurate picture of 


what is happening in the real world? Does extrapo- 
lation? Why or why not? 


24. The population of West Virginia®® from 1985 
through 1993 is shown in Table 1.65. 


TABLE 1.65 


SSM 
Year (thousands) Year (thousands) 
[seo [eof 


59. Clemson University Undergraduate Announcements. 
60. Statistical Abstract, 1998. 
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26. 


a. Observe a scatter plot of the data. What year is 
the dividing point that should be used to create a 
piecewise continuous function? 


b. Divide the data in the year you determined in 
part a. Include the dividing point in both data 
sets. Find linear models for each set of data, and 
write the function in correct piecewise continu- 
ous function notation. Compare your model 
with the one given in Example 6 in Section 1.3. 

c. Use your model to estimate the population in 
1997. Compare your estimate with the actual 
population of 1,816,000. What does this com- 
parison tell you about extrapolation? 


The population of North Dakota®! between 1985 
and 1996 is shown in Table 1.66. 
TABLE 1.66 


Population Population 
Year (thousands) Year (thousands) 


a. Observe a scatter plot of the data. What year is 
the dividing point that should be used to create a 
piecewise continuous function? 










b. Divide the data in the year you determined in 
part a. Include the dividing point in both data 
sets. Find linear models to fit each set of data, 
and write the function in correct piecewise con- 
tinuous function notation. 

c. Use your model to estimate the population in 
1997. Compare your estimate to the actual popu- 
lation of 641,000. Why is this estimate signifi- 
cantly better than the one in part c of Activity 24? 


Membership in the Girl Scouts® of the U.S.A. in 
selected years from 1970 through 1992 is shown in 
Table 1.67. 

a. Look at a scatter plot of the data. Describe the 
behavior of the data from 1970 through 1980 
and from 1985 through 1992. 

b. Find linear models for the 1970-1980 data and 
for the 1985-1992 data. Write the two models as 
one piecewise model. 





1986 2917 1992 3510 
198s [2017 | 582 | as10 
| 1987 | 987 
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TABLE 1.67 





Membership 
(thousands) 


Membership 
(thousands) 














TaN RI 


c. Use the models to estimate the membership in 
1973 and in 1993. Categorize your estimates as 
interpolation or extrapolation. 





27. Chlorofluorocarbons (CFCs) released into the 


atmosphere are believed to thin the ozone layer. In 
the 1970s, the United States banned the use of CFCs 
in aerosols, and the atmospheric release of CFCs 
declined. The decline was temporary, however, 
because of increased CFC use in other countries. In 
1987, the Montreal Protocol, calling for a phasing 
out of all CFC production, was ratified. Table 1.68 
shows atmospheric release*’ of CFC-12, one of the 
two most prominent CFCs, from 1974 through 1992. 


TABLE 1.68 





CFC-12 Atmospheric 
release 
(millions of kilograms) 


a. Look at a scatter plot of the data. Does the 
behavior of the data seem to support the forego- 
ing description of the atmospheric release of 
CFCs since the 1970s? Explain. 

















63. The True State of the Planet, ed. Ronald Bailey (New York: The 
Free Press, for the Competitive Enterprise Institute, 1995), 


61. Statistical Abstract, 1998. 
-62. Statistical Abstract, 1994. 
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b. Use three linear models to create a piecewise 
model for CFC-12 atmospheric release. 


c. Sketch a graph of the data and the three-piece 
model. 


d. Use your model to answer the questions in the 
chapter opener on page 2. 


28. To promote Be Kind To Animals Week”, the Ameri- 
can Humane Association ran a notice in the Ander- 
son Independent-Mail in the first week of May 1993. 
The notice read, “Every hour in the United States, 
more than 2000 dogs and 3500 cats are born.... 
Add these animals to an existing pet population of 
54 million dogs and 56 million cats and the total 
exceeds one billion!” For the questions that follow, 
consider only dog and cat births, not deaths. 


a. What is the rate of change of the number of dogs 
in the United States? 

b. What is the rate of change of the number of cats 
in the United States? 

c. Find an equation for the number of dogs ft days 
after the beginning of 1993. 


d. Find an equation for the number of cats t days 
after the beginning of 1993. 


Summary 
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e. How many total animals (cats and dogs) do you 
estimate there were at the end of 1993? Does this 
agree with the prediction in the article? 


29. In 1999, the U.S. Bureau of the Census estimated 
that the world’s population had reached 6 billion 
people. A newspaper article about the popula- 
tion stated that “Despite a gradual slowing of the 
overall rate of growth, the world population is still 
increasing by 78 million people a year. . . . [T]he 
number of humans on the planet could double 
again to 12 billion by 2050 if the current growth 
rate continues.” 


a. According to the article, what is the rate of 
change of the world’s population? 


b. Find a linear model for the population of the 
world, assuming that the population was 6 bil- 
lion at the beginning of 2000. 


c. According to the model in part b, when will the 
world’s population be 12 billion? Does this agree 
with the estimate given in the article? 


d. What assumption did you make when you made 
the prediction in part c? What can you conclude 
about the assumptions made by the Census 
Bureau in making their estimate of when the 
population would reach 12 billion? 





Mathematical Modeling 


athematical modeling is the process by which we 
Nae a mathematical framework to represent 
a real-life situation. We analyze this framework with 
mathematical methods and techniques and then trans- 
late and interpret the results back into the context of the 
real-life situation. 

As we apply it in this book, mathematical modeling 
usually means fitting a line or curve to data. The result- 
ing equation, including output label and input descrip- 
tion, which we often refer to as the mathematical model, 
provides a representation of the underlying relationship 
between the variable quantities of interest. 


You should keep in mind that the data from which 
the models are constructed are sometimes incomplete, 
often of a size that is smaller than we would prefer, and 
perhaps of questionable accuracy. Thus the models 
themselves necessarily reflect these shortcomings. Nev- 
ertheless, the models still convey important and valu- 
able information. 


Functions and Graphs 


The concept of a function is a fundamental mathemati- 
cal idea that arises in almost every area of mathematics. 
Informally, a function is a description of how one thing 
changes (output) as something else changes (input) 


64. “Population of world ready to hit 6 billion” Chicago Tribune, 
October 21, 1999, p. Al. 


More precisely, a function is simply a rule (a formula, 
prescription, or procedure) that assigns to each input 
exactly one output. If two different outputs are assigned 
to a single input, then the assignment rule is not a func- 
tion. Examples of functions are everywhere, and we 
encounter functions in four ways: through tables of 


data, graphs, simple word descriptions, and mathemati- 
cal equations. 


Discrete and Continuous 


The word discrete is used to describe data and graphs of 
data, which are called scatter plots. It also refers to 
input/output relationships in which the input consists 
of certain distinct values rather than an interval of val- 
ues. The word continuous refers to a graph that is an 
unbroken curve whose set of inputs includes all the val- 
ues in an interval. We also call the functions that 
describe such graphs continuous. 

We often begin with data and the associated scatter 
plot and build a continuous model to describe the 
underlying situation. Although we can construct con- 
tinuous models from discrete data, a model may have 
meaningful interpretation for only certain input values. 
We call such models continuous with discrete interpre- 
tation. Great care must be taken when working with 
continuous models with discrete interpretation. 

At other times a situation is actually continuous— 
such as the temperature at any given time throughout 
the day. We use a continuous model in such cases and 
use it without restriction on the input. 


Constructed Functions 


The easiest way to combine two functions is to add or 
subtract them. In order for this to make sense, we must 
first be certain that both functions have the same set of 
inputs and that their outputs are given in the same 
units. Product functions are obtained by multiplying 
outputs. Again, this gives a meaningful result only when 
both functions have the same set of inputs and the out- 
put units are compatible. 

Function composition is a more involved way of 
combining functions. In order to form the composite 
g f of two functions f and g (note that fis the inside 
function and g is the outside function), we require that 
the outputs of f be used as inputs to g. Thus, the inputs 
to go fare the inputs to the inside function f. Outputs 
from go fare outputs from the outside function g. 

Inverse functions are created by reversing the input 
and output of a function. Sometimes we can alge- 

braically solve for the input of a function in terms of the 
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output in order to find an algebraic expression for an 
inverse function. At other times, a new function is 
defined as the inverse function. For example, the inverse 
of the exponential function y = e* is called the natural 
log function and is denoted y = In x. When a function 
and its inverse are combined to form a composite func- 
tion, the result is simply the input variable. 

Portions of two or more continuous functions can 
be combined to form piecewise continuous functions. 
In piecewise continuous functions, the outputs over dif- 
ferent intervals of inputs are determined by different 
functions. When dealing with piecewise continuous 
functions, be sure that you use the correct portion of the 
function when determining the output associated with 
a given input. 


Limits 

Limits are a tool used to describe the behavior of func- 
tions. They also form a basis for our discussion of calcu- 
lus concepts in subsequent chapters. A limit is a value to 
which the output of a function becomes closer and 
closer as the input becomes closer and closer to a given 
number. Limits also can describe what happens to the 
output of a function as the input becomes increasingly 
large in the positive or negative direction. We call this 
the end behavior of a function. 

We can estimate limits graphically or numerically 
and can, in some cases, calculate limits algebraically. If a 
function is discontinuous, care must be taken at the 
point of discontinuity to consider the limit from the 
right and the limit from the left. The limit at the point of 
discontinuity exists only if the limits from the right and 
the left are equal at that point. 


Linear Functions and Models 


A linear function models a constant rate of change. Its 
underlying equation is that of a line: 


y= ax 0 


In terms of the line, the parameter a is called the slope of 
the line and is calculated as 


Because the slope of a line is a measure of its rate of 
increase or decrease, the slope is also known as the rate 
of change for the linear model. The parameter b appear- 
ing in the linear model y = ax + b is simply the output 
of the model when the input is zero. 
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When inputs to a linear model are evenly spaced, the 
corresponding outputs have constant first differences. In 
fact, this feature characterizes linear models. Although 
we rarely encounter real-life situations where the first 
differences are perfectly constant, it is not uncommon to 
find nearly constant first differences in processes that are 
devoid of external influences. This accounts for the 
widespread occurrence of linear models. 


Numerical Considerations 


In dealing with numerical results, it is always important 
to consider the accuracy and meaning of these results. 
Round the numerical results to the same accuracy as the 
given data and only in a way that makes sense in the 
context of the particular problem. Serious errors can 
influence results when rounding is done during the cal- 
culation process or when a rounded model is used to 
calculate results. Every model has four key elements: an 
equation, output units, a description of what the input 
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variable represents, and a statement indicating over 
what interval of input values the model is valid. Without 
these elements, a model is incomplete. 


The Role of Technology 


In order to construct mathematical models from data, 
we must use appropriate tools. Normally, these tools are 
graphing calculators or personal computers. To attempt 
to build the models without these tools—by paper-and- 
pencil methods only—is often impractical. 

You should clearly understand that our use of tech- 
nology will simply be a tool in the service of mathemat- 
ics and that no tool is a substitute for clear, effective 
thinking. Technology carries only the graphical and 
numerical computational burden. You will have to per- 
form the mathematical analyses, interpret the results, 
make the appropriate decisions, and then communicate 
your conclusions in a clear and understandable manner. 





SSOP O OOOH HEH HOH EOE EH OHH EEO EHO EOE EES SEHEEEEEOEO SESE SEED EE EEHEE SESE EEE EES 


e@ Identify functions? 

@ Correctly interpret graphs? 

@ Understand business terms? 

@ Accurately work with functions? 
e 

e 


Distinguish between discrete and continuous functions? 
Correctly work with continuous functions with discrete 


interpretation? 

Combine two functions? 

Find and use inverse functions? 

Estimate limits graphically? 

Estimate limits numerically? 

Find limits algebraically? 

Determine continuity? 

Interpret the parameters of a linear model? 
Construct and work with a linear model? 


Construct and work with a piecewise-continuous model? 


To practice, try 
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Section 1.1 Activities 1,5, 11, 13, 17 
Section 1.1 Activity 27 

Section 1.1 Activity 28 

Section 1.1 ACUVilEs 33.007 
Section 1.2 Activities 1-11 odd 
Section 1.2 Activity 15 

Section 1.3 Activities 3, 7 
Section 1.3 Activity 37 

Section 1.4 Activity 5 

Section 1.4 Activities 25, 29 
Section 1.4 Activities 15, 43 
Section 1.4 Activity 9 

Section 1.5 Activity 3 

Section 1.5 Activity 11 

Section 1.5 Activity 25 


¥ 
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1. The graph in Figure 1.52 shows the yearly gain of 
wetlands” in the United States between 1987 and 
1994. 


Gain in wetlands 
(thousands of acres) 
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FIGURE 1.52 


a. Did the number of acres of wetlands in the 
United States increase or decrease between 1991 
and 1992? Explain. 


b. Estimate the slope of the portion of the graph 
between 1989 and 1991. Interpret your answer. 


2. Let T(d) be the number of tickets sold by the Majes- 
tic Theater box office for the Broadway musical 
Phantom of the Opera on the dth day of 2000. 


a. Draw and label an input/output diagram for T. 

b. Is Ta function of d? Why or why not? 

c. When the inputs and outputs of T are reversed, 
is the result an inverse function? Why or why 
not? 


3. Of the three top causes of death (heart disease, can- 
cer, and stroke), cancer is the only one for which the 
death rate is increasing. According to the National 
Cancer Institute, the percent of the U.S. population 
dying from cancer in 1973 was 18% and in 1995 was 
23%. Assume that the percent of the population 
dying from cancer between 1973 and 1995 
increased at a constant rate. 


65. The True State of the Planet, ed. Ronald Bailey (New York: The 
__ Free Press, for the Competitive Enterprise Institute, 1995). 
66. Ibid. 





a. Find the rate of increase of the percent of deaths 
due to cancer between 1973 and 1995. 


b. On the basis of the increase found in part a, esti- 
mate the percent of cancer deaths in 2002. Under 
what conditions is this estimate valid? 


Consider the function 


Dye ae S when x < 1 

-2x + 9 when 1 < x < 2 
f(x) = ; 

DE = Ge == Ops 

a ee WHT eae 

Oe in oo (6) 


a. Determine the following limits: 


i. lim f(x) le lim fix) ii. lim f(x) 
b. Is f continuous at x = 1 and x = 2? Explain why 
or why not. 


In The True State of the Planet, the statement is 
made that “the amount of arable and permanent 
cropland worldwide has been increasing at a slow 
but relatively steady rate over the past two decades.” 
Selected data® between 1970 and 1990 reported in 
The True State of the Planet are shown in Table 1.69. 


TABLE 1.69 


Cropland 
(millions of square 
kilometers) 


a. Find a linear model for the data. 


b. Is the model in part a discrete, continuous with 
discrete interpretation, or continuous without 
restriction? 


c. What is the rate of change of your model in part 
a’ Write a sentence interpreting the rate of 
change. 


d. Do the data and your model support the state- 
ment quoted above? Explain. 


e. According to your model, what was the amount 
of arable and permanent cropland in 1995? 
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Setting 


Nearly all students pursuing a college degree 
are classified as either part-time or full-time. 
Many colleges and universities charge tuition 
for part-time students according to the 
number of credit hours they are taking. They 
charge full-time students a set tuition 
regardless of the number of credits they take, 
except possibly in an overload situation. 
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Tuition 


Fees 


we 


— 





Tasks 


1. Find the tuition charges at your college or university. 
Some schools have different tuition rates for different 
classifications of students (for instance, residents may be 
charged a different tuition than nonresidents). Pick one 
classification to model. Write a piecewise linear model for 
tuition as a function of the number of credit hours a 
student takes. Consider as part of the college tuition 
charges such as matriculation and activity fees that all 
students must pay. 


2. Use your model to generate a table of tuition charges for 
your school. Compare your table with the published 
tuition charges. Are there any discrepancies? If so, explain 
why they might have occurred. 


3. Even though you would not pay tuition if you registered 
for 0 credit hours, your model may have an interpretation 
at this point. What is that interpretation? 


Reporting 


Write a letter addressed to the Committee on Tuition. You 
should explicitly define to whom the model applies and 
what the variables in the model represent. Include an 
explanation of how to use the model, a statement about 
which input values are valid and which are invalid for use in 
the model, and a discussion of the preceding tasks. 








Project 1.2 


Se ee] 


Setting 


Newspapers, journals, the Internet, and 
government documents are good sources 
of data. 


Tasks 


1. Find a set of data with more than 7 data 
points that would be reasonably modeled 
by a linear function. 


2. Find a linear model to fit the data. 


3. What do your function’s slope and 
intercept mean in the context of the data? 


Finding 


Data 


Reporting 


1. Write a report in which you describe the meaning of the 
data, discuss the linear model you used to fit the data, and 
answer the question posed in Task 3. In your report, you 
should explicitly state the model, define the variables in 
the function, and state what input values are valid for this 
function. You should also include a scatter plot and graph 
of your function. Properly cite the source of your data 
using correct bibliographic form. Attach a photocopy or a 
printout of the data and the page on which the title of 
the article or document appears. 


2. Prepare a 3- to 5-minute oral presentation of your report. 
You should incorporate the use of visual aids to enhance 
your oral presentation. 
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concept Application 


The national gender ratio is the number of males per 
100 females in the United States. Factors such as. : 
mmigration, war; and advances in health care affect 
the gender ratio. The Census Bureau keeps track of 

. gender ratio data. By examining the behavior of the 

/ data, we can choose an appropriate function to model 
the gender ratio. The model then can be used to answer 
questions about the gender ratio such as 


OO For what 7 is the gender ratio 1002 
ee For what age are there twice as many women as men? 


e What i is 7 expected future trend in the a ratio? 


: | Answers to questions oe as these are important to. 
oo government agencies, health care providers, ital, 
2 and others. The information needed to answer these — 

. questions i is found i in Activities 27 and 29 of Section 2 4. 


diberenial technoledy guides. The different guides contain 
g graphing calculators or spreadsheet software to work the — 
Se by the technology symbol. — 


Iculus Concepts web site, whee. you will fine doen 
: dditional es problems, and ey) py pee material. 





Concept Objectives 


This chapter will help you understand the 
concepts of 


() 
a 


Exponential and logarithmic models 


Compound interest, present value, and future 
value 


Exponential growth and decay 
Logistic models 
Quadratic and cubic models 


Concavity and inflection points 


and you will learn to 


{ 


Find one of six equations to fit data 


Combine two equations to form a piecewise 
continuous model 


Use models to answer many questions 
Answer financial investment questions 
Work with exponential growth and decay models 


Choose an appropriate model on the basis of a 
scatter plot and how the model will be used 





Although linear functions and models are 
among the most frequently occurring 
ones in nonscience settings, nonlinear 
models apply in a variety of situations. 


This chapter begins with a study of 
exponential and logarithmic functions 
and includes a section on their 
applications. We also consider situations 
in which various influences act to restrict 
exponential growth in some way. Such 
situations often can be modeled by an 
S-shaped curve known as a logistic 
function. The final functions we consider 
are quadratic and cubic, along with their 
applications to real-world situations. 


We conclude the chapter with a summary 
of the steps taken in examining a set of 
data and determining which model is 
best suited to describe the data and 
answer questions about changes in 

the underlying context. 
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2.1. Exponential and Logarithmic Functions and Models 





In Section 1.5 we studied linear functions whose output resulted from the repeated 
addition of a constant at regular intervals. We now turn to a function whose output is 
the result of repeated multiplication by a constant at regular intervals. . 

You may not realize it, but the balance of a savings account is determined by 
repeated multiplication. For example, suppose that you make an initial deposit of 
$100 into an account that pays 5% per year with interest compounded annually, and 
you make no other deposits and no withdrawals. You will have yearly balances at the 
anniversary dates of your account as shown in Table 2.1. 


TABLE 2.1 
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Bit) A little mathematical investigation reveals that each balance is 1.05 times the 
Balance prior balance. This suggests that the mathematical model that connects the 
(dollars) balance B and t, the number of years since the start of the account, is 


B(t) = 100(1.05‘) dollars 


When we examine a scatter plot of the account balance over the first 10 
years that the account is in existence, we see that the points certainly do not fall 
on a line. (See Figure 2.1.) The account balance grows more rapidly in the later 
years. Why? It is because the multiplier operates on an increasingly larger bal- 
ance as the years advance. The repeated multiplication by 1.05 makes the year 
variable t appear as an exponent on the 1.05 term in the model; that is, the year 
value counts the number of times that 1.05 has been used as a multiplier. 
FIGURE 2.1 Because in the equation B(t) = 100(1.05‘) the variable t appears in the expo- 

nent, we call the equation an exponential equation. 

Any change in a quantity that results from repeated multiplication generates an 
exponential function. That is, if we start with an amount a and multiply by a con- 
stant positive factor b each year, then the quantity that we have at the end of t years is 
given by the exponential equation 


Q(t) = ab! 


defining Q as a function of t. 

Linear functions exhibit a constant rate of change, but exponential functions 
exhibit a constant percentage change (such as the 5% annual growth in an invest- 
ment). Because calculus is so closely associated with the mathematics of change, 
exponential models and linear models are important in calculus. 

Where do we find constant percentage change—that is, exponential change? We 
find it in situations where things feed on themselves—when change is determined by 
the current size. For instance, when a new product is introduced into the economic 
marketplace, word-of-mouth advertising often takes place. Each satisfied customer 
immediately tells another potential customer about the exciting new product. For 
that reason, exponential models are often used to analyze a product’s sales growth. 
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Exponential models are also useful in population studies such as those where we 
are interested in how often a bacterial culture doubles. For instance, in the case of a 
bacterial culture that starts with 10,000 cells and doubles every hour, we have a pop- 
ulation at the end of t hours that is given by the model 


P(t) = 10,000(2°) cells 


Here we start with the initial 10,000 cells and multiply the number of cells by 2 every 
hour to account for the exploding population. The resulting population growth is 
called exponential growth. 

Exponential equations also arise in the study of radioactive material when we see 
a decreasing amount of the original substance. In this case, the multiplier b in the 
exponential equation Q(t) = ab’ is between 0 and 1. Such a situation, wherein an 
amount diminishes by a constant multiplier, is referred to as exponential decay. We 
investigate exponential decay in more detail in Section 2.2. 

In the case of exponential growth, the multiplier b in the equation Q(t) = ab is 
greater than 1. A graph of the equation curves upward, increases without bound as 
the input approaches , and approaches 0 as the input approaches -%. See Figure 
2.2a. In the case of exponential decay, the multiplier b is less than 1. A graph of the 
equation curves upward, approaches 0 as the input approaches ©, and increases with- 
out bound as the input approaches ~~. See Figure 2.2b. 





Q(t) O(?) 
a a 
t t 
(a) Exponential growth (b) Exponential decay 
Q(t) = ab‘ with b > 1 Q(t) = ab! with b <1 
FIGURE 2.2 


Finding Exponential Models 


Often we do not know what the proper repeated multiplier should be in order to 
write an exponential model. However, if we are given data, sometimes we can look at 
percentage differences to determine the repeated multiplier. Percentage change is 
calculated from data with increasing input values by dividing each first difference by 
the output value of the lesser input value and multiplying by 100. 

We look at how to calculate percentage differences and how to construct an expo- 
nential model by considering a small town’s dwindling population. According to the 
town’s records, the population data from 1994 through 2003 are as shown in Table 2.2. 
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TABLE 2.2 


A scatter plot of the data is shown in Figure 2.3. 















Population 
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FIGURE 2.3 


Let us now develop an algebraic description of the declining population. Because 
the inputs are evenly spaced, examine the output data in greater detail by calculating 
first differences: 


7290" 6707 6170 5677 5223 4805, 4420 4067” 3741" 93442 


RN NN NGI Nai a es oi 


BOS O37 493 4545 e418) 3859 9-353 32609 


The first differences show us that the change in population from year to year is 
not constant. However, if we calculate the percentages that these yearly changes rep- 
resent, we notice a pattern. From 1994 to 1995, the population decreased by 583 peo- 
ple. This represents an 8% (approximate) decrease from the 1994 population of 7290 
people. 


-583 people 


——*—* — = -0.07997 ~ -89 
7290 people Ee we 


From 1995 to 1996, the population decreased by 537 people. This also represents 
about an 8% decrease from the previous year’s (1995) population. 


-537 people 


=~ - = -—20 
6707 people 0.08007 8% 


In fact, every year the population decreased by approximately 8%. 


-493 
1996 t6:199 7 a= a - 
Ce) 6170 0.07990 8% 


~454 
LOO 10993, = a 
97 to 1998 5677 0.07997 8% 
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-418 
1998 to 1999; —— = -9( ~~ -§86 
) 5223 0.08003 8% 
~385 
1999 to 2000: —— = -0, == -BY% 
4805 ).08012 8% 


=395 
2000 to 2001: —— = -0¢ == ~89 
4420 ).07986 8% 


-326 
2001 to 2002: ——— =~ -0.08016 ~ -89 
: 4067 ).08016 8% 


edhe) 
2002 to 2003: 3741 ~ -0.07993 ~ -8% 
Each year the population is 92%, or iu» of what it was the previous year. In other 
words, each year the population is 0.92 times the previous year’s population. The 
equation for the population decay must show the 1994 population of 7290 people 
repeatedly multiplied by 0.92. Thus an exponential equation that models the popula- 
tion data is 


P(x) = 7290(0.92*) people 


where x is the number of years since 1994. 

We can also use technology to determine an equation for the data. Enter the data 
points (aligning the years with x = 0 in 1994, x = 1 in 1995, x = 2 in 1996, etc.), and 
have your calculator or computer fit an exponential equation. You should obtain the 
equation 


T(x) = 7290.25032(0.9199%) people 


where x is the number of years since 1994. 

Why is this equation not identical to the one we developed previously? Remem- 
ber that as we computed percentage change for each year, we rounded, so the per- 
centage decline was not exactly 8% each year. This rounding contributed to the dif- 
ference between the models. Note that the technology-generated equation indicates 
an 8.001% decline. 

If we assume that the population continues to decline by the same percentage 
(approximately 8%), we can predict that during 2004 (that is, from the end of 2003 
through the end of 2004), the town’s population will be 92% of the population in 
2003. Thus the town’s population in 2004 is approximately 


3442(0.92) ~ 3167 people 


This prediction can also be computed using the unrounded equation for population 
with input x = 2004 —1994 = 10: 


T(10) = 7290.25032(0.91999"") ~ 3167 people 


This estimate from the model agrees with the one calculated using only the data. 


Percentage Change in Exponential Functions 


For the exponential equation f(x) = ab* we determine the constant percentage 
change by calculating (b —1)100%. For example, for the bank account whose balance 
was modeled by B = 100(1.05’) dollars t years after the initial investment was made, 
the constant percentage change of the balance is 


(1.05 —1)100% = (0.05)100% = 5% 
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That is, each year the balance of the account increases by 5%. Likewise, for the 
bacterial growth model P(t) = 10,000(2') cells, the constant percentage change is 
(2 —1)100% = 100%; that is, the bacterial population increases by 100% each hour. 
Finally, for the small town with population given by P(t) = 7290(0.92') people t years 
after 1994, the constant percentage change is (0.92 —1)100% = (-0.08)100% = -8%. 
Thus the population of the town decreases by 8% each year. 





Exponential Model 





cE 
Igeb 
pias An exponential model has a constant percentage change and has an equation 


of the form 
fix) = ab“ 


where a # 0 and b > 0. The percentage change is (b —1)100%, and the 
parameter a is the output corresponding to an input of zero. 





Note that the equation in the box defines a function f with input x. From now on, 
when we refer to an exponential equation or function, we will consider the equation 
to be of the form f(x) = ab*. 

When considering a set of data, percentage changes in the output data vary from 
point to point unless every data point falls on the exponential equation that is fit to 
the data. In that case and when the input values are 1 unit apart, the percentage 
changes will all be equal to (b —1)100%. A similar situation arises with linear models. 
It is only when each data point falls on the linear equation and the input values are 
1 unit apart that the first differences are all equal to the slope of the linear equation. 


EXAMPLE 1 Dr. Laura 





In the late 1990s, Dr. Laura Schlessinger hosted the fastest-growing national radio 
program! in history. The program debuted in July of 1994 with 20 affiliate stations, 
and the number of stations grew by 86.4% per year. 


a. Why is an exponential model appropriate for the number of affiliate stations? 
b. Find a model for the number of affiliate stations. 


c. How many affiliate stations carried the “Dr. Laura” program in July of 1999? 


Solution 


a. An exponential model is appropriate because the percentage change is constant. 
b. The number of affiliate stations can be modeled by the equation 
L(x) = 20(1.864*) stations 
x years after July of 1994. 


1. “Dr. Laura celebrates five years,” Reno Gazette-Journal, July 27, 1999, p. 2D. 


EXAMPLE 2 


2.1 Exponential and Logarithmic Functions and Models 101 


c. According to the model, the number of affiliate stations in July of 1999 was 


L(5) = 20(1.8645) ~ 450 stations 


Core cceccceccccccccccce 


Automotive Tire Sales 


Table 2.3 shows sales data for a tire manufacturer. 


TABLE 2.3 


[a [metas 
Year (millions of dollars) 
ioe eM, 


a. What is the constant percentage change in tire sales? 


















b. Use the percentage change to predict tire sales in 2006. 


c. Use technology to find an exponential equation for tire sales. Write the model for 
tire sales. What is the percentage change in this equation? 


d. Graph the equation in part c together with a scatter plot of the data. In terms of 
limits, describe the end behavior of the function as time increases. 


e. Use the model in part c to predict tire sales in 2006. 


Solution 


a. Calculating percentage changes, we see that every 4 years, sales have increased by 
approximately 67%. 


15.4 


1974 to 1978: 38 = 0.66957 = 67% 
25.6 

1978 to 1982: =— = 0.66667 ~ 67% 
38.4 
43 

1982 to 1986: 64 = (1.67138 = 67% 
1p 

1986 to 1990: —— = 0.67290 = 67% 
107 
120 

1990 to 199455 =.= ().67039 = 67% 
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200 

: —~ = 0.66890 ~ 67% 

1994 to 1998 599 0 
334 

2 = =, 0,66934 = 67% 

1998 to 2002 199 0 


Thus 67% is the approximate percentage change of the tire sales every 4 years. 


b. If the percentage growth remains constant, then sales in 2006 will increase 67% 
over the 2002 sales. 


Amount of increase (rounded to the nearest million) = 67% of 2002 sales 
= (0.67)($833) ~ $558 million 


Prediction for 2006: 
2002 sales + amount of increase = 833 + 558 = $1391 million 


c. Entering the tire sales data points into a calculator or computer (aligning the 
years with t = 0 in 1974, t = 4 in 1978, t = 8 in 1982, etc.) and having the calcu- 
lator or computer fit an exponential equation produces the model 


S(t) = 22.98235(1.13683') million dollars 


t years after 1974. 

Note that the percentage change in this exponential function is calculated as 
(1.13683 — 1)100% ~ 14%. Were you expecting to see 67%? What happened? 
Recall that in part a we calculated the percentage growth to be 67% every 
4 years. The percentage growth in the model is the annual percentage growth; 
that is, it is a growth of 14% per year. If we multiply 1.13683 (the repeated multi- 
plier in the function S) by itself 4 times, we obtain 1.67: 1.13683* ~ 1.67 repre- 
senting a 4-year growth of 67%. 


d. A graph of the equation and the tire sales data is shown in Figure 2.4. 
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FIGURE 2.4 





As the years increase, the output S(t) increases without bound. We say 
lim S(t) > ©, 
t—- 00 

e. Using the exponential model S, we calculate the sales for 2006 as S(32) ~ $1392 
million. 
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Note the slight difference between the answers to part b and part e in Example 2. 
Two factors are involved in this difference. First, when calculating $1391 million, we 
used a rounded percentage change: 67% every four years instead of the percentage 
change in the technology-generated model. Second, the result $1391 million was cal- 
culated from a data point instead of from the sales in 2002 generated by the model. 

Although both of these predictions are valid, for consistency we adopt the follow- 
ing rule of thumb: 


Once an equation has been fitted to data, we will use the equation to answer 


questions rather than using data points or rounded estimates. 





Numerical Considerations 


Whenever you use a calculator or computer to fit an exponential equation to data, it 
is important to align the input values so that they are small in magnitude. If you fail 
to align the input values appropriately, the technological numerical computation 
routine may return an invalid result because of improper scaling, numerical over- 
flow, or round-off errors. For instance, if you use x = 1994, 1995, 1996 instead of 
x = 0, 1, 2 in the small town population example, the model returned is likely to be 
y = ab*, where a ~ 1.187-10”°. This huge value for a could cause problems computa- 
tionally. 

It is also important that the input values be aligned in the tire sales example to 
small numbers such as t = 0, 4, 8, ... instead of as t = 1974, 1978, 1982, .... If you 
use the actual year as input, then the equation that is returned is likely to be y =ab', 
where a ~ 0. It is also possibie that an overflow error will result and no equation will 
be returned. 

As you work with exponential models, keep in mind the following principle: 


Aligning Exponential Data 


When using technology to find the equation for an exponential model, align 
the input data using reasonably small values to avoid numerical computation 
errors. 





Logarithmic Models 


A mathematical idea created to solve one problem often can be applied to solve many 
different types of problems. Such is the case with logarithms that were developed 
in the early 1600s to perform numerical calculations involving large numbers. With 
the development and easy availability of calculators and computers, this use of loga- 
rithms has declined. As the following application illustrates, logarithmic functions 
(or log functions) currently play an important role in modeling certain physical and 
biological phenomena. 

Altitude and air pressure are intrinsically related. Consider the data shown in 
Table 2.4. 
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TABLE 2.4 


Altitude Air pressure 
(thousands of feet above sea level) (inches of py 





A scatter plot suggests an exponential function, and a calculation of percentage dif- 
ferences (an approximate 60% decrease in air pressure per 20,000 feet of altitude) 
confirms that an exponential model describes the relationship between altitude and 
air pressure. An exponential model for the data is 


P(a) = 35.54(0.9542") inches of mercury 


where a is the altitude in thousands of feet. A graph of the function and a scatter plot 
are shown in Figure 2.5. 


P(a) 
Air pressure 
(inches of mercury) 








14 4 
a ak 
a 
0 ie Altitude 
109 (thousands 
of feet) 
FIGURE 2.5 


Altimeters are instruments that determine altitude by measuring air pressure. In 
the function P, the input is altitude, and the output is air pressure. For an altimeter, 
the input is air pressure, and the output is altitude. Recall from Section 1.3 that 
reversing the input and output of a function produces an inverse and that a logarith- 
mic (or log) function is the inverse of an exponential function. Thus a model for alti- 
tude as a function of air pressure must be a log model. Table 2.5 shows the reversed 
data, and Figure 2.6 shows a scatter plot of the reversed data. 


TABLE 2.5 






Air pressure Altitude 
(inches of mercury) — of feet) 
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Altitude 
(thousands of feet) 


100 ie 





20 { * Air pressure 
jt 
0 7 14 (inches of 


mercury) 
FIGURE 2.6 


Although the scatter plot has the basic declining, concave-up appearance of an expo- 


nential function, our knowledge of inverse functions assures us that a log function is, 
in fact, the underlying function. 


The log equation used by most technologies is 
fix) =a+t+blnx 


This equation defines a function f with input x. The b-term in this equation deter- 
mines whether the function increases or decreases and how rapidly the increase or 
decrease occurs. The a-term determines the vertical shift of the function. From now 


on, when we refer to a log equation or function, we will consider the equation to be 
of the form f(x) = a + bInx. 


Logarithmic Model 
A logarithmic (log) model has an equation of the form 


fix) =a+t blnx 


This log function is the inverse of the exponential function y = AB*, where 
A =e and B = el”, 





Figures 2.7a and 2.7b show graphs of typical log functions. 


fix) fix) 





(a) f(x) =a+binx (b) fix) =a+bInx 
with b > 0 with b <0 


FIGURE 2.7 
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The end behavior of log functions is particularly important in determining when 
they are appropriate to use to fit data. As shown in Figure 2.7, an increasing log func- 
tion increases without bound as the input increases, and a decreasing log function 
decreases without bound as the input increases. Also, log functions are not defined 
for negative or zero input, and as the input approaches zero from the right, the func- 
tion either increases or decreases without bound. We summarize the end behavior of 
log functions with the following limit statements: 


For f(x) =a + bln x, with b > 0 For f(x) =at bln x, with b < 0 
lim, fix) > -~ lim, iiee 22 
lim f(x) > ~ lim f(x) > - 


Consider the graphs in Figure 2.7. Note that log functions exhibit increasingly 
smaller changes in output for constant changes in input. This slow growth or decline 
characterizes log functions. The characteristic that makes log functions different 
from any other functions we will study is that their growth or decline becomes 
increasingly slower but their output never approaches a horizontal limiting value, as 
do the declining exponential function and, as we will see later, the logistic function. 

Returning to the altitude example, we use technology to find the log equation 
that fits the data in Table 2.5: 


A(p) = 76.174 —21.331 In p thousands of feet above sea level 


where p is the air pressure in inches of mercury. Figure 2.8 shows a graph of the func- 
tion A and a scatter plot of the data in Table 2.5. 





A(p) 
Altitude 
(thousands of feet) 
100 
Pp 
0 Air pressure 
a ——+ (inches of 
0 7 14 mercury) 
FIGURE 2.8 


International Investment 


An international investment fund manager models bond rates of countries as a tool 
when making investment decisions. He uses the data? in Table 2.6 to create a yield 
curve for Germany, where long-term bond rates are higher than short-term rates. 


2. Investment Digest, VALIC, vol. 12, no. 1, 1998. 
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TABLE 2.6 


Time to Time to 
maturity German bond rate maturity German bond rate 
(years) (percent) (years) (percent) 





a. Sketch ascatter plot of the data. 
b. Find a log model for the data. 


c. This investment manager estimates a 5.25% rate for 20-year bonds and a 5.50% 
rate for 30-year bonds. How closely does the log model match these estimates? 


Solution 
a. Bond rate 
(%) 
5.0 + ; 








Ti 
45 MS eid SNe ake rae 


1 5 10 (years) 


FIGURE 2.9 


The scatter plot in Figure 2.9 suggests the slow growth modeled by a log function. 
b. A log model for the data is 
R(t) = 3.6296 + 0.5696 In t percent 
for a maturity time of t years. 
c. The model in part b predicts the following rates for 20- and 30-year bonds: 
R(20) ~ 5.34% and R(30) ~ 5.57% 
These predictions are slightly higher than the estimates made by the fund manager. 


Cee eee ee reser eoeeeereee 


Numerical Considerations 


Recall that it is often convenient to align yearly data to small input values when find- 
ing a linear model so that the coefficients in the equation will not be unnecessarily 
large values. Although it is not necessary to align large input values when fitting log 
equations to data, you may want to do so for convenience, as with linear equations. 
However, if you align the data so that the first input value is 0, your calculator or 
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computer will return an error message when you attempt to find a log equation. The 
reason is mathematical, not technological. Recall that exponential functions of the 
form y = ab*, with positive a and b, lie above the horizontal axis; that is, their output 
is positive. Log functions are the inverses of exponential functions, and inverse func- 
tions reverse output and input. Thus the input of log functions must be positive. 
Zero is not a permissible input for a log function. If you choose to align the data, then 
all aligned inputs must be positive values. 


Aligning Logarithmic Data 


Whenever you align input data before fitting an equation for a log model, all 
aligned input values must be numbers greater than zero. 





Exponential functions with their constant percentage change are common in 
finance, health and life sciences, social sciences, and many other areas. Although log 
functions are less common, their importance as the inverses of exponential functions 
leads us to include them in our discussion. As we continue our exploration of calcu- 
lus concepts, you will become increasingly familiar with these two functions. 








poncent 2. fx) = 2013") fx) 
nventor 
y flx) = -2(1.3*) 
e@ Exponential function: f(x) = ab“ (characterized by : 
constant percentage change) ‘ 
e@ Exponential growth and decay Pan 
e@ Finding percentage change 
e@ Importance of aligning data 3, f(x) = 3(1.2") fo) 
@ Log function: f(x) = a + b\n x (inverse of exponen- | 
tial function) fix) = 3(1.4") 
@ End behavior of exponential and log functions 
S) 
x 
4. fix) = 2(0.8*) fQ0 


f(x) = 2(0.6*) 
Activities 
Xx 


For Activities 1 through 8, match each graph with its 
equation. fx) 5. fx) = 2 In x f(x) 


1. flx) = 2(1.3*) flx) =-2Inx 
flx) = 2(0.7*) . 
4G é; x 
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6. fix) =34+Inx f(x) 
fix) =Inx 
3 
1 # 
7. fix) =2Inx f(x) 
fix) =41nx 
1 
8. f(x) =-4I1nx f(x) 
f(x) =-2Inx 





For Activities 9 through 12, tell whether the function 
describes exponential growth or decay, and give the 
constant percentage change. 


9. fix) = 72(1.05*) 
iW 


10. K(r) = 33(0.92") 


y(x) = 16.2(0.87*) 12. A(t) = 128.57(1.035") 


For Activities 13 and 14, find the constant percentage 
change, and interpret it in context. 


13. 


14, 


1d: 


After h hours, the number of bacteria in a Petri 
dish during a certain experiment can be modeled 
as B(h) = 100(0.61") thousand bacteria. 


The membership of a popular club can be modeled 
by M(x) = 12(2.5*) members by the end of the xth 
year after its organization. 


The Consumer Federation of America reported that 

credit card spending for Visa, MasterCard, Ameri- 

can Express, and Discover was $296.3 billion in 

1989 and grew by 15.1% per year between 1989 and 

1999; 

a. Find a model for credit card spending between 
1989 and 1999. 

b. According to the model, when was spending 
$1 trillion? 


16. 


WH 


18. 
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In 1994, Charles Schwab & Co. had approximately 
$135 billion of assets in customer accounts, and 
throughout the late 1990s that value grew by 
approximately 39% per year. 


a. Find a model for Schwab’s customer account 
assets in the late 1990s. 


b. Use the model to estimate Schwab’s customer 
account assets in 2000. 


A New York City subway token cost $1.50 in 1997. It 
has been estimated that the cost will rise by 7.46% 
per year through 2010. 


a. Find a model for New York City subway token 
prices from 1997 through 2010. 


b. What does the model predict as the 2010 price? 


In 1975 the EPA emissions standard for cars was 
3.1 grams of nitrogen oxide per mile of driving. 
Assume that the EPA standard decreased by 9.3% 
per year between 1975 and 2000. 


a. Find a model for the emission standard between 
1975 and 2000. 


b. Estimate the EPA standard in 2000. 


According to the 1999 World Almanac, the number 
of workers per beneficiary of the Social Security 
program was 8.432 in 1955 and has been declining 
at a rate of 1.94% per year. The Almanac estimates 
that the percentage decline will remain constant 
through 2030. 


a. Find a model for the number of workers per 
beneficiary from 1955 through 2030. 


b. What does the model predict the number of 
workers per beneficiary will be in 2030? How will 
this number affect your life? 


According to the back of a milk carton sold by 
Model Dairy, the number of days that milk will 
keep when stored at various temperatures is as 
shown in Table 2.7. 


TABLE 2.7 
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a. Find an exponential model for the data. 


b. If a refrigerator is adjusted to 40°F from 37°F, 
how much sooner will milk spoil when stored in 
this refrigerator? 


21. Carefully read the accompanying newspaper article 
(from the Chicago Tribune, October 21, 1999), and 
answer the questions that follow. 


6,000,000,000 people today 


World population, which did not reach 1 billion until 1804, will 
pass 6 billion at 8:24 p.m. EDT Sunday. Years it took to add each 


billion since 1804: 


123 
years 


33 
i) ee eee es 


2 billion 3 billion 4 billion 5 billion 6 billion 
(1927) (1960) (1974) (1987) (1999) 


Population of world 
ready to hit 6 billion 


LOS ANGELES TIMES 

WASHINGTON-Call _ this 
Y6B: The year of 6 billion, a 
milestone the world’s popu- 
lation is expected to reach 
this weekend. 

The birth of the planet’s 
6 billionth inhabitant, pro- 
jected by the U.S. Census 
Bureau, also will mark 
another historic first: The 
world’s population has dou- 
bled in less than 40 years. 

Despite a gradual slow- 
ing of the overall rate of 
growth, the world popula- 
tion is still increasing by 78 
million people a year. That’s 
the equivalent of adding a 
city nearly the size of San 
Francisco every three days, 
or the combined popula- 
tions of France, Greece and 


Sweden every year, according 
to a coalition of environmen- 
tal and population groups. 
“Tt took all of human 
history for the world’s popu- 
lation to reach 1 billion in 
1804, but little more than 
150 years to reach 3 billion 
in 1960. Now, not quite 
40 years later, we are twice 
that number,’ said Amy 
Coen, president of Popula- 
tion Action International. 
Even with a decelerating 
growth rate, the number of 
humans on the planet could 
double again to 12 billion by 
2050 if the current growth 
rate continues, the coalition 
projects. 
Source: Data from U.S. Bureau 
of the Census, compiled by USA 
Today. 
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a. Use the data shown in the figure accompanying 
the article to find an exponential model for 
world population from 1927 through 1999. 
Examine a scatter plot of the data with a graph of 
the exponential function. Discuss how well the 
function fits the data. 


b. The article gives a current rate of change of pop- 
ulation. On the basis of that rate of change and 
the 1999 population, find a linear model for 
world population. 


c. Rewrite the equation in part b so that its input 
matches that of the function in part a. For exam- 
ple, if the input in part a is years since 1900 and 
the input in part b is years since 1999, then use 
the relationship 


Linear equation input = exponential equation input — 99 


to transform the linear equation to one whose 
input matches that in the exponential equation. 


d. Graph the linear function together with the scat- 
ter plot and exponential function from part a. 
Discuss what you observe about the two graphs. 


e. Look at the graph in part d from 1900 through 
the year 2050. (Be sure to adjust the vertical axis 
appropriately.) Comment on the two models 
and their use in estimating the population from 
1900 through 2000 and predicting the popula- 
tion beyond 2000. 


f. Use the two models to estimate the population 
in 2000 and 2050. What assumptions do you 
make about population growth when you pre- 
dict the population using these two models? 


g. Compare the predictions from part f for 2050 
with the prediction given in the article. What 
does this tell you about the rate-of-change 
assumptions the U.S. Census Bureau used in 
making their 2050 prediction? 


22. When a company ceases to advertise and promote 


one of its products, sales often decrease exponen- 
tially, provided that other market conditions 
remain constant. At the time that publicity was dis- 
continued for a newly released popular animated 
film, sales were 520,000 videotapes per month. One 
month later, videotape sales had fallen to 210,000 
tapes per month. 


a. What was the monthly percentage decline in 
sales? 


# 


ay 
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b. Assuming that sales decreased exponentially, 
give the equation for sales as a function of the 
number of months since promotion ended. 


c. What will sales be 3 months after the promotion 
ends? 12 months after? 


d. Walt Disney has been known to produce video- 
tapes of some of its films for a limited time 
before completely stopping production. Do you 
believe that this is a wise business decision? 


e. What would be necessary to ensure that the 


exponential decrease in sales of a product did 
not occur? 


In 1992, CDs passed cassettes as the most popular 
format for pre-recorded music. Table 2.8 gives the 
numbers of CD singles* (in millions) sold during 
the mid 1990s. 


TABLE 2.8 


heal etal 
Year millions) 


a. Find an exponential model for the data. 















b. According to the model in part a, what was the 
yearly percentage growth in sales of CD singles 
from 1993 through 1997? 


An appliance manufacturer that prides itself on the 
reliability of its washing machines conducts an 
extensive survey of 3200 of its customers. The survey 
asked for the number of years that the washing 
machine remained in working condition before 
requiring a major service call (not including routine 
maintenance). Partial results are given in Table 2.9. 


a. Discuss the appropriateness of linear and expo- 
nential models for these data. 


b. Find the better model for the data. 


c. Use the model to estimate the number of cus- 
tomers surveyed who had washing machines 
that lasted between 30 and 35 years before 
requiring a major service call. 


ou Statistical Abstract, 1998. 


SY. 
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TABLE 2.9 


Years before servicing Number of customers 


ae hes 0 be | Se meee 






15 487 
383 
237 


The population of Mexico,‘ in millions of people, in 
selected years from 1921 through 1990 is given in 
Table 2.10. 


TABLE 2.10 


ee Population 
Year millions) 



















(Note: Even though population censuses are nor- 
mally taken every 10 years in Mexico, the census at 
the beginning of the 1920s was taken in 1921, not in 
1920.) 


a. Find an exponential model for the population. 





b. What percentage growth rate does the exponen- 
tial model represent? 


c. Use the model to estimate the population of 
Mexico in 1997, 


d. The 1998 Information Please Almanac reports the 
1997 population of Mexico to be 97,563,364. 
How close is this to your estimate? 


The per capita consumption of bottled water? in the 
United States has increased dramatically in the past 
20 years. Table 2.11 shows selected years and the per 
capita bottled water consumption in those years. 


. SPP and INEGI, Mexican Censuses of Population 1921 through 


1990 as reported in Pick and Butler, The Mexico Handbook, West- 
view Press, 1994. 


. Statistical Abstract, 1998. 
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TABLE 2.11 


Per capita bottled water consumption 
(gallons per person per year) 





a. Find linear and exponential models for the data. 
Graph the equations for these models on a scat- 
ter plot of the data. Which model do you think 
better describes the per capita bottled water con- 
sumption? 

b. Give the rate of change of the linear model and 
the percentage change of the exponential model. 


c. Use the two models to estimate bottled water 
consumption in 2000. 


d. According to each model, when will per capita 
bottled water consumption exceed 20 gallons per 
person per year? 


27. The number of U.S. farms with milk cows® has been 


declining. See Table 2.12. 






TABLE 2.12 
Farms Farms 
Year (thousands) Year (thousands) 







RI lene | 


a. Find an exponential model for this data. What is 
the percentage change indicated by the model? 







b. Express the end behavior of the model as time 
increases using a limit statement. Does this end 
behavior reflect what you believe will happen in 
the future to the number of farms with milk 
cows? 


c. Give at least two reasons for the decline in the 
number of farms with milk cows. 


6. Ibid. 


sy 
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The amounts of chlorofluorocarbons’ (CFCs) 
released into the atmosphere during the first half of 
the 1990s are given in Table 2.13. 


TABLE 2.13 


CFCs 
(1000 metric 


CFCs 
(1000 metric 
tons) 


a. Find an exponential model for the release of 
CFCs. What is the percentage change indicated 
by the model? 


b. Use the model to estimate CFC release in 2000. 
What does this estimate assume about the 
decline in CFC release? 


Table 2.14 gives the total number of personal com- 
puters in use in China.® 


TABLE 2.14 


[we | tin | wr | nt 
Year (millions) Year (millions) 
rises | 0.09 | 1993 | 126 


see, | 3027 ae 


* Projection 








a. Find an exponential model for the number of 
PCs in China between 1985 and 2000. Graph the 
equation for the model on a scatter plot of the 
data. How well does it appear to fit the data? 

b. Use the model to estimate the number of PCs in 
China in 1990 and in 2005. In which of these 


estimates can you have the most confidence and 
why? 


30. During the last three decades, computing power has 


grown enormously. Table 2.15 gives the number of 
transistors’ (in millions) in Intel processor chips. 


7. Ibid. 
8. The Time Almanac, 1999. 
9. Intel.com (Accessed 9/15/99). 
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TABLE 2.15 
Number of transistors 


Processor Year (millions) 


Se 
MC 
_ oil EE 


a. Find an exponential model for the data. 
















b. According to the model found in part a, what is 
the annual percentage increase in the number of 
transistors used in an Intel computer processor 
chip? 

c. Is it reasonable to expect this exponential growth 
rate to continue beyond the year 2000? Explain 
your reasoning. 


31. The pH of a solution, measured on a scale from 0 to 
14, is a measure of how acidic or how alkaline that 
solution is. The pH is a function of the concentra- 
tion of the hydronium ion, H,O*. Table 2.16 shows 
the H,O” concentration and associated pH for sev- 


eral solutions. 
H;0* concentration 
(moles per liter) 


TABLE 2.16 












5.012-10° 8.3 





Seawater 


a. Find a log model for pH as a function of the 
H,O* concentration. 

b. What is the pH of orange juice with H,O” con- 
centration 1.585-10 °? 

c. Black coffee has a pH of 5.0. What is its concen- 
tration of H,O"? 

d. A pH of 7 is neutral, a pH less than 7 indicates an 
acidic solution, and a pH greater than 7 shows 
an alkaline solution. Beer has H,O* concentra- 
tion 3.162:10°. Is beer acidic or alkaline? 


32. The body weight of mice used in a drug experiment 
is recorded by the researcher. The data! are given in 
TableQeigz 


TABLE 2.17 


Age beyond 2 weeks 
(weeks) 
1 






a. Find a log model for the data. 


b. Express the end behavior of the function in 
terms of limits. 


c. Does the end behavior fit the context? What does 
this tell you about using your model to extrapo- 
late? 


d. Estimate the weight of the mice when they are 
4 weeks old. 


33. The American Association of Pediatrics has stated 
that lead poisoning is the greatest health risk to 
children in the United States. Because of past use of 
leaded gasoline, the concentration of lead in soil 
can be described in terms of how close the soil is to 
a heavily traveled road. Table 2.18 shows some dis- 
tances and the corresponding lead concentrations!! 
in parts per million. 


TABLE 2.18 


Distance from road Lead concentration 
(meters) (ppm) 


ay a A 






a. Find a log model for these data. 


10. Estimated from information given in “Letters to Nature,” Nature, 
vol. 381 (May 30, 1996), p. 417. 

11. Estimated from information in “Lead in the Inner City? American 
Scientist, January-February 1999, pp. 62-73. 
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b. An apartment complex has a dirt play area 
located 12 meters from a road. Estimate the lead 
concentration in the soil of the play area. 


c. Find an exponential model for the data. Com- 
pare this model to the one found in part a. 
Which of the two models better displays the end 
behavior suggested by the context? 


34. The concentration of a drug in the blood stream 


increases the longer the drug is taken on a daily 
basis. Table 2.19 gives estimated concentrations (in 
micrograms per milliliter) of the drug piroxicam 
taken in 20-mg doses once a day. 


TABLE 2.19 


Concentration 
(g/mL) 


Concentration 
(ug/ml) 


6.5 
bs 
TES 









wets RSs) 


a. Find a log model for the data. 

b. Express the end behavior of the equation using 
limits. 

c. Does the end behavior of the equation fit the 
end behavior suggested by the context? 


d. Estimate the concentration of the drug after 2 
days of piroxicam doses. 


35. The fund manager in Example 3 on page 106 also 


models the yield curve for New Zealand, in which 
long-term bond rates are lower than short-term 
rates. He uses the data given in Table 2.20. 


TABLE 2.20 
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a. Find a log model for the bond rate data. 


b. The fund manager estimates 15-year rates at 
7.00%. How close does your model come to this 


estimate? 


Table 2.21 shows the projected number of homes 
with a cable system offering Internet access.” 


TABLE 2.21 


a 
Year (millions) Year (millions) 
| 1999 | 290 | 2003 | 573 | 


a. Find a log model for the number of homes as a 
function of the number of years since 1990. 













b. According to the model in part a, when will the 
number of homes reach 75 million? 


c. What end behavior is suggested by the model 
equation as time increases? Write this end 
behavior using limit notation. 


Table 2.22 shows the average salaries’? of public ele- 
mentary and secondary school teachers from 1980 
through 1997. 


TABLE 2.22 


= a 
Year salary Year salar 
ise] 357 |e 


a. Find a log model for the average salary as a func- 
tion of the number of years since 1970. 












b. Use the log model to estimate the average salary 
in 1993, What does the log model predict for the 
average salary in 2000? In which of these two 
estimates can you be more confident and why? 


c. According to the model, when will the average 
salary reach $40,000? 


Find the inverse function of f(x) = a + bln x. Com- 
pare your answer with the statement in the box on 
page 105. 


12. Paul Kagan Associates, Inc., Cable TV Technology. 
13. Statistical Abstract, 1998. 
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Compound Interest 
In everyday life, exponential models occur in investment situations. You probably are 
familiar with the interest formula 

A= P(1 +r) 
where A is the dollar amount accumulated after t years when P dollars are invested at 
an interest rate of 100r% compounded annually. (Note that r is a decimal number.) If 


interest is compounded more often than once a year, then the general compound 
interest formula should be used: 


Compound Interest Formula 


The amount accumulated in an account after t years when P dollars are 
invested at an annual interest rate of 100r% compounded n times a year is 


nt 
A= ae + 4 dollars 





Here () 100% is the interest rate that is applied to the balance in the account at the 
end of each compounding period, and nt is the total number of compounding peri- 
ods in f years. 

Consider $1000 invested at a 5% annual interest rate compounded monthly. The 
equation for the accumulated amount A(t) after tf years is 


12t 
Hey 1000(1 th oe ie 


This equation can be rewritten in the exponential form 
A(t) = 1000b' = 1000(1.004166667!")' ~ 1000(1.05116°) dollars 


What is the meaning of the value 1.05116 in this formula? Remember, for an 
exponential equation f(x) = ab*, the constant percentage change is (b —1)100%. 
Thus in the amount formula A(t) = 1000(1.05116') dollars, the constant percentage 
increase of the amount is (1.05116 —1)100% = (0.05116)100% = 5.116%. That is, 
the amount invested increases by 5.116% every year. In the investment context, this 
percentage is called the effective rate or annual percentage yield (APY). The adver- 
tised 5% annual percentage rate (APR) is called the nominal rate. When comparing 
compound interest investment opportunities, you should always consider annual 
percentage yields because the nominal rates do not reflect the effect of the com- 
pounding periods. 

You should be aware that even though the compound interest formula is a contin- 
uous function, it has a discrete interpretation because the amount changes only at the 
actual times of compounding. For instance, we can use the monthly compounding 
function A(t) = 1000(1.05116') dollars after t years to find the amount of the invest- 
ment at the end of the 3rd month of the 6th year by calculating A(6.25) ~ $1365.95, 
(This value was calculated using the unrounded value of b.) However, it would be 
incorrect to use t = 6.2 to calculate the amount in the account on the 14th day of the 
3rd month of the 6th year, because interest is compounded monthly, not daily. 
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EXAMPLE 1. Comparing Annual Percentage Yields 


Consider two investment offers: an APR of 6.9% compounded quarterly or an APR 
of 6.7% compounded monthly. 


a. Which offer is a better deal? 





b. Compare the time it will take an investment to double for each offer. 


Solution 
a. Fora given principal P, we need to compare the effective rates in the formulas 


. 0.067 \7" 
Q(t) = Pl AF 206) dollars and M(t) = Ali =P oe") dollars 


after t years. Because (1 a 0.068)" ~ 1.07081 and (1 + 0.067)! =~ 1.06910, we see 
that the annual percentage yield for the 6.9% quarterly deal is about 7.08%, com- 
pared to only 6.91% APY for the 6.7% monthly deal. You should choose the first 
of these two options. 


b. To determine doubling time, we first set the amount functions in part a equal to 
2P (double the amount invested). 


| 


DD == IA ae aa 
pass 


067\ 4 
DB li oe oe?) 


12 


Dividing each side of each equation by P, we see that the result does not depend 
on the amount invested. 


0. a 12 
pete vel Cod pally eee 
4 12 


You may use technology to solve for t or solve the equations algebraically by 
applying the natural log function to each side of each equation. 








0. At ; 12t 
In = In(1 + 2) In2 = In(1 + S07 
4 1 
0.069 ‘ 
In2 = setn(1 + 6?) ee? = 12eIn(1 ae be) 
4 12 
(fa In 2 = In 2 
0.069 + 
41n(1 + | 12 n(1 af Dtet 
4 ie, 
PANO 13 ivears t=) 10°37 years 


In the first case, recall that interest is compounded quarterly. The solution t ~ 
10.13 years lies between the end of the last quarter of the 10th year (when the 
amount is not quite doubled) and the end of the first quarter of the 11th year 
(when the amount is more than doubled). Thus the amount will never be exactly 
doubled, but it will first be more than doubled at the end of the first quarter of 
the 11th year. In the second case, interest is compounded monthly. The solution 
t ~ 10.37 years is between 4 months (t ~ 10.33 years) and 5 months (t ~ 10.42 
years). We conclude that the amount first exceeds twice the investment at the end 
of the 5th month of the 11th year after the investment is made. 
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Continuous Compounding and the Number e 


For a given nominal rate, the only factor that influences the annual percentage yield 
is the number of times the interest is compounded each year. To see the effect of the 
number of compoundings, consider the following: 

Suppose that you invest $1 for 1 year at a nominal rate of 100% compounded 
n times during the year: Amount = $1(1 a =| . As n increases, how does the original 
$1 grow? Consider Table 2.23, which shows the relationship between n and the accu- 
mulated amount. 


TABLE 2.23 


compounding ocus [| Amount | 
auerey | tae 


weekly 52 $2.69 















Does it surprise you that the amount does not grow infinitely large? In fact, your $1 
will not grow to more than $2.72 during the year, regardless of how often interest is 
compounded. As n gets larger and larger, the unrounded amount is getting closer and 
closer to the number that we call e, and we say 


: Ne 
lim (: +2) =€ 
nwa n 


The number e is an irrational number, which means that its decimal expansion never 
repeats and never terminates (that is, never ends). A 12-digit decimal approximation 
to eis 2.71828182846. 

The limit lim (1 ++ al = e represents the unrounded amount to which 1 dollar 
would grow in a year if the nominal rate were 100% and the number n of com- 
pounding periods per year increased without bound; that is, the interest is com- 
pounded continuously. What if we continuously compounded P dollars for t years at 
a nominal interest rate of 100r%? In other words, what is lim P(1 aE 4 ? A little 


algebra goes a long way. To simplify the algebra, we let m = Fs so that mr = n. Then 
r nt ] mrt 
beg 
n m 
( 1 y" rt 
Mm / 
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Also, for a fixed r, because m = 4, m > © as n > ©. Thus 
r nt il m {rt 
lim oli ae *) = lim Al( =e *) | 
n—00 nN mo m 
1 m |rt 
Pim [ ar ~) | 
m—oo m 


— Pe™ 


This result is known as the continuously compounded interest formula. 


Continuously Compounded Interest Formula 


The amount accumulated in an account after tf years when P dollars are 
invested at a nominal interest rate of 100r°% compounded continuously is 


A = Pe" dollars 





Note that A is a continuous function with continuous interpretation. Unlike the 
general compound interest formula (which is a continuous function with discrete 
interpretation), it is meaningful here to ask questions about the amount in the 
account at any instant in time. 

What is the APY for this type of account? With continuous compounding, the 
annual percentage yield (ARY) is (e’ —1)100%. For example, if $1000 is invested at a 
5% nominal interest rate compounded continuously, then the accumulated amount, 
A(t), after t years is 


At) 210002??? 
= 1000(¢%)! 
1000(1.05127') dollars 


ut 


The annual percentage yield is (1.05127 — 1)100% ~ 5.13%. 

It is easy to convert from an exponential function f of the form f(t) = ae 
to an exponential function f of the form f(t) = ab‘. We just saw an example of this 
conversion: 


1000e°°* = 1000(1.05127') 


Note that the value of a remains the same in either form and that b = et. 

This conversion from ae“ to ab’ gives us a simple way to find the constant per- 
centage change of the function f where f(t) = ae“. (Recall that the constant percent- 
age change of f(t) = ab‘ is (b —1)100%.) We illustrate this concept in Example 2. 


APY of Continuous Compoundings 


What is the annual percentage yield (APY) on an investment that has an advertised 
nominal rate of 12.6% compounded continuously? 


Solution For a given principal investment P, we use the continuously com- 


pounded interest formula A = Pe" to determine the amount at any time f (in years). 
In this case, 


EXAMPLE 3 
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A(t) = Pe®?*' dollars after t years 


Converting from the form ae“ to the form ab’, we obtain the following equivalent 
equation: 


A(t) = Pe®-!6t = P(e®1?6)! ~ P( 1.13428") dollars after t years 
Thus the APY is approximately 13.4%. 


COSC e er esereresesesece 


It is also possible to convert from an exponential function fof the form f(t) = ab’ 
to one of the form f(t) = ae". In order to convert a function, say f(t) = 120(1.05'), to 


the form f(t) = ae, we apply Property [1] from page 38 and rewrite 1.05 as e! }®, 
Thus 


Fit) =9120( 1.05) 120(e?) = 120687" 


Determining APR 


a. An investment that has interest compounded continuously has an APY of 9.2%. 
What is its APR? 


b. Suppose you are 25 years old and have $10,000 to invest for retirement. What 
APR compounded monthly is needed for your money to grow to one million dol- 
lars in 40 years? 


Solution 
a. Foran investment of P dollars, we set up the amount function A as 
A(t) = P(1.092') dollars after t years 
Converting this to the form A(t) = ae", we get 


A(t) = P(1.092') =e P(e PRE es Pe9.08801t 


dollars after t years. Thus the APR (when interest is compounded continuously) 
is approximately 8.8%. 


b. To answer the question posed, substitute 40 for t and 1,000,000 for A(t) in the 


formula A(t) = 10,000(1 4 5) and solve for r. 


7 \12(40) 
1,000,000 = 10,000 ( at 3) 


r 480 
ee (tl 


You can use technology to solve this equation, or you can solve it algebraically. To 
begin the algebraic solution, raise each side to a power of gp and simplify. 


r 480 ] 1/480 
ASO, EEN 9 eee 
my ( a | 


1001/48° = i —— 
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Now subtract 1 and multiply by 12 to solve for r. 
12 (L00N a Wat 
r= 0111568 


An APR of approximately 11.57% compounded monthly is needed for $10,000 to 
grow to a million dollars in 40 years. 


Cee eeeecscccccesescsess 


Present and Future Value 


When money is invested in an account that earns interest, we are concerned with its 

future value—that is, its value at some time in the future. The compound interest 
-\nt ; : 

formulas A = P(t oe r\ and A = Pe" are used to determine future values. 


Future Value 
Suppose that on July 1 of each year, you deposit $1500 into an account that earns 


interest at the nominal rate of 7.5% compounded monthly. What is the future value 
of these investments 1 year after the fifth and final deposit is made? 








Solution 

The initial $1500 will grow to 1500(1 + 9923)° ~ $2179.94 
The second $1500 will growto ——-:1500(1 + 2225)** ~ $2022.90 
The third $1500 will grow to 1500(1 + 9925)°° ~ $1877.17 
The fourth $1500 will grow to 1500(1 + 2923)" ~ $1741.94 
The last $1500 will grow to 1500(1 + 2925)" ~ $1616.45 





The future value of these investments is the sum 


$2179.94 + $2022.90 + $1877.17 + $1741.94 + $1616.45 = $9438.40 


See eereseeesccssseveses 


Often, however, we are interested in how much money should be invested now in 
order to achieve a desired future value. The amount to be invested now is called the 
present value of the investment. The compound interest formulas are also used to 
determine present values, as illustrated in Example 5. 


Present Value 


Find the present value of the $9438.40 in Example 4, assuming that the money is 
invested at a nominal rate of 7.5% with 


a. monthly compounding for 5 years. 


b. continuous compounding for 5 years. 
Solution 


a. Using an interest rate of 7.5% compounded monthly, we solve the equation 


60 
9438.40 = P(t tr oa 
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for the present value P. Because this equation is just 
9438.40 = P(1.453294408) 


we see that the present value is P = TE GERET ~ $6494.49. In other words, you 
would need to invest $6494.49 now at 7.5% compounded monthly to have 
$9438.40 in 5 years. 


b. On the other hand, if we seek the present value of $9438.40 assuming a rate of 
7.5% compounded continuously over 5 years, then we must solve 


9438.40 = Pe?) = Pe 375 — P(1.454991415) 


for P to obtain P ~ $6486.91. Again, this is the amount you would need to invest 


POP Peer er ereserereseses 


Exponential Decay 


Certain chemical elements are known to decay at a constant percentage rate; that is, 
the amount of the substance decreases over time in an exponential manner. It is com- 
mon to express exponential decay in terms of how long it takes for half of the sub- 
stance to decay. This value is known as the half-life of the substance. 

The half-life of polonium-12 is 140 days. If a storage container contains 70 grams 
of polonium-12, then it will contain only 35 grams after 140 days, 17.5 grams after 
280 days, 8.75 grams after 420 days, and so on. To find an exponential equation mod- 
eling the decay of polonium-12, use two of the known data points and technology to 
fit an equation to those points. We choose the points (0, 70) and (140, 35) correspond- 
ing to the initial 70 grams and the 35 grams that exists after 140 days. The exponen- 
tial model is 


A(t) = 70(0.995061') grams after t days 


Recall that when the parameter b is less than 1, the output of the equation is decreas- 
ing. In this case we see a percentage change of (0.995061 —1)100% ~ -0.49% per day. 

The model can be used to answer questions such as “When will there be only 
2 grams of the polonium remaining?” To answer this question, we set A(t) equal to 2 
and solve for t. 


2 = 70(0.995061') 


Again, you can use technology to solve this equation, or you can solve it algebraically 
as follows: 


“” 


= (0.995061') 

35 

1 

—] = |n(0.995061' 
in(;5) n( ) 

1 

—j} = ft1n 0.995061 
in( 5) n 


1 
in) 
ee a eis ck 
In 0.995061 a 


Thus, there will be only 2 grams of the polonium-12 remaining after approximately 
718 days. 
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Exponential decay also occurs when drugs are taken into the body. Once the drug 
is absorbed, its level in the blood stream is at a peak. Each time the blood passes 
through the kidneys, liver, spleen, and other organs, a percentage of the drug is 
removed. Pharmaceutical companies report half-life information in terms of either 
elimination half-life or plasma concentration half-life. Elimination half-life is the 
time it takes for half of the drug to be removed from the body. Plasma half-life is the 
amount of time it takes for the concentration of the drug in the plasma to reach half 
of its peak concentration. Plasma concentration is usually measured in micrograms 
per milliliter (ug/mL). The use of an exponential model in this type of situation is 
illustrated in Example 6. 


Dilantin Absorption 


Dilantin" is a drug used to control epileptic seizures. On Monday a patient takes a 
300-mg Dilantin tablet at 4 p.m. Eight hours later the Dilantin reaches its peak 
plasma concentration of 15 g/mL. The average plasma half-life of Dilantin is 22 
hours. 


a. Write a model for the concentration of Dilantin in the patient’s plasma as a func- 
tion of the time after peak concentration is reached. 


b. What is the concentration of Dilantin in this person’s plasma at 8 a.m. on Tues- 
day? 


c. The minimum desired concentration of Dilantin is 10 wg/mL. Will the concen- 
tration dip below that level before the patient takes a second tablet on Tuesday at 
4 p.m.? 


Solution 


a. The input of the model is the time after the peak concentration that occurs at 
midnight on Monday, and the initial amount we consider is the peak concentra- 
tion of 15 g/mL. After 22 hours, the concentration will be half its peak, or 7.5 
wg/mL. Using the two data points (0, 15) and (22, 7.5), we obtain the model 


C(h) = 15(0.96898") g/mL 
h hours after midnight Monday. 
b. Eight hours after midnight, the plasma concentration is 
C(8) = 15(0.96898°) ~ 11.7 g/mL 
c. To determine when the plasma concentration reaches 10 wg/mL, solve the equa- 
tion 10 = 15(0.96898") using technology or algebra. You should obtain h ~ 12.9 
hours. It takes approximately 12.9 hours after the peak concentration at midnight 
for the concentration to reach 10 wg/mL. This corresponds to approximately 


1 p.m. on Tuesday. Thus the concentration will be below 10 g/mL when the 
patient takes another tablet at 4 p.m. on Tuesday. 


See eee eeeeesereooeeees 


14. Based on information obtained from www.parke-davis.com (Accessed 6/1 1/00). 
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Compound interest formula: A = P(1 + li 
Nominal rate or annual percentage rate (APR) 

Effective rate or annual percentage yield (APY) 
The number e 

Converting from e* to b' 

Converting from b' to e* 

Continuously compounded interest formula: 

A = Pe’ 

e@ Present value and future value 

e@ Exponential decay 


6 Half-life 


Activities 


For Activities 1 through 4, tell whether the exponential 
function is increasing or decreasing, convert the func- 
tion from the form f(x) = ae“ to the form f(x) = ab’, 
and find the constant percentage change of the function. 


1. fix) — 100e°-7% De fix) = 1.92¢e!-o2* 
3. A(t) = 1000e%* 4. P(t) = 294.3699 


For Activities 5 through 8, tell whether the exponential 
function is increasing or decreasing, and convert the 
function from the form f(x) = ab‘ to f(x) = ae™. 


5. fix) = 39.2(1.2%) 6. f(x) = 62.4(0.93*) 
7. h(t) = 1.02(0.62°) 8. g(t) = 0.93(1.05') 


9. You invest $2000 at 4.5% APR compounded quar- 

terly. 

a. Give the formula of the form A = P(1 + a 
to determine the balance in this account after 
t years. Also write the formula in the form 
A = ab’. 

b. Calculate the amount in the account after 2 years. 

c. Find the amount of the investment after 3 years 
and 9 months. 

d. Calculate the amount in the account after 2 years 
and 2 months. 


10. You invest $10,000 at 8.125% APR compounded 
monthly. 
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We 


13: 


. t 

a. Give the formula of the form A = P(1 fe ail 

to determine the balance in this account after 

t years. Also write the formula in the form 
A= ab". 

b. Calculate the amount in the account after | year. 


c. Find the amount of the investment after 5 years. 


. Your credit card statement indicates a finance 


charge of 1.5% per month on the outstanding bal- 

ance. 

a. What is the nominal rate (APR), assuming that 
interest is compounded monthly? 


b. What is the effective rate of interest (APY)? 


In order to offset college expenses, at the beginning 
of your freshman year you obtained a nonsub- 
sidized student loan for $15,000. Interest on this 
loan accrues at a rate of 0.739% each month. How- 
ever, you do not have to make any payments against 
either the principal or the interest until after you 
graduate. 


a. Write a function giving the total amount you 
will owe after t years in college. 


b. What is the nominal rate? 
c. What is the effective rate? 
Suppose that six yer go you invested $1400 in an 
account with a fixer rest rate compounded con- 
tinuously. You vo - member the interest rate, 


but your end-of-t year statements for the first 
five years show the amounts given in Table 2.24. 


TABLE 2.24 


[e935 









1794.04 
1908.80 


a. Using the data, estimate the constant percentage 
change. What is the financial term for this per- 
centage? On the basis of this percentage change, 
determine the balance at the end of the sixth year. 





b. Find an equation of the form A = Pe” that models 
the data. What is the financial term for 1007%? 


c. How much money will be in the account at the 
end of the 6th year? Under what circumstances 
might this amount change? 
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How long would it take an investment to double 
under each of the following conditions? 


a. Interest is 6.3% compounded monthly. 
b. Interest is 8% compounded continuously. 


c. Interest is 6.85% compounded quarterly. 


You have $1000 to invest, and you have two options: 
4.725% compounded semiannually or 4.675% com- 
pounded continuously. 


a. Determine the better option by calculating the 
annual percentage yield for each. 


b. Verify your choice of option by comparing the 
amount the first option would yield with the 
amount the second option would yield after 2, 5, 
10, 15, 25, and 50 years. Does your choice of 
option depend on the number of years you leave 
the money invested? 


c. By how much would the two options differ after 
10 years? 


Suppose that to help pay for your college education, 

15 years ago your parents invested a sum of money 

that has grown to $25,000 today. How much did 

they originally invest if 

a. the investment earned 7.5% interest compounded 
monthly? 


b. the investment earned 7.5% interest compounded 
daily? 

c. the investment earned 7.5% interest compounded 
continuously? 


The formula that is used to calculate the monthly 
payment of a loan is 


loan amount 

r = interest rate expressed as a decimal 
mn = number of months of the loan 
m = monthly payment 


II 


where: A 


Suppose you are considering buying a $13,500 car. 
You have $1200 for a down payment and have two 
options for loans. 


Option A: 10.9% compounded monthly for 
3.5 years 
Option B: 10.5% compounded monthly for 


4 years 
a. Determine the monthly payment for each loan. 


b. Determine the total amount paid for each loan. 


18. 


if). 


20. 


eile 
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c. Determine the total amount of interest paid for 
each loan. 

d. What are the advantages and disadvantages of 
each loan? Which loan would you choose and 
why? 


Your parents are hoping to buy a house 5 years from 
now when you finish college. Because of rising 
inflation, prices on the housing market are expected 
to increase by 3% each year over the next 5 years. 
Estimate how much your parents will have to pay 
in 5 years for a house that is currently priced at 
$85,000. 


A certificate of deposit (C.D.) is bought for $2500 
and held for 3 years. What is the future value of the 
C.D. at the end of the 3 years if it earns interest 
compounded quarterly at a nominal rate of 6.6%? 


You were able to save $3000 from your summer job. 
If you invest it now in an account with 6.7% annual 
interest compounded monthly, how much will your 


~ account be worth when you graduate? 


You are saving for a down payment on a car. You 
worked all summer and want to invest part of your 
earnings at 6.2% APR compounded monthly in 
order to make the down payment when you gradu- 
ate. How much of your summer earnings should 
you invest now in order to have $2000 in 2 years? 


Next summer, you plan to put part of your summer 
earnings in the bank in order to meet your January 
tuition payment. How much should you invest in 
August at 5.5% APR compounded daily if you need 
$3600 at the beginning of January? 


a. How much money would you have to invest now 
at 10% APR compounded monthly in order to 
accumulate a nest egg of a quarter of a million 
dollars over the next 45 years? 


b. Using the answer from part a as the principal 
amount invested at 10% APR compounded 
monthly, determine the amount to which the 
principal will grow after 45 years. Why is the 
answer not $250,000? 


What is the present value of an investment that will 
be worth $10,000 in 5 years, assuming that the 
effective rate is 7.1%? 


Bill Gates, CEO of Microsoft, had a net worth of 
approximately $85 billion on October 1, 1999, 


a. If Bill Gates’s wife donated $2 million to her 
alma mater at 8 a.m. that morning, how long did 


it take for the amount to be recouped if their 


net worth was growing at a rate equivalent to 
6.2% APY? 


b. If you solved part a using technology, explain 
how it could be solved using logarithms. 


26. The number of radio stations carrying the “Dr. 


Laura” program between 1994 and 1999 can be 
modeled by 


L(x) = 20(1.864*) stations x years after July 1994 


a. Find a model for the year as a function of the 
number of stations. 


b. Which model should be used to answer the fol- 
lowing questions? 


i. When were 100 stations carrying the program? 


ul. How many stations carried the program in 
July of 2000? 


27. A bicyclist weighing 120 pounds and riding a bike 


weighing 30 pounds begins coasting on flat ground 
at 20 miles per hour. The cyclist’s speed is given by 
the equation 


v(t) = V e 2800t/w 


where v, is the speed in mph when coasting began, 
w is the combined weight in pounds of the bike and 
rider, and t is the time in hours of coasting. Note 
that the units in which speed and time are expressed 
must be compatible. 

a. Find the rider’s speed after 2 minutes. 

b. When is the rider’s speed 5 mph? 


c. Graph the function v. From the graph estimate 
lim v(t). 
to 

d. What does the limit in part c tell you about the 
rider’s speed as described by the function v? 


28. The distance coasted by the cyclist described in 


Activity 27 is given by the equation 


Eee Vo W (1 may Ce 


where s is the distance traveled in miles, vj is the 
speed in mph when the cyclist begins coasting, w is 
the combined weight in pounds of the bicycle and 
cyclist, and t is the coasting time in hours. 

a. How far has the cyclist coasted in 1 minute? 


b. When will the cyclist have coasted half a mile? 
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Carbon-14, *C, has a half-life of approximately 
5580 years. If a sample of an artifact contains 
0.027 gram of '*C, how long ago did it contain 
0.05 gram of 4C? 


An abandoned building is found to contain 
radioactive radon gas. Thirty hours later, 80% of 
the initial amount of gas is still present. 


a. Find the half-life of this radon gas. 


b. Give a model for the amount of radon gas pres- 
ent after t hours. 


c. What is the limit of the function in part b as time 
approaches infinity? Interpret this answer in the 
context of the radon gas. 


An equation known as Newton’s Law of Cooling 
describes how hot objects cool off and cold objects 
warm up. Newton’s Law of Cooling states that the 
temperature of an object after time x is 


T(x) =R+ (I—R)10-* 


where J is the initial temperature of the object, R is 
the temperature of the surrounding substance (air, 
water, or whatever), and k is a constant that 
depends on the object and the surrounding sub- 
stance. 


a. When a pizza comes out of an oven in a restau- 
rant kitchen, its temperature is 400°. If the 
temperature of the restaurant remains at a con- 
stant 75°F and it takes 5 minutes for the pizza to 
cool to 150°F, what is the constant k? 


b. It takes 90 seconds for a waiter to remove a pizza 
from the oven and carry it to a customer’s table. 
The waiter tells the customer, “Be careful, it’s 
hot.” Just how hot is it? 


c. A demanding customer wants her pizza served 
to her at no less than 300°F. How long does the 
waiter have to take this customer’s pizza from 
the oven to her table? 


Refer to Newton’s Law of Cooling in Activity 31. An 
object at 100°F is immersed in a liquid that is 
assumed to remain at a constant temperature of 32°F. 


a. Solve for k, and write the specific cooling equa- 
tion for this object if, after 1 minute, the temper- 
ature of the object is 92°F. 


b. What is the temperature of the object after 5 
minutes? 
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33. The elimination half-life of a certain type of peni- 


cillin is 30 minutes. 


a. Write a model for the amount of this penicillin 
left in a person’s body if the initial dose is 250 mg. 
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34, If a person takes Digoxin, a heart stimulant, the 
concentration in the person’s blood stream t hours 
after the Digoxin reaches its peak concentration is 


D(t) = Dee: pg/mL 


b. If it is safe to take another dose of this penicillin 


once the amount in the body is less than 1 mg, 
when should another dose be taken? 
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where D, is the peak concentration in micrograms 
per milliliter. Find the half-life of Digoxin. 


Exponential Growth with Constraints 


Although exponential models are common and useful, it is sometimes unrealistic to 
believe that exponential growth can continue forever. In many situations, there are 
forces that ultimately limit the growth. Here is a situation that may seem familiar to 
you: 

You and a friend are shopping in a music store and find a new compact disc that 
you are certain will become a hit. You each buy the CD and rush back to campus to 
begin spreading the news. As word spreads, the total number of CDs sold begins to 
grow exponentially as shown in Figure 2.10. 

However, this trend cannot continue indefinitely. Eventually, the word will spread 
to people who have already bought the CD or to people who have no interest in it, 
and the rate of increase in total sales begins to decline (Figure 2.11). In fact, because 
there is only a limited number of people who will ever be interested in buying the 
CD, total sales ultimately must level off. The graph representing the total sales of the 
CD as a function of time is a combination of rapid exponential growth followed by a 
slower increase and ultimate leveling off. See Figure 2.12. 

S-shaped behavior such as this is common in marketing situations, the spread of 
disease, the spread of information, the adoption of new technology, and the growth 
of certain populations. A mathematical function with such an S-shaped curve is 
called a logistic function. Its equation is of the form 


B 


ES ate age 


From now on, when referring to a logistic equation or function, we will consider an 
equation of this form. 

The number L appearing in the numerator of a logistic equation determines a 
horizontal asymptote y = L fora graph of the function N. In fact, a logistic function 
has two horizontal asymptotes. If we look at a graph of a positive, increasing logistic 
function (as in Figure 2.13a), we see that the graph appears to be trapped between the 
horizontal axis (y = 0) and the horizontal asymptote y = L. In fact, for an increasing 
logistic function I, where Iy= ae with B > 0, 

iivuny GO) 10) and 


ca Hm ps 1 
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Similarly, for a decreasing logistic function D, where D( x) = aE: with B < 0, as 
shown in Figure 2.13b, the end behavior can be described by the limit statements 
lim) D(x) =1 and io NEI) 


i ee x00 


Thus any logistic function has two horizontal asymptotes. We will refer to y = 0 as 
the lower asymptote and to y = L as the upper asymptote. We will also refer to L as the 
limiting value of the function. 


I(x) D(x) 











E 16, 
T = ———— wi = —— wi 
(a) I(x) 1+ Act with B > 0 (b) D(x) i =, With B <0 


+ Ae 


FIGURE 2.13 


Logistic Model 
A logistic model has an equation of the form 


Fx) = 


TE le 


The logistic function f increases if B is positive and decreases if B is negative. 
The graph of a logistic function is bounded by the horizontal axis and the 
line f(x) = L. We refer to L as the limiting value of the function. 





Finding Logistic Models 


Suppose that 10 people work in an office. Someone comes to work with a highly con- 
tagious virus that causes the person to sneeze once every hour. If an infected person 
sneezes near an uninfected person, then the uninfected person becomes infected 
instantly and begins sneezing within the next hour. 

Imagine that the spread of the virus is as summarized in Table 2.25 and graphed 
in Figure 2.14. 
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TABLE 2.25 


Time 
0 (before 8 a.m.) 


Ingredients of Change: Nonlinear Models 


Total number of 


people infected 
Total number of rea 
people infected | 6 


1(8to9am) 7 . 


2 (9 to 10 a.m.) 








0 ; y a Time 


OF al 2 eee eee 





FIGURE 2.14 


Assuming that no one else comes into the office when someone is sneezing and that 
no one leaves the office and sneezes, there are only 10 people who can get the virus. 
The maximum potential number of people infected is therefore 10. This means that 
as time increases, the number infected can approach, but never exceed, 10. Thus 

= 10 would make sense as a leveling-off, or limiting, value for this situation. How- 
ever, a logistics equation calculated by a calculator or computer using a best-fit 
technique’? is 


_ 9.98632 
iat roe 





I(t) people infected 
t hours after 8 a.m. Note that the leveling-off value here is L = 9.98632, which is 
approximately, but not exactly, 10 people. 

A graph of the function J is shown in Figure 2.15. The dotted, horizontal line 
portrays the upper asymptote. Note that the curvature on the left side of this graph is 
concave up __/ whereas the curvature on the right side is concave down /__. The 
point on the graph at which the concavity changes is called the inflection point. The 
inflection point on the logistic graph modeling the spread of the virus (Figure 2.15) 
is marked with a black dot. In some situations, inflection points have very important 
interpretations. We later use calculus to find and help interpret these special points. 


I(t) 
Total number of 
people infected 





t 
0 4 +— -+——_+———+- Hours after 
FIGURE 2.15 0 1 2 3 4 8 sam, 





15. Different calculators and computer software may use slightly different methods for calculating a “best- 
fit” equation. This results in slightly different coefficients and exponents in the models. Recall that our 
goal in fitting curves to data is to develop models so that we can use calculus to study the general 
behavior of the data. Slightly different equations will not significantly affect our study of the general 
behavior of the data. We report logistic models with equations obtained from a TI-83 calculator, 


EXAMPLE 1 
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When you use a calculator or a computer program to find an equation and con- 
struct the graph of a logistic model for a set of data, be sure to align the input data. 
The same numerical computation problems that we discussed for exponential models 
can occur with logistic models because of the exponential term in the denominator. 


Swimsuit Sales 


Table 2.26 shows the total number of swimsuits that a department store sold during 
the first three quarters of last year. 


Total number 
of swimsuits 


TABLE 2.26 


End of month 








January 





Find a logistic model that fits the data. What is the end behavior of the model as time 
increases? 


Solution A scatter plot of the data (Figure 2.16) suggests that a logistic model is 








appropriate. 

Number of 

swimsuits sold 

800 | 6 ° 

600 : 

400 ? 

200 . 

0 i eeee rumba Deol Month 
0 1 Dy 3 4 5 6 a 8 9 

FIGURE 2.16 (Jan) (Mar) (May) (July) (Sept) 


A possible logistic model is 


786.70445 


Sie es 





S(x) 


by the end of month x, where x = 1 in January, x = 2 in February, and so on. 
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The limiting value of this model is L = 786.70445 or, in context, approximately 
787 swimsuits. The graph of S on a scatter plot appears to fit fairly well (see Figure 
2.17). The dotted line in Figure 2.17 denotes the upper asymptote. As time increases, 
the number of swimsuits sold approaches 787. 


S(x) 
Swimsuits sold 





200 
x 
0+ $ a0 _S=— = 


C2 es chy 0 Pe cos onais) 
(Jan) (Mar) (May) (July) (Sept) 


FIGURE 2.17 
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The preceding logistic curves begin near zero and then increase toward a limiting 
value L. As previously mentioned, there are also situations where the curve begins 
near its limiting value and then decreases toward zero. 


EXAMPLE 2 Heights of College Men 


Of a group of 200 college men surveyed, the number who were taller than a given 
number of inches is recorded in Table 2.27. 


TABLE 2.27 


Number of men 
— 
ce ee 
|_ 28 















i ea 
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Find an appropriate model for the data. What is the end behavior of the model as 
height increases? 


Solution A scatter plot of the data is shown in Figure 2.18. 





Aero erie ———— eeu 
65 66 67 68 69 70 71 72 73 74 75 76 (inches) 


FIGURE 2.18 





A logistic model for the data is 


205.66709 


MO) = TF 0.02998 





men out of 200 men surveyed 


who are taller than x + 65 inches. The two horizontal asymptotes of a graph of this 
function are y = 0 and y ~ 205.7. Because the function decreases, the end behavior as 
height increases is given by the lower asymptote; that is, as the heights increase, the 
number of men taller than a particular height approaches zero. 


Seer ee ceeeenereseceees 


Recall that a logistic function is of the form f(x) = ie What happened to 


the negative sign before the B in Example 2? In that case, B = -0.69528. When the for- 
mula was written, the negatives canceled. 


205.66709 
Ite 02998 caeeas 


. 205.66709 
TEE HO.029982 get 





Number of men = 





This will always be the case for a logistic function that decreases from its upper 
asymptote. 

It is likely that a logistic model will have a limiting value that is lower or higher 
than the one indicated by the context. For instance, in Example 2 only 200 men were 
surveyed, but the limiting value is L ~ 206 men. This does not mean that the model is 
invalid, but it does indicate that care should be taken when extrapolating from logistic 
models. 
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Concept 
Inventory 





@ Logistic function: f(x) = <a 
(exponential in nature with two horizontal 
asymptotes) 

@ Concave up and concave down 

@ Inflection point 

@ Limiting value 

@ Importance of aligning data 


Activities 


Identify the scatter plots in Activities 1 through 6 as lin- 
ear, exponential, logarithmic, logistic, or none of these. If 
you identify the scatter plot as none of these, give reasons. 


if é 
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For Activities 7 through 12, tell whether the function is 
an increasing or a decreasing logistic function. Also 
identify the limiting value of the function and the two 
horizontal asymptotes. 














100 1925 
7. fix) = . 8 oS 
eS er Ol ree 
39.2 16.5 
DAG a sree crea Wh Lacs) = 
2) = T+ opera 1. k) = TI pea 
42 6.73 
ll. g(x) =——e 12. = 
BO = Ty sere 12. MP) = Ti a9 genom 


13. Table 2.28 gives the number of European, North 
American, and South American countries that 
issued postage stamps'® from 1840 through 1880. 


16. “The Curve of Cultural Diffusion,” American Sociological Review, 
August 1936, pp. 547-556. 


TABLE 2.28 





Year Total number of countries 





a. Find a logistic model for the data, and discuss 
how well the equation fits. 


b. Sketch the graph of the equation in part a, and 
mark where the curve is concave up and where it 
is concave down. Label the approximate location 
of the inflection point. 


14. Table 2.29 gives the total number of states associ- 
ated with the national P.T.A. organization!” from 
1895 through 1931. 


TABLE 2.29 


Total number 
Year of states 


7 






a. Find a logistic model for the data. 

b. What is the maximum number of states that 
could have joined the PTA by 1931? How does 
this number compare to the limiting value given 
by the model in part a? 


15. The approximate numbers of patents for plow 
sulkies'® beginning in 1865 are given in Table 2.30. 


a. What is a plow sulky, and to what modern farm 
implement was it a precursor? 


b. Find a logistic model for the data. 
17. Hamblin, Jacobsen, and Miller, A Mathematical Theory of Social 


Change (New York: John Wiley & Sons, 1973). 
18. Ibid. 
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TABLE 2.30 


16. 


TABLE 2.31 


ie 
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Cumulative number of 
plow sulky patents 





c. Discuss why it is logical that the total number of 
patents for a new invention would increase 
according to a logistic equation. 


The personnel manager for a contracting company 
keeps track of the total number of labor hours spent 
on a construction job each week during the con- 
struction. Partial data appear in Table 2.31. 


construction project labor hours 


a. Discuss why a logistic model is appropriate for 
the data. 


b. Find a logistic model for the data. 












c. In which week is the 8000-labor-hour point 
reached? 


d. If the company charges $50 per labor hour, what 
would the total labor cost be for this construc- 
tion job? 


In the fall of 1918, an influenza epidemic hit the 
United States Navy. It spread to the Army, to Amer- 
ican civilians, and ultimately to the world. It is es- 
timated that 20 million people had died from the 
epidemic by 1920. Of these, 550,000 were Ameri- 
cans—over 10 times the number of World War I 
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battle deaths. Table 2.32 gives the total numbers of 
Navy, Army, and civilian deaths’? that resulted from 
the epidemic in 1918. 


TABLE 2.32 


Total civilian 
deaths in 45 


October 12 2338 


2919 | 19,126 | 73,477 
2990 | 20,034 | 81,919 
November 16 3047 20,553 86,957 





a. Find logistic equations to fit each set of data. In 
each case, graph the equation on the data. 


b. Write models for each of the data sets. 


c. Compare the limiting values of the models in 
part b with the highest data values in the table. 
How many more people do the models indicate 
died from the epidemic after November 30? Do 
you believe that the limiting values indicated by 
the models accurately reflect the ultimate num- 
ber of deaths? Explain. 


18. Again consider the virus in the office example, 
except this time look at it from the viewpoint of how 
many people have not yet been infected by time x. 


a. Using the data given in Table 2.25 on page 128, 
fill in the table at the top of the next column. 


b. Examine a scatter plot of the “not infected” data, 
and describe its curvature. 


c. Is the scatter plot increasing or decreasing? How 
does this compare with the scatter plot of the 
original “infected” data? 


19. A.W. Crosby, Jr., Epidemic and Peace 1918 (Westport, CT: Green- 
wood Press, 1976). 
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Total number of people 
not infected 


0 (before 8 a.m.) 
1 (8 to 9 a.m.) 





jo eee 
amen ree 
[ew am) ee aa 
| 30 to iam) er anne 
la(i) am toncen) |aee spam 
| Siocon tolfipm) |e 


d. Find a logistic model for the “not infected” data. 





e. Are the horizontal asymptotes for the “not 
infected” data the same as those for the “infected” 
data? Why? 

f. Is the value of B in the logistic model positive or 
negative? How is the sign of B related to the cur- 
vature of the logistic curve? 


19. In 1949 the United States experienced the second 
worst polio epidemic in its history. (The worst was 
in 1952.) Table 2.33 gives the cumulative number of 
polio cases”? diagnosed on a monthly basis. 


TABLE 2.33 


es Monthiaa Total number of polio cases 
bien OPE eh 












1016 

1215 

1619 
Jul 










-e_—__}_sig9__ 
August 


December 


a. Observe a scatter plot of the data from January 
through June. Describe the concavity and esti- 
mate the location of the inflection point indi- 
cated by the scatter plot. Does this portion of the 
data appear to be logistic? 


41,462 


42,375 






20. Twelfth Annual Report, The National Foundation for Infantile 
Paralysis, 1949. 


20. 


Jae 


b. Observe a scatter plot of the entire data set given. 
Does the entire data set appear to be logistic? 


c. Find a logistic model for the data. 


d. Observe the model in part c graphed on a scatter 
plot of the data between January and June. Dis- 


cuss how well the graph fits this portion of the 
data. 


The total numbers of visitors to an amusement 
park that stays open all year are given in Table 2.34. 


TABLE 2.34 


ae a Sl ae aad 





Cumulative number of visitors 
by the end of the month 
(thousands) 










a. Find a logistic model for the data. 


b. The park owners have been considering closing 
the park from October 15 through March 15 
each year. How many visitors will they poten- 
tially miss by this closure? 


A chemical reaction begins when a certain mixture 
of chemicals reaches 95°C. The reaction activity is 
measured in Units (U) per 100 microliters (100L) 
of the mixture. Measurements”! during the first 18 
minutes after the mixture reaches 95°C are listed in 
Table 2.35. 


a. Examine a scatter plot of the data. Estimate the 
limiting value. Estimate at what time the inflec- 
tion point occurs. 

b. Find a logistic model for the data. What is the 
limiting value for this logistic function? 


21. David E. Birch et al., “Simplified Hot Start PCR,” Nature, vol. 381 


—- 


(May 30, 1996), p. 445. 





2.3 Logistic Functions and Models 135 


TABLE 2.35 





c. Use the model to estimate by how much the 
reaction activity increased between 7 and 11 
minutes. 


22. Table 2.36 records the volume of sales (in thou- 
sands) of a popular movie for the first 18 months 
after it was released on videocassette. 


TABLE 2.36 


565 
527) 


a. Examine a scatter plot, and describe its curva- 
ture. 


b. Explain why this type of data could reasonably 
be modeled by a logistic equation. 
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c. Would the value B of a logistic model be positive 
or negative in this case? 


d. Find a logistic model for the data. 


23. San Francisco Giants legend Willie Mays’s cumula- 


tive number of stolen bases between 1951 and 1963 
are as shown in Table 2.37. 


TABLE 2.37 


Cumulative stolen bases 


1953 
1954 
1955 
1956 
1957 
1958 
1959 
1960 
1961 
1962 
1963 








a. Find a logistic model for the data. Comment on 
how well the logistic equation fits the data. 






b. What is the interpretation of first differences in 
this context? 


c. Use the model in part a to estimate the number 
of bases that Mays stole in 1964. Compare this 
estimate with 19, the actual number of stolen 
bases in 1964. 


24. Total emissions of lead” into the atmosphere for 


selected years between 1970 and 1995 are as shown 
in Table 2.38. 


TABLE 2.38 


Lead emissions 
Year (millions of tons) 
1970 220.9 














22. Statistical Abstract, 1998. 
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a. Find a logistic model for these data. 

b. Use limit notation to express the two horizontal 
asymptotes of the logistic function. 

c. What is the end behavior of this function as time 
increases? 

d. Why have lead emissions in the environment 
declined since 1970? 


A 1998 United Nations population study reported 
the world population between 1804 and 1987 and 
projected the population through 2071. These pop- 
ulations are as shown in Table 2.39. 


TABLE 2.39 





a. Find a logistic model for world population. Dis- 
cuss how well the equation fits the data. 


b. Do you consider the model appropriate to use in 
predicting long-term world population behav- 
ior? According to the model, what will ultimately 
happen to world population? 


c. Do you believe the model should be used to esti- 
mate the world population in 1850? in 1990? 
Explain. 


26. The percentages of all banks that levied surcharges 





on transactions at automated teller machines”? 
between 1996 and 1999 are as shown in Table 2.40. 


TABLE 2.40 





1996 ISS 1998 1999 


a. Examine a scatter plot of the data. Discuss the 
curvature suggested by the scatter plot. 





b. Would a logistic model be appropriate in this sit- 
uation? Why or why not? 


c. Find a logistic model for the data. Express the 
limiting value of the function using a limit state- 
ment. What does the limiting value tell you 
about using the model to extrapolate? 


23. U.S. Public Interest Research Group National Survey, 


2.4 
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Polynomial Functions and Models 


Polynomial functions and models have been used extensively throughout the history 
of mathematics. Their successful use stems from both their presence in certain natu- 
ral phenomena and their relatively simple application. Prior to the availability of 
inexpensive computing technology, ease of use made polynomials the most widely 
applied models because they were often the only ones that could be calculated with 
pencil-and-paper techniques. However, we no longer have to deal with this restric- 
tion, and we call on polynomials only when they are appropriate. 

Even though higher-degree polynomials are useful in some situations, we limit 
our discussion of polynomial functions and models to the linear, quadratic, and 
cubic cases. 


Quadratic Modeling 


A roofing company in Miami keeps track of the number of roofing jobs it completes 
each month. The data from January through June follow. 


Month January February March April May June 
Number of Jobs WD 14 22 37 58 84 


The first differences and percentage differences (percentage changes) are not close to 
being constant, so we conclude that some model other than a linear model or an 
exponential model is appropriate in this case. Note, however, that the differences 
between the first differences are nearly constant. 


Number of Jobs 12 WEN SL 
NON 


We call these second differences. When first differences are constant, the data can be 
modeled by a linear equation. When second differences are constant, the data can be 
modeled by the quadratic function f(x) = ax* + bx + c. A quadratic equation of this 
form defines a function f with input x. From now on, when we refer to a quadratic 
equation or function, we will consider an equation of the form f(x) = ax* + bx +. 

The graph of a quadratic function is a parabola. By examining a scatter plot of 
the roofing company data with January aligned as month 1, we observe a plot (see 
Figure 2.19) that suggests a portion of the familiar parabolic shape. 


First Differences 


Jobs 
84 7 . 
TK) sp 
56 + ? 
42 + 
28 + 
14 : 


IL —}—_+—_—_+_+—_+- Month 
0 1 2 3 4 5) 6 


FIGURE 2.19 (Jan) (Feb) (Mar) (Apr) (May) (June) 











138 


CHAPTER 2 





EXAMPLE 1 


Ingredients of Change: Nonlinear Models 


For this illustration, the rate of change in roofing jobs measures how rapidly the 
number of jobs is increasing (or possibly decreasing if the trend changes) each month. 
Unlike the case for a linear function, the rate of change for a quadratic function is not 
constant. We later discuss in detail the rate of change of a quadratic function. 

How do we obtain a quadratic model in this situation? After noting that the sec- 
ond differences are nearly, but not quite, constant and observing that the scatter plot 
suggests that the data are close to quadratic, we use technology to obtain a quadratic 
equation that fits the data. You should find the quadratic model to be 


J(x) = 3.07143x° — 7.01429x + 15.8 jobs 


where x = 1 in January, x = 2 in February, and so on. Note in Figure 2.20 that the 
function J provides an excellent fit to the data. 


J(x) 
Jobs 


x 
(months) 





0 1 2 3 4 5 6 
(Jan) (Feb) (Mar) (Apr) (May) (June) 


Quadratic model 


FIGURE 2.20 


If we are willing to assume that this quadratic model continues to model the 
number of roofing jobs for the next 3 months, how many jobs would we predict the 
company will have in August? Substituting x = 8 into the quadratic equation yields 


J(8) = 3.07143(8)? — 7.01429(8) + 15.8 = 156.2571 jobs 


Recall from the numerical guidelines established in Section 1.5 that output obtained 
from a model can be only as accurate as the output data from which the model was 
obtained. Because the roofing job data were reported as integers, we must report the 
August prediction as 156 jobs. 


Fuel Consumption 


The average fuel consumption” of passenger vehicles, buses, and trucks from 1970 
through 1995 is given in Table 2.41. 


24. The Time Almanac, 1999. 
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TABLE 2.41 








1970 1975 


1980 1985 


a. Find a quadratic model for the data. 










Average fuel 
consumption 
(gallons per 
vehicle per year) 


b. Compare the minimum of the parabola with the minimum of the data. 


Solution 


a. First, align the years so that 1970 is 0, 1975 is 5, and so on. A scatter plot of the 


aligned data suggests a concave-up shape with a minimum around 1990. See Fig- 
URE O21: 


Average fuel consumption 
(gallons per vehicle per year) 








830 +. 
750 | 
: : Years 
670 ++ +} — since 
FIGURE 2.21 0 5 10 15 20 25 1970 


A quadratic model for the data is 


F(t) = 0.425¢* — 16.431t + 840.321 gallons per vehicle per year 


where tf is the number of years since 1970. 


b. Looking at the quadratic function graphed on the scatter plot (see Figure 2.22), 
we observe that the minimum of the parabola is slightly to the left of and higher 
than the minimum data point. This means that the model slightly overestimates 
minimum fuel consumption and estimates that the minimum consumption will 
occur slightly before it does in the data table. 


F(t) 
Average fuel consumption 
(gallons per vehicle per year) 


830 + 





670 +——_+—_ +—__+—__f__ 


Ques 5 10)* 15) 20) ase “Sitice 
FIGURE 2222 1970 
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Quadratic or Exponential? 


The fuel consumption data in Example 1 have an obvious minimum, so it is easy to 
identify the data as quadratic. However, not all quadratic data sets have an obvious 
minimum (or maximum). Sometimes all we see is the left side or right side of a 


parabola. 


A(x) 
Jobs 


x 


0 1 2 3 4 5. 6 (months) 


(Jan) (Feb) (Mar) (Apr) (May) (June) 


Exponential model 


FIGURE 2.23 


You may have noticed that the scatter plot of the roofing job 
data (Figure 2.19) looks as if an exponential curve might fit, 
even though the percentage differences are not perfectly con- 
stant. If you found an exponential model, it would be 


H(x) = 6.92293(1.51388*) jobs 


where x = 1 in January, x = 2 in February, and so on. A graph of 
the exponential function H on the scatter plot is shown in Fig- 
ure 2.23. The exponential equation and the quadratic equation 
(Figure 2.20) both appear to fit the roofing job data well. 

In cases in which two equations appear to fit a set of data 
equally well, you need to consider carefully which one you 
would prefer to use. (See the hints for model selection in Sec- 
tion 2.6.) Often, however, it is obvious that one model is more 
appropriate than the other. This is the case in Example 2. 


EXAMPLE 2 _ United States Population 


Table 2.42 shows the population” of the contiguous states of the United States. 


TABLE 2.42 









Population 
(millions) 


Sh 7/2 




















228775 
150.697 
203.302 
248.718 


Population 
Year (millions) 


Find an appropriate model for the data. 


Solution An examination of the scatter plot shows an increasing, concave-up 


shape (see Figure 2.24). 


25. Statistical Abstract, 1998. 


E(t) 
Population 
(millions) 
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Population 
(millions) 


250 + 


200 | 





“+ f—__#$ + +———_+_——__+——_+——+__+ + Year 
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FIGURE 2.24 





At first, it seems logical to try an exponential model for the data. An exponential 
model is 


E(t) = 5.74677 (1.02096') million people 


where tis the number of years since 1790. However, this equation does not seem to fit 
the data very well, as Figure 2.25 shows. 


Ol?) 
Population 
(millions) 


200 i 





t 
t 50 + 
Years 
er Years 





0 100 
(1790) (1890) 


Exponential model 


FIGURE 2.25 





oe — —+ since 
200 0 100 200 1790 


(1990) 1790 (1790) (1890) (1990) 


Quadratic model 


FIGURE 2.26 


Another possibility is a quadratic model. The right half of a parabola that opens 
upward could fit the scatter plot. A quadratic model is 


Q(t) = 0.00640t? — 0.06588t + 4.87697 million people 


where t is the number of years since 1790. When graphed on the scatter plot, this 
equation appears to be a very good fit (see Figure 2.26). It is the more appropriate 
model for the population of the contiguous United States using the given data. 


See mee neeeesesereseeee 


In the foregoing examples, you have seen data sets that appear to be quadratic. 
That is, they may be reasonably modeled by a quadratic equation. In each case, the 
equation had a positive coefficient before the squared term. This value is called the 
leading coefficient because it is usually the first one that you write down in the equa- 
tion f(x) = ax’ + bx + c. Also, in each case, the graph of the equation appeared to be 
part of a parabola opening upward. Remember that we call such curvature concave up. 
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Table 2.43 gives the population of Cleveland, Ohio,”° from 1900 through 1980. 


TABLE 2.43 











1900 | 


iso | e7a36 


A scatter plot of the data suggests a parabola opening downward (or concave down). 
The scatter plot and the graph of a quadratic equation fitted to the data are shown in 
Figure2.27. 
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FIGURE 2.27 


Would you expect the leading coefficient of the equation to be positive or negative? 
The population of Cleveland is given by 


p(t) = -279,995t? + 24,919.057t + 374,959.903 people 


where t is the number of years since 1900. 
When the graph of a quadratic function is concave up, its leading coefficient is 
positive; when the graph of a quadratic function is concave down, its leading coeffi- 


cient is negative. Curvature will be important in later discussions that involve con- 
cepts of calculus. 


We summarize quadratic models as follows: 


26. Statistical Abstract, 1998. 
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Quadratic Model 
A quadratic model has an equation of the form 


f(x) = ax? + bx + ¢ 


where a # 0. The graph of a quadratic function is a concave-up parabola if 
a > 0 and is a concave-down parabola if a < 0. (See Figures 2.28a and 2.28b.) 

















fix) f(x) 
= x x 
(a) f(x) = ax? + bx + c witha > 0357 (b) f(x) = ax* + bx +c witha <0 
lim f(x)! © lim f(x)! -o 
coll Bae x! +o 
FIGURE 2.28 


Cubic Modeling 


We saw that when the first differences of a set of evenly spaced data are constant, the 
data can be modeled perfectly by the linear equation y = ax + b, Likewise, when the 
second differences of evenly spaced input data are constant, the data can be modeled 
perfectly by the quadratic equation y = ax? + bx + c. It is possible for the third differ- 
ences to be constant. In this case, the data can be modeled perfectly by a cubic equa- 
tion. A cubic equation of the form f(x) = ax* + bx? + cx + dis a function with input 
x. From now on, when we refer to a cubic equation or function, we consider the equa- 
tion to be of this form. 

Because in the real world we are extremely unlikely to encounter data that are 
perfectly cubic, we will not look at third differences. Instead, we will examine a scat- 
ter plot of the data to see whether a cubic model may be appropriate. Figure 2.29 
shows the graphs of some cubic equations. 














FIGURE 2.29a FIGURE 2.29b 
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FIGURE 2.29c FIGURE 2.29d 


The four graphs in Figure 2.29 are typical of all cubic equations. That is, every cubic 
function has a graph that resembles one of these four. Figures 2.29a and 2.29c corre- 
spond to equations in which a > 0, and Figures 2.29b and 2.29d are graphs of equa- 
tions in which a < 0. For a cubic equation f(x) = ax? + bx? + cx + dwitha > 0, the 
end behavior is described by the limit statements 

lim f(x) >-0 and lim fix) > © 


x—-00 


Similarly, if a < 0, then 


lim f(x) > and ‘lim f(x) — -ce 


x70 


Figure 2.30 shows scatter plots of data sets that could be modeled by cubic equa- 
tions. 








FIGURE 2.30a FIGURE 2.30b 
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FIGURE 2.30c FIGURE 2.30d 
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You may have already noticed that in every cubic function, the curvature of the graph 
changes once from concave down to concave up, or vice versa. As we noted with the 
graph of a logistic curve, the point on the graph at which concavity changes is called 
the inflection point. All cubic functions have one inflection point. The approximate 
location of the inflection point in each of the graphs in Figure 2.31 is marked with a 
dot. In Chapter 5, we see how calculus can be used to determine the exact location of 
the inflection point of a cubic function. 


Inflection 
Inflection 

















FIGURE 2.31a FIGURE 2.31b 


It is often the case that a portion of a cubic function appears to fit extremely well 
a set of data that can be adequately modeled with a quadratic function. In an effort to 
keep things as simple as possible, we adopt the following convention: 


If the scatter plot of a set of data fails to exhibit an inflection point, then it is 
not appropriate to fit a cubic equation to the data. 





We must be extremely cautious when using cubic models to extrapolate. For the 
data sets whose scatter plots are shown in Figures 2.30a and 2.30c, the functions indi- 
cated by the dotted curves appear to follow the trend of the data. However, in Figure 
2.30b, it would be possible for additional data to level off (as in a logistic model), 
whereas the cubic function takes a downward turn. Also, additional data in Figure 
2.30d might continue to get closer to the x-axis, whereas the cubic function that is fit- 
ted to the available data begins to rise. 


Cubic Model 


A cubic model has an equation of the form 


fix) =ae+be+eatd 


where a # 0. The graph of a cubic function has one inflection point and no 
limiting values. 
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EXAMPLE 3 Natural Gas Prices 





The average price in dollars per 1000 cubic feet of natural gas”’ for residential use in 
the United States from 1980 through 1997 is given in Table 2.44. 


Price Price 
Year (dollars) Year (dollars) 





TABLE 2.44 













foe nee 
1982 5 17/ 1996 6.34 
eos liens 27) | 


a. Find an appropriate model for the data. Would it be wise to use this model to pre- 
dict future natural gas prices? 


b. Use the model in part a to estimate the price in 1994. 


c. According to the model, when did the price of 1000 cubic feet of natural gas first 
exceed $6.00? 


Solution . 

a. An examination of a scatter plot shows that a cubic model is appropriate. Note 
that the scatter plot shown in Figure 2.32 appears to be mostly concave down 
between 1980 and 1990 but then is concave up between 1990 and 1997. That is, 
there appears to be an inflection point (a change of concavity) near 1990. 





Price 
(dollars) 
7.00 
5.25 : 
3.50 +——— Year 
FIGURE 2.32 1980 1985 1990 1995 


A cubic model for the price of natural gas is 
P(x) = 0.004265x° — 0.11816x? + 0.9674x + 3.681 dollars 


where x is the number of years since 1980. A graph of the equation over the scat- 
ter plot is shown in Figure 2.33. 

Note that the graph is increasing to the right of about 1993. Natural gas prices 
will probably not continue to rise indefinitely as the cubic function does, so it is 
unwise to use the model to predict future prices of natural gas. Additional data 
should be obtained to see the pattern past 1997. 


27. Statistical Abstract, 1992 and 1998. 
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PG) 
Price 
(dollars) 
7.00 | 











0 
FIGURE 2.33 1980 


b. In 1994 the average price of 1000 cubic feet of natural gas was P(14) ~ $5.77. 


c. To determine when the average price first exceeded $6.00, solve the equation 
P(x) = 6. In Figure 2.34, a dotted line is drawn at P(x) = $6.00. 


P(x) 
Price 
(dollars) 
7.00 + 








FIGURE 2.34 





The line intersects the graph at the three places, so there are three solutions to the 
equation P(x) = 6. The solutions are x ~ 4.33, 8.38, and 15.00. We seek the small- 
est solution (x ~ 4.33), which corresponds to the first time the average price is 
$6.00. However, because the data represent yearly averages, we must interpret the 
model discretely. In 1984 the average price was less than $6.00, and in 1985 the 
average price was more than $6.00. Therefore, the average price first exceeded 
$6.00 in 1985. 


We can also model the natural gas prices in Example 3 with a cubic equation by 
renumbering the years so that x is the number of years since 1900: 


Price = 0.004265x* — 1.14182x? + 101.7663x — 3013.7594 dollars 


Although the two models have different inputs, they yield the same results. 
Notice that the coefficient on x° is the same in both models. This will be the case for 
any alignment. 
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Concept 
Inventory 


First and second differences 

Quadratic function: f(x) = ax’ + bx + c (constant 
second differences, no change in concavity) 
Parabola 

Cubic function: f(x) = ax’ + bx’ + cx + d (one 
change in concavity) 

Inflection point 


Activities 


Identify the curves in Activities 1-6 as concave up or 
concave down. In each case, indicate the portion of the 
horizontal axis over which the part of the curve that is 
shown is increasing or decreasing. 
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. During a training mission in the South Pacific, a 


Tomahawk Cruise missile misfires. It goes over the 
side of the ship and hits the water. Suppose the data 
showing the height of the missile are collected via 
telemetry as shown in Table 2.45. 


TABLE 2.45 


Seconds from launch Feet above water 
Sidi Be sige ets aoe 





a. Without graphing, show that the data in Table 
2.45 are quadratic. 


b. Without finding an equation, fill in the missing 
values. 


c. Find a quadratic model for the data. 


d. Use the model to determine when the missile 
hits the water. 


. A discount store has calculated from past sales 


data the weekly revenue resulting from the sale of 
blenders. These amounts are shown in Table 2.46. 


a. Why does selling 19 blenders result in less rev- 
enue than selling 16 blenders? 


b. Examine a scatter plot of the data in Table 2.46, 
and find a quadratic model for the data. 


c. What is the revenue when 17 blenders are sold? 
18 blenders? 


10. 





TABLE 2.46 


Number of blenders sold 





Revenue (dollars) 
eee eee 
ee a 
aay ere 


d. How could the data in the table and the answers 
in part c be beneficial to the manager of the 
store? 









. Suppose that the roofing company discussed in this 


section operates in Michigan instead of Miami. 
a. Using the quadratic model 
J(x) = 3.07143x* — 7.01429x + 15.8 jobs 

where x = 1 in January, x = 2 in February, and so 
on, determine the number of jobs in December. 

b. Do you feel this answer is reasonable? Why or 
why not? 

c. Would your answer to part b be different if the 


roofing company operated in your home state? 


Table 2.47 gives the price in dollars of a round-trip 
ticket from Denver to Chicago on a certain airline 
and the corresponding monthly profit, in millions 
of dollars, for that airline. 


Profit 
(millions of dollars) 
3.08 


TABLE 2.47 


Ticket price 
(dollars) 








a. Is a quadratic model appropriate for the data? 
_ Explain. 
b. Find a quadratic model for the data. 
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c. As the ticket price increases, the airline should 
collect more money. How can it be that when the 
ticket price reaches a certain amount, profit 
decreases? 

d. At what ticket price will the airline begin to post 
a negative profit (a net loss)? 


As listed in The 1999 World Almanac, the median 
age (in years) at first marriage of females in the 
United States is shown in Table 2.48. 


TABLE 2.48 


vase | 203 | 200 | 220 | 239 


a. Refute or defend the following statement: “The 
data are perfectly quadratic.” 









b. Without finding an equation, estimate the age 
that corresponds to the year 2000. 


c. Find a quadratic model for the data. 


d. Use the model to estimate the age in the year 
2000. Is it the same as your answer to part b? 

e. Find the most current data available for the 
median age at first marriage of women. Com- 
pare the model value with the actual value. 


f. When you add the new data to Table 2.48, is a 
quadratic model still appropriate? Explain. 


The monthly profit P (in dollars) from the sale of x 
mobile homes at a dealership is given by Table 2.49. 


TABLE 2.49 





Examine a scatter plot of the data. Find a quadratic 
model to fit the data, and graph it on the scatter 
plot. Does it appear that the quadratic function is a 
good fit? 


A factory makes 7-millimeter aluminum ball bear- 
ings. Company analysts have determined how much 
it costs to make certain numbers of ball bearings in 
a single run. These costs are shown in Table 2.50. 
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TABLE 2.50 





a. Should the data be modeled by using a linear or 
a quadratic equation? What is the model? 


b. How much is the overhead for a single run? 
c. How much will it cost to make 5000 ball bearings? 


d. Ball bearings are made in sets of 100. If the com- 
pany is planning to make 5000 ball bearings in a 
run, how much more would it cost them to make 
one extra set of 100 in that same run? What term 
is used in economics to express this idea? 


e. Ball bearings are sold in cases of 500. Rewrite the 
cost equation in terms of the number of cases of 
ball bearings. 


14. The factory discussed in Activity 13 sells ball bear- 
ings in cases of 500. It charges the prices shown in 
Table2.51¢ 


TABLE 2.51 





a. Find a quadratic model for the data. 


b. According to the model, how much revenue is 
made on 10 cases of ball bearings? 


c. Using the cost model found earlier, C(u) = 
1.17627u + 1.87986 where u is the number of 
cases of ball bearings, and the revenue model 
you just found, write an expression to represent 
the profit made on u cases of ball bearings. 


d. How much profit does the factory make on the 
sale of 500, 1000, and 10,000 ball bearings, 
respectively? 
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e. How many ball bearings must be sold to make a 
profit of $800? 

f. How many ball bearings must the factory sell at 
one time to a single customer before it no longer 
makes a profit from that sale? 


15. The numbers of AIDS cases diagnosed” in the 
United States from 1994 through 1997 were as 
shown in Table 2.52. 


TABLE 2.52 


Number) 73279 | 71,547 | 66,885 | 58,493 


of cases 

a. Find a quadratic model for the data, and exam- 
ine the equation graphed on a scatter plot of the 
data. 

b. Do you believe the equation in part a is a good 
fit? Explain. 

c. The number of AIDS cases diagnosed in 1998 
had not yet been tabulated when the data in 
Table 2.52 was published. What does the quad- 
ratic model give as the number of cases in 1998 
Do you believe that this estimate is reliable? 







d. According to your model, in what year were less 
than 40,000 AIDS cases diagnosed? 


e. Do you believe this model gives a good or a poor 
representation of what will happen? Support 


data your answer with more current data. 


16. Table 2.53 lists the death rates’? (number of deaths 
per thousand people whose age is x) for the United 
States. 


TABLE 2.53 





28. Statistical Abstract, 1998. 
29. Information Please Almanac, 1992. 
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a. Finda quadratic model for the data in Table 18. From a magazine, newspaper, or some other source, 
2.53. Discuss how well the equation fits the data. collect data that you feel may be modeled by one of 
b. Use the model to complete Table 2.54: the models we have studied. Find a model, and dis- 
cuss why you chose the model and how well it fits 
the data. Do you feel that predictions based on this 
model are likely to be realistic? Why or why not? 


TABLE 2.54 


[Ave [Model predion | Acetate 
FE Voie) dens Sit 
Se a eee 
= Se a 
ee sea 
SS See RTA 
es aieianetanle Ti 








For the graphs in Activities 19 through 24, describe the 
curvature by indicating the portions of the displayed 
horizontal axis over which each curve is concave down 
or concave up. Mark the approximate location of the 
inflection point on each curve. 
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c. What can you conclude about using a model to OR ace pao g ai 
et : 8 Ge ee ee 86 92 98 104 110 
make predictions? 
17. Lead was banned as an ingredient in most paints in 
1978, although it is still used in some specialty 
paints. Lead usage in paints*’ from 1940 through 
1980 is as shown in Table 2.55. a1 09 
TABLE 2.55 y) y 
12 1) 
10 
8 8 
e 4 
4 
2 0 ry 
‘ - 0 100 300 50 





a. Examine a scatter plot of the data. Find quadratic 
and exponential models for lead usage. Com- 


ment on how well each equation fits the data. Dee 24. 
b. What is the end behavior suggested by the data? y y 
Which function in part a has the end behavior 12 500 
suggested by the context? 10 
: 8 
c. Which model would be more appropriate to use , 300 
to estimate the lead usage in 1955? Use that 
model to estimate the usage in 1955. ; 100 
30. Estimated from information in “Lead in the Inner Cities,” Amert- 6 — x 0 x 
can Scientist, January-February 1999, pp. 62-73. 0 2 4 © 8 io 020 60 100 140 
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Table 2.56 shows the amounts spent on reducing 
sizes of first-grade through third-grade public 
school classes in a certain state.*! 


TABLE 2.56 


Amount 
(millions) 
$3 


Year 


Ce 


a. Examine a scatter plot of the data. How does a 
scatter plot indicate that a cubic model might be 
appropriate? 

b. Find a cubic model for the amount spent on 
class size reduction. 


c. Use the model to estimates the amounts in 1993 
and 1999. In which of these estimates can you 
have more confidence? 

d. Compare the estimates from part c with the 
actual amounts of $34 million spent in 1993 and 
$99 million spent in 1999. Does this comparison 
support the statements you made in part c con- 
cerning reliability of the estimates? 


The 1998 Information Please Almanac lists the num- 
bers of live births between the years 1950 and 1995 
in the United States to women 45 years of age and 
older as given in Table 2.57. 


TABLE 2.57 


Year | Births | Year| irths 
| 1960 | 5182 | 1985 | 1162 | 


1970 3146 1995 2727 


a. Examine a scatter plot of the data in Table 2.57 
Find a cubic model for the data, and graph the 
equation on the scatter plot. Discuss how well 
the equation fits the data. 


b. What trend does the model indicate beyond 
1995? Do you believe the trend is valid? Explain. 






31. Nevada Department of Education. 


Die 
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c. Use the model to estimate the number of live 
births in 2000. 


d. Do you believe your model would be an accurate 
predictor of the number of live births to women 
45 years of age and older for the current year? 
Why or why not? 


Table 2.58 shows the number of males per 100 
females in the United States calculated using cen- 
sus data. This number is referred to as the gender 
ratio. 


TABLE 2.58 


isi alpei00. aaa ae 


a. Examine a scatter plot of the data. What behav- 
ior of the data suggests that a cubic model is 
appropriate? 















b. Find a cubic model for the gender ratio. What 
trend does the model indicate for the years 
beyond 1990? Do you believe this is a good pre- 
dictor of future gender ratios? Why or why not? 


c. What factors might have contributed to changes 
in the gender ratio in this country? 


Table 2.59 shows a manufacturer’s total cost (in 
hundreds of dollars) to produce from 1 to 33 fork- 
lifts per week. 


a. Examine a scatter plot of the data in Table 2.59. 
What characteristics of the scatter plot indicate 
that a cubic model would be appropriate? 


b. Find a cubic model for total manufacturing cost. 


c. What does the model predict as the cost to pro- 
duce 23 forklifts per week? 35 forklifts per week? 


d. Convert the cubic equation in part b for total 
cost to one for average cost. 


32. United States Bureau of the Census. 


TABLE 2.59 


Weekly Total cost 
production (hundreds of dollars) 







e. Graph the average cost function. 


f. How could the average cost graph help a produc- 
tion manager make production decisions? 


29. The gender ratio in the United States is different 
for different age groups. Table 2.60 shows gender 
ratios” corresponding to age. 


TABLE 2.60 


Pe Age aah Males per 100 females 
104.6 







a. According to the data, for what age are the num- 
bers of males and females equal? 


b. Find quadratic and cubic models for the gender 
ratio as a function of age. Compare the fit of the 
two equations. Which equation do you believe is 
better for modeling these data? 


33. Ibid. 


” 
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c. Use the model you chose in part b to find the age 
for which there are twice as many women as 
men. What does this information tell you about 
death rates of men and women? 


30. Table 2.61 gives the numbers of imported passenger 
cars*“, in thousands, sold in the United States from 
1984 through 1994. 


TABLE 2.61 


gis 
Year sold (thousands) 









a. Examine a scatter plot of the data in Table 2.61, 
and discuss its curvature. Should the data be 
modeled by a quadratic or a cubic equation? 
What is the model? 


b. What does the model estimate as the number of 
imported passenger cars sold in the United 
States in 1995 and 1996? Compare the model 
estimates to the actual sales of 1506 thousand 
cars in 1995 and 1273 thousand cars in 1996. 


c. Discuss why you feel the model you chose would 
or would not be a good estimator of the number 
of imported passenger cars sold in the United 
States in the year 2000. 


d. Find more recent data on imported passenger 
car sales, and add the values you found to the 
table. Is the model you chose appropriate for the 
expanded data set? Explain. 


31. The per capita utilization of commercially pro- 
duced fresh vegetables* from 1970 through 1992 is 
shown in Table 2.62. 


34. Statistical Abstract, 1998. 
35. Statistical Abstract, 1994. 


TABLE 2.62 


oe 
Year (pounds per person) 


1992 109.3 





a. Observe a scatter plot of the data in Table 2.62, 
and explain why a piecewise model is needed to 
describe this data set. 


b. Divide the data into two subsets, each sharing a 
common data point. Find an equation for each 
subset of data, and combine the equations to 
form a piecewise continuous model. 

c. Use your model to estimate the per capita use of 
fresh vegetables in 1973, 1983, and 1993. 

d. List as many reasons as you can for the change in 
the per capita use of fresh vegetables in the early 
1990s. 

e. What behavior does your model indicate for per 
capita use of fresh vegetables beyond 1992? 


f. Find more recent data on per capita use of fresh 
ay vegetables, and add it to Table 2.62. Is the model 
! ~ you chose appropriate for the expanded data set? 
Explain. 
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32. Consider the average hospital stays*® for selected 


years between 1980 and 1996 as shown in Table 2.63. 


TABLE 2.63 


Average stay | 
Year (days) | 





a. Observe a scatter plot of the data. Comment on 
the curvature suggested by the scatter plot. 


b. Find a cubic model for average hospital stay. 
Does the curvature of a graph of the function 
match that of the scatter plot? 


c. Divide the data into two sets: from 1980 through 
1990 and from 1990 through 1996. Include the 
1990 data point in both sets. Find models for 
each set of data, and use the models to write a 
piecewise continuous model for average hospital 
stay. How well does this piecewise function 
match the curvature of the data? 


d. Use the model in part c to estimate the average 
hospital stay in 1987 and in 1998. 


f. List as many factors as you can that contribute to 
changes in the average hospital stay. 


g. What current issues in our health care system 
may affect average hospital stay in the future? 


We have discussed aligning data input values in order to reduce the magnitude of 
coefficients in model equations and to prevent numerical computation error. This 
alignment is vital for exponential and logistic models. We now consider situations in 
which aligning the output values is necessary or desirable. Aligning input values 
shifts data horizontally; similarly, aligning output values shifts the data vertically. 

Some of the functions that we have considered have both vertical and horizontal 
shifts built into them; that is, if they fit a certain set of data well, then they will fit 
those data equally well when the data are shifted vertically or horizontally. This is 
true of all the polynomial functions—linear, quadratic, and cubic. We list the func- 
tions we have studied, along with the types of shifts they account for. 


36. Statistical Abstract, 1998. 
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Function Shift 

Polynomial functions: 
Linear f(x) =ax+b Horizontal and vertical 
Quadratic if (x) "ax bx 4c Horizontal and vertical 
Cubic f(x) =a + be? +ex+d Horizontal and vertical 

Log function f(x) =a+blnx Vertical 

Exponential function f(x) = ab* Horizontal 

Logistic function fx= lt Ack Horizontal 


The addition of a constant term in a model indicates that the function accounts 
for vertical shift. Note that the polynomial and log functions all have a constant term 
and, therefore, have a built-in vertical shift. The exponential and logistic functions do 
not have vertical shift, but they do account for horizontal shifts. In this section we 
focus on those functions that do not account for both horizontal and vertical shifts. 

Some technologies use functions in different forms from those we present. For 
example, some technologies use a logistic function of the form f(x) = = se IBF 
The parameter D is the vertical shift parameter. If the technology you use produces a 
logistic function of this form, then there is no need for you to shift logistic data in 
order to obtain a better fit. You need to know your technology and the functions it 
uses well enough to know whether the following discussions of shifting data apply 
to you. 


Shifting Exponential and Logistic Data 


We have seen two functions whose end behavior is to approach a number or numbers. 
The output of an exponential function approaches zero as the input becomes increas- 
ingly positive or negative, and the output of a logistic function approaches zero in one 
direction and a nonzero number in the other direction. These functions are useful, 
but they have limitations. Consider, for example, the data shown in Table 2.64. 


TABLE 2.64 





A scatter plot of the data (Figure 2.35) suggests an exponential function. 


Six) 
400 | 








FIGURE 2.35 0 2 4 6 8 
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f(x) 
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FIGURE 2.36 
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FIGURE 2.37 


When we find an exponential equation to fit the data, we obtain the func- 
tion f(x) = 81.6597(1.1604*). A graph of this function on a scatter plot of 
the data is shown in Figure 2.36. The equation is a poor fit for the data and 
is not what we expect to see. 

The problem is that the output data are not approaching zero to the 
left. They are shifted up by 100, so they approach 100. However, the expo- 
nential regression routine built into most technologies does not allow for 
a vertical shift. We can compensate for this limitation by shifting the data 
ourselves, modeling them, and adjusting the model accordingly. We mod- 
ify the data in Table 2.64 by subtracting 100 from all the output values, but 
we do not change the input values. See Table 2.65. 


TABLE 2.65 


ee 
peonvw [sf fw | | 2 


A scatter plot appears exactly like that in Figure 2.35 except that the verti- 
cal axis values are different. An exponential function that fits these 
adjusted data is y = 2*. A graph of this function on a scatter plot of the 
shifted data is shown in Figure 2.37. 

The fit is perfect; because the data are perfectly exponential. We now 
must compensate for the shifted data by reversing our shift. We originally 
subtracted 100, so we now reverse the process by adding 100 to the func- 
tion for the shifted data. Our final equation for the data in Table 2.64 is 












g(x) = 2* + 100 


Vertically shifting data may be appropriate when a scatter plot suggests 
a curve with a horizontal limiting value but the technology-generated 
equation for that curve is a poor fit to the data and does not reflect the 
observed behavior of the data. Example 1 gives another situation in which 
vertical shifting is necessary. 


EXAMPLE 1_ /nvestment Clubs 








Table 2.66 shows the number of investment clubs”’ in existence during the 1990s. A 
scatter plot of the data is shown in Figure 2.38. 


TABLE 2.66 





rT 






Number of clubs 


37, National Association of Investors Corp. 


N(t) 
Investment clubs 


37,000 


22,000 


7000 
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Investment clubs 








37,000 ° 
22,000 : 
7000 4 _— +++ — —t + + Year 
1990 1992 1994 1996 1998 
FIGURE 2.38 


Find an appropriate model for the data, and use it to estimate the number of invest- 
ment clubs in 1999. 


Solution 


The scatter plot strongly suggests a logistic curve because the data exhibit an obvious 
inflection point and suggest two horizontal asymptotes. We align the input values to 
years since 1990 in order to avoid computational error. When we fit a logistic equa- 
tion to the aligned data, we obtain 

244,096.932 


INGE ys ee investment clubs 





t years after 1990. This model should look suspicious to you, because the limiting 
value of 244,097 is much greater than the one suggested by the data. A graph of the 
function on the scatter plot is shown in Figure 2.39. 


N(t) 
Investment clubs 
250,000 pS SoSH. SEE See PE ee 
200,000 + 
150,000 + 
100,000 + 


50,000 + t 











FIGURE 2.39 





FIGURE 2.40 


Although at first glance it might seem that this function is a reasonable fit, look at it 
more closely. The logistic graph does not exhibit an inflection point that coincides 
with the inflection point suggested by the data, and the graph does not level off where 
we expect it to. A view of the graph from a different perspective (see Figure 2.40) 
shows that the data are modeled by only the concave-up portion of this logistic func- 
tion. 

The underlying problem is that the logistic function N approaches zero on the 
left, but the data do not approach zero on the left. They appear to approach a value 
closer to 7000. To compensate for this difference, we shift the data down, closer to 
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zero. We choose to do so by subtracting 7000 from the output data. This value is arbi- 
trarily chosen, and other values will produce similar results. Table 2.67 shows the 
shifted data. The scatter plot will look exactly like the one in Figure 2.38 except that 
the vertical axis labels will be different. 


TABLE 2.67 


Aligned year Number of clubs — 7000 





When we fit a logistic equation to this shifted data, we obtain the model 


280.654 : 
fl) = — aS ee ; investment clubs above 7000 





t years after 1990. A graph of this function is shown in Figure 2.41. 


f(t) 
Investment clubs 
above 7000 


30,000 


15,000 


t 
Years 
0 2 4 6 g since 

1990 


FIGURE 2.41 


This model has horizontal asymptotes and an inflection point that better match 
those indicated by the shifted data. 

To compensate for the fact that this model is for the number of clubs above 7000, 
we simply add 7000 to the output f(t) to obtain a model for the original aligned data. 


34,280.654 


(= 1 + 207.434¢-08017 + 7000 investment clubs 





t years after 1990. 


EXAMPLE 2 
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Using the two models to estimate the number of clubs in 1999, we see that the dif- 
ference in the estimates is significant: 


N(9) ~ 47,248 clubs and _ I(9) ~ 39,235 clubs 


The estimate from the second model is probably more accurate, provided that the 
logistic pattern continued into 1999. 


Pee eee eessesesesecvese 


Note in Example 1 that the horizontal asymptotes of the function I are 7000 on the 
left and 34,280.654 + 7000 = 41,280.654 on the right. The limiting value is 
41,280.654. According to the model, the number of investment clubs will level off at 
approximately 41,281. It is the issue of end behavior that should determine when it is 
appropriate to shift data vertically before fitting an equation. 


Shifting Log Data 


Recall that log functions are inverses of exponential functions. It follows that if verti- 
cally shifting output data can result in a better-fitting exponential equation, then 
horizontally shifting input data can sometimes produce a better-fitting log equation. 
The log function is the only function we have studied for which aligning input data 
differently changes the fit of the equation. When shifting input data for a log function 
it is particularly important to keep in mind that log functions cannot have negative 
or zero input. 


Voting Turnout 


A community in central Indiana has been funding a local campaign to increase voter 
turnout in local elections. The campaign began in 1996. The percentages of all eligi- 
ble voters voting in the yearly local elections for years between 1995 and 2000 are 
shown in Table 2.68. 


TABLE 2.68 













1995 | 1996 | 1997 | 1998 | 1999 | 2000 


Voter 2.0 5.3 60 74 
turnout (%) 


a. Examine a scatter plot of the data. What characteristics of the data indicate that a 
log model may be appropriate? 


b. Find a log model for the data with the number of years since 1900 as the input. 
Examine a graph of the model on a scatter plot of the data, and comment on the fit. 


c. Find a log model for the data with the number of years since 1994 as the input. 
How does the fit of this model compare to that of the one in part b? 


d. Why did we not use the number of years since 1995 as the input? 
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Solution 


4. Voter turnout 
(%) 
Tes) o 





1.5 +———++ os ———_+ Year 
1995 1996 1997 1998 1999 2000 


FIGURE 2.42 


The scatter plot in Figure 2.42 shows an increasing, concave-down pattern. 
Because there is no indication that the data will decline, a log model is more 
appropriate than a quadratic model. 


b. V(t) = -454.737 + 100.451 In t percent turnout when ft is the number of years 














since 1900. 
V(t) T(x) 
Voter turnout . Voter turnout 
(%) (%) 
7.5 . 7.5 + : 
4.5 + 45+ 
Tt 28 
Years Years 
eee foe te ee He since 
95 96 97 98 99 100 ] 2, 3 4 
1900 1994 
FIGURE 2.43 FIGURE 2.44 


A graph of the function V (shown in Figure 2.43) appears to be linear compared 
with the curved data. 


c. T(x) = 2 + 3Inx percent turnout when x is the number of years since 1994. 


A graph of this function (shown in Figure 2.44) appears to be an excellent fit to 
the data. 


d. If we had aligned the input as years since 1995, then the first input value would 
have been 0. Zero is not a valid input for a log function. 


Peer oreo eeseersesereses 


It is important to realize that there is no one correct way to shift data either hori- 
zontally or vertically. The more experience you have fitting equations to data, the bet- 
ter equipped you will be to make decisions about shifting. 





Concept 
Inventory 


© Shifting data vertically: exponential and logistic 
data 


@ Shifting data horizontally: log data 


Activities 
List all horizontal asymptotes for the functions in Activ- 
ities 1 through 4. 
1. f(x) = 2.39(0.4332*) + 1.69 
Z, Sb) —= 98, 765( 1.5") = 11,000 
0.023 








wae 
i) PO 15ers ice 
17.5 
4, h(y) = an 5 
”) = Ty 33e0% +9 


5. Consumer credit card debt,*® in billions of dollars, 
during the 1990s was as shown in Table 2.69. 


TABLE 2.69 


Debt Debt 
(billions of 


(billions of 
dollars) 





a. Observe a scatter plot of the data. Describe the 
concavity suggested by the data. In what year do 
you estimate the concavity changed? Which 
equations could be used to model these data? 

b. Find a logistic model for the data. Comment on 
how well the equation fits the data. 

c. Shift the data down by 165, and find a logistic 
model for the shifted data. Comment on how 
well the equation fits the shifted data. Compare 
the fit of this equation with that of the logistic 
equation in part b. 

d. On the basis of the model in part c, write a 
model for credit card debt. 


38. Consumer Federation of America. 
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e. What are the two horizontal asymptotes for the 
function in part d? Compare these with the hor- 
izontal asymptotes for the original logistic func- 
tion in part b. 


6. A regional transportation commission estimates 
that the daily traffic counts for a certain intersec- 
tion” will be as shown in Table 2.70. 


TABLE 2.70 


ee 
Year (vehicles) 


a. Align the input data as the number of years since 
2000. Observe a scatter plot of the data. Estimate 
the inflection point and horizontal asymptotes 
values suggested by the scatter plot. 











b. Find a logistic model for the data. How well does 
it match the behavior indicated by the scatter 
plot? What is the limiting value of this logistic 
function? 

c. Shift the output data down by 33,000. Find a 
logistic model for the shifted data. How well 
does this new equation fit the shifted data? 

d. Use the model in part c to write a new model for 
traffic counts. What are the two horizontal 
asymptotes of this new function? What does this 
model assume about the population of the sur- 
rounding metropolitan area? 

e. According to the model in part d, what will the 
daily traffic counts be in 2005? In what year will 
traffic counts reach 60,000 vehicles per day? 


7. The population of Iowa*’ for selected years between 
1987 and 1997 is given in Table 2.71. 
TABLE 2.71 
Population 


Population 
Year (thousands) Year (thousands) 


2820 
2841 


1991 2791 SS 2852 


39, Reno/Sparks, NV, Regional Transportation Commission for 
McCarren Blvd. East at Prater Way. 
40. Statistical Abstract, 1998. 














a. Align the input as the number of years since 
1980, and shift the output data down by 2700. 
Observe a scatter plot of the aligned and shifted 
data. Why is a logistic model appropriate? 


b. Find a logistic model for the aligned and shifted 
data. Discuss how well the equation fits these data. 


c. Subtract 60 from the shifted output data in part 
a, and find a logistic model for these new data. 
How well does this equation fit these data? 


d. Using the model in part c, write a model for the 
population of Iowa from 1987 through 1997. 
What are the two horizontal asymptotes of this 
logistic function? 


. The data in Table 2.72 show how postal rates have 
increased for first-class letters weighing up to 1 
ounce. 


TABLE 2.72 





a. Find a logistic model for the postal rate data. 
How well does the equation fit the data? What is 
the limiting value of this function? 


b. Shift the postal rates down by 3, and find a logis- 
tic model for the shifted data. Does this equation 
fit the shifted data better than the equation in 
part a fits the original data? 


c. Use the model in part b to write a model for 
postal rates. What are the two horizontal asymp- 
totes of this function? Do you believe the model 
accurately describes what will happen to postal 
rates in the future? 
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9. Table 2.73 shows the number of concealed-weapons 


permit renewals in Utah*' between 1991 and 1996. 


TABLE 2.73 


Permit 
renewals 





a. Find an exponential model for the data. Graph 
the equation on a scatter plot. 


b. Shift the number of renewals down by 135, and 
find an exponential model for the shifted data. 
Examine a graph of this model on a scatter plot 
of the shifted data. Does this equation appear to 
fit the shifted data better than the equation in 
part a fits the original data? 


c. Using the model in part b, write a model for per- 
mit renewals. Use the model to predict when the 
number of permit renewals will exceed 2000. 
What are the limits of this function as the input 
increases and decreases without bound? 


d. Use the model in part c to estimate the numbers 
of renewals in 1997 and 1998. Compare your 
estimates with the actual numbers of renewals: 
4,968 in 1997 and 8,478 in 1998. What does this 
tell you about extrapolating with an equation 
that fits data well? 


10. Table 2.74 gives, for selected years, the percentage of 


children living with their grandparents.” 


TABLE 2.74 


fret [22 [as | | ss 


a. Find an exponential model for the data. Exam- 
ine the graph of the function on a scatter plot of 
the data. How well does the equation appear to 
fit the data? 


b. Shift the percentages down by 3, and find an 
exponential model for the shifted data. How 
does the fit of this equation compare with the fit 
of the equation in part a? What are the limits of 
this shifted function as the input increases and 
decreases without bound? 






41. Utah Department of Public Safety/Bureau of Criminal Investiga- 


tion. 


42. U.S. Bureau of the Census. 


c. Using the model in part b, write a model for the 
percentage of children living with their grandpar- 
ents. According to this model, when will the out- 
put reach 8%? Do you believe the model accu- 
rately reflects the future trend of this percentage? 



















11. The numbers of children living with their grand- 
parents during selected years between 1970 and 
1997 are as shown in Table 2.75. 

TABLE 2.75 

1970 | 1980 | 1992 | 1997 

Number 

a. Find an exponential model for these data. How 
well does the equation appear to fit the data? 

b. By vertically shifting the data, find a better expo- 
nential model for the number of children living 
with their grandparents. 

12. The consumer price index (CPI) values for refuse 
collection“ between 1990 and 1997 are shown in 
Table 2.76 (1982-1984 = 100). 

TABLE 2.76 

06 2460 

a. Align the input data as the number of years since 
1900, and find a log model for the data. How 
well does this equation fit the data? 

b. Realign the input data as the number of years since 
1988. How well does this equation fit the data? 

c. What does this model predict will happen to CPI 
values beyond 1997? Do you believe that this 
model accurately describes future CPI for refuse 
collection? 

13. The values of manufacturer shipments of compact 
disc albums*’ between 1993 and 1997 are as shown 
in Table 2.77. 

a. Find a log model for the value of shipments as a 
function of the number of years since 1900. 
Comment on how well the equation fits the data. 

43. Ibid. 


44. Statistical Abstract, 1998. 


45. did. 
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TABLE 2.77 


CD Shipments 
Year (millions of dollars) 
1993 6511 
1994 8465 


b. Realign the input as the number of years since 
1992, and find a new log model for the data. 
How does the fit of this equation compare to 
that of the equation in part a? 





c. Realign the input as the number of years since 
1993 plus 0.5, and find another log model for the 
data. How well does this equation fit compared 
with those in parts a and b? 


d. What is the behavior of the function in part c 
beyond 1997? Does the data suggest this same 
behavior? 

e. Why can we not align the input data as the num- 


ber of years since 1993 if we wish to use a log 
model? 


14. Consider again the investment club data in Example 1. 


a. From a scatter plot of the data, estimate the year 
corresponding to the inflection point. Also esti- 
mate the two horizontal asymptotes. 


b. Shift the output data down by 1000, 3000, 5000, 
6000, 6500, 7000, and 7084. For each shifted data 
set, do the following: 


i. Find a logistic function. Add the appropriate 
constant to construct a model for the origi- 
nal data. 


ii. State the two horizontal asymptotes. 


iii. The input of the inflection point for a logis- 


tic function f(x) = eee is given by the 
InA 


formula x = ~3-. Using this formula, find 
the input of the inflection point. 


iv. Find the output values of the function corre- 
sponding to the inputs in Table 2.66. Com- 
pare these function values with the actual 
numbers of investment clubs given in the 
table. 

c. On the basis of your answers to parts a and b, 
which shift do you believe produces the best- 
fitting model? 
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a Model 





Choosing 


General Guidelines 


In the preceding material, we discussed several types of models that we use in this 
book to describe two-variable data: linear, quadratic, cubic, exponential, logarithmic, 
and logistic. We also have discussed how to combine two or more functions to form 
a piecewise continuous model. Of course, there are others that we have not men- 
tioned and will not use. Although most of our work so far has been concerned with 
applying a particular type of equation to a given data set, it is important to under- 
stand that in many real-life situations, it is not always clear which model to apply. 
Sometimes, none of the models is appropriate. However, there are some general, 
common-sense guidelines that we should keep in mind. 


1. First of all, produce a scatter plot using appropriate scaling for both horizontal 
and vertical axes. It is important that neither horizontal nor vertical view is too 
narrow or too wide. If either view is too narrow, then you may not be able to see 
all the data points. On the other hand, if either view is too wide, then you may be 
unable to identify accurately the underlying curvature of the scatter plot. 


2. Perhaps the most obvious guideline is to examine the scatter plot carefully with an 
eye toward its general underlying shape relative to the shapes of the functions 
that you know. Try to imagine a smooth curve fitted to the scatter plot: 


a. Does this curve appear to be a straight line? If so, try a linear model. 


b. If the curve does not appear to be a line, then as you look from left to right, 
does the curve appear to be always concave up or concave downé If so, then a 
quadratic, exponential, or log model may be appropriate. 


c. What if the curve does not appear to be a line and is not always concave in one 
direction (up or down)? If there is a single change in concavity, then a cubic 
or logistic model may be suggested because the graphs of these functions have 
a concavity change (inflection point). 


d. In the case of exponential and logistic models, vertically shifting the data (by 
changing the output values) may produce a better-fitting equation. Horizon- 
tally shifting data (by changing the input values) may produce a better-fitting 
log equation. 


e. If the data demonstrate a dramatic change in behavior, then it may be appro- 
priate to combine two or more functions to form a piecewise continuous 
model. 


3. Suppose that we have narrowed our choices to two models. Which one should 
we choose? If one equation fits the data significantly better than the other one, it 
should be chosen. If the two equations appear to fit the data equally well, then 
the key is to examine the end behavior of the scatter plot to see whether limiting 
values are suggested in the context of the situation. Remember, exponential 
models have one limiting value, logistic models have two limiting values, and lin- 
ear, log, cubic, and quadratic models have none. 





Ss 


(a) 





FIGURE 2.45 


(d) 
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Examining Scatter Plots 


Look at the scatter plots in Figure 2.45. None of them appears to be linear, quadratic, 
log, or exponential. Can you determine which are cubic and which are logistic? 











(b) : (c) 











(e) (f) 


Plots a and b are cubic (no limiting values). Plots d and e are also cubic because 
they do not suggest limiting values. Plots c and f could be either logistic or cubic. 
Here you must ask yourself two questions: 


1. Are you more concerned with end behavior or with how well the equation fits 
the data? 


2. If you are concerned with end behavior, what would the end behavior be? 


If you are mainly interested in interpolating, then it would be appropriate to choose 
the equation that better fits the data points. However, if you wish to extrapolate or 
examine end behavior, you should choose the equation that you think would better 
follow the end behavior pattern, provided that the fit is satisfactory. In general, if the 
context or scatter plot suggests that the data have two limiting values, then use a 
logistic model. If the data are likely to rise or fall again, then a cubic model would be 
appropriate. 

Consider the scatter plots in Figure 2.46, and see whether you can determine 
which types of functions are appropriate. 
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FIGURE 2.46 


(a) 


Xx 
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(b) (c) 


Plot a seems to be quadratic, whereas plot b appears to be exponential. Plot c 
could be exponential, quadratic, or logarithmic. Again ask yourself those two ques- 
tions: (1) Are you more concerned with end behavior or with how well the equation 
fits? (2) If you are concerned with end behavior, what would the end behavior be? 
Recall that a quadratic curve quickly becomes infinitely large (either negatively or 
positively) at each end, whereas both exponential and logarithmic curves tend 
quickly to infinity (or negative infinity) at one end and exhibit slow growth or 
decline at the other end. The exponential curve has a limiting value, whereas the log 
curve has no limiting value even though it exhibits increasingly slow growth or 
decline. 

Finally, consider the two scatter plots shown in Figure 2.47. 


y By 











(a) (b) 
FIGURE 2.47 


They both appear to be linear, so it makes sense to try linear functions. Examine 
lines graphed on the scatter plots, as shown in Figure 2.48, and notice that slight cur- 
vature can be seen in both cases. You may wish to try one of the other functions, but 
do so with caution. You may sacrifice an easy-to-use linear model without gaining 
much in the way of increased precision. 

When you are considering higher-order polynomial models, our advice is the 
simpler the better. For instance, although scatter plots a and c in Figure 2.46 could be 
modeled by either a quadratic or a cubic, you should choose the quadratic. Do not 
consider a cubic model unless the data exhibit an inflection point. 
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x Xx 
(a) (b) 
FIGURE 2.48 


Four Steps in Choosing a Model 


Steps in Choosing a Model 


1. Look at the curvature of a scatter plot of the data. 
If the points appear to lie in a straight line, try a linear model. 


If the scatter plot is curved but has no inflection point, try a quadratic, 
an exponential, or a log model. 


If the scatter plot appears to have an inflection point, try a cubic 
and/or a logistic model. 


If the scatter plot indicates curvature not described by one of the func- 
tions we have studied, then consider combining two or more functions 
to form a piecewise continuous model. 


(Note: If the input values are equally spaced, it might be helpful to look at 
first differences versus percentage differences to decide whether a linear or 
an exponential model would be more appropriate, or to compare second 
differences with percentage differences to decide whether a quadratic or 
an exponential model would be better.) 


. Look at the fit of the possible equations. In Step 1, you should have nar- 
rowed the possible models to at most two choices. Compute these equa- 
tions, and graph them on a scatter plot of the data. The one that comes 
closest to the most points (but does not necessarily go through the most 
points) is normally the better model to choose. Vertically aligning the data 
may produce a better-fitting exponential or logistic equation. Horizon- 
tally aligning the data may produce a better-fitting log equation. 

. Look at the end behavior of the scatter plot. If Step 2 does not reveal that 
one model is obviously better than another, consider the end behavior of 
the data, and choose the appropriate model. 

. Consider that there may be two equally good models for a particular set 
of data. If that is the case, then you may choose either. 
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Let us look at some examples where we must apply these steps in choosing a model. 


Age of Marriage 





Age 
(years) 


24 + 


23 + 


22 : 





Years 
——— | since 





0 10 20 30 1960 
FIGURE 2.49 
E(x) 
Age 
(years) 
24 5 
DB 
22 ° 
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since 
0 10 20 30 
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Exponential model 
FIGURE 2.50 
S(x) 
Age 
(years) 
24 
23 
ap) ° 
21 
20 By 
Years 
since 
0 10 20 30 
1960 


Shifted exponential model 


FIGURE 2.51 


The 1999 World Almanac lists the median ages at first marriage of women in the 
United States as shown in Table 2.78. 


TABLE 2.78 





rae [03 [708 | 0 | 8 







1970 


Find the best model for the data. 


Use the model in part a to estimate the median age in 1997. Compare this esti- 
mate with the reported age of 25.0 years. 


Use the model in part a to predict the median age at first marriage of women in 
the year 2005. 


d. Is the part c prediction valid? 
Solution 
a. Step 1: Consider a scatter plot of the data. 


The scatter plot shown in Figure 2.49 is increasing and concave up, so we should 
try either an exponential model or a quadratic model. 


Step 2: Compare the fit of the equations. 


An exponential model for the data is 
E(x) = 20.00024(1.00547*) years of age 


where x is the number of years after 1960. However, when graphed on the scatter 
plot, it is obviously a poor fit to the data (see Figure 2.50). If we shift the data 
down by 20, we obtain the model 


S(x) = 0.32145(1.08993*) + 20 years of age 


x years after 1960. This exponential equation is a much better fit to the data than 
the original one. See Figure 2.51. Other vertical shifts may result in even better- 
fitting equations. 

A quadratic model for the data is 


Q(x) = 0.0035x* + 0.015x + 20.3 years of age 


where x is the number of years since 1960. As Figure 2.52 shows, this model fits 
the data perfectly. 

We could have avoided the process of comparing exponential and quadratic 
models if we had first calculated second differences and percentage differences. 





Q(x) 
Age 
(years) 
24 + 
23555 
22 | 
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Quadratic model 
FIGURE 2.52 
EXAMPLE 2 
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Median age 20.3 20.8 22.0 23 
First differences ‘SS 0.5 “a x ie Pe ‘ ie) a 


Percentage differences 2.5% 5.8% 8.6% 


x ae a ee 


we) 


Second differences 


The constant second differences indicate that the data are perfectly quadratic. 
Thus there is no need to consider an exponential model. 

Steps 3 and 4 are not necessary here, because we found the best model in 
Step 2. However, we must keep in mind that this model may not be valid for the 
years before 1960 or after 1990 because its end behavior does not describe that of 
the context. 


The median age of marriage in 1997 is estimated to have been 
Q(37) = 0.0035(37)? + 0.015(37) + 20.3 ~ 25.6 years 


Note that we report the answer to one decimal place because that is the accuracy 
to which the data were reported. The estimate exceeds the known value by 0.6 
year. We can speculate that the model will overestimate in any extrapolations. 
Note that the shifted exponential model gives the estimate as S(37) ~ 27.8 years. 
This model estimates even higher ages than the quadratic model beyond the 
range of the data. This is further confirmation that the quadratic model is the 
better choice. 


According to the model Q, the median age of marriage in the year 2005 will be 
Q(45) = 0.0035(45)* + 0.015(45) + 20.3 
~ 28.1 years of age 


This prediction is probably not valid. Even though the model fits the data per- 
fectly, there is no indication that it is a good predictor of future events and trends. 
There are many factors other than time that affect the median age of first mar- 


eee eee eeeeveseseseseeee 


Sometimes it is not quite so easy to choose which model is best, as the next exam- 


ple illustrates. 


Countries Issuing Postage Stamps 


Table 2.79 gives the numbers of European, North American, and South American 


countries that issued postage stamps*° from 1840 through 1880. 


46. “The Curve of Cultural Diffusion,” American Sociological Review, August 1936, pp. 547-556. 
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Cubic model 


FIGURE 2.55 
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TABLE 2.79 





Find an appropriate model for the data. 


Solution 
Step 1: Consider the curvature of a scatter plot. 


The scatter plot in Figure 2.53 appears to be concave up between 1840 and 1850 or 
1855 and then is concave down between 1855 and 1880. Thus there is an apparent 
inflection point, so either a cubic or a logistic model could be appropriate. 


Step 2: Compare the fit of the two equations. 
A logistic model is 


37.19488 


It = 
() = 75913736760 





countries 


where x is the number of years since 1840. It appears to fit the data reasonably well 
(see Figure 2.54). 
A cubic model is 


C(x) = -0.00120x* + 0.06027x? + 0.40435x + 0.44444 countries 


where x is the number of years since 1840. The cubic model also appears to fit the 
data well (see Figure 2.55). 
If all you are concerned about is fit, you should choose the cubic model. However, 


if you would like to predict how many countries may have issued stamps in 1890, you 
should also consider end behavior. 


Step 3: Consider end behavior. 


Because the only countries under consideration are those in Europe, North America, 
and South America, there must be an upper limit on the number of countries issuing 
stamps. Thus it would be logical to think that a model for these data should approach 
some limiting value. This end behavior would be better described by the logistic 
function. 


In conclusion, if your only concern is the better-fitting equation, and you do not 
wish to use the model to extrapolate, then you should choose 


EXAMPLE 3 
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C(x) = -0.00120x° + 0.06027x? + 0.40435x + 0.44444 countries 
where x is the number of years since 1840. 


If you are concerned about end behavior more than about a better fit, you should 
choose 


37.19488 
(EE 21.37267e0 18 





IK) = 


countries 


where x is the number of years since 1840. 


Pe ee eee reese ereeseseee 


As we mentioned in Step 1 of “Steps in Choosing a Model” on page 167, it might 
be helpful to consider differences when input values are equally spaced. We consider 
such data in Example 3. 


Depreciation 


The value of a certain industrial machine depreciates according to the length of time 
it has been used. Table 2.80 shows the value of this machine after x years of use. 


TABLE 2.80 


Years of use 





Value (dollars) | 40,000 | 36,700 | 33,670 | 30,900 


Find the most appropriate model for the data. 


Solution Consider the curvature of a scatter plot shown in Figure 2.56. The scatter 
plot appears to be fairly straight, so we try a linear function. A linear model for this 
data is 


V(x) = -1397.85714x + 39,590.95238 dollars 


where x is the number of years that the machine has been in use. However, when V is 
graphed on the scatter plot (see Figure 2.57), it appears that the data may be slightly 
concave up. 


V(x) 


Value 
(dollars) 


40,000 


33,000 


26,000 





Years 


0 2 4 6 8 10 


FIGURE 2.56 


Value 
(dollars) 


40,000 


33,000 | 


+— 





FIGURE 2.57 Linear model 
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Because the inputs of the data are equally spaced, we can look at first differences, sec- 
ond differences, and percentage differences to see whether there is sufficient reason 


to try a curved model. 


Years in Use 0 2) 4 6 8 10 
Value 40,000 36,700 33,670 30,900 28,340 26,000 
First Differences -3300 -3030 =2770 -2560 -2340 


er 
Second Differences Ny ef 210 220 


Percentage Differences -8.25%  -8.26%  -8.23%  -8.28%  -8.26% 


Even though none of these are perfectly constant, the percentage differences do 
seem to be closer to remaining constant than either the first or the second differ- 
ences. This indicates that an exponential model may be more appropriate than the 
linear model. 

An exponential model is 


E(x) = 40,002.49083(0.95784") dollars 
when the machine has been in use x years. This equation appears to be a good fit to 
the data (see Figure 2.58). 


E(x) 
Value 
(dollars) 


40,000 


] 


33,000 | 





26,000 | 


Vpn hme Gia Ee sala 
FIGURE 2.58 Exponential model 


Therefore, the exponential model is the most appropriate one for the data. 


Peo eoeeeccasensesccscse 


Be open to the possibility that none of the models we have studied is appropriate 
for a set of data. Indeed, many sets of data in the real world do not fit neatly into one 
of our categories. Modeling, even in the simplest sense, is as much an art as a science. 
Sometimes a creative mind can be as helpful as a mathematical one. In any case, the 
most beneficial way to learn how to determine which model to use for a data set is by 
practicing. 

Although the first two chapters have focused on the construction of elementary 
mathematical models, it is important that you understand that modeling is not our 
primary objective. In reality, mathematical modeling can be a complicated and 
highly sophisticated endeavor. We are using basic modeling with elementary curve 
fitting strictly as a way to obtain functional relationships between variables. Because 
most information in the real world is collected in discrete form (tables of data), it is 
important in the study of calculus to obtain continuous functional relationships 
between the variables in order to study their changing behavior. Our main objective 
is to apply concepts and methods of calculus to these functions. 





Concept 
Inventory 


® Choosing a model: 
Consider curvature and calculating differences 
Compare the fit of possible equations 
Consider shifting or realigning the data 
Consider end behavior 
Consider that there may be two valid choices 

© Sometimes no model we have studied is appropriate 





Activities 


For each of the scatter plots in Activities 1 through 6, 
state which function or functions are candidates to fit 
the data. Explain why those functions are appropriate, 
and also explain why the other types of functions are 
not appropriate. 


ile PR 
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7. Given a data set in which the input values are evenly 
spaced, discuss how you could determine whether 
the data are 


a. linear. 
b. quadratic. 


c. exponential. 


For each of the data sets in Activities 8 through 12, 
examine the data set, and determine the best model. 
Give the equation, define the variables you use, include 
units of measure, and explain why you chose that 
model. 


8. The Kelly Blue Book Official Guide lists 1999 resale 
values for the Cadillac 4D Sedan DeVille in excel- 
lent condition. The data are shown in Table 2.81. 


TABLE 2.81 


Resale value 
Model year (dollars) 





9. Swimming World (August 1992) lists the time in 
seconds that an average athlete takes to swim 100 
meters freestyle at age x. The data are shown in 
Table 2.82. 


TABLE 2.82 


Age, X 
(years) 





10. The 1998 Statistical Abstract of the United States 
gives the number of overseas telephone calls (in 
millions) billed in the United States. See Table 2.83. 
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TABLE 2.83 














Number of Number of 
calls calls 
Year (millions) Year (millions) 











1992 1643 








11. Table 2.84 shows yard waste’’ as a percentage of all 


waste generated in the United States. 


TABLE 2.84 


ae 
Year (percent) 
i905 | tat 









12. The birth rates*® for 15- to 19-year-olds from 1991 


through 1997 are shown in Table 2.85. 


TABLE 2.85 


Year 


Birth rate 
(births per 1000 women) 





13. For each of the situations described in Activities 8 
through 12, determine a question that could be 
asked about the data or a prediction that could be 
made on the basis of the model you found. Deter- 
mine a reasonable answer to each of your questions. 


47. Statistical Abstract, 1998. 
48. Ibid. 
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14, Table 2.86 gives death rates due to lung cancer 
(deaths per 100,000 males in the United States) 


fro 


TA 


a. 


b. 


(Gs 





m 1930 through 1990. 


BLE 2.86 


Death rate 
(deaths per 100,000 men) 


Discuss briefly why each of the six models we have 
studied is or is not appropriate for this data set. 
Find the model you believe to be the best for 
these data. 

Use your equation in part b to estimate the death 
rate in 2000. Do you believe your model is 
appropriate for this or other extrapolations? 


15. Table 2.87 gives the value*’ of manufacturers’ ship- 
ments of recordings in millions of dollars (based on 


list 


price) between 1990 and 1997. 


TABLE 2.87 


a. 


Ds 


49. Ibid. 





Value Value 
(millions (millions 
of dollars) of dollars) 


Find models for each set of data. 


Use the models to estimate values of shipments 
of LP/EP albums and CD albums in 1999 and 
2000. 


16. 


47; 


Table 2.88 gives the average weight of the brain in 
human males as a percentage of body weight. 


TABLE 2.88 


Age Percentage of body weight 
WEG accounted for by brain 





CD 
Pascal 
Pree 
aac 3 
Han eD ss 
Aare 
irra 
Paint 


a. Describe in words what happens to the percent- 
age of body weight accounted for by the brain as 
a male child grows. 


b. Find quadratic, exponential, and log equations 
to fit the data. Note that you must shift the ages 
to the right in order to use a log equation. Shift- 
ing the percentages down will produce a better- 
fitting exponential equation. Write models using 
each equation. 


c. Use each model in part b to determine the age 
(in months) at which brain weight is 10% of 
body weight. 


d. Use each model in part b to predict the percent- 
age brain weight for an 18-year-old man. 


e. Discuss which equation best models the data 
and why. 


A college student works for 8 hours without a break 
assembling mechanical components. Her supervi- 
sor records every hour how many total compo- 
nents, N, the student has completed. These figures, 
which are cumulative, are given in Table 2.89. 


TABLE 2.89 
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a. How many components did the student assem- 
ble during the fourth hour? 


b. If this student started assembling components at 
9:00 a.m., how many components were assem- 
bled after 1 p.m.? 


c. Find a cubic equation for the data. Does this 
equation provide a good fit to the data? 


d. According to the cubic model, how many hours 
will it take the college student to assemble 40 
components? (Report your answer in hours and 
minutes. ) 


e. What does the model indicate will happen to the 
number of components after 8 hours? Do you 
believe the model is a good indicator of future 
events? Explain. 


f. Find a logistic equation for the data. Does this 
equation provide a good fit to the data? 


g. What does the model indicate will happen to the 
number of components after 8 hours? Do you 
believe the model is a good indicator of future 
events? Explain. 


h. According to the trend exhibited in the logistic 
model, would it be worthwhile for the student’s 
supervisor to have her work more than 8 hours? 
Explain. 

i. Compare the fit of the logistic equation to the fit 
of a cubic equation. Besides fit, what other fac- 
tors should you consider when deciding which 
model would be better? 


j. Which model would you choose? Why? 


18. The numbers of AIDS cases°? diagnosed in the 


United States from 1985 through 1997 were as 
shown in Table 2.90. 


TABLE 2.90 


Cases | Cases 
Year (thousands) ree (thousands) 









50. Ibid. 


176 CHAPTER 2 _ Ingredients of Change: Nonlinear Models 


Discuss the fit of each equation from part b to 


a. Examine a scatter plot of the data, and discuss its Ce: 
curvature. What type of model would be most the data. 
appropriate for the data‘ d. Use each model to estimate the 1997 population. 
b. Find what you believe is the best model for the Compare your estimates with the actual popula- 
data. tion of 3,760,000 people. 


e. Which of the models from part b would be more 
appropriate to model the South Carolina popu- 
lation? Discuss any issues (besides curvature) 
that lead you to this decision. 


19. Table 2.91 gives the numbers of used cars,’ in mil- 
lions, sold in the United States by franchised dealers 
from 1998 through 2002. 


cleats 21. Chlorofluorocarbons (CFCs) are believed to thin 
the ozone layer and were banned from use in 


Used car sales 
Year (millions) aerosols in the United States in the 1970s. Table 2.93 
15.92 shows the estimated atmospheric release’ of CFC- 
1999 | 16.38* 12 (one of the two most prominent CFCs) between 
- 1958 and 1978. 
2000 
16.40* 











TABLE 2.93 








2002 16.35* CFC-12 
atmospheric release 
*projected Year (millions of kilograms) 


1958 
1960 
1962 
1964 
1966 
1968 
1970 


1972 
TABLE 2.92 1974 


aed 
Year (thousands) 


1990 3487 


a. Examine a scatter plot of the data, and discuss its 
curvature. What type of equation should youtry —- 
to fit to these data? What is the model? 


89.1 
114.5 
5525 
195.0 
246.5 
299.9 
349.9 
418.6 
390.4 
341.3 






b. Use your model from part a to estimate the 
number of used cars sold by franchised dealers 
in the United States in 2003. 






20. Table 2.92 shows the population” of South Car- 
olina between 1790 and 1990. 


1976 
1978 












a. Observe a scatter plot of the data. What year do 
you believe the ban on CFCs in the United States 
took effect? 


b. Divide the data into two subsets that have one 
data point in common. Find an equation to fit 
each set of data, and combine the two to form a 





a. Examine a scatter plot of the data, and discuss its piecewise continuous model. 
curvature. What types of curves might be appro- c. Do you believe that the trend beyond 1978 indi- 
priate for such curvature? cated by your model is valid? 

b. Find the two models that are appropriate d. If your school’s library has The True State of the 
according to your analysis in part a. Planet, look on page 429 for a more extensive 


data set. Summarize what happened to -1 
51. “Used Car Transactions in the Dust,” The Salt Lake Tribune, ae ee 


August 8, 1999, p.E3. 53. Ronald Bailey, ed. The True State of the Planet (New York: The Free 
52. Statistical Abstract, 1998. Press for the Competitive Enterprise Institute, 1995). 


release after 1978 and the reasons for the behav- 
ior that occurred. 


22. The amounts of fish produced by fisheries™ in the 


United States for food in selected years between 
1970 and 1990 are given in Table 2.94. 


TABLE 2.94 


Amount 
Year (millions of pounds) 


1990 7041 


a. Discuss the curvature of the data. Why is a cubic 
function not appropriate? Why is a single quad- 
ratic function not appropriate? 














b. Divide the data into two subsets that share one 
data point. Find equations to fit each set of data, 
and combine them to form a piecewise continu- 
ous model. 


c. Discuss factors that might have contributed to 
the behavior exhibited by the data. 


d. Use your model to estimate fish production in 
1973, 1983, and 1993. 


23. Population data® for Iowa in the 1980s and 1990s 


are given in Table 2.95. 


. 54. Statistical Abstract, 1994. 


29. 


26. 
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TABLE 2.95 


amas 
Year (thousands) 


a. Examine a scatter plot of the data. Discuss the 
curvature. 














b. Discuss the appropriateness or inappropriate- 
ness of using a cubic equation to fit this data set. 


c. Find a cubic equation to fit the data, and graph it 
on the scatter plot. Does the graph support or 
contradict your conclusion in part b? 


d. Divide the data into two subsets that share one 
point. Find a piecewise continuous model for 
the population of Iowa. 


e. Update the data to the most recent year for 
which population data are available. Is the model 
you chose appropriate for the expanded data set? 


. Suppose that you are required to model a set of data 


that has evenly spaced input values and for which 
second differences and percentage differences in the 
outputs are constant. How might you determine 
which model is best? 


For which models is reducing the magnitude of the 
input values important and why? 


Discuss when it is necessary to shift data vertically. 


55. Statistical Abstract, 1998. 
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Exponential and Logarithmic Functions and 
Models 


econd in importance to linear functions and models 
Se exponential functions and models. Based on the 
familiar idea of repeated multiplication by a fixed posi- 
tive multiplier b (the base), the basic exponential func- 
tion is of the form 


fix) = ah 


The parameter a appearing in the equation is the output 
when the input is zero. 

Whereas linear functions model situations that have 
constant rates of change, exponential functions model 
constant percentage change. In terms of the function 
flx) = ab’, exponential growth occurs when b is greater 
than 1, and exponential decline takes place when b is 
between 0 and 1. In fact, the constant percentage growth 
or decline is (b — 1)100%. 

The inverse of the exponential function is the log or 
logarithmic function. The basic form of the log function 
that we use is 


fix) =a+blnx 


The input of this function must be a value greater than 
zero. The log function is useful for situations in which 
the output grows or declines at an increasingly slow 
rate. 


Exponential Models in Finance 


The general compound interest formula is 
r nt 
A (1 oF ") dollars 


where A is the amount accumulated in an account after 
t years when P dollars are invested at an annual interest 
rate of 100r% compounded n times each year. The 
advertised annual interest rate 100r% is called the 
annual percentage rate (APR) or the nominal rate. For a 
given nominal rate 100r% and number n of compound- 
ing periods per year, we are also interested in the annual 
percentage yield (APY), or effective rate, (1 ar a = Il, 
If you are an investor, then the annual percentage yield 
gives a true picture of your actual interest earnings. If 
you are a borrower who is paying interest, then the 
effective rate gives a true picture of your actual cost in 
terms of interest. 


If we imagine that the number n of compounding 
periods per year increases without bound, then we are 
led to consider the notion of continuous compounding, 
described by the limit 


r nt 
lim a + 4 = Pe” 
no nN 

This gives the continuously compounding interest for- 
mula A = Pe. With continuous compounding, the 
effective rate is e’ — 1. 

The term future value describes the value of an 
investment at some future time, and the term present 
value describes how much must be invested now to 
achieve a desired future value. We return to future value 
and present value in a later chapter and consider them 
ina more sophisticated context using calculus. 


Exponential Models in Science 


Exponential functions with repeated multiplier less 
than 1 are useful in modeling exponential decay. Expo- 
nential decay is often expressed in terms of the half-life 
of a substance. As long as we know the quantity of a 
substance at some time and the half-life, we can use 
technology to obtain an exponential model for the 
quantity of the substance as a function of time. Expo- 
nential decay applications include radioactive decay, 
Newton’s Law of Cooling, and drug absorption rates, as 
well as other applications in the life sciences and health 
sciences. 


Logistic Functions and Models 


A common situation is to have initial exponential 
growth followed by a leveling-off approach toward a 
limiting value L. This behavior is characteristic of logis- 
tic growth, modeled by the logistic equation 


1b 


YT Ae® 


These S-shaped curves model such everyday occur- 
rences as the accumulated sales of a new fad item and 
the spread of information. In situations such as these, 
the parameter B that appears in the exponential term of 
the denominator is positive, a reflection of initial expo- 
nential growth. Logistic curves also occur as inverted, or 
upside-down, S-shaped curves. In these cases, the 
parameter B is negative, a reflection of the decline in 


output toward the horizontal axis as the input values 
increase. 

Graphs of increasing logistic functions show curva- 
ture that changes from concave up to concave down, 
whereas graphs of decreasing logistic functions show 
curvature that changes from concave down to concave 
up. In each case, the point where the concavity changes 
is known as an inflection point. We later develop calcu- 
lus techniques that enable us to find such points. 


Polynomial Functions and Models 


Polynomial functions and models have a well-estab- 
lished role in calculus. 
We consider three cases: 
fix) =ax+b 
quadratic functions: f(x) = ax* + bx +c 
fix) =ae+ be +ext+d 


linear functions: 


cubic functions: 


Quadratic equations have graphs known as parabo- 
las. The parabola with equation f(x) = ax? + bx + ¢ 
opens upward (is concave up) if a is a positive and 
opens downward (is concave down) if a is negative. 

Cubic equations have graphs that resemble one of 
the four types shown in Figure 2.29 on pages 143-144. 
Like logistic models, cubic models show a change of 
concavity at an inflection point. We must be especially 
careful in using cubic models when extrapolating 
beyond the range of data values from which the models 
are constructed. 


Shifting Data 


When fitting exponential and logistic equations to data, 
it is extremely important that you align the input data to 
values that are reasonably small. This will avoid numer- 
ical computation errors. For polynomial equations, 
aligning the data may produce smaller coefficients in 
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the equation. When fitting a log equation to data, you 
must sometimes align the input data to ensure that the 
input values are greater than zero. Aligning input data 
has the effect of shifting the data horizontally. 

When fitting exponential and logistic equations to 
data, it is sometimes helpful to shift the output data. 
This vertical shift is particularly useful when the data 
appear to approach a value other than zero. The goal in 
shifting is to move the data closer to the horizontal axis. 
Once a model is obtained for the shifted data, be sure to 
adjust the equation to compensate for the shift. 


Choosing a Model 


Although it is not always clear which (if any) of the 
functions we have discussed apply to a particular real- 
life situation, it helps to keep in mind a few general, 
common-sense guidelines. (1) Given a set of discrete 
data, begin with a scatter plot. The plot will often reveal 
general characteristics that point the way to an appro- 
priate model. (2) If the scatter plot does not appear to 
be linear, consider the suggested concavity. One-way 
concavity (up or down) often indicates a quadratic 
model, but keep in mind that upward concavity may 
also suggest an exponential or log model. Downward 
concavity may also suggest a log model. If input values 
are evenly spaced, then second differences that are 
nearly constant indicate a quadratic model, whereas 
percentage differences that are nearly constant suggest 
an exponential model. (3) When a single change in con- 
cavity seems apparent, think in terms of cubic or logistic 
models. But remember, the graphs of logistic models 
tend to become flat on each end, whereas cubics do not. 
Also, logistic models are suggested in cases where the 
data are cumulative over time with bounds on the 
extent of the accumulation. Never consider a cubic or a 
logistic model if you cannot identify an inflection point. 
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Concept Check 


Find an exponential model and determine its percentage change? 


Find and use a log model? 

Calculate APR and APY? 

Calculate present and future value? 

Solve exponential growth and decay problems? 
Find and use a logistic model? 

Find and use a quadratic model? 

Find and use a cubic model? 

Find and use a piecewise continuous model? 
Vertically shift data? 

Identify concavity and inflection points? 
Observe a scatter plot and choose a model? 


Review Test 


. According to the U.S. Census Bureau, the number 


of children living with their grandparents was 2.2 
million in 1970 and 3.9 million in 1997. Assume 
that the number grew exponentially between 1970 
and 1997. 


a. Find an exponential model for the number of 
children living with grandparents as a function 
of the number of years since 1970. 


b. What is the percentage change indicated by the 
model? 


c. According to the model, when will the number 
of children reach 5 million? 


d. Do you believe an exponential model accurately 
reflects future change in the number of children 
living with grandparents? Explain. If not, what 
do you think would be a more appropriate 
model? 


a. What is the effective rate (APY) for 7.3% com- 
pounded monthly? 


b. What is the largest possible effective rate for a 
nominal rate of 7.3%? 
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To practice, try 
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Section 2.1 Activity 23 
Section 2.1 Activity 37 
Section 2.2 Activity 11 
Section 2.2 Activities 19, 21 
Section 2.2 Activity 29 
Section 2.3 Activity 21 
Section 2.4 Activity 15 
Section 2.4 Activity 25 
Section 2.4 Activity 31 
Section 2.5 Activity 11 
Section 2.6 Activity 5 
Section 2.6 Activities 11, 19, 21 





3. The yearly high stock prices”® for Microsoft Corpo- 


ration for selected years between 1989 and 1998 are 
shown in Table 2.96. 


TABLE 2.96 


meats 
Year | (dollars Year dollars 
| 1996 | 15.02 | 
e124 a ac6:44 oi 


a. Examine a scatter plot of the data. Discuss the 
curvature of the data and the possible models 
that could be used for this data set. 


b. Find the model that you believe is best for this 
data set. 






c. What issues in our current economy do you 
believe will affect the price of Microsoft stock in 
the future? Do you think the model you chose is 
a good description of the future price? 


56. Hoover’s Online Guide, November 1999. 


4. On August 28, 1993, the Philadelphia Inquirer 
reported temperatures from the previous day. Table 
2.97 lists these temperatures (in degrees Fahren- 
heit) from 5 a.m. to 5 p.m. 


TABLE 2.97 





50k 


. Examine a scatter plot of the data. Explain why 


the curvature indicates that a cubic model is 
appropriate. 


. Find a cubic model for the data. 


. According to the model, what was the tempera- 


ture at 5:30 p.m.? 


. According to the model, at approximately what 


times (on August 27) was the temperature 90 
degrees Fahrenheit? 


1998 United Nations study projected that the 


world population would stabilize at 10.73 billion 
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just after the year 2200. The study’s projections 
include those shown in Table 2.98. 


TABLE 2.98 


Population 
Year (billions) 


. Is the following statement true or false? Explain. 


“Because the first differences of the data are 
constant, a linear model is appropriate.” 


. Examine a scatter plot of the data. Discuss 


the curvature suggested by the scatter plot and 
the functions that could be used to model the 
data. 


. Align the input as the number of years since 


1900, and find quadratic, logistic, and log mod- 
els for the projected population. Discuss how 
well each equation fits the data. 


. Use limits to express the end behavior of the 


three equations in part c. Which equation best 
exhibits the end behavior suggested by the 
United Nations study? 









Compulsory 
School Laws 


Project 2.1 


Tasks 


1. Tabulate the cumulative number of states with com- 
pulsory school laws for the following 5-year periods: 


Setting 


In 1852, Massachusetts became the first state 
to enact a compulsory school attendance 


law. Sixty-six years later, in 1918, Mississippi 


1852-1856 1887-1891 
became the last state to enact a compulsory 
attendance law. Table 2.99 lists the first 48 1857-1861 1892-1896 
states to enact such laws and the year each 1862-1866 1897-1901 
state enacted its first compulsory school law. 1867-1871 1902-1906 
1872-1876 1907-1911 
PAPEL 22? 1877-1881 1912-1916 
1882-1886 1917-1921 


Year "state | 
ia | 1902 | 2. Examine a scatter plot of the data in Task 1. Do you 
| MD | 1902 | believe a logistic model is appropriate? Explain. 
wo | 1905 | 
IN| 1905 
| DE | 1907 | 4. What do most states in the third column of the original 
data have in common? Why would these states be the last 


1907 
to enact compulsory education laws? 


3. Find a logistic model for the data in Task 1. 


5. The seventeen states considered to be southern states 
(below the Mason-Dixon Line) are AL, AR, DE, FL, GA, 
KY, LA, MD, MO, MS, NC, OK, SC, TN, TX, VA, and WV. 
Tabulate cumulative totals for the southern states and the 
northern/western states for these dates: 


Northern/Western States Southern States 





Years Years 
Source: Richardson, “Variation in Date of Enactment of 1852-1856 1891-1895 
Compulsory School Attendance Laws,” Sociology of Edu- 
cation vol. 53 (July 1980), pp. 153-163. Hoey Io! oA 
1862-1866 1901-1905 
1867-1871 1906-1910 
1872-1876 1911-1915 
1877-1881 1916-1920 
1882-1886 
1887-1891 
1892-1896 
1897-1901 
1902-1906 


182 





6. Examine scatter plots for the two data sets in Task 5. 
Do you believe that logistic models are appropriate 
for these data sets? Explain. 


7. Find logistic models for each set of data in Task 5. 
Comment on how well each equation fits the data. 


8. It appears that the northern and western states were 
slow to follow the lead established by Massachusetts 
and New York. What historical event may have been 
responsible for the time lag? 


9. One way to reduce the impact of unusual behavior in 
a data set (such as that discussed in Task 8) is to group 
the data in a different way. Tabulate the cumulative 
northern and western state totals for the following 
10-year periods: 


1852-1861 
1862-1871 
1872-1881 
1882-1891 
1892-1901 
1902-1911 


10. Find a logistic model for the data in Task 9. Comment 
on how well the function fits the data. Compare models 
for the data grouped in 10-year intervals and the data 
grouped in 5-year intervals (Task 6). Does grouping the 
data differently significantly affect how well the 
equation fits? Explain. 


11. Find an equation that fits the data for the southern 
states better than the logistic equation. Write the 
model using the better-fitting equation. Explain your 
reasoning. 


Reporting 


1. Prepare a written report of your work. Include scatter 
plots, models, and graphs. Include discussions of each 
of the tasks in this project. 


2. (Optional) Prepare a brief (15-minute) presentation on 
your work. 
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Project 2.2 





Setting 


In order to raise funds, the mathematics 
department in your college or university is 
planning to sell T-shirts before next year’s 
football game against the school’s biggest 
rival. Your team has volunteered to conduct 
the fundraiser. Because several other student 
groups have also volunteered to head this 
project, your team is to present its proposal 
for the fund drive, as well as predictions 
about its outcome, to a panel of mathematics 
faculty. 


Note: This project is also used as a portion of 
Project 5.2 on page 377. 
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Fund-Raising 
Campaign | 


Tasks 


1. Develop a slogan and a design for the T-shirt. Keep in 


mind that good taste is a concern. Decide on a target 
market, and determine a strategy to survey (at random) at 
least 100 students who represent a cross section of the 
target market to determine the demand for T-shirts (as a 
function of price) within that market. It is important that 
your sample survey group properly represent your target 
market. If, for example, you polled only near campus 
dining facilities at lunch time, your sample would be biased 
toward students who eat lunch at such facilities. 

The question you should ask is “How much would you 
be willing to spend on a T-shirt promoting the big football 
rivalry? $20, $18, $16, $14, $12, $10, $8, or not interested?” 
Keep an accurate tally of the number of students who 
answer in each category. In your report on the results of 
your poll, you should include information such as your 
target market; where, when, and how you polled within 
that market; and why you believe that your polled sample 
is likely to be a representative cross section of the market. 


. a. From the data you have gathered, determine how 


many students from your sample survey group would 
buy a T-shirt at $8, $10, $12, and so on. 


b. Devise a marketing strategy, and determine how many 
students within your target market you can reasonably 
expect to reach. Assuming that your poll is an accurate 
indicator of your target population, determine the 
number of students from your target market who will 
buy a T-shirt at each of the given prices. 


c. Taking into account the results of your poll and your 
projected target market, develop a model for demand 
as a function of price. Keep in mind that your model 
must make sense for all possible input values. 


. Estimate the cost that you will incur per T-shirt from 


the partial price listing in Table 2.100. Use the demand 
function from Task 2 to create equations for revenue, 
total cost, and profit as functions of price. (Revenue, total 
cost, and profit may not be one of the basic models that 
were discussed in class. They are sums and/or products of 
the demand function with other functions.) 


Tet 
io S 
Re te. 
Soe. : 
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1: 


Prepare a written report summarizing your survey and 
modeling. The report should include your slogan and 
design, your target market, your marketing strategy, the 
results from your poll (as well as the specifics of how you 
conducted your poll), a discussion of how and why you 
chose the model of the demand function, a discussion of 
the accuracy of your demand model, and graphs and 
equations for all of your models. Attach your 
questionnaire and data to the report as an appendix. 


. Prepare a 15-minute oral presentation of your survey, 


modeling, and marketing strategy to be delivered before a 
panel of mathematics faculty. You will be expected to have 
overhead transparencies of all graphs and equations as 
well as any other information that you consider appropriate 
as a visual aid. Remember that you are trying to sell the 
mathematics department on your campaign idea. 


TABLE 2.100 The T-Shirt Company: Partial Price Listing 













Number of colors 
Minimum 
order 


$6.00 
$430 | $465 
$4.10 | $4 3 

















$5.35 


Source: Based on data compiled from 1993 prices at Tigertown Graphics, Inc., Clemson, SC. 
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Describing Change: 
Rates 


Concept Application 


> The Centers for Disease Control (CDC) in Atlanta, Georgia, is 
concerned with following the spread of diseases in the United 
States. CDC information is valuable to doctors, hospitals, 
pharmaceutical companies, and medical researchers. The 
CDC has closely followed the AIDS epidemic. Mathematics 
can help the CDC answer such questions as 


On average, how quickly did the number of AIDS 
patients increase between 1980 and 1990? 





3 How quickly was the number of AIDS patients growing 
Roger Tully/Tony Stone Images in 19902 


1 Bw 


By what percentage was the number of AIDS patients 
growing in 1996? 


This chapter will provide you with some of the tools that 
make it possible to answer questions like these. You will 
have the opportunity to estimate the answers to the above 
questions in Activity 22 of Section 3.3. 


peal 


_jaBic|_ This symbol directs you to the supplemental technology guides. The different guides contain 
ol step-by-step instructions for using graphing calculators or spreadsheet software to work the 
7 particular example or discussion marked by the technology symbol. 


This symbol directs you to the Calculus Concepts web site, where you will find algebra 
Do review, links to data updates, additional practice problems, and other helpful resource 
material. 





Concept Objectives 


This chapter will help you understand the 
concepts of 


Change, percentage change 

Average rate of change 

Instantaneous rate of change and derivative 
Secant line and tangent line and their relationship 
Percentage rate of change 


Slope graph 


and you will learn to 


Find descriptions of change using data, graphs, 
and equations 


Interpret descriptions of change 
Sketch and find slopes of secant and tangent lines 
Estimate rates of change using tangent lines 


Estimate rates of change using symmetric differ- 
ence quotients 


Interpret derivatives 


Sketch rate-of-change graphs 


Change is everywhere around us and 
affects our lives on a daily basis. From the 
explosive growth in the use of personal 
computers to the decline in the number of 
family-owned farms, from the shrinking 
value of a dollar to the growing national 
debt, change impacts us as individuals, in 
families, through businesses, and in our 
government. 


In this chapter we consider several ways 
to describe change. Starting from the 
actual change in a quantity over an 
interval, it is a simple step to describe the 
change as a percentage change or as an 
average rate of change over that interval. 
The notion of average rate of change, 
when examined carefully in light of the 
underlying geometry of graphs, leads to 
the more subtle and challenging concept 
of instantaneous change. Indeed, the 
precise description of instantaneous 
change in terms of mathematics 1s one 
of the principal goals of calculus. 
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3.1. Change, Percentage Change, and 


| | N Average Rates of Change 


One of the primary goals of calculus is the description of change. In preparation for 
learning how calculus describes change, we introduce three numerical ways of 
reporting change. We begin with a simple business example. 

The yearly revenue for a large department store declined from $1.4 billion in 1998 
to $1.1 billion in 2001. There are three common ways to express this change in rev- 
enue. We could use a negative sign to indicate the decrease in revenue and say that the 
change in revenue was -$0.3 billion over 3 years. We could also express this change by 
saying that the revenue declined by $0.3 billion (or $300 million) over 3 years. 

It is often helpful to express the change as a percent of the 1998 revenue. This 
percentage change (or percent change) is found by dividing the change by the rev- 
enue in 1998 and multiplying by 100: 

_ ~$0.3 billion © io ea 

Percentage change = $14 billion 100% 21.4% 

The company saw a 21.4% decline in revenue between 1998 and 2001. You should 
already be familiar with percentage change from the discussion of exponential mod- 
els in Chapter 2. 

The third way to express change involves spreading the change over the time 
interval to obtain the average rate of change. This is done by dividing the change by 
the length of the interval. In the case of the department store revenue, the length of 
the interval is 3 years: 





-$0.3 billion 
3 years 





Average rate of change = = -$0.1 billion per year 


On average, the revenue declined at a rate of $0.1 billion per year (or $100 million per 
year) between 1998 and 2001. 
We summarize these three ways to describe change as follows: 


Change, Percentage Change, and Average Rate of Change 


If a quantity changes from a value of m to a value of n over a certain interval, 
then 


© The change in the quantity is found by subtracting the first value from 
the second. 


Change = n — m 


© The percentage change is the change divided by the first value and then 
multiplied by 100. 


Percentage change = planes -100% = =— 100% 
m 


first value 


The average rate of change is the change divided by the length of the 
interval. 


change ia i mn 


Average rate of change = : = 
length of interval length of interval 








EXAMPLE 1 
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Interpreting Descriptions of Change 


Correctly calculating these descriptions of change is important, but being able to 
state your result in a meaningful sentence in the context of the situation is equally 
important. When interpreting a description of change, you should answer the ques- 
tions when, what, how, and by how much. 


Interpreting Descriptions of Change 


When describing change over an interval, be sure to answer the following 
questions: 
When? Specify the interval. 
What? Specify the quantity that is changing. 
How? Indicate whether the change is an increase or a decrease. 
By how much? Give the numerical answer labeled with proper units: 
Description Units 
change output units 


percentage change percent 
average rate of change output unit per input unit 


When stating an average rate of change, use the word average or the 
phrase on average. 





Air Temperature 
Consider Table 3.1, which shows temperature values on a typical May day in a certain 


midwestern city. Find the following descriptions of change, and write a sentence giv- 
ing the real-life meaning of (that is, interpret) each result. 


TABLE 3.1 
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Describing Change: Rates 


a. The change in temperature from 7 a.m. to | p.m. 
b. The percentage change in temperature between 3 p.m. and 6 p.m. 


c. The average rate of change in temperature between 8 a.m. and 5 p.m. 


Solution 


a. To find the change in temperature, subtract the temperature at 7 a.m. from the 
temperature at | p.m. 


Change = 80°F — 49°F = 31°F 


The interpretation statement answers the questions when (1 p.m. and 7 a.m.), 
what (the temperature), how (was greater than), and by how much (31°F): The 
temperature at 1 p.m. was 31°F greater than the temperature at 7 a.m. 


b. To find percentage change, first find the change in temperature between 3 p.m. 
and 6 p.m. 


Change = 62°F — 78°F = -16°F 
Next, divide the change by the temperature at 3 p.m. (the beginning of the time 


interval under consideration), and multiply by 100. 


° 


=16 F 
Percentage change = 78°F 100% ~ -20.5% 





The temperature declined by about 20.5% between 3 p.m. and 6 p.m. In this state- 
ment, “between 3 p.m. and 6 p.m.” answers the question when, “the temperature” 
again identifies what, and “declined by about 20.5%” tells how and by how much. 


c. Begin the calculation of the average rate of change by finding the change in the 
temperature from 8 a.m. to 5 p.m. 


Change = 69-Fi— 58°F — 11°F 


Next, divide the change by the length of the time interval (9 hours). 


° 





Average rate of change = = 1.2°F per hour 


9 hours 
In interpreting this average rate of change, we must use the word average in our 
sentence in addition to answering the four questions. We state the interpretation 
as follows: Between 8 a.m. and 5 p.m., the temperature rose at an average rate of 
1.2°F per hour. 


See oeecoesereeeceeecere 


Although these descriptions of change are useful, they have limitations. It appears from 
the answer to part c of Example 1 that the temperature rose slowly throughout the day. 
However, the average rate of change does not describe the 22°F rise in temperature fol- 
lowed by the 11°F drop in temperature that occurred between 8 a.m. and 5 p.m. 


Finding Percentage Change and Average Rate of Change 
Using Graphs 


You may have noticed that calculating the average rate of change is the same as calcu- 
lating slope. This observation allows for the easy calculation of average rates of 
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change if you are given a graph. For instance, when plotted, the May daytime tem- 


peratures in Example 1 fall 


in the shape of a parabola (see Figure 3.1). 


Air temperature 


(eR) 
Ur SF 
= 
fel 
il 





t+} 4} + +} tt tt tH 


FIGURE 3. 


Time 





8am. 10am. 12pm 2pm. 4pm. 6p.m. 
1 


To find the average rate of change between 9 a.m. and 4 p.m., first use a straight- 
edge to draw carefully a line connecting the points at 9 a.m. and 4 p.m. (see Figure 3.2). 
We call this line connecting two points on a scatter plot or a graph a secant line 


(from the Latin secare, “to 
estimating the rise and the 


Air temperature 
(°F) 





Time 


8am. 10am. 12pm.2pm. 4pm. 6pm. 


FIGURE 3.2 


Average rate of change = 


Between 9 a.m. and 4 p.m., 


cut”). Next, approximate the slope of this secant line by 
run for a portion of the line (see Figure 3.3). 


Air temperature 
GE) 


80 ° 


70 Rise = 8° ° 





Run = 7 hours 





Time 
8am. 10am. 12pm.2pm. 4pm. 6pm. 


FIGURE 3.3 





rise _ change in temperature 
run change in time 
8°F 
= = 1.1 E per hour 
7 hours P 


the temperature rose at an average rate of 1.1°F per hour. 


Note that the rise is the change in temperature. To calculate percentage change from 
the graph, divide the rise by the estimated output of the first point. 
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1992 total 
reported 

1992 data 
collected 
1991 1992 
FIGURE 3.4 
EXAMPLE 2 
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change in temperature _ aE OUR TO 196 
temperature at 9 a.m. 66°F 





Percentage change = 


It is important to note that this graphical method of calculating descriptions of 
change is imprecise if you are given only a scatter plot or a graph. It gives only 
approximations to change, percent change, and average rate of change. The method 
depends on drawing the secant line accurately and then correctly identifying two 
points on the line. Slight variations in sketching are likely to result in slightly differ- 
ent answers. This does not mean that the answers you obtain are incorrect. It simply 
means that descriptions of change obtained from graphs are approximations. 

Example 1 and the subsequent discussion of air temperature use the term 
between two time values. There are other ways to describe intervals on the input axis, 
and we take a moment now to discuss one of them. 

When we use data that someone else has collected, we often do not know when 
the data were reported or recorded. It seems logical to assume that yearly (or 
monthly or hourly and so forth) totals are reported at the end of the intervals repre- 
senting those periods. For instance, a 1992 total covers the period of time from the 
end of 1991 through the end of 1992 (see Figure 3.4). 

Therefore, we adopt the convention that “from a through b” on the input axis 
refers to the interval beginning at a and ending at b. If a and b are years and the out- 
put represents a quantity that can be considered to have been measured at the end of 
the year, then “from a to b” means the same thing as “from the end of year a through 
the end of year b.” The phrases “between a and b” and “from a to b” have the same 
meaning as “from a through b.” We use this terminology in the remainder of the text. 


Fuel Consumption 


The average annual fuel consumption! of personal passenger vehicles, buses, and 
trucks is shown in Figure 3.5. A smooth curve connecting the points is also shown. 


Average fuel consumption 
(gallons per year) 


820 
790 
760 
730 
700 


670 


Year 
1970 1975 1980 1985 1990 1995 


FIGURE 3.5 


1. Statistical Abstract, 1998. 
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a. Estimate the change, percentage change, and average rate of change in average 
annual fuel consumption between 1975 and 1985. Write a sentence interpreting 
each answer in context. 


b. Estimate the change, percentage change, and average rate of change in average 
annual fuel consumption between 1990 and 1995. Write a sentence interpreting 
each answer in context. 


Solution 


a. Begin by estimating from the graph the fuel consumption in 1975 and 1985. One 
possible estimate is 790 gallons per year in 1975 and 685 gallons per year in 1985. 
To calculate change, subtract the 1985 value from the 1975 value. 


Change = 685 — 790 = -105 gallons per year 


Average fuel consumption fell by 105 gallons per year from 1975 to 1985. It is also 
correct to say that average annual fuel consumption fell by 105 gallons from 1975 
to 1985. The use of the word annual implies that the value is per year. The word 
yearly could be used in a similar manner. 

Convert this change to percentage change by dividing by the estimated fuel 
consumption in 1975. 


-105 gallons per year 
790 gallons per year 





Percentage change = -100% = -13.3% 


The average annual fuel consumption decreased by 13.3% between 1975 and 
1985: 

Convert the change to an average rate of change by dividing the change by the 
length of the interval between 1975 and 1985. 


-105 gallons per year 
10 years 





Average rate of change = 
= -10.5 gallons per year per year 


The average fuel consumption decreased an average of 10.5 gallons per year per 
year between 1975 and 1985. It is also correct to say that the average annual fuel 
consumption decreased by 10.5 gallons per year between 1975 and 1985. The 
average rate of change is the slope of the secant line through the point correspond- 
ing to 1975 and the point corresponding to 1985 shown in Figure 3.6. 


b. Begin by estimating the output values in 1990 and 1995. We estimate 680 gallons 
per year in 1990 and 700 gallons per year in 1995. Following the same procedure 
as in part a, we have 


Change ~ 700 — 680 = 20 gallons per year 
20 gallons per year 
680 gallons per year 





Percentage change ~ -100% ~ 2.9% 


20 gallons per year 
5 years 





Average rate of change ~ = 4 gallons per year per year 

Between 1990 and 1995, the average annual fuel consumption rose by about 
20 gallons. This represents a percentage increase of about 2.9%. On average, the 
fuel consumption rose by approximately 4 gallons per year per year during this 
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Average fuel consumption 
(gallons per year) 


820 


790 






760 

Change = ' 
Rise ~ -105 gallons! 
730 






700 
Run = 10 years 


‘Rise ~ 20 gallons 


SSS 


Run = 5 years 


670 
Year 





1970 1975 1980 1985 1990 1995 
FIGURE 3.6 


time. Again, the average rate of change is the slope of the secant line connecting 
the points on the graph that correspond to 1990 and 1995. (See Figure 3.6.) 


eeerescccesecoecccsoces 


Determining Percentage Change and Average Rate of Change 
Using an Equation 
It is also possible to determine descriptions of change when we are given only an 


equation. A model for the temperature data on a typical May day in a certain mid- 
western city is 


Temperature = -0.8t? + 2t + 79 °F 


where t is the number of hours after noon. 
Calculate the percentage change and average rate of change between 11:30 a.m. 
and 6 p.m. as follows: 


1. Note that at 11:30 a.m., t = -0.5 and that at 6 p.m., t = 6. 


2. Substitute t = -0.5 and t = 6 into the equation to obtain the corresponding tem- 
peratures. 


At 11:30a.m.: Temperature = -0.8(-0.5)? + 2(-0.5) + 79 = 77.8°F 
At6p.m.: Temperature = -0.8(6)? + 2(6) + 79 = 62.2°F 
3. To calculate percentage change, divide the change in temperature by the temper- 
ature at 11:30 a.m. and multiply by 100. 
O2h2 Bae / 5-0 
77.8°F 





-100% =~ -20% 
4. Divide the change in temperature by the change in time, subtracting the first 
temperature from the second temperature. 


62.2°F — 77.8°F _ -15.6°F 
Clie G85) 6.5 hours 





= -2.4°F per hour 


EXAMPLE 3 
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Thus, between 11:30 a.m. and 6 p.m., the temperature fell by 15.6°F. This represents 
a 20% decline and an average rate of decline of 2.4°F per hour. Note that the temper- 
ature fell 15.6°F in 6.5 hours; however, when finding an average rate of change, we 
state the answer (in this case) as the number of degrees per one hour. 


Population Density 
The population density of Nevada? from 1950 through 1997 can be approximated by 
the model 
p(t) = 0.1617(1.04814') people per square mile 
where t is the number of years since 1900. 


a. Find the average rate of change of the population density from 1950 through 
1980. Interpret your answer. 


b. Find the average rate of change of the population density between 1980 and 1997. 


c. Use the fact that the land area of Nevada is 110,540 square miles to convert both 
average rates of change to people per year. 


d. On the basis of your answers, what can you conclude about growth in Nevada? 

e. Calculate the percentage change in the population density between 1950 and 
1997. Interpret your answer. 

Solution 

a. The average rate of change from 1950 through 1980 is 


p(80) — p(50) _ 6.95 — 1.70 people/mi” 
A 80 950 30 years 





=~ (0.18 person per square mile per year 
Between 1950 and 1980, the population density of Nevada increased at an aver- 
age rate of 0.18 person per square mile per year. 

b. The average rate of change between 1980 and 1997 is 


p(97) — p(80) _ 15.47 — 6.95 people/mi* 
974-280 17 years 





=~ (0.50 person per square mile per year 


c. From 1950 through 1980: 


0.18 person/mi’ 
year 





-110,540 mi? ~ 19,372 people per year 


From 1980 through 1997: 


0.50 person/mi* 
year 





- 110,540 mi? ~ 55,347 people per year 
d. In the 17-year period from 1980 through 1997, the population grew by almost 


three times as much as it had grown in the 30-year period from 1950 through 
1980. 


2. Based on data from Statistical Abstract, 1992, 1995, and 1998. 
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e. The percentage change between 1950 and 1997 is 


13.4 lao. 
1.70 


-100% = 811.4% 


The population density of Nevada increased by about 811.4% between 1950 and 


LOOT. 


All three descriptions of change (change, percentage change, and average rate of 
change) are valuable, but the concept of average rate of change will be the bridge 
between the algebraic descriptions of change examined in this section and the calcu- 
lus description of change that we begin exploring in the next section. The graphical 
interpretation of the average rate of change as a slope of a secant line will be particu- 


larly useful. 


Concept 
ON Inventory 


@ Change 

@ Percentage change 

@ Average rate of change 

@ Secant line 

@ Slope of a secant line = average rate of change 
@ Interpreting descriptions of change 






Activities 


Rewrite the sentences in Activities 1 through 5 to 
express how rapidly, on average, the quantity changed 
over the given interval. 


Le 


Z, 
3 
4. 
5) 


In five trading days, the stock price rose $2.30. 


. The nurse counted 32 heart beats in 15 seconds. 


. The company lost $25,000 during the past 3 months. 


In 6 weeks, she lost 17 pounds. 


. The unemployment rate has risen 4 percentage 


points in the past 3 years. 


For Activities 6 through 9, calculate the change, percent- 
age change, and average rate of change over the interval 
specified. Write a sentence interpreting each description 
of change. 


10. 
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The average cost for a 20-year, level-premium, term 
life insurance policy’ for a 35-year-old male non- 
smoker was $448 in 1991 and $180 in 1999. 


. The national ACT college test composite average* 


for females was 20.3 in 1990 and 20.9 in 1999. 


. The American Indian, Eskimo, and Aleut popula- 
tion? in the United States was 362 thousand in 1930 
and 2387 thousand in 1999. 


. The number of Internet users® in China grew from 
0.9 million in 1997 to 12.0 million in 2000. 


a. On October 1, 1987, 193.2 million shares were 
traded on the stock market.’ On October 30, 
1987, 303.4 million shares were traded. Find the 
percent change and average rate of change in the 
number of shares traded per trading day 
between October 1 and October 30. 


b. The scatter plot in Figure 3.1.1 shows the num- 
ber of shares traded each day during October of 
1987. On the scatter plot, sketch a line whose 
slope is the average rate of change between Octo- 
ber 1 and October 30. 


c. The behavior of the graph on October 19th and 
20th has been referred to as “October Madness.” 
Write a sentence describing how the number of 


. Insurance Information, based on analysis of more than 600 companies. 
meAGIniniG: 

. U.S. Bureau of the Census. 

. BDA (China), The Strategis Group. 

. The Dow Jones Averages 1885-1990, ed. Phyllis S. Pierce (Home- 


wood, IL: Business One Irwin, 1991). 


Sal 


Shares 
(millions) 


600 
500 
400 
300 
200 


100 


he Se GP SY NG ee) 








Change, Percentage Change, and Average Rates of Change 


+ 


197 


+—+—+—+—+— Trading days 





LOMA 








yt 
2, GS TES NSS AUG AGP aes ake) il 2? 


(Oct 30) 


(Oct 19) 





Years 


(es ee ee ee TCS 








FIGURE 3.1.1 (Oct 1) 
Elevation 
(feet above 
sea level) 
6230 6228.98 
6228 
6226 
6224 
Natural rim (6223 feet above sea level) 
No outflow below this elevation 
6222 
6220 
FIGURE 3.1.2 SJ Soe SA SO mOO! Ns 87 8S 


shares traded changed throughout the month. 
How well does the average rate of change you 
found in part a reflect what occurred through- 
out the month? 


11. The graph in Figure 3.1.2 shows the highest eleva- 
tions above sea level attained by Lake Tahoe® 
(located on the California-Nevada border) from 
1982 through 1996. 

a. Sketch a secant line connecting the beginning 
and ending points of the graph. Find the slope of 
this line. 


b. Write a sentence interpreting the slope in the 
context of Lake Tahoe levels. 


8. Data from Federal Watermaster, United States Department of the 
Interior. 


So) 0) OO) OF SB G4 YH VO 1900 

c. Write a sentence summarizing how the level of 
the lake changed from 1982 through 1996. How 
well does your answer to part b describe the 


change in the lake level as shown in the graph? 


12. Refer once again to the roofing jobs example in Sec- 
tion 2.4. The data are shown in Table 3.2. 


TABLE 3.2 
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a. Use the data to find the change and percent 
change in the number of roofing jobs from Janu- 
ary through June. 

b. Use the data to find the average rate of change in 
the number of roofing jobs from January 
through June. 

c. Find a model for the data. 

d. Use the equation to find the change and the 
average rate of change in the number of roofing 
jobs from January through June. 

e. Are the answers obtained from the data more 
accurate than those obtained from the equation‘? 


Imagine that 6 years ago you invested $1400 in an 
account with a fixed interest rate and with interest 
compounded continuously. You do not remember 
the interest rate, but your end-of-the-year state- 
ments for the first 5 years yield the data shown in 
Table 3.3. 


TABLE 3.3 


ee ec 
ae ee 


a. Use the data to find the change and percent 
change in the balance from the end of year 1 
through the end of year 5. 






b. Use the data to find the average rate of change of 
the balance from the end of year 1 through the 
end of year 5. Interpret your answer. 


c. Using the data, is it possible to find the average 
rate of change in the balance from the middle of 
the fourth year through the end of the fourth 
year? Explain how it could be done or why it 
cannot be done. 


d. Find a model for the data, and use the equation 
to find the average rate of change over the last 
half of the fourth year. 


Table 3.4 gives the price in dollars of a round trip 
flight from Denver to Chicago on a certain airline 
and the corresponding monthly profit (in millions 
of dollars) for that airline on that route. 


15), 





TABLE 3.4 


Profit 
(millions of dollars) 


a. Find a model for the data. 


b. Estimate the average rate of change of profit 
when the ticket price rises from $200 to $325. 


c. Estimate the average rate of change of profit 
when the ticket price rises from $325 to $450. 


Refer to the influenza epidemic data in Table 2.31, 


Activity 17 of Section 2.3. 


16. 


a. How rapidly (on average) did the number of 
deaths from influenza increase in the Navy 
between August 31, 1918, and October 12, 1918? 


b. How rapidly did civilian deaths increase from 
October 5, 1918, through November 2, 1918? 


c. Compare the average rates of increase in the 
Navy and Army between October 12, 1918, and 
October 19, 1918. 


A travel agent vigorously promotes cruises to 
Alaska for several months. The number of cruise 
tickets sold during the first week and the total 
(cumulative) sales every 3 weeks thereafter are 
given in Table 3.5. 


TABLE 3.5 


[ae pene naran 
Saccl ECI 










Wi 


18. 


19: 


20; 


10. 
ie 


3.1 Change, Percentage Change, and Average Rates of Change 


a. Find the first differences in the numbers of tick- 


ets sold, and convert them to average rates of 
change. 


b. When were ticket sales growing most rapidly? 


How rapidly (on average) were they growing at 
that time? 


c. If the travel agent made a $25 commission on 
every ticket sold, how rapidly was the agent’s 
commission revenue increasing between weeks 7 
and 10? 


The population of Mexico’ between 1921 and 1997 
is given by the model 


Population = 7.391(1.02695)' million persons 


where t is the number of years since 1900. 


a. How much did the population change from 
1940 through 1955? Convert the change to per- 
centage change. 


b. How rapidly was the population changing on 
average from 1983 through 1985? 


The number of AIDS cases diagnosed’ from 1994 
through 1997 can be modeled by 


Cases diagnosed = 
-3 + 16.1x* — 90.7x + 247.5 thousand cases 


where x is the number of years since 1990. Find the 
percent change and the average rate of change in 
cases diagnosed between 1995 and 1997. 


The graph in Figure 3.1.3 shows the path of the 
misfired missile from Activity 7 of Section 2.4. 


a. Use a secant line to estimate the average rate 
of change in position between 0 seconds and 
2 seconds. 

b. Use a secant line to estimate the average rate 
of change in position between 2 seconds and 
3 seconds. 


c. Convert your answer in part b to miles per hour. 


The graph in Figure 3.1.4 shows the median age at 
first marriage!! for men in the United States. Esti- 
mate by how much and how rapidly the median 
marriage age grew from 1988 through 1997. What is 


. Based on data from SPP and INEGI, Mexican Censuses of Popu- 


lation 1921 through 1990 as reported by Pick and Butler, The 
Mexico Handbook, Westview Press, 1994; and on data from Statis- 
tical Abstract, 1998. 

Based on data from Statistical Abstract, 1998. 

Based on data from Statistical Abstract, 1998. 
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Height 
(feet) 





8 Time 
0 
‘oD 4 A (seconds) 
FIGURE 3.1.3 
Median age 
(years) 
26.8 
232 
Year 
1970 1979 1988 1997 
FIGURE 3.1.4 


true about the average rate of change between any 
two points on a linear graph? 


21. A graph of the equation for a model for the yearly 
interest income!” earned between 1990 and 1998 by 
Kelly Services, Inc., a leading global provider of 
staffing services, is shown in Figure 3.1.5. 


Interest income 
(millions of dollars) 
15 


12 
oy) 
6 


3 Year 
1990 1992 1994 1996 1998 


FIGURE 3.1.5 


12. Kelly Services, Inc. 1994 and 1998 Annual Report. 


200 CHAPTER 3 Describing Change: Rates 


a. Use the graph to estimate the average rate of 
change in Kelly’s interest income between 1990 
and 1994. Interpret your answer. 


b. Estimate the percent change in the interest 
income between 1996 and 1998. 

c. According to the graph, was Kelly losing money 
between 1990 and 1995? 


22. The graph in Figure 3.1.6 models the number of 
states associated with the national P.T.A. organiza- 
tion!’ from 1895 through 1931. 


States 





4+ t+ + t+ +SCOC Yee 
1900 1910 1920 1930 


FIGURE 3.1.6 
a. Approximately how rapidly was the membership 
growing from 1905 through 1915% 
b. Approximately how rapidly was the membership 
growing from 1920 through 1925% 


23. The percentage of all banks between 1996 and 1999 
that levied surcharges on the use of automated 
teller machines'* can be modeled by the equation 


102.665 
1 + 9729.989¢ 1613" 





s(t) = percent 

tyears after 1990. Find the percentage change in the 
percent of banks assessing surcharges on ATMs 
between 1996 and 1999. 


24. The consumer price index values (1982-1984 = 
100) for refuse collection’? between 1990 and 1997 
can be modeled by the equation 


R(t) = 131.496 + 55.096 In t 


13. Based on data from Hamblin, Jacobson, and Miller, A Mathemat- 
ical Theory of Social Change (New York: Wiley, 1973). 

14. Based on data from U.S. Public Interest Research Group National 
Survey. 

15. Based on data from Statistical Abstract, 1998. 


t years after 1988. Find the average rate of change in 
the CPI values for refuse collection between 1992 
and 1999 

25. Consider the linear function y = 3x + 4. 


a. Find the average rate of change of y over each of 
the following intervals: 
i From % = 10% 5 
ii. From x = 3 tox = 6 
iii. From x = 6 tox = 10 
b. Find the percentage change of y for each of the 
following intervals: 
i. From x = ltox =3 
ii. From x = 3 tox =5 
iu. From x — 31OXx% —=—/ 
c. On the basis of the results in part a and your 
knowledge of linear functions from Chapter 1, 
what generalizations can you make about per- 


centage change and average rate of change for a 
linear function? 


26. Consider the exponential function y = 3(0.4"). 


a. Find the percentage change and average rate of 
change of y for each of the following intervals: 


i ErOmise =) (OX ee. 

lie PrOnI so (@ 09) 

Vit gE rom % W067 
b. On the basis of the results in part a and your 
knowledge of exponential functions from Chap- 
ter 2, what generalizations can you make about 


percentage change and average rate of change for 
an exponential function? 


27. The annual costs’*® of President Clinton’s 1999 pro- 
posed prescription drug plan for Medicare patients 
are given in Table 3.6. 


TABLE 3.6 


Cost 
OS7SESC Siael2 CON -OOl mG: 4Snmlenlce 


(billions 
of dollars) 

a. Draw a scatter plot of the data, and discuss the 
curvature. 


b. Find a model for the data. 





16. Based on data from the Congressional Budget Office. 


c. Find the change in the proposed annual costs 
between 2000 and 2005. 


d. How quickly are the proposed costs rising on 
average between 2000 and 2005? 

e. What is the percentage change in the proposed 
annual costs between 2000 and 2005? 


28. Funds awarded’ to arthritis researchers by the 
Arthritis Foundation for selected years are given in 
Table 3.7. 

1990 | 1992 1996 | 1997} 2000 

Research 

funds OY | WS || WSS || Wek |) Bie 
(millions 

of dollars) 

a. Use the data to find the average rate of change of 
research funds awarded between 1994 and 1997. 
Interpret your answer. 

b. Find a model for the data. 

c. Use the equation to estimate the percentage 


change in research funds awarded between 1998 
and 2000. 


d. If the Arthritis Foundation’s goal for research 
dollars is determined by the model in part 8, in 
what year did the actual amount of funds 


TABLE 3.7 



















*Proposed 
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awarded exceed the projected goal by the great- 
est amount? By how much did it exceed the goal 
in that year? 


29. The multiple-birth rate'® for births involving more 
than twins jumped 19.7% between 1995 and 1996 
and 344% between 1980 and 1996. 

a. If the birth rate for births involving three or 
more babies was 152.6 per 100,000 births in 
1996, find the multiple-birth rates in 1995 and 
1980. 

b. Use the information presented in Table 3.8 to 


find a model for the multiple-birth rate between 
1971 and 1996. 


TABLE 3.8 


Multiple-birth 
AB) || BMl7/ || SSA! 80.2 | 152.6 


rate (births 
per 100,000) 

c. Use the equation to estimate the multiple-birth 
rates in 1995 and 1980. How close are those val- 
ues to the results of part a? Are these estimates 
found with interpolation or extrapolation? 






d. Suggest reasons why the multiple-birth rate has 
been rising rapidly. 


3.2 Instantaneous Rates of Change 


In Section 3.1 we considered the average rate of change over an interval. Now we con- 
sider the concept of the rate of change at an instant in time. The most common 


TABLE 3.9 


17. Arthritis Foundation. 





example of an instantaneous rate of change is as close as the nearest steering wheel. 
Suppose that you begin driving north on highway I-81 at the Pennsylvania/New York 
border at 1:00 p.m. As you drive, you note the time at which you pass each of the 
indicated mile markers (see Table 3.9). 

These data can be used to determine average rates of change. For example, 
between mile 0 and mile 19, the average rate of change of distance is 67.1 mph. In this 
context, the average rate of change is simply the average speed of the car. Average 
speed between any of the mile markers in the table can be determined in a similar 
manner. Average speed will not, however, answer the following question: 


18. The Greenville News, July 1, 1998, p. Al. 
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If the speed limit is 65 mph and a highway patrol officer with a radar gun 
clocks your speed at mile post 17, were you exceeding the speed limit by more 
than 10 mph? 


The only way to answer this question is to know your speed at the instant that the 
radar locked onto your car. This speed is the instantaneous rate of change of dis- 
tance with respect to time, and your car’s speedometer measures that speed in miles 
per hour. . 

Just as an average rate of change measures the slope between two points, an 
instantaneous rate of change measures the slope at a single point. How we measure 
instantaneous rate of change and why it is useful are important aspects of calculus. 

Figure 3.7 shows a continuous graph of air temperature as a function of time. 
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FIGURE 3.7 


The graph reaches its peak value at approximately 1:15 p.m. Reading from left 
to right, the graph is rising until it reaches its peak at 1:15 p.m. and then is falling 
after 1:15 p.m. The slope of the graph is positive at each point on the left side of the 
peak and is negative at each point on the right side. The slope of the graph is zero at 
the top of the parabola. Note that the graph levels off as you move from 7 a.m. to 
1:15 p.m. It is not as steep at 1 p.m. as it is at 7 a.m., so the slope at 1 p.m. is smaller 
than the slope at 7 a.m. In fact, at each point on the graph there is a different slope, 
and we need to be able to measure that slope in order to find the instantaneous rate 
of change at each point. 


Instantaneous Rate of Change 


The instantaneous rate of change at a point on a curve is the slope of the 
curve at that point. 





In precalculus mathematics, the concept of slope is intrinsically linked with lines. 
In terms of lines, slope is a measure of the tilt of a line. Now we wish to measure how 
tilted a graph is at a point. It may come as no surprise to you to learn that we still 
must rely on lines to measure the slopes at points on a graph. 
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Local Linearity and Tangent Lines 


With current technology, we can easily obtain close-up views of a portion of a graph. 
For any smooth, continuous graph, we will eventually see a line as we look closer and 
closer. For example, consider the temperature graph in Figure 3.7. Close-ups of the 
graph 1/100 unit away from each labeled point in both horizontal and vertical direc- 
tions are shown in Figure 3.8. 


65.81 


ji baer 
65.79 80.26 tei 
WOR) : 


2.99 3.01 
FIGURE 3.8 


The graphs in Figure 3.8 illustrate the principle of local linearity. As we zoom in 
on a point P on a smooth (no sharp points), continuous curve, the curve will look 
more and more like a line. We call this line the tangent line, and its slope is the 
instantaneous rate of change of the curve at the point P, the point of tangency. A 
tangent line (from the Latin word tangere, “to touch”) at a point on a graph touches 
that point and is tilted exactly the way that the graph is tilted at the point of tangency. 
The slope of the tangent line at a point is a measure of the slope of the graph at that 
point. 


Local Linearity 


If we look closely enough near any point on a smooth curve, the curve will 
look like a line, which is called the tangent line at that point. 





The tangent lines at points A, B, and C are shown in Figure 3.9. Do you see that these 
are the same as the lines in Figure 3.8? 
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The slope of a graph at a point is the slope of the tangent line at that point. 


In Figure 3.10, tangent lines are drawn on the temperature graph at 7 a.m., noon, 
and 4 p.m. Can you see that the tangent lines are tilted to match the tilt of the graph at 
each point? Can you also see that the tangent lines are the lines we would see if we 
zoomed in at each point? The tangent lines at points D and E are tilted up, so the slope 
at these points is positive. The slope at point F is negative, because the tangent line at 
point F is tilted down. Even though the tangent line at point F has the least slope of 
these three tangents, it is steeper than the tangent line at point F because the magni- 
tude (absolute value) of its slope is larger than that of the line tangent to the curve at 
point E. That is, the temperature is falling faster at 4 p.m. than it is rising at noon. 
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FIGURE 3.10 


Examine Figure 3.10 carefully. The slope of the tangent line at point D is 10°F per 
hour. (A method for calculating this slope will be discussed later.) Therefore, the 
slope of the graph at 7 a.m. is also 10°F per hour. This is the same as saying that the 
instantaneous rate of change of the temperature at 7 a.m. is 10°F per hour. In other 
words, at 7 a.m., the temperature is rising 10°F per hour. 

Similarly, the following statements can be made. 


The slope of the tangent line at point E is 2°F per hour. 

The slope of the graph at noon is 2°F per hour. 

The instantaneous rate of change of the temperature at noon is 2°F per hour. 

At noon, the temperature is rising 2°F per hour. 

d, 

The slope of the tangent line at point F is -4.4°F per hour. 

The slope of the graph at 4 p.m. is -4.4°F per hour. 

The instantaneous rate of change of the temperature at 4 p.m. is -4.4°F per hour. 


At 4 p.m., the temperature is falling 4.4°F per hour. 


ce i gad haha data 


We summarize the results of this discussion in the following way: 


EXAMPLE 1 


NRA members 
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FIGURE 3.11 
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Given a function fand a point P on the graph of f, the instantaneous rate of 


change at point P is the slope of the graph at P and is the slope of the line 
tangent to the graph at P (provided the slope exists). 





NRA Membership 


Figure 3.11 shows the National Rifle Association membership between 1990 and 
1995. Consider the following statements: 


@ The slope of the line tangent to the graph at A is -0.24 million members per year. 
@ The slope of the graph is zero at point B. 


@ The instantaneous rate of change of the NRA membership at point C is 340,000 
members per year. 


@ NRA membership is increasing the fastest at point D. The rate of fastest increase 
is 0.42 million members per year. 


@ The slope of the line tangent to the graph at point E is 260,000 members per year. 


Using this information, answer the following questions. 


a. At which of the indicated points is the slope of the graph (i) the greatest? (ii) the 
least? 


b. At which of the indicated points is the steepness of the graph (1) the greatest? 
(ii) the least? 


c. What is the instantaneous rate of change of the NRA membership at point A? at 
point E? 


d. What is the slope of the tangent line at point C? at point D? 


Solution 


a. The numerical values of the slopes, in million members per year, at the indicated 
points are 


A: -0.24 B:0 E7034 D: 0.42 E: 0.26 


The greatest value occurs at point D (the inflection point) and the least where the 
only negative slope occurs, at point A. 


b. The steepness of the graph is a measure of how much the graph is tilted at a par- 
ticular point. The direction of tilt is considered in the slope but not when 
describing steepness. Thus the steepness at each of the indicated points is 


A: 0.24 B: 0 C: 0.34 D: 0.42 E: 0.26 
The graph is steepest at point D. The degree of steepness is least at point B. 


c. The instantaneous rate of change at A is -0.24 million, or -240,000, members per 
year. At E the rate of change is 0.26 million, or 260,000, members per year. 


d. The slope of the tangent line at C is 0.34 million members per year. The slope at 
D is 0.42 million members per year. 


wee eeeeeerecscesererreee 
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Secant and Tangent Lines 


In addition to understanding tangent lines in terms of local linearity, it is helpful to 
understand the relationship between secant lines and tangent lines. 

Recall that a tangent line at a point on a graph touches that point and is tilted 
exactly the way the graph is tilted at that point. A secant line, on the other hand, is a 
line that passes through two points on a graph. We illustrate the relationship between 
secant lines and tangent lines with an example on a simple curve. 


EXAMPLE 2. Secant and Tangent Lines 


EXAWLELE, 4; 2 ECG GU Ue 


a. On the curve shown in Figure 3.12, draw secant lines through P, and Q, P, and Q, 
P, and Q, and P, and Q. 





b. Which of the four secant lines drawn in part a appears to be tilted most like the 
curve at Q? 


c. Again, on the curve shown in Figure 3.12, draw secant lines through P, and Q, P; 
and Q, P, and Q, and P, and Q. Which of these four secant lines appears to most 
closely match the tilt of the curve at Q? 


d. Where could you place a point P; so that the secant line through P; and Q would 
be even closer than the secant lines in parts a and c to tilting the same way the 
FIGURE 3.12 curve does at Q? 





Solution 


a. The four secant lines are shown in Figure 3.13. 


b. The secant line through P, and Q appears almost to hide the curve near 
Q. That is, it appears to match the tilt of the curve at Q better than any 
of the other three secant lines. 


c. The four secant lines are shown in Figure 3.14. Again, we see that the 
secant line through Q and the point closest to Q (P, in this case) appears 
to match the tilt of the curve at Q most closely. 





FIGURE 3.13 
d. The point P; should be placed even closer to Q than P, and P, in order 


for the tilt of the secant line to match the tilt of the curve at Q more 
closely. 


We generalize the results of Example 2 by saying that the tilt of the secant 
line through P and Q becomes closer and closer to the tilt of the curve at Q 
as P becomes closer and closer to Q. Indeed, if you draw a secant line 
through the point Q and a point P on the curve near Q, then the closer P is 
to Q, the more closely the secant line approximates the tangent line at Q. 
You can think of the tangent line at Q as the limiting form of the secant lines 
FIGURE 3.14 between P and Q as P gets closer and closer to Q. 
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Line Tangent to a Curve 


The tangent line at a point Q on a smooth, continuous graph is the limiting 


position of the secant lines between point Q and a point P as P approaches Q 
along the graph (if the limiting position exists). 





Sketching Tangent Lines 


Although thinking of a tangent line as a limiting position of secant lines is vital to 
your understanding of calculus (and is a subject to which we will return in Chapter 
4), it is important for you to have an intuitive feel for tangent lines and to be able to 
sketch them without first drawing secant lines. 

Consider the curve in Figure 3.15 and the lines through points A, B, and C. 








FIGURE 3.15 


If you understand a tangent line as the line you would see if you zoomed in close to 
the point of tangency, then it is easy to see that the lines through points B and C are 
not tangent lines. The slopes of those two lines do not match the slopes of the graph 
at points B and C. 


Recall that tangent lines must be tilted in the same way that the graph is 
tilted at the point of tangency. 





The lines through B and C also violate a general rule about tangent lines: 


General Rule for Tangent Lines 


Lines tangent to a smooth curve do not “cut through” the graph of the curve 
at the point of tangency and lie completely on one side of the graph near the 


point of tangency except in the following two cases: 


1. At an inflection point on a smooth curve 


2. At any point on a line 
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(a) 
If the curve is concave up at the 
point of tangency, then the tan- 
gent line will lie below the curve 
near the point of tangency. 








— 
(b) 


If the curve is concave down at 
the point of tangency, then the 
tangent line will lie above the 
curve near the point of tangency. 


FIGURE 3.16 
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These two exceptions are dealt with after Example 3. For cases in which the 
exceptions do not apply, we can determine on which side of the curve the tangent line 
should lie by noting the concavity. If the curve is concave up at the point of tangency, 
then the tangent line will lie below the curve near the point of tangency. If the curve 
is concave down at the point of tangency, then the tangent line will lie above the 
curve near the point of tangency. See Figure 3.16. 

Refer again to Figure 3.15. At point C, the curve is concave up. The tangent line 
should lie below the curve. However, to the left of C, the tangent line lies above the 
curve, so the line through C is not a tangent line. 

The line at A is the only tangent line of the three. It touches the curve only at A; it 
is tilted in the same way that the graph is tilted at A; and it lies below the curve which 
is concave up at A. It is the line we would see if we zoomed in on the curve at point A. 

The correct tangent lines at A, B, and C are shown in Figure 3.17. 











FIGURE 3.17 


Weight Loss 


A woman joins a national weight-loss program and begins to chart her weight on a 
weekly basis. Figure 3.18 shows the graph of a continuous function of her weight 
from when she began the program through 7 weeks into the program. 


Weight 
(pounds) 
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Time 


FIGURE 3.18 0 1 2 ae OS 6 06 7_~CWeekss) 





a. Carefully sketch a line tangent to the curve at 5 weeks. 


b. Estimate the slope of the tangent line at 5 weeks. 
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c. How quickly was the woman’s weight declining 5 weeks after the beginning of the | 
program? 


d. What is the slope of the curve at 5 weeks? 


Solution 


a. Weight 
(pounds) 






Rise = 
-5 pounds ! 





1537S ei ee tedebihie thie Sen rent Anh Re, oo 
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FIGURE 3.19 

rise -5 pounds 





b. Slope = an © —tweeke = 71.25 pounds per week 


c. The woman’s weight was declining by approximately 1.25 pounds per week after 
5 weeks in the program. 


d. The slope of the curve at 5 weeks is approximately -1.25 pounds per week. 


Perec ecsesesesesecesos 


As we mentioned in the general rule for tangent lines, there are exceptions to the 
principle that tangent lines do not cut through the graph and lie on only one side of 
the graph. At a point of inflection, the graph is concave up on one side and concave 
down on the other. As you might expect, the tangent line lies above the concave- 
down portion of the graph and below the concave-up part. To do this, the tangent 
line must cut through the graph. It does so at the point of inflection. When drawing 





(a) tangent lines at inflection points, be careful to make sure that the tangent line is tilted 
Although this line lies above the to match the tilt of the graph at the point of tangency. See Figure 3.20. 
concave-down portion and below Let us also examine the case where the graph itself is a line. Consider the graph of 


fie convesup part of the graph, it a line with point P on that line. Recall that the tangent line at P touches the graph at 
is not a tangent line because it is 


Ee Gited inthe came way that the P and is tilted in the same direction as the tilt of the graph. The only way to draw such 

graph is tilted at the point. a tangent line is to draw the line itself. Because every line has the same slope at every 
point, every point has the same tangent line, and the slope of the tangent line is 
exactly the slope of the original line. 


Where Does the Instantaneous Rate of Change Exist? 


Our discussion of tangent lines would not be complete without a mention of piece- 
wise functions. Consider the graph of a model for the population of Indiana’? from 
1980 through 1997 (see Figure 3.21). 
(b) 
This tangent line is correctly 
drawn at an inflection point. 


FIGURE 3.20 19. Based on data from Statistical Abstract, 1998. 
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5455 i— ——$——_——_+—___+—_—_1+—__+ +———_— 








since 
98 
80 8682 84 86 eS OO oP 94 96 1900 
FIGURE 3.21 
The equation of the graph in Figure 3.21 is 
_ {2.32 — 389t + 21,762 thousand people when 80 S t = 90 
ls 44,.515t + 1549.156 thousand people when 90 < t = 98 


where t is the number of years.after 1900. 

Consider the tangent line at the point where the function f is not continuous 
(1990). If we use the idea of a limiting position of secant lines, then we would have to 
conclude that we cannot draw a line tangent to the graph at t = 90, because secant 
lines drawn using points to the left of t = 90 are not approaching the same position 
as those drawn using points to the right of t = 90. 

If we use the principle of local linearity and zoom in close to the point at t = 90, 
then we see something similar to Figure 3.22. Recall that if we zoom close enough to 
a point on a smooth curve, we see a line that is, indeed, the tangent line. In this case, 
we do not have a smooth curve, and we see two lines. Again we conclude that there is 
no tangent line at t = 90. Does this mean that there is no instantaneous rate of 
change in the population of Indiana in 1990? No, it simply means that we cannot use 
our piecewise continuous model to calculate the rate of change in 1990. 

It is possible for a piecewise function to have a tangent line at a point where the 
pieces join. This occurs only if a limiting position of secant lines exists; in other 
words, zooming in close to the point reveals a single line. This is a rare occurrence, 
and the rarity of it is one of the limitations of piecewise mod- 
els. It is usually not possible to construct a tangent line at the 
point(s) where the function is divided into pieces. 

As we saw in the model for Indiana population, it is possi- 
ble for a continuous or piecewise continuous function to have 
points at which we cannot sketch a tangent line. Even so, it is 
possible for such functions to have rates of change at all other 
points. 

To help clarify the relationship between continuous and 
noncontinuous functions and rates of change, consider the 








5536 
89.75 


FIGURE 3.22 


90 


| graphs shown in Figure 3.23. The graph in Figure 3.23a is con- 
t tinuous everywhere and has a rate of change at every point. 
You may think that the same thing is true for the graph in 
Figure 3.23b; however, because a tangent line drawn at P is 


90.25 


P Car 
P 
(a) (b) (c) 


FIGURE 3.23 
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(d) 


vertical, the run is zero. Therefore, the slope of the tangent line does not exist at that 
point. The graph in Figure 3.23c is also continuous; however, the graph is not smooth 
at P because of the sharp point there. We cannot draw a tangent line at P, because 
secant lines drawn with points on the right and left do not approach the same slope. 

The graph in Figure 3.23d has a break at P and, therefore, is not continuous at P. 
This graph is similar to the Indiana population graph, and the slope does not exist at 
the break in the function. The slope does exist at all other points on the graph. The 
graph in Figure 3.23e is discontinuous at many points. There is no tangent line that 
can be drawn at these points, but as in Figure 3.23d, the function has an instanta- 
neous rate of change at ail other points. 

The graphs in Figures 3.23d and 3.23e illustrate a general rule relating continuity 
and rates of change. 


If a function is not continuous at a point, then the instantaneous rate of 


change does not exist at that point. 





If you keep in mind the relationships among instantaneous rates of change, slopes of 
tangent lines, slopes of secant lines, and local linearity, then you should have little dif- 
ficulty determining the times when the instantaneous rate of change does not exist. 

Recall from our discussion in Chapter 1 that calculus is applied to continuous 
portions of functions. As we have just seen, instantaneous rates of change do not 
exist where a function is not continuous. Modeling is a tool by which we transform 
discrete data into a continuous function. Discrete data are useful for finding change, 
percentage change, and average rates of change, but a continuous or piecewise con- 
tinuous function is necessary in order to find instantaneous rates of change. You 
should be starting to understand the importance of continuous and piecewise con- 
tinuous models in calculus. 


Approximating Instantaneous Rates of Change 


Although a continuous or piecewise continuous model is necessary to calculate an 
instantaneous rate of change, it is possible to use a symmetric difference quotient to 
estimate a rate of change from a set of data without taking the time to construct a 
model. Quick approximations are sometimes as helpful as a more involved calcula- 
tion. 
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TABLE 3.10 


(thousands) 










FIGURE 3.24 
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Consider the data in Table 3.10, which show the population of Indiana” between 
1980 and 1998. To estimate how quickly the population was changing in 1996 using 
only the data, simply find the slope of the line between the points on either side 
of 1996. 


5864 — 5788 _ 76 thousand people 
Rely == 1) 2 years 








= 38,000 people per year 


In 1996, the population of Indiana was growing at a rate of approximately 38,000 
people per year. . at), 

A scatter plot of the data and the secant line whose slope is our symmetric differ- 
ence quotient are shown in Figure 3.24. 


Population 
(thousands) 


5900 








iRise = 76 thousand people 








5800 ee 
| Run = 2 years 
5700 | 
5600 ] 
5450 i + =! SS Year 
1980 1985 1990 1995 1997 


If you picture a smooth curve through these data points, then the slope of the secant 
line in Figure 3.24 should be close to the slope of the curve at 1996. 

Although symmetric difference quotient is a cumbersome name, each word in the 
phrase is descriptive and should help you remember how to calculate a symmetric 
difference quotient. We use the term symmetric because we choose the closest point 
on either side of our point of interest and the same distance away. (This technique 
should be used with care if the data are not equally spaced around the point at which 
we desire to estimate the rate of change. Do not automatically use the closest point 
on either side of the point of interest.) We use the term difference quotient because we 
find the difference in the inputs and outputs of the two points and then divide to find 
the slope that is used to estimate the rate of change. 

Again, consider the population data in Table 3.10 and the task of using a sym- 
metric difference quotient to estimate the instantaneous rate of change in 1990. Note 
that the points on either side of 1990 are not equal distances away from 1990. In 
order to use a symmetric difference quotient, you would have to calculate the slope of 
the secant line using the years 1985 and 1995: 


_ 5788 — 5459 _ 329 thousand people 
1995 — 1985 





Slope = 32.9 thousand people per year 


10 years 


To summarize, symmetric difference quotients are useful if you want a fast esti- 
mate, if you cannot construct a model for a given data set, or if you need to estimate 
a rate of change that cannot be calculated from a given model. 


20. Statistical Abstract, 1998. 
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Using Symmetric Difference Quotients 


A symmetric difference quotient may be used to approximate an 
instantaneous rate of change if 


© You have a set of data but do not wish to take the time to find a model 
for the data. 


© You have a set of data that cannot be modeled by one of the functions 
we have studied or whose model does not have a tangent line at the 
point at which you need to know the instantaneous rate of change. 








Concept 6. a. Using Table 3.9, determine the average speed (in 
Inventory mph) from: 


i. milepost 66 to milepost 80. 


@ Instantaneous rate of change Pole : 
Seri iinesrity ii. milepost 80 to milepost 105. 
@ Tangent line b. What might account for the difference in speed? 
@ Slope of tangent line = instantaneous rate of change 7. a. At each labeled point on the graph in Figure 
@ Slope and steepness of a tangent line 3.2.1, determine whether the instantaneous rate 
@ The tangent line is the limiting position of secant lines of change is positive, negative, or zero. 
@ Tangent lines lie beneath a concave-up graph 
@ Tangent lines lie above a concave-down graph AES ALD) 
@ Situations in which the instantaneous rate of change 

does not exist 
@ Symmetric difference quotient 






Activities 











1. In your own words, describe the difference between 


a. discrete and continuous. aes . 
’ . Is the graph steeper at point A or at point B? 
b. average rate of change and instantaneous rate of Brap 4 P P 


change. 8. At each labeled point on the graph in Figure 3.2.2, 
determine whether the slope is positive, negative, or 
zero. 


c. secant lines and tangent lines. 


2. What are some advantages of using a continuous 
model instead of discrete data? What are some dis- 
advantages? 


3. How are average rates of change and instantaneous 
rates of change measured graphically? 


4. Explain in your own words how to tell visually 
whether a line is tangent to a smooth graph. 





5. Using Table 3.9, the time/mileage table given in this 
section, verify that the average speed of the car from 
mile marker 0 to mile marker 19 is 67.1 mph. FIGURE 3.2.2 
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9. a. In graph c of Activity 10, estimate where the 12. On Figure 3.2.6, draw secant lines through P, and 
slope is greatest. Mark that point on the graph. Q, P, and Q, and P; and Q. Repeat for the points P, 
and Q, P; and Q, and P, and Q. Then draw the tan- 


b. In the graph in Figure 3.2.3, estimate where the , 
gent line at Q. 


output is falling most rapidly. Mark that point 








on the graph. 
FIGURE 3.2.3 FIGURE 3.2.6 
10. Discuss the slopes of the following graphs. 13. Draw secant lines through P, and Q, P, and Q, and 
F 5 P, and Q on the graph in Figure 3.2.7. Repeat for 


the points P, and Q, P,; and Q, and P, and Q. Then 
draw the tangent line at Q. 





FIGURE 3.2.7 


14. Explain using your own words the relationship 


bet i i 
11. Which of the lines drawn on the graph in Figure lr UATE AST EMTS 


3.2.5 are not tangent lines? 15. a. Is the graph shown in Figure 3.2.8 concave up, 
concave down, or neither (an inflection point) at 
Ay By Grand De 








FIGURE 3.2.5 FIGURE 3.2.8 
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b. Should the tangent lines lie above or below the 18. 
curve at each of the indicated points? 
in Figure 3.2.8. 
. . 4 
d. At which of the labeled points is the slope of the 
tangent line positive? At which of the labeled 3 
points is the slope of the tangent line negative? 
Joe aiis the eraph shown in Figure 3.2.9 concave up, OM Oe me Pee ee 
concave down, or neither at A, B, C, and D? 
1 
€ fo — 
OR? Ones Omer Os Om Onn .0 
B US). 
D 
600 
A D 
500 
400 
FIGURE 3.2.9 300 
b. Should the tangent lines lie above or below the eu 
curve at each of the indicated points? 100 C 





c. Carefully draw tangent lines at the labeled ee ee ee 
points. 20 40 60 80 100 120 140 
d. At which of the labeled points is the slope of the 
curve positive? At which of the labeled points is 
the slope of the curve negative? Do any of the 20. 
labeled points appear to be inflection points? 


3.0 

Use carefully drawn tangent lines to estimate the slopes 25 

at the labeled points in Activities 17 through 20. o 
E 

NW iL 

1.0 

0.5 


21. The graph in Figure 3.2.14 shows the total number 
of cellular phone subscribers” since 1990. The 
slope of the graph at point A is 11.3. 


21. The Cellular Telecommunications Industry Association. 
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Cellular phone subscribers 





(millions) 
100 
A 
5 = Year 
1990 1996 


FIGURE 3.2.14 


a. What are the units on the slope at point A? 

b. How rapidly was the number of subscribers 
growing in 1996? 

c. What is the slope of the tangent line at A? 

d. What was the instantaneous rate of change of 
the number of cell phone subscribers in 1996? 


22. The graph in Figure 3.2.15 shows the average 
monthly cellular phone bill since 1990. The slope of 
the curve at point A is -4.68. 


Average bill 
(dollars) 
108 
A 
Be 
29 Year 
1990 1995 


FIGURE 3.2.15 


a. What should be the units on the slope at point 
Ag 


b. How rapidly was the dollar amount growing in 
199 be 

c. What is the slope of the tangent line at point A? 

d. What is the instantaneous rate of change of the 
amount at point A? 


23. The growth of a pea seedling” as a function of time 
can be modeled by two quadratic functions as 


22. Based on data in George L. Clarke, Elements of Ecology (New York: 
Wiley, 1954). 


shown in Figure 3.2.16. The slopes at the labeled 
points are (in ascending order) ~4.2, 1.3, and 5.9. 


Growth rate FIGURE 3.2.16 


(mm/day) 





Temperature 
(°C) 





Wk if 2X0) 2B) XS PANY a) IS) Se! 


a. Match the slopes with the points, A, B, and C. 
b. What are the units on the slopes for each of these 
points? 
_c. How quickly is the growth rate changing with 
respect to temperature at 23°C? 
d. What is the slope of the tangent line at 32°C? 


e. What is the instantaneous rate of change of the 
growth rate of pea seedlings at 17°C? 


24. The graph in Figure 3.2.17 shows the survival rate 
(percentage surviving) of three stages in the devel- 
opment of a flour beetle (egg, pupa, and larva) as a 
function of the relative humidity.” 


Survival rate (%) 











O IG 20 


30 40 50 60 70 80 90 100 
Relative humidity (%) 
FIGURE 3.2.17 


23. Chapman, Animal Ecology (New York: McGraw-Hill, 1931). 


Fill in each of the following blanks with the appropriate 
stage (eggs, pupae, or larvae). 


DD: 


Declination of sun 


Degrees north 


Degrees south 


: 





a. At 60% relative humidity, the instantaneous rate 
of change of the survival rate of is 
approximately zero. 


b. An increase in relative humidity improves the 
survival rate of and reduces the sur- 
vival rate of 

c. At 97% relative humidity, the survival rate of 

is declining faster than that of 


d. Any tangent lines drawn on the survival curve 
for will have negative slope. 


e. Any tangent lines drawn on the survival curve 
for will have positive slope. 


f. At 30% relative humidity, the survival rates for 
and 


ee ae are changing at 
approximately the same rate. 


g. At 65% relative humidity, the survival curves 
for and have approxi- 
mately the same slope. 


Figure 3.2.18 shows a graph of the declination of 
the sun” (the angle of the sun from the equator) 
throughout the year. 


FIGURE 3.2.18 











— 4 — + 
121 152 181 213 244 
(Mayl) (Julyl)  (Sept.1) 








a. A solstice is a time when the angle of the sun 
from the equator is greatest. Identify the sum- 
mer and winter solstices on the graph. What is 
the slope of the graph at these points? 

b. Identify the two steepest points on the graph. 
Sketch tangent lines at these two points, and esti- 
mate their slopes. What is the significance of a 
negative slope in this context: 

c. An equinox is a time when the sun crosses the 
equator, resulting in a day and night of equal 
length. Identify the points on the graph that cor- 
respond to the spring and fall equinoxes. 


94. The Mathematics Teacher, March 1997, p. 238. 


3) 


26. 


FIGURE 3.2.19 


Bi. 


405,000 + 
385,000 + 
365,000 

345,000 | 
325,000 | 
305,000 
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The effects of temperature on the percentage of 
grasshoppers’ eggs from West Australia that hatch” 
is shown in the graph in Figure 3.2.19. 


100 iF 








S 80_+ 
— 
40 4 
o 
& 
aa 20—- 
Of 





Temperature (°C) 


a. What is the optimum hatching temperature? 


b. What is the slope of the tangent line at the opti- 
mum temperature? 


c. Sketch tangent lines at 10°C, 17°C, and 22°C, 
and estimate the slopes at these points. 


d. Where does the inflection point appear to be on 
this graph? 


Predictions for the U.S. resident population from 
1997 through 2050, as reported by Statistical 
Abstract for 1994, can be approximated by the 
model 


p(t) = 2370.15t + 39,789.957 thousand people 
where t is the number of years since 1900. A graph 
of p is shown in Figure 3.2.20. 


P(t) 
People 
(thousands) 





285,000 + t 


265.000 +++ +4 + + ++ +++ 


Years 
since 
1900 





95 100 NG) Xo) 130 =6140~—:150 


FIGURE 3.2.20 


20% 


a. Sketch a tangent line at t = 120, and find its 
slope. 


Figure 3.2.19 adapted from George L. Clarke, Elements of Ecology 
(New York: Wiley, 1954). 
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28. 


FIGURE 3.2.22 
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b. What is true about any line tangent to the graph 
of the function p? 


c. What is the slope of any line tangent to this 
graph? 

d. What is the slope at every point on the graph of 
this model? 


e. According to the model, what is the instanta- 
neous rate of change of the predicted population 
in any year from 1997 through 2050? 


Predictions for the U.S. resident population from 
1998 through 2050, as reported by the Statistical 
Abstract for 1998, can be approximated by the model 


P(t) = 2393.49t + 35,182.931 thousand people 


where t is the number of years since 1900. 

a. Compare the model in this activity with the one 
in Activity 27. 

b. With the additional information about popula- 


tion available in Statistical Abstract for 1998, were 
the population projections adjusted up or down? 


c. Was the growth rate adjusted up or down? 
d. Find the slope of the graph of P at t = 120. 
e. Describe the tangent line at t = 120. 


WE), 


“20: 


f. How rapidly does the model predict the popula- 
tion will be changing in 20208 


The number of Houghton Mifflin Company 
employees” from 1989 through 1998 can be mod- 
eled by the graph in Figure 3.2.21. 


Employees 
2800 + 
2600 + 
2400 + 


2200 





2000 | 


——— eat 
1998 


su 


1996 





eR 4 + 


1990 1992 1994 
FIGURE 3.2.21 


Draw tangent lines, if possible, to estimate how 
quickly the number of employees was changing in 
the indicated years. If it is impossible to do so, 
explain why. 
a. 1990 


Da 1993, eee hes Fi 


The graph in Figure 3.2.22 shows employment” in 
Slovakia from 1948 through 1988. 


—— Trade 
—— Science and research, etc. 


—e— Banking, finance, other 


—=— Industry 
—o— Construction 
1000 —— Agriculture and forestry 
900 Transport and communications 





Employment (thousands) 








26. Hoover’s Online Company Capsules. 


27. Figure 3.2.22 from A. Smith, “From Convergence to Fragmentation,” Environment and Planning, vol. 
28, 1996. Pion Limited, London. Reprinted by permission. Data elaborated from Statisticka récenta 


SUSR, various dates. 
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a. Estimate how rapidly employment in agriculture Use the graph and a tangent line to estimate the 
and forestry was declining in 1958. rate of change of revenue in 1995. Compare your 
b. Estimate the instantaneous rate of change in answer to the estimate in part a. 
eaeey geo uneo in 1962. 32. Values of cumulative capital investment in the cel- 
re Why is it not possible to sketch a tangent line to lular phone industry,” beginning in 1985, are 
the industry graph at 1974? shown in Table 3.12. 
31. The revenues from cellular phone roaming charges”* TABLE 3.12 


between 1993 and 1998 are as shown in Table 3.11. 


TABLE 3.11 


Pear [1983 [ 1904 [195 | 19 [1007 [tse | 


Roaming 
1.8 2.5 2.8 3.0i0) 3.5 


revenues 
(millions 
of dollars) 

a. Use a symmetric difference quotient to estimate 
the instantaneous rate of change of revenue in 
1995. 

b. Figure 3.2.23 shows the graph of an equation for 
the revenue data in Table 3.11. 






a. Use a symmetric difference quotient to estimate 
the instantaneous rate of change of capital invest- 
ment in the cellular phone industry in 1995. 


Ree veniac CURES b. A graph of an equation for the data in Table 3.12 
(millions of dollars) is shown in Figure 3.2.24. Use the graph and a 
3.5 tangent line to estimate the rate of change of 
capital investment in 1995. Compare your 

answer to the estimate in part a. 


3.0 
Capital investment FIGURE 3.2.24 


(millions of dollars) 


2.5 ae 
45 
2.0 
30 
iS) 
15 
——+ —_+—— ae NMeele 0 == SSS Year 


“1993 1995 1998 1985 1987 1989 1991 1993 1995 1997 











3.3 Derivatives 


Derivative Terminology and Notation 


By now, you should be comfortable with the concepts of average rate of change and 
‘nstantaneous rate of change. Let’s summarize the differences between these two 


rates of change. 


28. The Cellular Telecommunications Industry Association. 29. Ibid. 


220 


CHAPTER 3 


Describing Change: Rates 


Average Rates of Change Instantaneous Rates of Change 


O measure how rapidly (on ~ © measure how rapidly a quan- 
average) a quantity changes tity is changing at a point 
over an interval 

O canbe obtained by calculat- O an be obtained by calculat- 
ing the slope of the secant ing the slope of the tangent 
line between two points line at a single point 
require discrete data points, a require a continuous or 
continuous curve, or a piece- piecewise continuous curve 
wise continuous curve to calculate 





Because instantaneous rates of change are so important in calculus, we com- 
monly refer to them simply as rates of change. The calculus term for instantaneous 
rate of change is derivative. It is important to understand that the following phrases 
are equivalent. 


All of the following phrases have the same meaning. 


instantaneous rate of change 
rate of change 

slope of the curve 

slope of the tangent line 


derivative 





Even though we consider all these phrases synonymous, we must keep in mind that 
the last three phrases have specific mathematical definitions and so may not exist at a 
point on a function. However, the rate of change of the underlying situation does 
have an interpretation at that point in context. In such cases, we will have to estimate 
the rate of change by using a symmetric difference quotient, as we saw in Section 3.2, 
or by using some other estimation technique. 

There are also several symbolic notations that are commonly used to represent 
the rate of change of a continuous function G with input t. In this book, we use three 
different, but equivalent, symbolic notations: 


This is read, “dee G-dee t,” “the rate of change of G with respect 
to t,” or “the derivative of G with respect to t.” 


(or) 


This is read, “G prime of t,” or “the rate of change of G with 
respect to t,” or “the derivative of G with respect to t.” 


(or) 


This is read, “dee-dee-t of G of t,” “the rate of change of G with 
respect to t,” or “the derivative of G with respect to t.” 
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Suppose that G(t) is your grade out of 100 points on the next calculus test when 
you study t hours during the week before the test. The graph of G may look like that 
shown in Figure 3.25. 


G(t) 
Points 
100 + 


1) a5 


50 


om 





Q +—+—__+_ + _ + +—1_+—_ +++ ; 
FIGURE 3.25 judd eOUAls Wid 196-14 oe eue 





Note how the grade changes as your studying time increases. The grade slowly 
improves during the first 2 hours. The longer you study, the more rapidly the grade 
improves until you have studied approximately 7 hours. After 7 hours, the grade 
improves at a slower rate. Your grade peaks after 14 hours of studying and then actu- 
ally declines. What might explain the decline? 

Let us compare the rates at which your grade is increasing when f = 1 hour and 
when t = 4 hours of study. Tangent lines at t = 1 and t = 4 are shown in Figure 3.26. 
After 1 hour of studying, your grade is increasing at a rate of approximately 1.7 
points per hour. (We will show you how to calculate, not estimate, this rate in a later 
section.) This value is the slope of the curve when t = 1 hour. After 4 hours of study- 
ing, your grade is increasing at a rate of approximately 5.2 points per hour. Can you 
see that the graph is steeper when t = 4 than when t = 1? The grade is improving 
more rapidly after 4 hours than it is after 1 hour. In other words, a small amount of 
additional study is more beneficial if you have already studied 4 hours than it is when 
you have studied only 1 hour. 


G(t) 
Points 


100 + 


15 + 






Slope = 5.2 


Slope = 1.7 








FIGURE 3.26 ete) ee ee 
4 8 


a + 


Tangent lines at ¢ = 1 andt = 4 


These rates can be summarized with the following notation: 


“ = 1.7 points per hour when t = 1 hour, or 
G'(1) = 1.7 points per hour, and 
e = 5.2 points per hour when t = 4 hours, or 


G'(4) = 5.2 points per hour. 


222 


CHAPTER 3 


EXAMPLE 1 
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Interpreting Derivatives 


As already mentioned, mathematical results are not very useful in real-world settings 
unless they are stated in a form that anyone can understand. For this reason, an inter- 
pretation of a result should be stated using a simple, nontechnical sentence. As in the 
case of interpreting descriptions of change discussed in Section 3.1, you should answer 
the questions when, what, how, and by how much when interpreting a rate of change. 
Again, consider your score G(t) out of 100 points on the next calculus exam as a 
function of the number of hours t that you have studied for the exam. Which of the 
following is a valid interpretation of a = 5.2 points per hour when t = 4 hours? 


a. The rate of change of my grade after 4 hours is 5.2 points per hour. 

b. The slope of the line tangent to the grade curve at t = 4 is 5.2. 

c. My grade increased 5.2 points after I studied 4 more hours. 

d. When I have studied for 4 hours, my grade is improving by 5.2 points per hour. 


Choice a only restates the mathematical symbols in words. It does not give the mean- 
ing of the derivative in the real-life context. Choice b is a correct statement, but it uses 
technical words that a person who has not studied calculus probably would not 
understand. Also, the symbol t is used with no meaning attached to it, and units are 
not included with the value 5.2. The use of the word increased in choice c refers to an 
interval of time, not change at a point in time. It is an incorrect statement. Choice d 
is the only valid interpretation. 

You should note that because a rate of change is measured at a point, it describes 
something that is in the process of changing. Therefore, we must use the progressive 
tense (verbs ending with ing) to refer to rates of change. For example, we say that 
“after 1 hour of studying, your grade is increasing by approximately 17 points per 
hour.” It is incorrect to say that your grade increased or increases at a specific point. 
These verbs refer to change over an interval rather than at a point. 


Interpreting Derivatives 


Interpret the following four mathematical statements in the context of studying time 
and grades. 


a. i = 6.4 points per hour when t = 7 hours. 

b. G’(12) = 3.0 points per hour. 

c. The derivative of G with respect to tis 0 points per hour when t = 14 hours. 

d. The slope of the tangent line when t = 15 hours is approximately -2 points per 


hour. 


Solution 


a. The first statement says that when you have studied 7 hours, your grade is 
improving by 6.4 points per hour. As we later learn, this is the point of greatest 
slope—that is, the time when a small amount of additional study will benefit you 
the most. 


b. The second statement says that after 12 hours of study, your grade is improving 
by 3.0 points per hour. Does this mean that at 12 hours of study, your grade is less 


EXAMPLE 2 


3.3. Derivatives 223 


than at 7 hours of study? No! It simply means that a small amount of additional 
study time beyond 12 hours may not result in as many extra points on your test 
as the same amount of time produces after you have studied only 7 hours. 


c. The third statement says that after you have studied 14 hours, your grade will no 
longer be improving. A glance back at Figure 3.26 shows that you have reached 
your best possible score; more study will not improve your grade. 


d. The fourth statement tells you that after 15 hours of study, your grade is actually 
declining by 2 points per hour. Additional study will only hurt your grade. 


Make sure that you understand that these statements tell you nothing about what 
your grade is—they tell you only how quickly it is changing. 


Pee oeeeeoeeseosesescces 


Drug Concentration 


C(h) is the average concentration (in nanograms per milliliter, ng/mL) of a drug in 
the blood stream h hours after the administration of a dose of 360 mg. On the basis 
of the following information, sketch a graph of C. 


C(0) = 125 ng/mL C(O) = 0 ng/mL per hour 
C(4) = 215 ng/mL C'(4) = 37 ng/mL per hour 


The concentration of the drug is increasing most rapidly after 4 hours. The maxi- 
mum concentration, 380 ng/mL, occurs after 10 hours. Between h = 10 anaes 
the concentration declines at a constant rate of 16 ng/mL per hour. The concentra- 
tion after 24 hours is 31 ng/mL higher than it was when the dose was administered. 


Solution The information about C(h) at various values of h simply locates points 
on the graph of C. Plot the points (0, 125), (4, 215), (10, 380), and (24, 156). 

Because C’(0) = 0, the curve has a horizontal tangent at (0, 125). The point of 
most rapid increase, (4, 215), is an inflection point. The graph is concave up to the 
left of that point and concave down to the right. The maximum concentration occurs 
after 10 hours, so the highest point on the graph of C is (10, 380). Concentration 
declining at a constant rate between h = 10 and h = 24 means that that portion of C 
is a line with slope = -16. 

One possible graph is shown in Figure 3.27. Compare each statement about C(h) 
to the graph. 


C(h) 
Drug concentration 
(ng/mL) 
400 


300 
200 
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FIGURE 3.27 
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G(t) 
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FIGURE 3.28 
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Note in Figure 3.27 that we cannot assign a value to C’'(10). However, the maximum 
concentration occurs at 10 hours, and on the basis of that, we can estimate that the 
rate of change of the concentration at that time is zero (even though there is not a 
horizontal tangent line at h = 10 on the graph in Figure ROI 


eee eos esereecesscoseeee 


Approximating with Derivatives 


Remember that derivatives are simply slopes of tangent lines. Return to Figure 3.25, 
and consider the point of the grade function graph between 8 and 15 hours studied 
and the tangent line at t = 11 hours (see Figure 3.28). If we magnify the boxed-in 
portion of this graph (between t = 11 and t = 12 hours), as seen in Figure 3.29, then 
we obtain the view of the grade function graph and tangent line at t = 11 shown in 
Figure 3.30. 

It so happens that after 11 hours, the derivative (slope) is 4.2 points per hour, and 
the grade is 90.5 points. What is the grade after 12 hours? It is tempting to reason that 
if the grade after 11 hours is 90.5 and is increasing by 4.2 points per hour, then after 
1 more hour of study, the grade would be 90.5 + 4.2 = 94.7 points. However, this is 
not correct, because as Figure 3.30 shows, the grade after 12 hours is 94.2 points. It is 
the tangent line, not the grade graph, that reaches 94.7 points at 12 hours. 


G(t) G(t) 
Points Points 


100 94.7 


94.2 





Hours 





FIGURE 3.29 FIGURE 3.30 


It is common practice to use tangent lines to estimate function outputs, but this 
must be done carefully. For example, it is certainly proper to say that, on the basis of 
a score of 90.5 points and a slope of 4.2 points per hour at 11 hours, the grade will 
be approximately 90.5 + 4.2 = 94.7 points at 12 hours. You may also say that at 
11.5 hours, the grade will be approximately 90.5 + 4.2(3) = 92.6 points. But you 
must also be certain, in making such statements, to make it clear that the values are 
only approximations and are not exact values. As you can see from the graph in Fig- 
ure 3.30, such approximations should be made only at points that are relatively close 
to the point of tangency. We have more to say about approximating with derivatives 
in a later chapter. 


Changing Revenue 





Suppose that R(x) is a company’s revenue (in thousands of dollars) when $x thou- 
sand is spent on advertising. Interpret R(5) = 1250 and R(5) = 42. 
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Solution When $5000 is spent on advertising, revenue is $1,250,000 and is 
increasing by $42 thousand per thousand advertising dollars. It is also correct to say 
that when $5000 is spent on advertising, an additional $1000 of advertising will 
increase the company’s revenue by approximately $42,000—from $1,250,000 to 
about $1,292,000. 


OOF eo erereeseessecesons 


EXAMPLE 4 __lowa Population 


Figure 3.31 shows the graph of a model for the population of Iowa*’ during the 
1990s. 


Population 
(thousands) 


2850 
2830 
2810 


2790 + 








2770 {++} }+——+ =| — | Year 
1990 1992 1994 1996 1998 


FIGURE 3.31 
a. Sketch the tangent line at the point corresponding to 1996, and estimate the 
slope. 
b. Estimate the population of Iowa in 1996. 


c. Using only your answers to parts a and b, estimate the population in 1997. 
















Solution 
a. Population 
(thousands) 
We 
28500 < | Rise ~ 13 thousand 
2830 Run = 2 years 
2810 
2790 
2710 4p} 4} + +. —_+—___+——_+——+ Year 
1990, 1992 1994 1996 1998 
FIGURE 3.32 
rise 13 thousand people 
Slope = ee = 6.5 thousand people per year 
P run 2 years pected aed 


30. Based on data from Statistical Abstract, 1998. 
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b. From the graph, it appears that the population was approximately 2848 thousand 
people in 1996. 


c. The slope at 1996 is approximately 6.5 thousand people per year, so between 1996 
and 1997, the population rose by approximately 6500 people. 


2848 + 6.5 = 2853.5 thousand people 
In 1997, the population was approximately 2,853,500 people. 


Se ecccecesscessececcces 


You should be aware that in part c of Example 4, we were using the tangent line at 
the point corresponding to 1996 to estimate the population in 1997. Figure 3.33 
shows a close-up of the graph and tangent line near the point of tangency. Because 
the tangent line lies above the graph, the approximation that the tangent line yields 
overestimates the actual value. The population, according to the graph, was close to 
2,852,900. 


Population 
(thousands) 


2845 Year 








1996 1997 


FIGURE 3.33 


Does Instantaneous Refer to Time? 


We saw that the instantaneous rate of change at a point P on the graph of a continu- 
ous function is the slope of the tangent line to the graph at P. If the function inputs 
are measured in units of time, then it is certainly natural to use the word instanta- 
neous when describing rates of change, because each point P on the graph of the 
function corresponds to a particular instant in time. In fact, the use of the word 
instantaneous in this context arose precisely from the historical need to understand 
how rapidly distance traveled changes as a function of time. Today, we are accus- 
tomed to referring to the rate of change of distance traveled as a function of time as 
speed. 

You should be aware, however, that the use of the word instantaneous in connec- 
tion with rates of change does not necessarily mean that time units are involved. For 
example, suppose that a graph depicts profit (in dollars) resulting from the sale of a 
certain number of used cars. In this case, the slope of the tangent line at any particu- 
lar point (the instantaneous rate of change) expresses how rapidly profit is changing 
per car. The units of change are dollars per car; no time units are involved. 

You should also remember that units for instantaneous rates of change, like aver- 
age rates of change, are always expressed in output units per input unit. Without 
proper units, a number that purports to describe a rate of change is meaningless. 


EXAMPLE 5 


T(k) 
CC) 
25 30 35 4045505560 =, 
-20 +—+— +- 
(km) 





FIGURE 3.34 


T(k) 

Ge) 

25 30 35 4045505560 
(km) 





FIGURE 3.35 
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Temperature in the Polar Night Region 

The graph in Figure 3.34*' shows the temperature, T(k), of the polar night region (in 
°C) as a function of k, the number of kilometers above sea level. 

a. Sketch the tangent line at 45 km, and estimate its slope. 

b. What is the derivative notation for the slope of a line tangent to the graph of T? 


c. Write a sentence interpreting in context the meaning of the slope found in part a. 


Solution 
a. From Figure 3.35 we calculate 


Slope = ase we 2. 
P run 10 km 





= 2.3°C per kilometer 


b. Correct derivative notations include a 4IT(k)], and T'(k). 


c. At 45 km above sea level, the temperature of the atmosphere is increasing DIAC 
per kilometer. In other words, the temperature rises by approximately 2.3°C 
between 45 and 46 km above sea level. 


Seo ereesesessesesessese 


Percentage Rate of Change 


Recall from Section 3.1 that percentage change is found by dividing change over an 
interval by the output at the beginning of the interval and multiplying by 100. Simi- 
larly, percentage rate of change can be found by dividing the rate of change at a 
point by the function value at the same point and multiplying by 100. The units of a 
percentage rate of change are percent per input unit. 


Percentage Rate of Change 


rate of change at a point 
value of the function at that point 





Percentage rate of change = - 100% 


Percentage rates of change are useful in describing the relative magnitude of a 
rate of change. For example, suppose you are a city planner and estimate that the 
city’s population is increasing at a rate of 50,000 people per year. Any growth in pop- 
ulation will affect your planning activities, but just how significant is a growth rate 
of 50,000 people per year? If the current population is 200,000 people, then the per- 


._ ._ 50,000 people per year 
centage rate of change of the population is Sat sale -100% = 25% per 


year. Growth of 25% per year in population is fast growth. However, if the current 
population is 2 million, then the percentage rate of change of the population is 





31. “Atmospheric Exchange Processes and the Ozone Problem,” in The Ozone Layer, ed. Asit K. Biswas, 
Institute for Environmental Studies, Toronto. Published for the United Nations Environment Pro- 
gram by Pergamon Press, Oxford, 1979. 
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ae a aut pe i. “+ 100% = 2.5% per year. The steps that you as a city planner must 
take to Becommodat growth if the city is growing by 25% per year are different from 
the steps you must take if the city is growing by 2.5% per year. Expressing a rate of 
change as a percentage puts the rate in the context of the current size and adds more 


meaning to the interpretation of a rate of change. 





EXAMPLE 6 _ Sales 


The graph in Figure 3.36 shows sales (in thousands of dollars) for a small business 
from 1995 through 2003. 


Sales 
(thousands 
of dollars) 


4 : - - = Year 
1995 1997 1999 2001 2003 





FIGURE 3.36 


a. Estimate the rate of change of sales in 1999. 


b. Estimate the percentage rate of change of sales in 1999. 


Solution 


a. A tangent line is drawn at 1999 as shown in Figure 3.37. 


Sales 
(thousands 
of dollars) 





Rise ~ -2.8: 





+++ +—__+—__+—+——_+—+- Year 
FIGURE 3.37 1995 1997 1999 2001 2003 


The slope is estimated to be 


~$2.8 thousand 
= -$1.4 thousand per year = -$1400 per year 





2 years 
In 1999, sales were falling at a rate of approximately $1400 per year. 


b. We can express this rate of change as a percentage rate of change if we divide by 
the sales in 1999. It appears from the graph that the sales in 1999 were approxi- 


3.3 Derivatives 229 


mately $7.5 thousand dollars, or $7500. Therefore, the percentage rate of change 
in 1999 was approximately 


~$1400 per year 
$7500 





-100% ~ -0.187- 100% per year = - 18.7% per year 


In 1999, sales were falling approximately 18.7% per year. Expressing the rate of 
change of sales as a percentage of sales gives a much clearer picture of the impact 
of the decline in sales. The business was experiencing a reduction in sales of 
nearly 20% per year in 1999. 


Pee ee re seesseeeesssocne 


Concept 5. Suppose that F(p) is the weekly profit (in thousands 





Inventory 


@ Derivative = rate of change = slope of tangent line 
Pea : df d 

@ Begyaave of f ae respect tox =. = f(x) = [fl] 

@ Interpreting derivatives 

@ Approximating with derivatives 

@ Percentage rate of change 


Activities 


1. Suppose that P(t) is the number of miles from an 
airport that a plane has flown after t hours. 


a. What are the units on £ (P(t)? 
b. What common word do we use for £1P(t)|? 

2. Let B(t) be the balance, in dollars, in a mutual fund 
t years after the initial investment. Assume that no 


deposits or withdrawals are made during the invest- 
ment period. 


a. What are the units on Be 
b. What is the financial interpretation of dB 
3. Let W(t) be the number of words per minute 


(wpm) that a student in a typing class can type after 
t weeks in the course. 


a. Is it possible for W(t) to be negative? Explain. 

b. What are the units on W(t)? 

c. Is it possible for W'(t) to be negative? Explain. 
4. Imagine that C(f) is the number of bushels of corn 


produced on a tract of farm land when f pounds of 
fertilizer are used. 


a. What are the units on Cf)? 
b. Is it possible for C'(f) to be negative? Explain. 
c. Is it possible for C(f) to be negative? Explain. 


of dollars) that an airline makes on its Boston to 
Washington D.C. flights when the ticket price is 
p dollars. Interpret the following: 


a. F(65) = 15 
b. F(65) = 1.5 
Hie 


oi 2 when p = 90 


. Let T(p) be the number of tickets from Boston to 


Washington D.C. that a certain airline sells in 1 
week when the price of each ticket is p dollars. 
Interpret the following: 


a. T(115) = 1750 


b. T(115) = -20 
c, 4 — -4 when p = 125 
Cp Pp 


. On the basis of the following information, sketch a 


possible graph of t with input x. 

@ £33) =7 

@ t(4.4) = (8) =0 

0/2 oatx = 6.2 

@ ‘The graph of t has no concavity changes. 


. Using the information that follows, sketch a possi- 


ble graph of m with input f. 
@ m(0) =3 
e 4im@] = 0.34 


. Suppose that W(t) is your weight t weeks after you 


begin a diet. Interpret the following: 


a. W(0) = 167 

b. W(12) = 142 

C. iW = -2 when t = 1 
d. GY = -1 when t = 9 
e. W(12) =0 

f. W'(15) = 0.25 


g. On the basis of the information in parts a 
through f, sketch a possible graph of W. 
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Suppose that G(v) equals the fuel efficiency in miles 
per gallon (mpg) of a car going v miles per hour. 
Give the practical meaning of the following state- 
ments. 


a. G(55) = 32.5 
b. ae = -().25 when v = 55 
c. G(45) = 0.15 


d. 4 [G(51)] = 0 


P(b) is the percentage of all births to single mothers 

in the United States in year b from 1940 through 

1995. Using the following information,” sketch a 

graph of P. 

@ P(1940) ~ 4% 

@ P’(b) is never zero. 

@ P(b) = 12% when b = 1970 

@ P(1995) is about 20 percentage points more than 
P(1970). 

@ The average rate of change of P between 1970 
and 1980 is 0.6 percentage points per year. 

@ Lines tangent to the graph of P lie below the 
graph at all points between 1940 and 1990 and 
above the graph between 1990 and 1995. 


E(x) is the public secondary school enrollment (in 

millions of students) in the United States x years 

after 1940. Use the following information*’ to 

sketch a graph of E. 

@ £(40) = 13.2 

@ The graph of E is always concave down. 

@ Between 1980 and 1990, enrollment declined at 
an average rate of 0.19 million students per year. 

@ The projected enrollment for 2008 is 14,700,000 
students. 

@ It is not possible to draw a line tangent to the 
graph of E at x = 50. 


Let P(x) be the profit in dollars that a fraternity 
makes selling x T-shirts. 

a. Is it possible for P(x) to be negative? Explain. 

b. Is it possible for P’(x) to be negative? Explain. 


c. If P'(200) = -1.5, is the fraternity losing money? 
Explain. 


Based on data from L. Usdansky, “Single Motherhood: Stereo- 
types vs. Statistics,” The New York Times, February 11, 1996, Sec- 
tion 4, page E4; and on data from Statistical Abstract, 1998. 

Based on data appearing in Datapedia of the United States, Bernan 


Press, 1994; and in Statistical Abstract, 1998. 
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14. Let M(t) be the number of members in a political 


15). 


16. 


We 


organization f years after its founding. What are the 
units on FIM(A)]? 


Let D(r) be the time in years that it takes for an 
investment to double if interest is continuously 
compounded at an annual rate of r%. (Here r is 
expressed as a percentage, not a decimal.) 


a. What are the units on i, 
b. Why does it make sense that up is always negative? 


c. Give the practical interpretation of the following: 


i, DO) 77 
ii, @ = -2.77 when r = 5 
iii, 22 = -0.48 when r = 12 


Let U(t) be the number of people unemployed in a 
country t months after the election of a new presi- 
dent. 


a. Draw and label an input/output diagram for U. 
b. Is Ua function? Why or why not? 


c. Interpret the following facts about U/(t) in state- 
ments describing the unemployment situation. 


i. U(0) = 3,000,000 
ii, U(12) = 2,800,000 


iii, U'(24) =0 
iv. 42 = 100,000 when t = 36 
du 


V. “gz — ~200,000 when t = 48 


d. On the basis of the information in part c, sketch 
a possible graph of the number of people unem- 
ployed during the first 48 months of the presi- 
dent’s term. Label numbers and units on the 
axes. 


The graph in Figure 3.3.1 shows the terminal speed 
(in meters per second) of a raindrop™ as a function of 
the size of the drop measured in terms of its diameter. 


a. Sketch a secant line connecting the points for 
diameters of 1 mm and 5 mm, and estimate its 
slope. What information does this secant line 
slope give? 

b. Sketch a line tangent to the curve at a diameter 
of 4 mm. What information does the slope of 
this line give? 

c. Estimate the derivative of the speed for a diame- 
ter of 4 mm. Interpret your answer. 


34. R. R. Rogers and M. K. Yau, A Short Course in Cloud Physics 
(White Plains, NY: Elsevier Science, 1989). 


Terminal speed 


18. 


Customers 


19: 


Gas) FIGURE 3.3.1 
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8 
6 
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d. Estimate the rate at which the speed is rising for 
a raindrop with diameter 2 mm. — 


e. Find and interpret the percentage rate of change 
of speed for a raindrop with diameter 2 mm. 


The scatter plot and graph in Figure 3.3.2 depict the 
number of customers that a fast-food restaurant 
serves each hour on a typical weekday. 


FIGURE 3.3.2 





}+—_++—_}+_+_+—+—+—+- Time 
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a. Estimate the average rate of change of the num- 
ber of customers between 7 a.m. and 11] a.m. 
Interpret your answer. 

b. Estimate the instantaneous rate of change and 
percentage rate of change of the number of cus- 
tomers at 4:00 p.m. Interpret your answer. 


c. List the factors that might affect the accuracy of 
your answers to parts a and b. 


Refer once more to the function G, your grade out 

of 100 points on the next calculus test when you 

study t hours during the week before the test. The 

graph of G is shown in Figure 3.3.3. 

a. Carefully draw tangent lines at 4 hours and 11 
hours. Estimate the slope of each tangent line. 


b. Compare your answers with the slopes given on 
pages 221 and 224. How accurate are your esti- 
mates? 
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G(t) 
Points 
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FIGURE 3.3.3 


c. Estimate the average rate of change between 
4 hours and 10 hours. Interpret your answer. 


d. Estimate the percentage rate of change of the 
grade after 4 hours of study. Interpret your 
answer. 


DOs 80) reer , feats aa 
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Rate per 100,000 male population 


Year 





0 B f ; : : y : iB 5 : : 
1930 1940 1950 1960 1970 1980 1990 


Cancer death rates by site, males, 
United States, 1930-89 
(Rates are adjusted to the 1970 U.S. census population) 


FIGURE 3.3.4 


a. Figure 3.3.4 is a graph of rates of death from 
cancer among U.S. males.” 


i. Estimate how rapidly the number of deaths 
due to lung cancer was increasing in 1970 
and in 1980. 


35. Figure 3.3.4 courtesy of the American Cancer Society, Inc. 
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ii. Estimate the percentage rate of change of 
deaths due to liver cancer in 1980. 


iii. Estimate the slope of the stomach cancer 
curve in 1960. 


b. Describe in detail the behavior of the lung can- 
cer curve from 1930 to 1990. Explain why the 
lung cancer curve differs so radically from the 
other curves shown. 


c. List as many factors as you can that might affect 
a cancer death rate curve. 


i) 
— 





a oa ates ee 


Rate per 100,000 
female population 


Ling : 


a eee Year 
1930 1940 1950 1960 1970 1980 1990 








FIGURE 3.3.5 
Cancer death rates by site, females, 
United States, 1930-89 
(Rates are adjusted to the 1970 U.S. census population) 


a. Figure 3.3.5 is a graph of rates of death from 
cancer among U.S. females.*° Estimate how rap- 
idly the number of deaths due to lung cancer was 
increasing in 1970 and 1980. Estimate the per- 
centage rates of change in each year. 


b. Compare the lung cancer death rate curves for 
males and females. What do you think will hap- 
pen to the two curves during the next 30 years? 


22. 


Cumulative AIDS 
cases since 1984 













500,000 
400,000 - ana 
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100,000. + 
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FIGURE 3.3.6 
36. Ibid. 
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The function C gives the cumulative number of 
AIDS cases since 1984 diagnosed at the end of year t 
as represented by the curve shown in Figure 3.3.6. 


a. Estimate and interpret 7 at the end of 1993. 
b. Estimate and interpret C’(1996). 
c. Estimate and interpret C(1996). 


d. Estimate the percentage rate of change of the 
cumulative number of AIDS cases diagnosed by 
the end of 1996. 

e. Estimate the number of AIDS cases diagnosed in 


1996. (Hint: The graph shows cumulative cases 
since 1984.) 


f. Estimate the derivative of C at the end of 1990. 


g. Estimate the average rate of change in the cumu- 
lative number of AIDS cases between 1985 and 
1990. 


. Table 3.13 shows the cumulative totals since 1978 


for deaths*’ due to alcohol-related causes. 


TABLE 3.13 


(thousands) 


Use a symmetric difference quotient to estimate the 
rate of change in the cumulative number of alco- 
hol-related deaths in 1991. Interpret your answer. 















Table 3.14 shows the death rates (deaths per 
100,000 people) for alcohol-related deaths.** 


a. Use a symmetric difference quotient to estimate 
the rates of change in the death rate in 1983 and 
1993. Interpret your answers. 


37. Centers for Disease Control. 
38. Ibid. 
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TABLE 3.14 b. Does a negative rate of change in the 


OEE death rate indicate that the number of 
eath rate ae 
alcohol-related deaths was declining? 
(deaths per 100,000) Explain. 


2 25. What is the meaning of the word deriva- 
(ae tive in the world’s financial markets? To 


find out, see the article entitled “Deriva- 


ee | tives? What Are Derivatives?” in Newsweek, 
March 13, 1995, page 50. 





7.6 
7.6 
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3.4 Drawing Rate-of-Change Graphs 


In Section 1.3 we considered ways to construct a new function from two or more 
functions by addition/subtraction, multiplication/division, and composition. We 
also saw how to construct the inverse of a function by reversing the input and output 
of the function. We now consider another constructed function, the rate-of-change 
function. This function plays a central role in calculus and will be the subject of 
Chapters 4 and 5. 

Every smooth, continuous curve with no vertical tangent lines has a slope associ- 
ated with each point on the curve. When these slopes are plotted, they also form a 
smooth, continuous curve. We call the resulting curve a slope graph, rate-of-change 
graph, or derivative graph. 

What do we know about the slopes of the graph shown in Figure 3.38? Sketch 
lines tangent to the curve at the points where x = A and x = C and at several other 
points on the curve, as shown in Figure 3.39. 





y y 
x x 
0 HN aE KC 2 0 Aue EE SEG 


FIGURE 3.38 : FIGURE 3.39 
{ 


We deduce the following facts: 


@ The tangent lines at the points with inputs A and C are horizontal, so the slope is 
zero at those points. 

@ Between 0 and A, the graph is increasing, so the slopes are positive. The tangent 
lines become less steep moving from 0 to A, so the slopes start off large and 
become smaller as we approach A from the left. * 


@ Between A and C, the graph is decreasing, so the slopes are negative. 


@ At B the graph has an inflection point. This is the point at which the graph is 
decreasing most rapidly—that is, the point at which the slope is most negative. 
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@ othe right of C, the graph is again increasing, so the slopes are positive. The tan- 
gent lines become steeper as we move to the right of C, so the slopes become 
larger as the input increases beyond C. 
We record this information as indicated in Figure 3.40. On the basis of this informa- 
tion about the slopes, we sketch the shape of the slope graph, which appears in 
Figure 3.41. 
i} y’ 
y) 
we 
+ More 
Positive positive Ep 
Positive 
Slopes + slopes 
Less + 
positive Positive 
A i Zero slope ——> 0 at x 
: ar ANE a7 C 
Negative Negative Negative 
Most slopes 
negative 
FIGURE 3.40 FIGURE 3.41 
We do not know the specifics of the slope graph—how far below the horizontal axis 
it dips, where it crosses the vertical axis, how steeply it rises to the right of C, and so 
on. However, we do know its basic shape. 
EXAMPLE 1 Slope Graph of a Logistic Curve 


The graph in Figure 3.42 is a logistic curve. Sketch its slope graph. 


Solution — First we note that the logistic curve in Figure 3.42 is always increasing. Thus 
its slope graph is always positive (above the horizontal axis). We also note that even 
though there is no relative maximum or relative minimum, the logistic curve does level 
off at both ends. Thus its slope graph will be near zero at both ends. (See Figure 3.43.) 
Finally, we note that the logistic curve has its steepest slope at A because this is the loca- 
tion of the inflection point. Therefore, the slope graph is greatest (has a maximum) at 
this point. (See Figure 3.44.) We sketch the slope graph as shown in Figure 3.45. 
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EXAMPLE 2 More Slope Graphs 


a. Sketch a graph that is always decreasing but has slopes that are always increasing. 
Also sketch its slope graph. 


b. Sketch a graph that is always decreasing with slopes that are always decreasing. 
Also sketch its slope graph. 


Solution 


a. Ifa graph is decreasing, it is falling from left to right and has negative slopes. If 
the negative slopes are increasing, they are becoming less and less negative (mov- 
ing toward zero) as the input increases. That means that the graph is becoming 
less steep. Such a graph must be concave up, as shown in Figure 3.46. 

The slopes of this graph are always negative, so a slope graph must lie com- 
pletely below the input axis. As Figure 3.47 shows, the slopes are increasing. This 
means that they are rising closer to zero, but because they will never be positive, 
the graph must curve downward. A slope graph with these characteristics is 

8 shown in Figure 3.48. 
FIGURE 3.46 
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b. Like the graph in part a, this graph is falling from left to right and has negative 
slopes. However, the slopes are decreasing. When negative numbers decrease, 
they become more and more negative. This means the graph becomes more steep 
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as input increases. A declining graph that becomes increasingly steep looks like 
the one shown in Figure 3.49. 

Again, the slopes are always negative, so the slope graph will lie completely 
below the input axis. Instead of rising toward the input axis, this slope graph will 
fall away from the input axis as the slopes of the original graph become more and 
more negative. See Figure 3.50. The slope graph is shown in Figure 3.51. 
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In the preceding discussion and example, the graphs we used had no labeled tick 
marks on the horizontal or vertical axes. In such cases, it is not possible to estimate 
the value of the slope of the graph at any given point. Instead, we sketch the general 
shape of the slope graph by observing the important points and general behavior of 
the original graph, such as 


1. Points at which a tangent line is horizontal 

2. The regions over which the graph is increasing or decreasing 

3. Points of inflection 

4. Places at which the graph appears to be horizontal or leveling off 


As the previous examples indicate, sketching lines tangent to a curve helps us deter- 
mine the relative magnitude of the slopes. As this process becomes more familiar, you 
should be able to visualize the tangent lines and consider the steepness of the curve 
itself. This technique is illustrated in Example 3. 


Using Relative Magnitudes to Sketch Slope Graphs 


The height of a plant often follows the general trend shown in Figure 3.52. Draw a 
graph depicting the growth rate of the plant. 


Solution The slopes at A, B, and C are all positive. Is the slope at A smaller or larger 
than that at B? It is larger, so the slope graph at A should be higher than it is at B. The 
graph at C is not as steep as it is at either A or B, so the slope graph should be lower at 
C than at B. (See Figure 3.53.) 
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Where on the graph is the slope steepest? The answer is at the left endpoint. Where is 
the graph least steep? You can see that it is at the right endpoint. Add these observa- 
tions to your plot. (See Figure 3.54.) 

Now sketch the slope graph according to your plot, and be sure to include the 
appropriate labels on the horizontal and vertical axes. (See Figure 3.55.) 


Growth rate 


Growth rate 


Time 


FIGURE 3.55 





A Detailed Look at the Slope Graph 


When a graph has labeled tick marks on both the horizontal and the vertical axes or 
an equation for the graph is known, it is possible to estimate the values of slopes at 
certain points on the graph. However, it would be tedious to calculate the slope 
graphically or numerically for every point on the graph. In fact, because there are 
infinitely many points on a continuous curve, it is not possible. Instead, we calculate 
the slope at a few special points, such as inflection points, in order to obtain a more 
accurate slope graph. 

Consider Figure 3.42, which we saw at the beginning of this section. It is shown 
again in Figure 3.56, but this time the graph has labeled tick marks on both the hori- 
zontal and the vertical axes. 


6 
5 
4 
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2 
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FIGURE 3.56 


We know that the slope graph crosses the horizontal axis at A and C and that a mini- 
mum occurs on the slope graph below the horizontal axis at B. Before, we did not 
know how far below the axis to draw this minimum. Now that there is a numerical 
scale on the axes, we can graphically estimate the slope at the inflection point and use 
that estimate to help us sketch the slope graph. 

By drawing the tangent line at B and estimating its slope, we find that the mini- 
mum of the slope graph is approximately 1.4 units below the horizontal axis. (See 
Figure 3.57.) 
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FIGURE 3.57 


If we estimate the slopes at two additional points, say at x = 1 and x = 6, then we can 
produce a fairly accurate sketch of the slope graph. Table 3.15 shows a list of esti- 
mated slope values. 


TABLE 3.15 





Plotting these points and sketching the slope graph give us the graph in Figure 3.58. 

If we do not have a continuous curve but have a scatter plot, then we can sketch a 
rate-of-change graph by first sketching a smooth curve that fits the scatter plot. Then 
we can draw the slope graph of that smooth curve as shown in Example 4. 


Population of Cleveland, Ohio 


In 1797, the Lorenzo Carter family built a cabin on Lake Erie where today the city of 
Cleveland, Ohio, is located. Table 3.16 gives population data” for Cleveland from 
1810 through 1990. 


a. Sketch a smooth curve representing population. Your curve should have no more 
inflection points than the number suggested by the scatter plot. 


b. Sketch a graph representing the rate of change of population. 


Solution 


a. Draw a scatter plot of the population data, and sketch the smooth curve. (See 
Figure 3.59.) 


b. The population graph is fairly level in the early 1800s, so the slope graph will 
begin near zero. The smooth sketch increases during the 1800s and early 1900s 
until it peaks in the 1940s. Thus the slope graph will be positive until the mid- 
1940s, at which time it will cross the horizontal axis and become negative. Popu- 
lation decreased from the mid-1940s onward. 

There appear to be two inflection points. The point of most rapid growth 
appears around 1910, and the point of most rapid decline appears near 1975. 


39. U.S. Department of Commerce, Bureau of the Census. 
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TABLE 3.16 


— 
1076 
6071 
17,034 
43,417 
92,829 
160,146 
261,353 


381,768 


| 1900 
560,663 


1920 796,841 
1930 900,429 
1940 878,336 


Population FIGURE 3.59 
(thousands) 















Year 


1800 1850 1900 1950 1990 


These are the years in which the slope graph will be at its maximum and at its 
minimum, respectively. By drawing tangent lines at 1910 and at 1975 and esti- 
mating their slopes, we find that population was increasing by approximately 
22,500 people per year in 1910 and was decreasing by about 12,500 people per 
year in 1975. See Figure 3.60. 
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FIGURE 3.60 


Now we use all the information from this analysis to sketch the slope graph shown 
in Figure 3.61. 
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Points of Undefined Slope 


It is possible for the graph of a function to have a point at which the slope does not 
exist. Remember that the slope of a tangent line is the limit of slopes of approximat- 
ing secant lines and that we should be able to use secant lines through points either to 
the left or to the right of the point at which we are estimating the slope to find this 
limit.2° If the limits from the left and from the right are not the same, then we say that 
the derivative does not exist at that point. We depict the nonexistence of the deriva- 
tive at such points on the slope graph by drawing an open dot on each piece of the 
slope graph. This is illustrated in Figure 3.62a. 

It is possible for there to be a point on a graph at which the derivative does not 
exist although the slope from the left and the slope from the right are the same. This 
occurs when the function is not continuous at that point (see Figure 3.62b). Ifa func- 
tion is not continuous at a point, then its slope is undefined at that point. 
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FIGURE 3.62 


Also, points at which the tangent line is vertical (that is, the slope calculation 
results in a zero in the denominator) are considered to have an undefined slope. The 
graph of one such function is shown in Figure 3.63. 
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FIGURE 3.63 No derivative at A 


Most of the time when there is a break in the slope graph, it is because the origi- 
nal function is piecewise as shown in Figure 3.62. You should be careful when draw- 
ing slope graphs of piecewise continuous functions. Figure 3.63 shows a smooth, 
continuous function with a point at which the derivative is undefined. We do not 
often encounter such phenomena in real-life applications, but they could happen. 


40. It is worth noting that in the case in which a function is defined only to the right or only to the left of 
a point, then the derivative at that point can be found using secant lines through points only to the 
right or left. 


Concept 
Inventory 





® Slope graph = rate-of-change graph = derivative 
graph 

@ Increasing function = positive slopes 

@ Decreasing function => negative slopes 

@ Maximum or minimum of function = zero slope 

@ Inflection point > maximum or minimum point on 
slope graph or point of undefined slope 

®@ Points of undefined slope 





Activities 


In Activities 1 through 10, list as many facts as you can 
about the slopes of the graphs. Then, on the basis of 
those facts, sketch the slope graph of each function. 
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y 8. y 
aS 
XxX 
y OS 
Xx 
A 
Xx 
a. Sketch a graph that is increasing with increasing 


slopes. Also sketch its slope graph. 


b. Sketch a graph that is increasing with decreasing 
slopes. Also sketch its slope graph. 


The graph in Figure 3.4.11 shows the cumulative 
amount of capital invested in the cellular phone 
industry” since 1984. 


Capital investment 
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FIGURE 3.4.11 


a. Sketch tangent lines for the input values shown 
in Table 3.17, and estimate their slopes. Record 
the slopes in Table 3.17. 


TABLE 3.17 









Year 


Slope of tangent line er eae 


auld 


41. The Cellular Telecommunications Industry Association. 
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b. Use the information in Table 3.17 to sketch an 
accurate rate-of-change graph for the cumula- 
tive amount of capital invested in the cellular 
phone industry. Label the axes with units as well 
as values. 


13. The graph in Figure 3.4.12 shows the average 
monthly cell phone bill** between 1990 and 1998. 


Average bill FIGURE 3.4.12 
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a. Sketch tangent lines for the input values shown 
in Table 3.18, and estimate their slopes. Record 
the slopes in Table 3.18. 


TABLE 3.18 










b. Use the information in Table 3.18 to sketch an 
accurate rate-of-change graph for the average 
monthly cell phone bill. Label the axes with units 
as well as values. 


14. The graph in Figure 3.4.13 shows the population of 
Iowa®’ between 1990 and 1998. 
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42. Ibid. 


43. U.S. Bureau of the Census. 
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a. Sketch tangent lines for the input values shown 
in Table 3.19, and estimate their slopes. Record 
the slopes in Table 3.19. 


TABLE 3.19 


> 


b. Use the information in Table 3.19 to sketch an 
accurate rate-of-change graph for the popula- 
tion of Iowa. Label the axes with units as well as 
values. 













Year 


Slope of 
tangent line 





15. The graph in Figure 3.4.14 shows the cumulative 
number of AIDS cases‘ diagnosed in the United 
States since 1984. 
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FIGURE 3.4.14 
a. Sketch tangent lines for the input values shown 


in Table 3.20, and estimate their slopes. Record 
the slopes in Table 3.20. 


TABLE 3.20 


Slope of 
tangent line 


b. Use the information in Table 3.20 to sketch an 
accurate rate-of-change graph for the cumula- 
tive number of AIDS cases diagnosed in the 
United States. Label the axes with units as well as 
values. 





16. The graph in Figure 3.4.15 shows the average 
annual fuel consumption” of vehicles in the United 
States between 1970 and 1995. 


44. Centers for Disease Control. 
45. Statistical Abstract, 1998. 
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Year 


a. Sketch tangent lines for the input values shown 
in Table 3.21, and estimate their slopes. Record 
the slopes in Table 3.21. 


TABLE 3.21 









—- of 
tangent line 


b. Use the information in Table 3.21 to sketch an 
accurate rate-of-change graph for the average 
annual fuel consumption. Label the axes with 
units as well as values. 


17. The graph in Figure 3.4.16 gives the membership in 
a campus organization during its first year. 
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FIGURE 3.4.16 


a. Estimate the average rate of change in the mem- 
bership during the academic year. 


fp 
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b. Estimate the instantaneous rates of change in 
September, November, February, and April. 


c. On the basis of your answers to part b, sketch a 
rate-of-change graph. Label the units on the axes. 


d. The membership of the organization was grow- 
ing most rapidly in September. Not including 
that month, when was the membership growing 
most rapidly? What is this point on the member- 
ship graph called? 


e. Why was the result of the calculation in part a of 
no use in part c? 


18. The scatter plot in Figure 3.4.17 depicts the number 
of calls placed each hour since 2 a.m. to a sheriff’s 
department.*° 


Calls 
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FIGURE 3.4.17 
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a. Sketch a smooth curve through the scatter plot 
with no more inflection points than the number 
suggested by the scatter plot. 


b. At what time(s) is the number of calls a mini- 
mum? a maximum? 


c. Are there any other times when the graph 
appears to have a zero slope? If so, when? 


d. Estimate the slope of your smooth curve at any 
inflection points. 


46. Sheriff's Department of Greenville County, South Carolina. 
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e. Use the information in parts a through d to 
sketch a graph depicting the rate of change of 
calls placed each hour. Label the units on both 
axes of the rate-of-change graph. 


19. The capacity of jails in a southwestern state has 
been increasing since 1990. The average daily popu- 
lation of one jail” can be modeled by 


8.101t? — 55.53¢? + when0 <t=5 
128.8t + 626.8 inmates 


18.8t + 800.6 inmates 


j= 
when t > 5 


where t is the number of years since 1990. Figure 
3.4.18 shows a graph of j. 
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FIGURE 3.4.18 


Sketch the slope graph of j. (Hint: Numerically esti- 
mate j'(t) att = O and t = 4.5 in order to sketch the 
slope graph accurately.) Label both the horizontal 
and the vertical axes. 


20. Cattle prices** (for choice 450-pound steer calves) 
from October 1994 through May 1995 can be mod- 
eled by 


-0.0025m’? + 0.0305m + — when 
0.8405 dollars per pound 0sm<3 
DU) aye 
0.028m + 0.996 when 
dollars per pound GME Gi If 


where m is the number of months since October 
1994. A graph of p is given in Figure 3.4.19. 


47, Based on data from Washoe County Jail, Reno, Nevada. 
_ 48. Based on data from the National Cattleman’s Association. 


p(m) 
Cattle price 
(dollars per pound) 








1.00 + 
0.95 + 
0.90 + 
0.85 
m 
0.80 + Months 
iTS: +——+ $$} since 
ee 0 yes el aes eG Be October 
1994 


FIGURE 3.4.19 


Sketch a slope graph of p. (Hint: Numerically esti- 
mate p'(m) at m = 0 and m = 2.5 in order to sketch 
the slope graph accurately.) Label the horizontal 
and vertical axes. 


21.. A graph depicting the average monthly profit for 
Slim’s Used Car Sales for the previous year is shown 
in Figure 3.4.20. 
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FIGURE 3.4.20 


a. Estimate the average rate of change in Slim’s 
average monthly profit if the number of cars he 
sells increases from 40 to 70 cars. 


b. Estimate the instantaneous rates of change at 20, 
40, 60, 80, and 100 cars. 


c. On the basis of your answers to part b, sketch a 
rate-of-change graph. Label the units on the 
axes. 


d. For what number of cars sold between 20 and 
100 is average monthly profit increasing most 
rapidly? For what number of cars sold is average 
monthly profit decreasing most rapidly? What is 
the mathematical term for these points? 


e. Why was the result of the calculation in part a of 
no use in part c? 


22. Using the graph in Figure 3.3.4 on page 231, care- 
fully estimate the rate of change in deaths due to 
lung cancer in 1940, 1960, and 1980. Use this infor- 
mation to sketch an accurate rate-of-change graph 
for deaths due to lung cancer. Label the units on 
both axes of the derivative graph. 


In Activities 23 through 26, indicate the input values for 
which the graph has no derivative. Explain why the 
derivative does not exist at those points. Sketch a deriv- 
ative graph for each of the function graphs. 


Ze 
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Summary 





his chapter is devoted to describing change: the 
underlying concepts, the language, and proper 
interpretations. 


Change, Average Rate of Change, and 
Percentage Change 


The change in a quantity over an interval is a difference of 
output values. Apart from describing the actual change in 
a quantity that occurs over an interval, change can be 
described as the average rate of change over an interval or 
as a percentage change. In the reporting of average rates 
of change, the word average must be used, the interval 
must be stated, and a numerical value expressed in terms 
of output units per input unit must be included. When 
interpreting these descriptions of change, you should 
write a nontechnical sentence that answers the questions 
when, what, how, and by how much. 

The numerical description of an average rate of 
change has an associated geometric interpretation— 
namely, the slope of the secant line joining two points on 
the graph that correspond to the two endpoints of the 
interval. Such slopes can be determined from discrete 
scatter plots, continuous graphs, or continuous models. 


Instantaneous Rates of Change 


Whereas average rates of change indicate how rapidly a 
quantity changes (on average) over an interval, instan- 
taneous rates of change indicate how rapidly a quantity 
is changing at a point. The instantaneous rate of change 
at a point on a graph is simply the slope of the line tan- 
gent to the graph at that point. It describes how quickly 
the output is increasing or decreasing at that point. 
Given this geometric perspective, it is clear that the use 
of the word instantaneous does not necessarily mean 
that time units are involved (that is, we may not be 
speaking of change at an instant in time.) 


Tangent Lines 


If we zoom in closer and closer to a point on a smooth, 
continuous graph, we will observe the curve to look 
more and more like a straight line. This phenomenon is 
known as local linearity; that is, any graph looks like a 
line if you are close enough. A line tangent to a graph at 


a point is the line you see when you zoom in closer and 
closer to that point. 

The line tangent to a graph at a point P can also be 
thought of as the limiting position of nearby secant 
lines—that is, secant lines through P and nearby points 
on the graph. With the exceptions of the line tangent to 
a continuous graph at an inflection point and the line 
tangent to each point on a line, lines tangent to a graph 
do not cut through the graph at the point of tangency. 
Rather, they include the point of tangency and lie com- 
pletely on one side of the graph near the point of tan- 
gency. A tangent line reflects the tilt, or slope, of the 
graph at the point of tangency. 

By estimating the rise and run of two points on the 
line, we can use tangent lines to approximate the rate of 
change of most points on continuous graphs, the excep- 


tions being at sharp points and at points where the tan- 


gent line is vertical. Tangent lines can also be used to 
measure rates of change for piecewise continuous func- 
tions, though not usually at the break points. 


Derivatives and Percentage Rate of Change 


Derivative is the calculus term for (instantaneous) rate 
of change. Accordingly, all of the following terms are 
synonymous: derivative, instantaneous rate of change, 
rate of change, slope of the curve, and slope of the line 
tangent to the curve. 

Three common ways of symbolically referring to 
the derivative of a function G with respect to x are 7, 
a [G(x)], and G(x). You should remember to include 
the proper units on derivatives: output units per input 
unit. Without the correct units, a derivative is a mean- 
ingless number. Rates of change also can be expressed as 
percentages. A percentage rate of change describes the 
relative magnitude of the rate. 

A continuous or piecewise continuous function is 
needed to calculate values of derivatives. However, if we 
are given a data set, then we can quickly estimate a rate 
of change by finding the slope between the nearest 
points an equal distance away from, and on either side 
of, our point of interest. This slope, which is called a 
symmetric difference quotient, usually gives a good 
approximation to the rate of change. 


Drawing Slope Graphs 


The smooth, continuous graphs that we use to model 
real-life data have slopes (derivatives) at every point on 
the graph except at points that have vertical tangent 
lines. When these slopes (derivatives) are plotted, they 
usually form a smooth, continuous graph—the slope 
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graph (rate-of-change graph, or derivative graph) of the 
original graph. We can also obtain slope graphs for 
piecewise continuous models, although the slope graph 
is usually not defined at the points where the model is 
divided. Slope graphs tell us a great deal about the 
change that is occurring on the original graph. 





eee rere rece e sere reese seeese see ese eHeesesesesSeesessesessresesoseseseseseseee® 
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To practice, try 
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@ Find and interpret change, percentage change, and average rates 


of change 
using data? Section 3.1 Activity 13 
using graphs? Section 3.1 Activity 21 
using equations? Section 3.1 Activity 17 
@ Find the slope of a secant line? Section 3.1 Activity 19 
@ Understand the relationship between secant lines and 
tangent lines? Section 3.2 Activities 1, 3 
e Accurately sketch tangent lines? Section 3.2 Activity 19 
@ Use tangent lines to estimate rates of change? Section 3.2 Activity 31 
@ Use symmetric difference quotients to estimate rates of change? Section 3.2 Activity 31 
@ Understand derivative notation? Section 3.3 Activity 9 
@ Correctly interpret derivatives? Section 3.3 Activity 15 
@ Find and interpret percentage rate of change? Section 3.3 Activity 21 
@ Sketch a general rate-of-change graph? Section 3.4 Activities 3, 9 
@ Use tangent lines to sketch an accurate slope graph? Section 3.4 Activity 15 
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1. Answer the following questions about the graph 
shown in Figure 3.64. 








FIGURE 3.64 


a. List the labeled points at which the slope appears 
to be (i) negative, (ii) positive, and (111) zero. 

b. If B is the inflection point, what is the relation- 
ship between the steepness at B and the steepness 
at the points A, C, and D on the graph? 

c. For each of the labeled points, will a tangent line 
at the point lie above or below the graph? 

d. Sketch tangent lines at points A, B, and E. 

e. Suppose the graph represents the speed of a 
roller coaster (in feet per second) as a function of 
the number of seconds after the roller coaster 
reached the bottom of the first hill. 

i. What are the units on the slopes of tangent 
lines? What common word is used to 
describe the quantity measured by the slope 
in this context? 

il. When, according to the graph, was the roller 
coaster slowing down? 

iil. When, according to the graph, was the roller 
coaster speeding up? 

iv. When was the roller coaster’s speed the slow- 
est? 

v. When was the roller coaster slowing down 
most rapidly? 

f. Sketch a slope graph of the graph in Figure 3.64. 


49. Visa Press Release, www.visa.com. (Access date: 11/23/99). 


2. The numbers of Visa cards worldwide*’ for 1995 
through 1998 are shown in Table 3.22. 


TABLE 3.22 








Ran ied | 


a. Find the average rate of change in the number of 
Visa cards between 1995 and 1998. Interpret 
your answer. 






b. Find the percentage change in the number of 
Visa cards between 1997 and 1998. Interpret 
your answer. 


3. Figure 3.65 shows the graph of a model for the 
number of Dell Computer Corporation’ employ- 
ees between 1992 and 1999. 


a. Sketch a secant line between the points with 
inputs 1993 and 1997. Describe the information 
that the slope of this line provides. 


b. Sketch a tangent line at the point corresponding 
to 1998. Describe the information that the slope 
of this line provides. 


c. Estimate the rate of change and percentage rate 
of change in the number of employees in 1998. 
Interpret your answers. 


d. Estimate the average rate of change in the num- 
ber of employees between 1993 and 1997. Inter- 
pret your answer. 


4, T(x) is the number of seconds that it takes an 
average athlete to swim 100 meters free style at age 
x years. 


a. Write sentences interpreting 7(22) = 49 and 
T'(22) = -0.5. 


b. What does a negative derivative indicate about a 
swimmer’s time? 


50. Hoover’s Online Company Capsules. 
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Dell employees 
25,000 J 


20,000 + 
15,000 + 
10,000 + 


5000 + 





ee Year 
FIGURE 3.65 1993 1995 1997 1999 


5. The amount of time that parents spend with their c. Assess the validity of the following statements. 
children each week,*! based on data between 1969 


i. The rate of change of a linear model is always 
and 1996, can be modeled by 


constant. 
T(x) = ~).852x + 1837.296 hours in year x ii. The percentage rate of change of a linear 
a. What is the rate of change of T? model is always constant. 
b. Find the change, average rate of change, and per- ii. The average rate of change of a linear model 
centage change in the time parents spend with is always constant. 


their children, as described by the model, 
between 1980 and 2000. 


51. Time, June 21, 1999, p. 86. 
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Setting 


Some students at many colleges and 
universities enroll in courses and then later 
withdraw from them. Such students may 
have part-time status upon withdrawing. 
Part-time students have begun questioning 
the fee-refund policy, and a public debate is 
taking place. Recently, the student senate 
passed a resolution condemning the current 
fee-refund schedule. Then, the associate vice 
president issued a statement claiming that 
further erosion of the university’s ability to 
retain student fees would reduce course 
offerings. The Higher Education Com- 
mission has scheduled hearings on the issue. 
The Board of Trustees has hired your firm 
as consultants to help them prepare their 
presentation. 


Tasks 


1. Examine the current fee-refund schedule 
for your college or university. Present a 
graph and formula for the current refund 
schedule. Critique the refund schedule. 

Create alternative fee-refund 
schedules that include at least two 
quadratic plans (one concave up and one 
concave down), an exponential plan, a 
logistic plan, a no-refund plan, and a 
complete-refund plan. (Hint: Linear 
models have constant first differences. 
What is true about quadratic and 
exponential models?) For each plan, 
present the refund schedule in a table, in 
a graph, and with an equation. Critique 
each plan from the students’ viewpoint 
and from that of the administration. 
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Fee-Refund 
Schedules 


Select the nonlinear plan that you believe to be the 
best choice from both the students’ and the adminis- 
tration’s perspective. Outline the reasons for your choice. 


2. Estimate the rate of change of your selected equation for 
withdrawals after 1 week, 3 weeks, and 5 weeks. Include 
any other times that are indicated by your school’s 
schedule. Interpret the rates of change in this context. 
How might the rate of change influence the adminis- 
tration’s view of the model you chose? Would the admin- 
istration consider a different model more advantageous? 
If so, why? Why did you not propose it as your model of 
choice? 


Reporting 


1. Prepare a written report of your results for the Board of 
Trustees. Include scatter plots, models, and graphs. 
Include in an appendix the reasoning that you used to 
develop each of your models. 


2. Prepare a press release for the college or university to use 
when it announces the adoption of your plan. The press 
release should be succinct and should answer the 
questions who, what, when, where, and why. Include the 
press release in your report to the Board. 


3. (Optional) Prepare a brief (15-minute) presentation on 
your work. You will be presenting it to members of the 
Board of Trustees of your college or university. 






Project 3.2 


SST OT ee EE 


Setting 


Doubling time is defined as the time it takes 
for an investment to double. Doubling time 
is calculated by using the compound interest 
formula A = P(l an ai or the continuously 
compounded interest formula A = Pe’. An 
approximation to doubling time can be 
found by dividing 72 by 100r. This 
approximating technique is known as the 
Rule of 72. 

Dr. C. G. Bilkins, a nationally known 
financial guru, has been criticized for giving 
false information about doubling time and 
the Rule of 72 in seminars. Your team has 
been hired to provide mathematically 
correct information for Dr. Bilkins to use in 
future seminar presentations. 


Tasks 


1. Construct a table of doubling times for 
interest rates from 2% to 20% (in 
increments of 2%) when interest is 
compounded annually, semiannually, 
quarterly, monthly, and daily. Construct a 
table of doubling-time approximations 
for interest rates of 2% through 20% 
when using the Rule of 72. Devise similar 
rules for 71, 70, and 69. Then construct 
tables for these rules. Examine the tables 
and determine the best approximating 
rule for interest compounded 
semiannually, quarterly, monthly, and 
daily. Justify your choices. For each 
interest compounding listed above, 
compare percent errors when using the 


Doubling 
Time 


Rule of 72 and when using the rule you choose. Percent 
- estimate — true value E 0, 

error 1S true value 100%. Comment on when 

the rules overestimate, when they underestimate, and 


which is preferable. 





2. Dr. Bilkins is interested in knowing how sensitive 
doubling time is to changes in interest rates. Estimate 
rates of change of doubling times at 2%, 8%, 14%, and 
20% when interest is compounded quarterly. Interpret 
your answers in a way that would be meaningful to Dr. 
Bilkins, who knows nothing about calculus. 


Reporting 


1. Prepare a written report for Dr. Bilkins in which you 
discuss your results in Tasks 1 and 2. Be sure to discuss 
whether Dr. Bilkins should continue to present the Rule 
of 72 or present other rules that depend on the number 
of times interest is compounded. 


2. Prepare a document for Dr. Bilkins’s speechwriter to 
insert into the seminar presentation (which Dr. Bilkins 
reads from a Teleprompter). It should include (a) a brief 
summary of how to estimate doubling time using an 
approximation rule and (b) a statement about the error 
involved in using the approximation. Keep in mind that 
Dr. Bilkins wishes to avoid further allegations of 
misinforming seminar participants. Also include a brief 
statement summarizing the sensitivity of doubling time 
to fluctuations in interest rates. Include the document in 
your written report. 


3. (Optional) Prepare a brief (15-minute) presentation of 
your study. You will be presenting it to Dr. Bilkins and the 
speechwriter. Your presentation should be only a 
summary, but you need to be prepared to answer any 
technical questions that may arise. 
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Derivatives 


Concept Application 


The aging of the American population may be the 
demographic change that has the greatest impact on 
our society over the next several decades. Given a 
model for the projected number of senior Americans 
(65 years of age or older), the function and its 
derivative can be used to answer questions such as 


What is the projected number of senior Americans 
in 2030? 





How rapidly will that number be changing in 2030? 


Pho What is the estimated percentage rate of change in 


the number of senior Americans in 20302 


You will be able to answer these questions using the 
model given in Activity 23 of Section 4.3 and the 
derivative rules presented in this chapter. 


(laBic|_ This symbol directs you to the supplemental technology guides, The different guides contain 
eh step-by-step instructions for using certain graphing calculators or spreadsheet software to 
work the particular example or discussion marked by the technology symbol. 





This symbol directs you to the Calculus Concepts web site, where you will find algebra 


review, links to data updates, additional practice problems, or some other helpful resource 
material. 








Concept Objectives 


This chapter will help you understand the 
concepts of 


© The slope of a tangent line as the limiting value of 
slopes of secant lines 


© Slopes of piecewise continuous functions 


© Rules for finding rate-of-change formulas 


and you will learn to 
O Numerically estimate rates of change 


O Use limits to find rate-of-change formulas 
algebraically 


© Apply derivative rules to many types of functions 
to find rate-of-change formulas quickly 


We have described change in terms of 
rates: average rates, instantaneous rates, 
and percentage rates. Of these three, 
instantaneous rates are the most 
important in our study of calculus. 


In this chapter, we turn our attention to 
determining instantaneous rates of 
change. Because instantaneous rates of 
change are slopes of tangent lines, we first 
consider the numerical estimation of 
these slopes. Next we generalize the 
numerical method to an algebraic 
method that gives us an analytic 
description—a formula of sorts—for the 
derivative of an arbitrary function. 


Finally, we consider some rules for 
derivatives: the Sum Rule, the Chain 
Rule, and the Product Rule. These rules 
provide the foundation needed to work 
with more complicated functions that 
we often encounter in the course of 
real-life investigations of change. 
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CHAPTER 4 


4.1 


FIGURE 4.1 





i py Be tS 
A secant line through 
x = landx =1.5 


FIGURE 4.2 
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Numerically Finding Slopes 


Finding Slopes by the Numerical Method 


By now you should have a firm graphical understanding of rates of change. However, 
sketching tangent lines is an imprecise method of determining rates of change. 
Although approximations are often sufficient, there are times when we need to find 
an exact answer. 

Consider the relatively simple problem of finding the slope of the graph of 
flix) = 2Vx at x = 1. Part of the graph of f(x) = 2x is shown in Figure 4.1a. Take a 
few moments to sketch carefully a line tangent to the graph at x = 1 and estimate 
its slope. You should find that the tangent line at x = 1 has slope approximately 1. 
See Figure 4.1b. 


f(x) 





(b) 


Another, more precise, method of estimating the slope of the graph of 
f(x) = 2Vx at x = 1 uses a technique introduced in Section 3.2. Recall that the tan- 
gent line at a point is the limiting position of secant lines through the point of tan- 
gency and other increasingly close points. In other words, the slope of the tangent line 
is the limiting value of the slopes of nearby secant lines. 

To illustrate, we begin by finding the slope of the secant line on the graph of 
fix) = 2Vx through x = 1 and x = 1.5. (Note that x = 1.5 is an arbitrarily chosen 
value that is close to x = 1.) A graph of the secant line is shown in Figure 4.2. Its slope 
is calculated as follows: 


eV =) 
Point atx = 1.5: (1.5, 2V1.5) ~ (1.5, 2.449489743) 


_ 2449489743 — 2 
jena 


Point at x 





Slope = 0.8989794856 


This value is an approximation to the slope of the tangent line at x = 1. To obtain 
a better approximation, we must choose a point closer to x = 1 than x = 1.5, say 
x = 1.1. (This is also an arbitrary choice.) See Figure 4.3. 


Point at x = 1: (as 2V1) = (1, 2) 
Point atx = 1.1: (1.1,2V1.1) ~ (1.1, 2.097617696) 


_ 2.097617696 — 2 
l1l-1 





Slope = 0.9761769634 





A secant line between 
x =landx =1.1 
FIGURE 4.3 








FIGURE 4.4 
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This is a better approximation to the slope of the tangent line at x = 1 than the one 
from the previous calculation. To get an even better approximation, we need only 
choose a closer point, such as x = 1.01. 


Pointvatce =" I: (1, 2V1) = (1, 2) 
Point atx = 1.01: (1.01, 2V/1.01) ~ (1.01, 2.009975124) 


~~ 2:009975124 — 2 


SI 
LS Wine a 





= 0.9975124224 


We also use x = 1.001. 


1: 44, 2V1) = (1,2) 
Point atx = 1.001: (1.001, 2V1.001) ~ (1.001, 2.00099975) 


me 2.00099975 sa 2 
OO = | 


II 


Point at x 





Slope = 0.9997501248 


As we choose points increasingly close to x = 1, what do you observe about the slopes 
of the secant lines shown in Figure 4.4? 


pares) Secant line slope ~ 0.8989794856 
x=1.1 Secant line slope ~ 0.9761769634 
x= 1.01 Secant line slope ~ 0.9975124224 
x = 1.001 Secant line slope ~ 0.9997501248 


Following the pattern in the slope values, we conclude that for x = 1.0001, 
the slope to six decimal places will be 0.999975, for x = 1.00001, the slope 
to seven decimal places will be 0.9999975, and so on. Thus the slopes of 
the secant lines when we use points to the right of x = 1 appear to be 
approaching 1. You may have noticed by now that we are numerically esti- 
mating the limit of the slopes of secant lines. Recall from Section 1.4 that 
a limit exists only if the limit from the left and the limit from the right are 
equal. For this reason, in order to conclude that the slope of the tangent 
line is 1, we must also consider the limit of the slopes of secant lines using 
points to the left of x = 1. Choosing the x-values 0.5, 0.9, 0.99, and 0.999, 
we obtain the following secant line slopes: 


x= 0.5 Secant line slope ~ 1.171572875 
x= 0.9 Secant line slope ~ 1.026334039 
x = 0.99 Secant line slope ~ 1.002512579 
x = 0.999 Secant line slope ~ 1.000250125 


Again, note the pattern in the slope values. For x = 0.9999, we can conclude that the 
slope to six decimal places will be 1.000025. For x = 0.99999, the slope to seven dec- 
imal places will be 1.0000025. Thus the slopes of secant lines using points to the left 
of x = 1 appear to be approaching 1. Because the limit of slopes using points to the 
left of x = 1 appears to be the same as the limit using points to the right of x = 1, we 
estimate that the slope of the line tangent to the graph of f(x) = 2Vx at x = 1 is 1. We 
will use algebraic methods in the next section to verify that f’(1) = 1. 

In this case, the graphical and numerical methods for estimating the slope of the 
tangent line yield similar results. However, Example 1 shows that calculating the 
slopes of nearby secant lines generally yields a much more precise result than sketch- 
ing a tangent line and estimating its slope. 
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EXAMPLE 1 The 1949 Polio Epidemic 
The number of polio cases in 1949 can be modeled! by the equation 


42,183.911 
West see 





Cases = 


where t = 1 on January 31, 1949, t = 2 on February 28, 1949, etc. How rapidly was 
the number of polio cases growing at the end of August 1949? Report the answer to 
the nearest whole number. 








aus : . 9 10 Solution _ First, note that the question asks for the slope of the tangent line at t = 8. 

(neve (Aue) eun(Oct) One method of approximating the slope of the tangent line is to sketch the tangent 

line and estimate its slope. On the graph in Figure 4.5, draw the tangent line at t = 8, 

eee and estimate the slope. If you accurately sketched the tangent line and were careful in 

reading two points off that line, you should have found that the slope of the tangent 
line is somewhere between 12,000 and 14,000 cases per month. 

To obtain a more precise estimate of the slope of the tangent line, we calculate 
slopes of nearby secant lines. We choose increasingly close points to both the right 
and the left of the point where t = 8: (8, 21,262.9281). We calculate slopes until they 
remain constant to one decimal place beyond the desired accuracy for two or three 
calculations. You should verify each of the following computations. 


Points to the left : Points to the right 











Point at t= 7.9: (7.9, 19,946.95986) Point at t= 8.1: (8.1, 22,577.56655) 
19,946.95986 — 21,262.9281 22,577.56655 — 21,262.9281 
Slope = Foes Slope = enesa 


Slope ~ 13,159.68 Slope ~ 13,146.38 
Point at t= 7.99: (7.99, 21,131.22196) Point at t= 8.01: (8.01, 21,394.62098) 


_ 21,131.22196 — 21,262.9281 slope = 21394-62098 — 21,262.9281 
7.99 8 eps 8.01 — 8 


Slope ~ 13,170.62 Slope ~ 13,169.28 
Point at t= 7.999: (7.999, 21,249.75795) Point at t= 8.001: (8.001, 21,276.09819) 


_ 21,249.75795 — 21,262.9281 Slope = 212276.09819 = 21,262.9281 
7.999 — 8 oi 8.001 — 8 


Slope ~ 13,170.19 Slope ~ 13,170.05 
Point at t = 7.9999: (7.9999, 21,261.61112) Point at t= 8.0001: (8.0001, 21,264.24514) 


_ 21,261.61112 — 21,262.9281 slope = 21:264.24514 — 21,262.9281 
7.9999 — 8 a 8.0001 — 8 


Slope ~ 13,170.13 Slope ~ 13,170.12 
Point at t = 7.99999: (7.99999, 21,262.79643) Point at t = 8.00001: (8.00001, 21,263.05983) 


_ 21,262.79643 — 21,262.9281 Slope = 21263-05983 = 21,262.9281 
7.99999 — 8 aS 8.00001 — 8 


Slope 











Slope 














Slope 











Slope 





Slope ~ 13,170.12 ~ 13,170 Slope ~ 13,170.12 ~ 13,170 


1. Based on data from Twelfth Annual Report, The National Foundation for Infantile Paralysis, 1949. 


f(x) 





FIGURE 4.6 


4.1 Numerically Finding Slopes 257 


Whether points to the left or right of t = 8 are chosen, it seems clear that the slopes 
are approaching approximately 13,170. That is, the limit of slopes of secant lines 
using points to the left of t = 8 is approximately 13,170, and the limit of slopes of 
secant lines using points to the right of t = 8 is approximately 13,170. Thus we con- 
clude that the slope of the line tangent to the graph at t = 8 is approximately 13,170 
cases per month. (The actual slope correct to three decimal places is 13,170.122.) 

Note that this numerical method of calculating slopes of nearby secant lines in 
order to estimate the slope of the tangent line at t = 8 gives a much more precise 
answer than graphically estimating the slope of the tangent line. (Be certain that you 
keep all decimal places in your calculations and enough decimal places in your 
recorded slope values to be able to see the trend.) We conclude that at the end of 
August 1949, the number of polio cases was growing at the rate of 13,170 cases per 
month. 


Pee eecrerevesesorsseces 


Finding Slopes of Piecewise Functions 


Remember that when we model data piecewise, we usually end up with one or more 
points where the graph of the function is not continuous. Even if a piecewise function 
is continuous, it probably will not be smooth because the pieces of the function gen- 
erally do not have the same slope where they join. The derivative of the function does 
not exist at a point where the function is not continuous or at a point where the func- 
tion is continuous but is not smooth. In order for the derivative to exist at a point 
where the function is continuous, the slopes that we find by approximating with 
secant lines through points to the left and through points to the right must be equal. 
For example, the function represented in Figure 4.6 is defined by 


x? — 8x +20 when0Sx<5 
ge = when x > 5 


iy S 


To determine whether the rate of change of f exists at x = 5, we must first deter- 
mine whether the function is continuous at x = 5. We do this by evaluating the two 
pieces of the function at x = 5 in order to determine lim f(x) and lim, fea 

x o8 oS 


Tien fo) (>) 8 (5) er 20195 


Because the limits as x approaches 5 from the left and from the right are equal and 
are the same as the function value at x = 5, we see that both pieces of the function 
join at (5, 5), and the function is continuous. 

Next we must determine if the function is smooth at x = 5. A continuous func- 
tion is smooth if it has no sharp points. A sharp point occurs when two pieces of a 
function have different slopes at the point where they meet. In order for a function to 
be smooth at a point, the slopes of the left and right portions of the function must be 
the same at the point where the pieces join. In the case of the function f, we must 
check the limiting value of the slopes of secant lines for points to the left of x = 5 and 
the limiting value of the slopes of secant lines 
for points to the right of x = 5 to see whether 
these limiting values are equal. The equation to 
the left of x = 5 is quadratic, and we use this in 
our approximations from the left. The limit 
from the left appears to be 2. 





Close point to left 
(4.9, 4.81) 


(4.99, 4.9801) 199 | 







(4.999, 4.998001) 
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Now we determine the slope from the right of 


f(x) = 2x —5. This portion of the function is a line whose slope is 2. 


right, so our numerical investigation suggest 
case, even though the function is defined as piecewise, 
where the split occurs. The slope of a tangent line drawn at x = 5 is 2. In Example 2, 
we see a function that is not continuous where the two pieces of the function are split. 


The limit from the left appears to be 2, which is the same as the limit from the 
s that the derivative is 2 at x = 5. In this 
it is continuous and smooth 


EXAMPLE 2. Comcast Employees 





At the end of the 1990s, Comcast Corporation was the third largest U.S. cable com- 
munications and broadcast operator. The numbers of Comcast employees” between 


1991 and 1998 are given in Table 4.1. 


TABLE 4.1 







a. 


eS 


ee 


Fat 


_ EA 
employees 


Align the input data as the number of years since 1990, and find a piecewise 





model for the data. Split the data in 1994. 

Sketch a graph of the piecewise model. 

Do the two pieces of the graph meet in 1994? 

Does the derivative of the piecewise model exist at x = 4¢ 
Estimate the rate of change of the number of employees in 1994. 


Numerically estimate the rate of change in 1992. 


Solution 


a. 


The number of Comcast employees can be modeled by the equation 


E(x) = a — 3.45x* + 8.8x — 2.1 thousand people whenl =x <4 
-1.086x? + 15.629x — 38.534 thousand people when4 <x = 8 


where x represents the number of years since 1990. 


E(x) 
Employees 
(thousands) 


Xi 
3 Years since 
FIGURE 4.7 area ed > aati me hee 2 1990 


2. Hoover’s Online Historical Financials. 


x = 5 by using the equation 


E(x) 
Employees 
(thousands) 
7 
X 
65 Years 
“3.9 4 agence 
1990 
FIGURE 4.8 
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c. If we look at a magnified view of the graph with input values from x = 3.9 tox = 
4.1 and output values from 6.5 to 7.0, we see how the graphs of the two pieces of 
the equation behave near x = 4. From Figure 4.8, we see that the two pieces of the 
graph do not meet at x = 4. The graph suggests that the function is not continu- 
ous at x = 4. 

We algebraically verify that the function is not continuous at x = 4 by find- 
ing the left and right limits of fas x approaches 4. 


lim. f(x) = 0.45(4)? — 3.45(4)? + 8.8(4) — 2.1 = 6.7 
b> 
lim, fix) = -1.086(4)? + 15.629(4) — 38.534 ~ 6.61 


Thus the limit as x approaches 4 does not exist, and the function is not continu- 
ous at x = 4. 


d. Because the two pieces of this graph do not join at x = 4, the function is not con- 
tinuous at x = 4, Hence the derivative of the function does not exist at that point. 


e. Even though the derivative does not exist at x = 4 because our piecewise model is 
not continuous at that point, we can still estimate the rate of change in the num- 
ber of employees in 1994 by using a symmetric difference quotient (introduced 
in Section 3.2). We use the slope of the line through the data points (1993, 5.4) 
and (1995, 12.2) to estimate the rate of change in 1994: 


12.2 — 5.4 thousand people 
ey = ee) 





Slope = = 3.4 thousand people per year 
This result tells us that the number of employees was increasing by approximately 
3.4 thousand people per year in 1994. 

It is important that you understand that this value is not an estimate of the rate 
of change of the function, because that quantity does not exist. The symmetric 
difference quotient is an estimate of the rate of change of the underlying situa- 
tion—in this case, the number of employees. 


f. Because the model is continuous in 1992, we use the cubic portion of the graph 
to estimate the rate of change numerically. We use the point (2, 5.3) on the cubic 
graph and the points shown in Table 4.2 to calculate secant line slopes. 


TABLE 4.2 





[Point tthe ft | Sean ine slope [Pons Yo height [ Setanta Slope” 
(199,5.2955 | 0407s | @0,s203525) | 03805 
(19999, 5.29895855) | 0400075 | (2.0001, 530003999) | 0359025 | 





It appears that from the left and right, the slopes of secant lines are approaching 
0.4. We therefore estimate that in 1992 the number of employees was growing at 
a rate of 0.4 thousand employees per year, or 400 employees per year. 


Seer ererscresessoeeseee 
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Concept 
Inventory 





Slope of a tangent line = the limiting value of slopes 
of secant lines 

Numerical method of estimating the slope of a 
tangent line 

Slopes of piecewise functions 

The derivative does not exist at a point if the func- 
tion is not continuous at that point or if the function 
is continuous but not smooth; that is, if the limiting 
value of slopes of nearby secant lines from the left 
does not equal the limiting value of slopes of secant 
lines from the right. 





Activities 





1. a. Sketch a line tangent to the graph shown in 
Figure 4.1.1 at the point corresponding to x = 2, 
and estimate its slope. 





FIGURE 4.1.1 





b. The equation of the graph in Figure 4.1.1 is 
y = 2*. Use the equation to estimate numerically 
the slope of the line tangent to the graph at x = 2. 


2. a. Sketch a line tangent to the graph shown in 
Figure 4.1.2 at the point corresponding to 
x = 3, and estimate its slope. 








(eee 
FIGURES 122 ac(m Fi epee ee 4 


b. The equation of the graph in Figure 4.1.2 is 
y = -x’ + 4x. Use the equation to estimate 
numerically the slope of the line tangent to the 
graph at x = 3. 


. a. Numerically estimate the limit of slopes of 


secant lines on the graph of g(x) = x° + 2x° + 1 
between the point corresponding to x = 2 and 
close points to the left of x = 2. 

b. Numerically estimate the limit of .slopes of 
secant lines on the graph of h(x) = x° + 16x 
between the point corresponding to x = 2 and 
close points to the right of x = 2. 

c. Combine the functions g and h to form the 
piecewise continuous function 


Be fe oe ey ails 
Le x? + 16x when x > 2 


Is the graph of f continuous at x = 2? Is the 
graph of f smooth at x = 2? 

d. Is it possible to sketch a line tangent to the graph 
of f at x = 2? If so, what is its slope? If not, why 
not? 


. a. What is the slope of f(t) = 4f + 15 at t = 3? 


b. Numerically estimate the limit of slopes of 
secant lines on the graph of h(t) = 8(1.5°) 
between the point corresponding to t = 3 and 
close points to the right of t = 3. 

c. Combine the functions f and h to form the 
piecewise continuous function 


4t+ 15 whent S 3 
8(1.5‘) whent> 3 


Is the graph of g continuous at t = 3? Is the 
graph of g smooth at t = 3? 


g(t) = 


d. Is it possible to sketch a line tangent to the graph 
of gat t = 3? If so, what is its slope? If not, why 
not? 


. The graph’ in Figure 4.1.3 depicts the number 


of AIDS cases diagnosed between 1993 and 1997. 
The equation for the graph is Cases = -1.85x° + 
30.31x? — 168.17x + 385.05 thousand where x is 
the number of years since 1990. 

Cases 


(thousands) 
110 Jove 


100 Newson 
60 |. 


5 
— Years since 





50 





3 
FIGURE 4.1.3 St eae, f FiGo0 
3. Based on data from Statistical Abstract, 1998. 


a. Sketch the tangent line at x = 4, and estimate its 
slope. 


b. Numerically estimate the slope at x = 4 using at 
least three carefully chosen, increasingly close 
points on either side of x = 4. 


c. Interpret your answer to part b as a rate of 
change. 


. The balance in a savings account is shown in the 
graph in Figure 4.1.4 and is given by the equation 
Balance = 1500(1.0407') dollars, where t is the 
number of years since the principal was invested. 


Account balance 
(dollars) 


FIGURE 4.1.4 








t 
14 Years 





0 2 + 6 8 10 12 


a. Using only the graph, estimate how rapidly the 
balance is growing after 10 years. 


b. Use the equation to investigate numerically the 
rate of change of the balance when t = 10. 

c. Which of the two methods (part a or part b) is 
more accurate? Support your answer by listing 
the different estimations that had to be made 
during each method. 


. The percentage of households between 1980 and 
1996 with VCRs can be modeled* by the equation 


77.9 
© ie 30520 





P(t) percent 


where t is the number of years since 1980. A graph 
of the function is shown in Figure 4.1.5. 


a. Use the graph to estimate 4? when t = 7. 

b. Use the equation to investigate P’(7) numeri- 
cally. 

c. Interpret your answer to part b. 

d. Discuss the advantages and disadvantages of 
using the two methods (in parts a and b) for 
finding derivatives. 


se 4, Based on data from Statistical Abstract, 1998. 
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P(t) 
Percent 


t 
Years 
16 Since 
1980 
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FIGURE 4.1.5 


. The time it takes an average athlete to swim 100 
meters freestyle at age x years can be modeled? by 
the equation T(x) = 0.181x* —8.463x + 147.376 
seconds. 


a. Use the numerical method to find the rate of 
change of the time for a 13-year-old swimmer to 
swim 100 meters freestyle. 


b. Is a 13-year-old swimmer’s time improving or 
getting worse as the swimmer gets older? 


. Annual U.S. factory sales (in billions of dollars) of 
electronics from 1990 through 1996 can be mod- 
eled® by the equation 


S(t) = -0.23t? + 2.257t? —1.51t + 42.8 billion dollars 


10. 


where t is the number of years since 1990. 

a. Estimate the derivative of S when t = 4. 

b. Interpret your answer to part a. 

Table 4.3 on page 262 gives the number of cotton 
gins’ in operation in the early 1900s. 


a. Use a symmetric difference quotient to estimate 
the rate of change in the number of cotton gins 
in 1915. 


b. Find a quadratic model for the data. 


c. Use the equation to estimate numerically the 
derivative in 1915. 


d. Compare your answers to parts a and c, and dis- 
cuss whether part a or part c gives a more accu- 
rate representation of the change that was occur- 
ring in 1915. 


. Based on data from Swim World, August 1992. 
. Based on data from Statistical Abstract, 1998. 
. Cotton Ginnings in the United States Crop of 1970, U.S. Department 


of Commerce, Economics and Statistics Administration, A30—90. 


262 CHAPTER 4 


TABLE 4.3 
















P90 | a0a37 ist] 2ase7 
i906 [28709 916 | 62a 
1908 | 26669 | 1919 


11. The per capita disposable personal income (in 
thousands of 1992 dollars) in the United States® is 
given for the years shown in Table 4.4. 


TABLE 4.4 


Per capita DPI 
Year (thousands of 1992 dollars) 


sama. STAI 


a. Use a symmetric difference quotient to estimate 
the rate of change of per capita disposable per- 
sonal income in 1995. 


b. Find a linear model for this data set. What is the 
slope of the model? Compare this slope to your 
answer in part a, and discuss the information 
each contributes to your understanding of the 
change in per capita disposable personal income 
in 1995. 











12. Table 4.5 gives the number of students per com- 
puter in U.S. public schools’ from 1985 through 
19973 


8. Statistical Abstract, 1998. 
9. World Almanac and Book of Facts, ed. Robert Famighetti (Mahwah, 
NJ: PRIMEDIA Reference Inc., 1999). 
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TABLE 4.5 





a. Use a symmetric difference quotient to estimate 
how rapidly the number of students per com- 
puter was declining in 1990. 

b. Find an exponential model for the data. (Hint: 
Vertically shift the data.) 

c. Use the equation to estimate numerically how 
rapidly the number of computers in classrooms 
was growing in 1990. 


. d. Compare your answers to parts a and c. Which 
answer is more accurate? Support your choice. 


13. The consumer price index'® (CPI) for college 
tuition between 1990 and 1997 is shown in Table 
4.6 (1982-1984 = 100). 


a. Use a symmetric difference quotient to approxi- 
mate the rate of change of the consumer price 
index for college tuition in 1995. 


TABLE 4.6 


b. Find quadratic and log 
models for the data. 


c. Use both models and at 
least three carefully cho- 
sen close points from 
each direction to esti- 
mate numerically the 
rate of change of the 
consumer price index 
for college tuition in 
UO}. 


d. Compare and contrast 
the ease and accuracy of 
the two methods you used in parts a and c. 





14. Discuss the advantages and disadvantages of find- 
ing rates of change graphically and numerically. 
Include in your discussion a brief description of 
when each method might be appropriate to use. 


10. Statistical Abstract, 1998. 
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15. Cattle prices (for choice 450-pound steer calves) a. What is the limiting value of slopes of secant 
from April 1998 through December 1998 can be lines of the graph of j from the left of t = 5? 


modeled"! by the equation 


0.3172m* — 2.0820m? 


b. What is the slope of the portion of the graph of 
j to the right of t = 5? 


— 1.7895m + 98.6398 when c. What do your answers to parts a and b tell you 
p(m) = dollars per 100 pounds 0 < m <5 about the derivative of j at t = 5? 
d. Estimate the rate of change of jail population in 
1.669m + 68.904 dollars when NCES, 
per 100 pounds oy TRESS 
17. Let P(x) = 1.02* deutsche marks be the profit from 
where m is the number of months since April 1998, the sale of x mountain bikes. On January 5, 2000, 


a. What is the limiting value of slopes of secant 
lines of the graph of p from the left of m = 5? 


b. What is the slope of the portion of the graph of p 


to the right of m = 5? 


c. What do your answers to parts a and b tell you 
about the derivative of p at m = 5? 


d. Estimate the rate of change of cattle prices in 


September of 1998. 


16. The capacity of jails in a southwestern state has 
been increasing since 1990. The average daily popu- 


P deutsche marks were worth D(P) = pa355 Ameri- 
can dollars. Assume that this conversion applies 
today. 


a. Write a function for profit in dollars from the 
sale of x mountain bikes. 


b. What is the profit in deutsche marks and in dol- 
lars from the sale of 400 mountain bikes? 

c. How quickly is profit (in dollars) changing when 
400 mountain bikes are sold? 


18. Refer to the functions P and D in Activity 17. 


lation of one of the jails can be modeled” by a. Write a function giving average profit per moun- 


8101p §—155/5317 + 


tain bike for the sale of x mountain bikes in 
deutsche marks. 


NOs eee Gao. HOES OS (ees b. Write a function for average profit in dollars. 
18.8t + 800.6 inmates when t > 5 : 
c. How quickly is average profit (in dollars) chang- 
where t¢ is the number of years since 1990. ing when 400 mountain bikes are sold? 





Algebraically Finding Slopes 


When we have enough carefully chosen close points to observe the trend in the secant 
line slopes, the numerical method is a fairly good way to find a slope to a specified 
accuracy. For this reason, the process of numerically estimating slope is valuable, but 
keep in mind that it gives only an estimation of the actual slope. However, we can 
generalize the numerical method to develop an algebraic method that will give the 
exact slope of a tangent line at a point. 


Finding Slopes Using the Algebraic Method 


Consider finding the slope of f(x) = 4x° + 3x at x = 2. We begin with the point 
(2, 63). Instead of choosing close x-values such as 1.9, 2.1, 2.01, and so on, we simply 
call the close value x = 2 + h. (Note that if h = 0.1, then x = 2.1; if h = 0.01, 


11. Based on data from USDA: Cattle and Beef Industry Statistics, March 1999. 
12. Based on data from Washoe County Jail, Reno, Nevada. 
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Close point 
to left 


ile 


1.99999 
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x = 2.01; if h = -0.01, x = 1.99, and so on.) The output value that corresponds to 
= 2) sb iis 
f2+h) =72+h? +32 +h) 
=1(4+ 4h+W)+6+ 3h = 65+ 35h +5 


Next we find the slope of the secant line between the point of tangency (2, 64) and 
the close point (2 + h, 63 + 35h + 7h’). 


(67 ot Bgh + 5h") = 67 2 Boh 
(Ze) ee h 





Slope of secant line = 


We now have a formula for the slope of the secant line through the points at x = 2 
and x = 2 + h. We can apply the formula to obtain slopes at points increasingly close 
(ay =I 


34h + Sh? Close point 
h to right 


Slope = 


SOml 3.55714 Zl 0.1 


9 
| 


-0.00001 3.57143 : 2.00001 0.00001 3.57143 





The slopes become increasingly close to approximately 3.571. 

Numerically evaluating the secant line slope formula for smaller and smaller val- 
ues of h gives us a good picture of where the slopes are headed, but it does not give us 
the exact answer. By noting that h approaches zero as the close point approaches 2, 
we can find the limit of the secant line slope formula as h approaches zero: 

lim ries a8 zie 

h>0 h 


The secant line slope formula is not continuous at h = 0. However, recall the Cancel- 
lation Rule for limits presented in Section 1.4: 


If the numerator and denominator of a rational function share a common 


factor, then the new function obtained by algebraically canceling the 
common factor has all limits identical to those of the original function. 





If we factor h out of the numerator and cancel this common factor, then we can find 
the limit by evaluating the new expression at h = 0 because the new expression 
(35 + 4h) is continuous at h = 0. 


. h(35 ee 1 Se 
Tar lim|(35 + th) = 34 + 4) = 34 
On the basis of this limit calculation, we state that the slope of the line tangent to 
f(x) = 7x? + 3x at x = 2 is exactly 34. 

This method of finding a formula for the slope of a secant line in terms of h and 
then determining the limiting value of the formula as h approaches zero is important 


EXAMPLE 1 


algebra 
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because it always yields the exact slope of the tangent line. Unfortunately, the method 
is primarily for polynomial functions and not for exponential, logarithmic, or logis- 
tic functions. 


Foreign-Born U.S. Residents 





The percentage of people residing in the United States who were born abroad can be 
modeled’? by the equation 


f(x) = 0.00005x* —0.0034x? —0.14x + 14.86 percent 


where x is the number of years since 1910. (Note: The model is based on data from 
1910 through 1997.) 


a. Find # at x = 80 by writing an expression for the slope of a secant line in terms of 
h and then evaluating the limit as h approaches 0. 


df : ' 
b. Interpret a at x = 80 in the context given. 


Solution 
a. First, we find the output of f when x = 80. 
f(80) = 7.5 
Second, we write an expression for f(x) when x = 80 + h. 
f(80 + h) = 0.00005(80 + h)*? —0.0034(80 + h)? —0.14 (80 + h) + 14.86 
We simplify this expression as much as possible, using the facts that 
(80 + h)? = 6400 + 160h + Fh? 
and 
(80 + h)’ = (80 + h)’ (80 + h) = 512,000 + 19,200h + 240h? + h? 
Thus 
f(80 + h) = 7.5 + 0.276h + 0.0086h? + 0.00005h? 


Third, we find the slope of the secant line through the two close points (80, f(80)) 
and (80 + h, f(80 + h)) as 


SOR) rai 80) 





Slope of secant 








(80 4h) 80 
_ (7.5 + 0.276h + 0.0086h? + 0.00005h?) — 7.5 
(30 seh} = 80 


Again, simplify this as much as possible. 


0.276h + 0.0086h? + 0.00005h° 
h 

_ h(0.276 + 0.0086h + 0.00005h7) 
h 


Finally, we find the slope of the tangent line (the derivative) at x = 80 by evaluat- 
ing the limit of the slope of the secant line as h approaches 0. 





Slope of secant line (continued) = 





13. Based on data from World Almanac and Book of Facts, ed. Robert Famighetti (Mahwah, NJ: PRIME- 
DIA Reference Inc., 1999). 
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df __ h(0.276 + 0.0086h + 0.00005h’) 
—- = slope of tangent line = lim 
dx h>0 h 
= lim (0.276 + 0.0086h + 0.00005h’) 
h-0 
= 0.276 


b. In 1990, the percentage of the United States population who were foreign-born 
was increasing at a rate of 0.276 percentage point per year. 


A General Formula for Derivatives 


This algebraic method of finding rates of change may seem tedious, but its real value 
is not in finding a slope at a particular point. With a simple modification, we can 
apply this technique to find general formulas for derivatives. These rate-of-change 
(or slope) formulas can be used to find rates of change for many input values. 

To illustrate, consider y = x*. Because we desire a general equation for any x-value, 
we use (x, x”) as the point of tangency. This is the same idea as the algebraic method in 
Example 1 and the preceding discussion, but there we worked with a numerical value 
for x. Next we choose a close point. We use x + has the x-value of the close point and 
find the y-value by substituting x + h into the function: y = (x + h)? = x° + 2xh +h’. 
Thus the original point is (x, x°), and a close point is (x + h,x° + 2xh + h’). Now we 
find the slope of the secant line between these two points. 


(x? + 2xh + h*) — x _ 2xh + h? 





Slope of the secant line = 


(@e aP ip) = & h 
Finally, we determine the limiting value of the secant line slope as h approaches 0. 
2x he 
fin ee nhs se oles ees 
h>0 h h>0 


Therefore, the slope formula for y = x? is x = 2x. Using this formula we find that the 
slope of the graph of y = x’ is 6 at x = 3,-12 atx = -6, 0 atx = 0, 1 atx = 0.5, and so 
on. This formula also gives an equation for the slope graph of y = x. 

This method can be generalized to obtain a formula for the derivative of an arbi- 
trary function. 


Four-Step Method to Find f(x) 


Given a function f, the equation for the derivative with respect to x can be 
found as follows: 


1. Begin with a typical point (x, f(x)). 
. Choose a close point (x + h, f(x + h)). 


. Write a formula for the slope of the secant line between the two points. 


Slope LL Ne) LCT ee mies) 





Co aA) ae Oe h 
It is important at this step to simplify the slope formula. 
. Evaluate the limit of the slope as h approaches 0. 
h>0 h 


This limiting value is the derivative formula at each input where the limit 
exists. 








EXAMPLE 2 
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Thus we have the following derivative formula (slope formula, rate-of-change 
formula) for an arbitrary function: 


Derivative Formula 


If y = f(x), then the derivative y is given by the formula 





dy as lim L a “ = flx) 


dx h>0 


provided the limit exists. 





Women in the Civilian Labor Force 


The number of women in the United States civilian labor force'* from 1930 through 
1990 can be modeled as 


W(t) = 0.011t? + 0.101¢ + 10.817 million women 
where t is the number of years since 1930. 


a. Use the limit definition of the derivative (the Four-Step Method) to develop a 
formula for the rate of change of the number of women in the labor force. 


b. How quickly was the number of women in the U.S. civilian labor force growing in 
1975s 


Solution 


a. Step 1. A typical point is (t,0.011t2 + 0.101¢ + 10.817). 
Step 2. A close point is (t + h, 0.011(t + h)? + 0.101(t + h) + 10.817). 
We rewrite the output of the close point before we proceed: 
0.011(¢¢.+ h)? + 0.101(¢ + h) + 10.817 
= 0.011(t? + 2th + h’) + 0.101(t + h) + 10.817 
= 0.0114? + 0.022th + 0.011h? + 0.101¢ + 0.101h + 10.817 


Step 3. Write the slope of the secant line between the two points from Steps 1 
and 2. 


[(0.011t? + 0.022th + 0.011h? + 0.101¢ + 0.101h + 10.817) — 
(0.011t? + 0.101t + 10.817)] + [(t + h) —¢] 
by 0.022th 5 0.011h7 FE O101k: 
h 
h(0.022t + 0.011h + 0.101) 
h 


Slope = 








Step 4. Evaluate the limit of the secant line slope as h approaches 0. 
(0.0226 +-.0,011h 450.101 
W(t) = lim \ 
h>0 h 
= 0.022t + 0.101 





= lim(0.022t + 0.011h + 0.101) 
h>0 


14. Information Please Almanac, Atlas, and Yearbook, 1996 (Boston: Houghton Mifflin, 1996). 
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Thus the number of women in the civilian labor force was increasing by 
W(t) = 0.022t + 0.101 million women per year 
t years after 1930. 


b. We find that W’(45) ~ 1.1 million women per year. Thus the number of women 
in the U.S. civilian labor force was growing by approximately 1.1 million women 
per year in 1975. 


eee eoerereeeecereseeoes 


The definition of the derivative of a function gives us a formula for the slope 
graph of the function, which enables us to calculate exact rates of change quickly. 


Equation of a Slope Graph 


Consider the function f(x) = 2x that we used at the beginning of Section 4.1. 

a. Sketch a slope graph for this function. 

b. Use the Four-Step Method to find a formula for the slope graph. 

c. Use the formula from part b to find the slope of the graph of fat x = 1. Compare 
this answer with the one found by numerical estimation in Section 4.1. 

Solution 


a. Examine the graph of fin Figure 4.9. Note that the slopes are always positive but 
that, because the graph of f becomes less steep as x becomes greater, the positive 
slopes are declining. A possible slope graph is given in Figure 4.10. 








f(x) f(x) 

6 

0 + x 0 —+ x 
0 10 0 10 
FIGURE 4.9 FIGURE 4.10 


b. To find a formula for the slope graph, begin with a general point (x, 2Vx) anda 
close point (x Sa Neer h). Next find the slope between these two points. 


2Vxth—-2Vx_ 2Wx+th—2Vx 


Sear I = Be h 








Secant line slope = 


Now find the limit of this formula as h approaches zero: 





1 ON eh eV 
ee h 


Unlike the case for polynomial functions that always contain h as a common fac- 
tor, we cannot cancel the h here without rewriting the numerator. The key to this 
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cancellation is to multiply the numerator and denominator by the term 
2Vx + h+2V‘x. Observe how this multiplication enables us to cancel the h term: 








li 





™ IN xh — 2V eV ONS 











naebea oie h ON Kt tet 2V'x 
Sie A(x +h) — 4x 
h0 A(2Vx + h + 2Vx) 
; 4h 
= han 
h>0 W(2Vx + h + 2Vx) 
: 4 
= joa 
0 2Vx +h + 2Vx 


4 


4 ] 











Patna ie oe 


Thus the formula for the slope graph shown in Figure 4.10 is f(x) = —E, 


Wire 


c. Using this slope formula, we find that f’(1) = vr = 1. That is, the slope of the line 


tangent to the graph of f(x) = 2Vx at x = 1 is 1. This calculation confirms that 
the numerical estimate in Section 4.1 is correct. 


Peer ereeseeeeesesesese 





Concept 
Inventory 


@ Using the algebraic method to find the slope of a 
graph at a given point 

@ Using the Four-Step Method to find a rate-of-change 
formula 

e@ Limit definition of derivative 


Activities 


1. The time it takes an average athlete to swim 
100 meters freestyle at age x years can be modeled 
by the equation T(x) = 0.181x* — 8.463x + 
147.376 seconds. 


a. Find the swim time when x = 13. 


b. Write a formula for the average swim time when 
x= 13 +h. 

c. Write a simplified formula for the slope of the 
secant line connecting the points at x = 13 and 
x1 Sah: 

d. What is the limiting value of the slope formula in 
part c as h approaches 0? Interpret your answer. 





2. The number of AIDS cases diagnosed between 1993 
and 1997 can be modeled” by the equation 


Cie) eVsax 730,314 168, Wx 385.05 
thousand cases where x is the number of years since 
1990. 

a. Find the number of AIDS cases when x = 4. 


b. Write an expression for the number of cases 
when x = 4 + h. 


c. Write a simplified formula for the slope of the 
secant line connecting the points at x = 4 and 
x=4+h, 


d. What is the limiting value of the slope formula 
in part c as h approaches 0? Interpret your 
answet. 


e. How do your answers to parts a and b of Activity 
5 in Section 4.1 and part d of this activity com- 
pare? Which method is the most accurate and 
why? 


3. The CPI for college tuition between 1990 and 1997 
can be modeled"® by the equation 


c(t) = -0.566t? + 21.092t + 173.996 
where t is the number of years since 1990. 


15. Based on data from Statistical Abstract, 1998. 
16. Based on data from Statistical Abstract, 1998. 
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a. Find the consumer price index for college 
tuition in 1995. 

b. Write a formula in terms of h for the consumer 
price index of college tuition a little after 1995. 


c. Write a simplified formula for the slope of the 
secant line connecting the points at 1995 and a 
little after 1995. 


d. What is the limiting value for the slope formula 
as h approaches 0? 

e. Interpret your answer to part d. 

f. How do your answers to part c of Activity 13 in 
Section 4.1 and part d of this activity compare? 
Which method should you use in each of the fol- 
lowing situations? 

i. You are concerned most with accuracy. 
ii. You want a quick, rough estimate. 
ili. You want a fairly good estimate without tak- 
ing much time. 


. Discuss the advantages and disadvantages of find- 
ing rates of change graphically, numerically, and 
algebraically. Include in your discussion a 
brief description of when each method might be 
appropriate to use. 


. Consider the function g(t) = -6t? + 7. Use the alge- 


d. 
braic method to find 3 at t = 4 by evaluating the 
limit of an expression for the slope of a secant line. 


. Consider the function m(p) = 4p + p’. Use the alge- 
braic method to find ae at p = -2 by evaluating the 
limit of an expression for the slope of a secant line. 


. An object is dropped off a building. Ignoring air 
resistance, we know from physics that its height 
above the ground t seconds after being dropped is 
given by 

Height = -16t* + 100 feet 


a. Use the Four-Step Method to find a rate-of- 
change equation for the height. 


b. Use your answer to part a to determine how rap- 
idly the object is falling after 1 second. 


. Clinton County, Michigan, is mostly flat farmland 
partitioned by straight roads (often gravel) that run 
either north/south or east/west. A tractor driven 
north on Lowell Road from the Schafer’s farm is 


d(m) = 0.28m + 0.6 miles 


north of Howe Road m minutes after leaving the 
farm’s drive. 


Determining Change: Derivatives 


10. 


a. How far is the Schafer’s drive from Howe Road? 

b. Use the Four-Step Method to show that the trac- 
tor is moving at a constant speed. 

c. How quickly (in miles per hour) is the tractor 
moving? 


. The number of licensed drivers!’ between the ages 


of 16 and 21 in 1997 is given in Table 4.7. 


TABLE 4.7 





a. Find a quadratic model for the number of licensed 
drivers as a function of age. Round the coefficients 
of the equation to three decimal places. 

b. Use the limit definition of the derivative to 
develop a formula for the derivative of the 
rounded model. 


c. Use the derivative formula in part b to find the 
rate of change of the function in part a for an age 
of 20 years. Interpret your answer. 


The data in Table 4.8 give the percentage of females 
of a certain age who were licensed drivers'® in 1997. 


TABLE 4.8 


Age Licensed drivers 
(years) (percent) 









aa RT 
r 
a. Find a quadratic model for these data. Round 


the coefficients in the equation to three decimal 
places. 






b. Use the limit definition of the derivative to 
develop the derivative formula for the rounded 
equation. 


17. U.S. Department of Labor and Transportation. 
18. Ibid. 


c. Use the derivative formula in part b to find the 
rate of change of the equation in part a when the 
input is 16 years of age. Interpret your answer. 


In Activities 11 through 15, use the Four-Step Method 
outlined in this section to show that each statement is 
true. 


11. The derivative of y = 3x —2 is 2 = 3. 
12. The derivative of y = 15x + 32 is oY = 15, 
13. The derivative of y = 3x? is . = 6x. 
14. The derivative of y = -3x? —5x is ee = -6x —5. 
15. The derivative of y = x° is o = 3x’, 
(Hint: (x + h)? = x? + 3x*h + 3xh? + h3) 


16. Figure 4.2.1 shows a graph of the function 
g(x) = x? —x?. 


&(X) 





FIGURE 4.2.1 


a. Sketch a slope graph of g. 


b. Find a formula for the slope graph. Compare a 
graph of this formula with the graph you 
sketched in part a. 


17. Figure 4.2.2 shows a graph of the function q(t) = a 


qt) 


SS ee 





FIGURE 4.2.2 


a. Sketch a slope graph of q. 

b. Find a formula for the slope graph. [ Hint: Multi- 
ply the numerator and denominator of the 
secant line slope formula by t(t + h).] Compare 
a graph of this formula with the graph you 
sketched in part a. 
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18. Figure 4.2.3 shows a graph of the function 
k(x) =x +4. 





k(x) 
5 ee 
EX 
—5 —l 1 ) 
va 
FIGURE 4.2.3 


a. Sketch a slope graph of k. 


b. Find a formula for the slope graph. Use the same 
hint as in Activity 17. Compare a graph of this 
formula with the graph you sketched in part a. 


19. Figure 4.2.4 shows a graph of the function 
p(m) =m+ Vm. 
p(m) 
8 


0 m 
FIGURE 4.2.4 0 5 


a. Sketch a slope graph of p. 


b. Find a formula for the slope graph. Compare a 
graph of this formula with the graph you 
sketched in part a. (Hint: Multiply the numera- 
tor and denominator of the secant line slope for- 


mula by Vm + h + Vm.) 


20. Recall from Example 2 the model for the number of 
women in the U.S. civilian labor force between 1930 
and 1990 and the derivative formula for the model: 


W(t) = 0.011? + 0.101¢ + 10.817 million women 
W(t) = 0.022t + 0.101 million women per year 


t years after 1930. Using more current data, the 
number of women in the U.S. civilian labor force 
between 1970 and 1997 can be modeled by the 
equation 


C(x) = -0.0132x? + 1.5127x + 31.5596 million women 
x years after 1970. 


a. Use the function W and its derivative to estimate 
the number of women in the civilian labor force 
in the years 1945, 1995, and 2000 and to estimate 
the rates of change in those years. 
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. Use the Four-Step Method to find the derivative 


formula for the function C. 


. Use the function C and its derivative to estimate 


the number of women in the U.S. civilian labor 
force in the years 1945, 1995, and 2000 and to 
estimate the rates of change in those years. 


. Compare the answers to parts a and c. Which 


answers do you believe are more accurate? Why? 


. Find the most recent data available for the num- 


ber of women in the U.S. civilian labor force. Use 
all the available data to construct a model. 


Determining Change: Derivatives 


Round the coefficients in the equation to three 
decimal places. 


. Use the Four-Step Method to find the derivative 


formula for the function in part e. 


. Use the model in part e and its derivative to esti- 


mate the number of women in the U.S. civilian 
labor force in 1945, 1995, and 2000 and the rates 
of change in those years. Compare your answers 
to those you obtained in parts a and c. Do you 
believe the answers based on the model in part e 
are more reliable than the ones in parts a and c? 


Explain. 
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A TB a a Fn ea a 


By now you should have a thorough understanding of the concept of instantaneous 
rate of change as the slope of a line tangent to a curve at a point, defined as a limiting 
value of slopes of secant lines. As you discovered in the previous section, calculating 
rates of change as the limiting values of the slopes of secant lines is tedious and slow. 
We now move away from our emphasis on conceptual understanding in order to 
present formulas for rapid calculation of rates of change, but we urge you not to for- 
get the graphical and numerical roots of the algebraic work we are about to begin. 

You already know two rate-of-change formulas from our study of linear func- 
tions in Chapter 1. A horizontal line has slope zero, and a nonhorizontal line of the 
form y = ax + b has slope a. We know that the rate of change, or derivative, of a line 
is its slope, so we can state the following derivative formulas: 


Derivative of a Linear Function 


dy 
If y = ax + b, then“ = a. 
y = ax b, then 7 a 


Constant Rule 


Ify = b, then & = 0, 





EXAMPLE 1__ Cricket’s Chirping 





The frequency of a cricket’s chirp is affected by air temperature and can be modeled 
by 


C(t) = 0.212t —0.309 chirps per second 


when the temperature is t°F. Write a formula for the rate of change of a cricket’s 
chirping speed with respect to a change in temperature. 
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Solution The frequency of a cricket’s chirp is changing by 
C(t) = 0.212 chirps per second per degree Fahrenheit 


no matter what the temperature is. 


See ee eereresoeecesesece 


The Simple Power Rule 


Next, consider quadratic and cubic functions. In Section 4,2, we proved that the rate- 
of-change formula for y = x° is F = 2x. In Activity 15 of that same section, you were 
asked to prove that the rate-of-change formula for y = x is 2 = 3x’. Note that in 
each instance, the power on x in the derivative formula is one less than the power on 
x in the original function. Also, the x-term in the derivative formula is multiplied by 
the power on x in the original function. This is no coincidence. These are two special 
cases of one of the most important rules that we use for quickly finding derivative 
formulas, the Simple Power Rule. 


Simple Power Rule for Derivatives 


Sri! dy _ =] 
Lye xian oe 


where n is any nonzero real number. 





The Constant Multiplier and Sum Rules 


In order to find derivative formulas for any polynomial, we need two rules in addi- 
tion to the Simple Power Rule. Also, to prove these rules, we need to recall two prop- 
erties of limits that were stated in Section 1.4: 


Constant Multiplier Rule for Limits: If k and c are constants and fis a function 
of x, then 


lim kf(x) = k lim f(x) 
Sum Rule for Limits: If c is a constant and fand gare functions of x, then 
lim [f(x) + g(x)] = lim f(x) + lim g(x) 


The first derivative rule we prove is the Constant Multiplier Rule. 


Constant Multiplier Rule for Derivatives 


If y = kf(x), then me = kf'(x). 





Proof 
Let y = kf(x). According to the definition of the derivative, 


dy gis kftx +h) —_Kkf (x) 


Gx ESO h 





274 CHAPTER 4 Determining Change: Derivatives 


Factoring k out the two terms in the numerator gives 


dy _ lim tee + h) - £9) 





dx  h-0 h 
The Constant Multiplier Rule for Limits allows us to move k in front of the limit. 


ae K Lim laa? =f) 


h>0 h 





You should recognize the limit as the derivative of f. We have the result 


ececsecesscsoesevessess 


This rule allows us to calculate quickly the rate-of-change formula for a Saami 
such as y = ia Leave the 5 alone, and apply the Simple Power Rule to x*. This 
process gives % = 5(4x°) = 20x°. 

The final rule needed for rapid calculation of the rate-of-change formula for any 
polynomial is the Sum Rule. We prove the rule using the definition of derivative and 
the Sum Rule for Limits. 


The Sum Rule for Derivatives 


Hla) = fa) + gla) then = 4 





Proof 
Let j(x) = f(x) + g(x). According to the definition of the derivative, 


dj jp fee +h) + glx +h) — [fle) + 9) 
dx h>0 h 





Rewrite the numerator by distributing the negative one and rearranging the terms: 











as i Ce tO EO se ee te ID) = gee) 
im 
dx h>0 h 
Now use the fact that 4 * b =? + t to rewrite the fraction as the sum of two fractions: 
Gq _ os = f(x) , g(x + h) = g(x) 
dx La h 


Use the Sum Rule for Limits to write the preceding limit as the sum of two limits: 


OF ek HOSE a see 3 — g(x) 


dx h>0 h>0 








You should recognize these two limits as derivatives. We have the result 


dj _ df | dg 
ape abe he 





This rule can also be written as 


Pee ereseseccescssersose 


EXAMPLE 2 
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In the Activities, you will be asked to prove the Difference Rule: The derivative of 
the difference of two functions is the difference of the two derivatives. The Sum and 
Difference Rules also apply to sums of more than two functions. With the rules we 
now have, we can find the rate-of-change formula for any polynomial function. For 
example, if p(x) = 3.22x? —0.15x2 + 9.98x —30, we use the Constant Multiplier and 
Simple Power Rules to find the derivative formula for each term, and then we com- 
bine the terms using the Sum Rule. The rate-of-change formula for p is 


p'(x) = 3.22(3x2) —0.15(2x) + 9.98 —0 = 9.66x2 —0.3x + 9.98 
Vehicle Maintenance Costs 
Table 4.9 gives the average yearly maintenance costs per vehicle” in the United States 


from 1990 through 1997. 
TABLE 4.9 


Maintenance costs 
(cents per mile per vehicle) 





Find a cubic model for the data, and use it to approximate how rapidly maintenance 
costs were increasing in 1995. 


Solution A cubic model for the data is 
g(t) = -0.0039t° + 0.043t? —0.0078t + 2.098 cents per mile per vehicle 


where t is the number of years after 1990. Applying the Sum, Power, Constant Multi- 
plier, and Constant Rules, we find that the derivative of g with respect to t is 


as = 3(-0.0039)f + 2(0.043)t — 0.0078 + 0 


sO 
us 
dt 
t years after 1990. 

Evaluating the derivative at t = 5 gives 0.1297 cent per mile per vehicle per year as 
the rate of change of maintenance costs in 1995. Thus we estimate that in 1995 the 
average maintenance cost per vehicle was increasing at a rate of approximately 0.13 
cent per mile per year. 


Poem ree seseseseenseoee 


= -0.0117f + 0.086t — 0.0078 cents per mile per vehicle per year 


Derivatives of Piecewise Functions 


Our final example illustrates using the rules presented in this section to find a deriv- 
ative formula for a piecewise continuous function. If a piecewise continuous function 
is discontinuous, then the derivative does not exist at the input value corresponding 
to the discontinuity. When you are writing the derivative formula, it is important to 
indicate that the derivative is not defined for this input value. If you need to estimate 
a rate of change of the underlying output quantity at that input value, you could use 
a symmetric difference quotient or some other estimation method. 


19. Statistical Abstract, 1998. 
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EXAMPLE 3 Population of lowa 


On the basis of data from the U.S. Census Bureau for years between 1980 and 1997, 
the population of Iowa can be modeled by the equation 


ete -2.1x? — 6.3x + 2914 thousand people when 0 =x =7 
) -0.1979x3 + 7.254x2 — 74.98x + 3002.28 thousand people when 7 < x = 17 


where x is the number of years since 1980. 

a. Write the derivative equation for the population model. 

b. How quickly was the population of Iowa growing or declining in 1985? in 1995¢ 
c. What is the slope of a line tangent to the graph of I at x = 7? 


d. Does your answer to part c imply that the rate of change of the population of 
Iowa did not exist in 1987? Explain. 


e. Estimate how quickly the population of Iowa was growing or declining in 1987. 


Solution 


a. The function is not continuous at x = 7 because the quadratic part of the func- 
tion has a value of 2767 when x = 7, and the cubic part of the function has a 
value of 2764.9863 when x = 7. Therefore, the derivative formula must be unde- 
fined when x = 7. To find the formula, simply apply the derivative rules to each 
function individually. 


te {ze — 6.3 thousand people per year when0 =x <7 
-0.5937x* + 14.508x — 74.98 thousand people per year when7 < x = 17 
where x is the number of years since 1980. Note that the inequality 0 = x = 7 in 
the top function becomes 0 = x < 7 in the function’s derivative. Because there is 
no equals sign indicating x = 7 in either portion of the I'(x) formula, the deriva- 
tive is not defined at x = 7. Graphs of J and I’ are shown in Figures 4.11a and b, 








respectively. 
FIGURE 4.11 
ah IG) 
Population : 
Rate of population change 
(thousands) 
(thousands of people per year) 
2914 
15 | 
BG 
Years since 
17 1980 
x 
2750 = SSS WeaiaS SuMEE 
0 7 17 1980 -36 


(a) (b) 


b. The rate of change of the population of Iowa in 1985 was I'(5) = -4.2(5) — 6.3 = 
-27.3 thousand people per year. In other words, the population of Iowa was 
declining by approximately 27,300 people per year in 1985. 

In 1995, the rate of change of the population was I'(15) ~ 9.06 thousand peo- 
ple per year. The population in 1995 was increasing by approximately 9000 peo- 
ple per year. 
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c. It is impossible to draw a tangent line on the graph of I at the point correspon- 
ding to x = 7 because the function is not continuous there. 


d. The fact that our model does not have a derivative for x = 7 does not mean that 
the Iowa population did not have a rate of change in 1987. It is, however, an indi- 
cation that our model is not a good description of the behavior of the population 
of Iowa around 1987 and cannot be used to calculate the rate of change in 1987. 


e. There are several ways in which we could estimate the rate of change of the pop- 
ulation of Iowa in 1987: 


1. Find the data from which this model was constructed and either: 


i. Use the 1986 and 1988 populations of Iowa to calculate a symmetric dif- 
ference quotient, or 


i. Use some of the data to construct, for the population of Iowa, a different 
model that is continuous and smooth at the point corresponding to 1987. 
Then use the derivative of that model to estimate the rate of change in 1987. 


2. Examine the graph in Figure 4.11la, and note that the population declines 
until 1987, when it begins rising again. Because the 1987 population appears 
to be a minimum, we could estimate that the rate of change of the popula- 
tion of Iowa in 1987 was approximately 0 thousand people per year. 


3. Use the model that was given to estimate the population of Iowa in 1986 and 
1988. Then use those two population estimates to calculate an average rate of 
change (symmetric difference quotient). The model estimates the 1986 pop- 
ulation as 2800.6 thousand people and the 1988 population as 2765.4 thou- 
sand people. The average rate of change between these two years is 


2765.4 — 2800.6 _ -35.2 thousand people _ 
1983, 91986 2 years 
Be sure you understand that these estimates are not estimates of the derivative 


of the function I for x = 7. These are estimates of the rate of change of the under- 
lying situation—in this case, the population of Iowa. 


eee ew eeneeeeeeseseeecos 








-17.6 thousand people per year 


In summary, here is a list of the rate-of-change formulas you should know. Commit 
J these formulas to memory through extensive practice. The Activities provide many 
practice opportunities for such practice. 


Simple Derivative Rules 


Rule Name Function Derivative 


Constant Rule y=b 
Linear Function Rule 

Power Rule 

Constant Multiplier Rule 


Sum Rule 
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Concept 
Inventor 


@ Derivative formulas 
For constants a, b, and n, 
If y = b, then y’ = 0. 
If y = ax + b, then y’ = a. 
If y = x", then y’ = nx"). 
If y = kf(x), then y’ = kf"(x). 
If y = f(x) = g(x), then y’ = f'(x) + g(x). 






Activities 


For each of the functions whose graphs are given in 
Activities 1-6, first sketch the slope graph and then give 
the slope equation. 





Determining Change: Derivatives 


Give the derivative formulas for the functions in Activi- 
ties 7 through 14. 


Wis = [be AW en al 
8. fix) = 0.0127x? + 9.4861x” —0.2649x + 128.98 
D) Syren x — 5 

10. f(x) = Vx (Hint: Rewrite as x'’.) 


— 


1s By 


-9 

= 
x, 

TOR Cara Shee 

13. h(x) = 17.463 —0.049Vx 


3.694x? + 19.42x + 1.06 
x 
three separate terms.) 


14. j(x) = 





(Hint: Rewrite as 


15. The average ATM transaction fee charged by U.S. 
banks between 1996 and 1999 can be modeled”® by 
the equation A(t) = 0.1333t + 0.17 dollars t years 
after 1990. 


a. Write the derivative formula for A. 


b. Use the model to estimate the transaction fee in 
2000. 


c. How quickly was the transaction fee changing in 
1999% 


16. Table 4.10 shows the metabolic rate’! of a typical 
18- to 30-year-old male according to his weight. 


TABLE 4.10 


Metabolic rate 
Weight (pounds) (kilocalories per day) 
88 





a. Find a formula for a typical man’s metabolic 
rate. 


20. Based on data from the U.S. Public Interest Research Group. 
21. L. Smolin and M. Grosvenor, Nutrition: Science and Applications 
(Philadelphia, PA: Saunders College Publishing, 1994). 


17: 


18. 


Lo: 


20. 


DA 


Dds 


b. Write the derivative of the formula you found in 
part a. 


c. What does the derivative in part b tell you about 


a man’s metabolic rate if that man weighs 
110 pounds? if he weighs 185 pounds? 


The population of Hawaii between 1970 and 1990 
can be modeled” by 


P(t) = 15.48t + 485.4 thousand people 
t years after 1950. 
a. Write the formula for P’. 
b. How many people lived in Hawaii in 1970? 
c. How quickly was Hawaii’s population changing 


in 1990? 


Show that the slope formula for a linear function of 
the form y = ax is a special case of the Simple 
Power and Constant Multiplier Rules. 


Following the example of the Sum Rule proof given 
earlier, Les that if f(x) = g(x) — k(x), then 
f'&) = g(x) — k(x). 


Following the example of the Sum Rule proof, 
Bee that if y = f(x) + g(x) + j(x), then 


= fix) + ex) + jx): 

The graph in Figure 4.3.1 shows the temperature 
values (°F) on a typical May day in a certain mid- 
western city. 


Temperature 
CE) 





40 t 
0 8 Hours 


(6a.m.) (noon) (8 p.m.) 


FIGURE 4.3.1 


The equation of the graph is 
Temperature = -0.8t° + 2t + 79 °F 


where t is the number of hours since noon. Use the 

derivative formula to verify each of the following 

statements. 

a. The graph is not as steep at 1:30 p.m. as it is at 
7 a.m. 


Based on data from George T. Kurian, Datapedia of the United 
States, 1790-2000 (Latham, MD: Bernan Press, 1994). 


4.3 


ie 


Haye 


24. 


Pe 


24. 
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b. The slope of the tangent line at 7 a.m. is 10°F per 
hour. 

c. The instantaneous rate of change of the temper- 
ature at noon is 2°F per hour. 


d. At 4 p.m. the temperature is falling by 4.4°F per 
hour. 


A graph representing a test grade (out of 100 points) 
as a function of hours studied is given in Figure 3.25 
on page 221. The equation of the graph is 


G(t) = -0.044P + 0.918? + 38.001 points 
after t hours of study. Use the equation to verify 
526 of the following statements. 
a. ee = 1.704 points per hour when t = 1 hour. 
b. G'(4) = 5.232 points per hour. 


c. The slope of the tangent line when t = 15 hours 
is approximately -2 points per hour. 


The projected number of Americans age 65 or older 
for the years 1995 through 2030 can be modeled”? 
by the equation 


N(x) = 0.03x* + 0.315x + 34.23 million people 
where x is the number of years after 2000. 


a. What is the projected number of Americans 
65 years of age and older in 1995? in 2030? 


b. What is the rate of change of the projected num- 
ber in 1995? in 2030? 


c. Find the percentage rate of change in the pro- 
jected number in 2030. 


d. The Census Bureau predicts that in 2030, 20.1% 
of the U.S. population will be 65 years of age or 
older. Use this prediction and one of your 
answers to part a to estimate the total U.S. popu- 
lation in 2030. 


The number of military veterans™ serving in the 
U.S. House of Representatives between 1975 and 
1997 can be modeled by the equation 


V(t) = -7.736t + 291.786 veterans 


where t is the number of years after 1975. 


a. Was the number of veterans increasing or 
decreasing during the time period modeled by 
the equation? 


Based on data from John Greenwald, “Elder Care: Making the 
Right Choice,” Time, August 30, 1999, p. 52. 

Dan Hoover, “Military Service No Longer Politically Necessary,” 
The Greenville News, June 29, 1998, p. 1A. 
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b. How rapidly was the number of veterans in the 
House of Representatives changing in 1975? in 
19976 

c. What was the average rate of change of the num- 
ber of veterans in the House between 1975 and 
1995? 


25. The number of live births to U.S. women 45 years 
and older between 1950 and 1995 can be modeled”? 
by the equation 


B(x) = 0.3246x° —18.945x? + 141.66x + 5300.9 births 


where x is the number of years since 1950. 

a. Was the number of live births rising or falling in 
1970? in 1990? 

b. How rapidly was the number of live births rising 
or falling in 19702 in 1990? 


26. An artisan makes hand-crafted painted benches to 
sell at a craft mall. Her weekly revenue and costs 
(not including labor) are given in Table 4.11. 


TABLE 4.11 


Weekly revenue 
(dollars) 





a. Find models for revenue and cost. 

b. Construct a model for profit from the revenue 
and cost models in part a. 

c. Write the derivative formula for profit. 

d. Find and interpret the rate of change of profit 
when the artisan sells 6 benches. 

e. Repeat part d for 9 benches and 10 benches. 


f, What does the information in part e tell you 
about the number of benches the artisan should 
produce each week? 


27. Table 4.12 gives the number of imported passenger 
cars”° (in thousands) sold in the United States from 
1990 through 1996. 


25. Based on data from The 1998 Information Please Almanac. 
26. Statistical Abstract, 1998. 
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28. 


TABLE 4.12 





Number of imported 
passenger cars sold 
(thousands) 


. Find a model for the data. 
. Write the formula for the derivative of the equa- 


tion in part a. 


. Use your model to find how rapidly the number 


of imported-car sales was changing in 1996. 


. Use the model to estimate the number of 


_ imported cars sold in 1996. 


. What was the percentage rate of change in the 


number of imported cars sold in 1992? 


Production costs (in dollars per hour) for a com- 
pany to produce between 10 and 90 units per hour 
are given in Table 4.13. 

TABLE 4.13 






a. 


b. 





150 


Cost 
(dollars per hour) 






250 





Graph a scatter plot of the data, and discuss its 
curvature. 


Consider the cost for producing 0 units to be $0, 
Include (0, 0) in the data, and find the first dif- 
ferences of the cost data. Convert each of these 
differences to average rates of change. Use the 
average rates of change to argue that this data set 
has an inflection point. 


Jesh 


30. 


c. Finda cubic model for production costs. Include 
the point (0, 0). 

d. Convert the model in part c to one for the aver- 
age cost per unit produced. 


e. Find the slope formula for average cost. 


- How rapidly is the average cost changing when 
15 units are being produced? 35 units? 85 units? 
Interpret your answers. 


The managers of Windolux, Inc. have modeled 
some cost data and found that if they produce x 
storm windows each hour, the cost (in dollars) to 
produce one window is given by the function 


C(x) = 0.0146x? — 0.7823x + 46.9125 + 22.0092 


Windolux sells its storm windows for $175 each. 
(You may assume that every window made wiil be 


sold.) 


a. Write the formula for the profit made from the 
sale of one storm window when Windolux is 
producing x windows each hour. 


b. Write the formula for the rate of change of 
profit. 


c. What is the profit made from the sale of a win- 
dow when Windolux is producing 80 windows 
each hour? 


d. How rapidly is profit from the sale of a window 
changing when 80 windows are produced each 
hour? Interpret your answer. 


A publishing company estimates that when a new 
book by a best-selling American author first hits the 
market, its sales can be predicted by the equation 
n(x) = 68,952.921Vx, where n(x) represents the 
total number of copies of the book sold in the 
United States by the end of the xth week. The num- 
ber of copies of the book sold abroad by the end of 
the xth week can be modeled by 


a(x) = -0.039x? + 125.783x copies of the book 


a. Write the formula for the total number of copies 
of the book sold in the United States and abroad 
by the end of the xth week. 

b. Write the formula for the rate of change of the 
total number of books sold. 

c. How many books will be sold by the end of the 
first year (that is, after 52 weeks)? 


_ d. How rapidly are books selling at the end of the 


first year? Interpret your answer. 


4.3 


Jl, 


3 


f(x) = 
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The joint population of the United States and 
Canada for the period from 1980 through 1994 can 
be modeled”’ by the equation 


n(x) = 0.0426x? + 2.049x + 251.796 million people 


x years after 1980. The population of Mexico for the 
same period can be modeled”* by the equation 


m(x) = 68.738(1.0213*) million people 
x years after 1980. 


a. Find the formula for the combined population 
of the United States, Canada, and Mexico from 
1980 through 1994. 


b. Find the formula for the rate of change of the 
combined population of the United States, 
Canada, and Mexico. 


c. According to the models, what was the com- 
bined population of the United States, Canada, 
and Mexico in 1994? 


d. How rapidly was the combined population of 
the United States, Canada, and Mexico changing 
in 1994? 


When working with sums of models, why is it 
important to make sure that the input values of the 
models correspond? (That is, why must you align 
all models in the sum the same way?) 


. The amount of fish produced for food by fisheries 


in the United States between 1970 and 1990 can be 
modeled”? by the equation 


22.204x? — 108.431x — 2538.603 million lb 
when 0 S$ x = 10 

85.622x? — 2253.95x + 17,772.39 million lb 
when 10 < x = 20 

x years after 1970. 

a. Write a formula for sf 


b. Find the rates of change of the amount of fish 
produced in 1970, 1980, and 1990. 


c. What was the percentage rate of change in 1990? 


34. The atmospheric release of chlorofluorocarbons 


MY 
28. 


2): 
30. 


(CFCs) between 1958 and 1978 can be modeled*” 


Based on data from Statistical Abstract, 1994. 

Based on data from SPP and INEGI, Mexican Censuses of Popula- 
tion 1921 through 1990 as reported in Pick and Butler, The Mex- 
ico Handbook (Westview Press, 1994). 

Based on data from Statistical Abstract, 1994. 

Based on data from Ronald Bailey, ed., The True State of the Planet 
(New York: The Free Press for the Competitive Enterprise Insti- 
tute, 1995). 
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by the equation a. Write the derivative formula for C. 

b. What was the atmospheric release of CFCs in 
1968, and how quickly was that amount chang- 
ing? 

c. Estimate the rate of change in the atinospheric 
release of CFCs in 1974. 


0.708t* — 71.401t + 1832.4275 million kg 
when 58 S$ t < 74 

-2.6125t* + 377.775t — 13,230.7 million kg 
when 74 = t S 78 


C(t) = 


where ¢ is the number of years since 1900. 





_More Simple Rate-of-Change Formulas 


In Section 4.3 we used the limit definition of a derivative to develop some general 
rules for rate-of-change formulas. In this section we will continue using those rules 
and develop others. 


Exponential Rules 


Our next formulas involve exponential functions. Because the proof of these rules is 
beyond the scope of this book, we will discover the rules by observing tables of slope 
values calculated via technology. We begin our exploration with the function y = e*. 
Table 4.14 shows function values and slope values (rounded to three decimal places) 
for several inputs. 













TABLE 4.14 
ae ee 


d 
0.050 0.135 0.368 1.000 2.718 20.086 


This function is surprising in that the rate-of-change values are precisely the same as 
the function values. This function is its own derivative! In other words, if y = &, then 





d ; Sy ee ; 
— = y’ = e. The slope graph of y = e* coincides with the graph of the original func- 
tion. 


TABLE 4.15 


Tops fossais | 
cain taiagh27 72554 
pa fe | ssaste | 


Derivative of e* 






If y = e*, then wd 
dx 





Does this rule apply to exponential functions that have bases different from e? In 
other words, if y = b*, is Z = b*? We begin by exploring the derivative of y = 2* with 
a table of values (rounded to five decimal places for convenience). See Table 4.15. It is 
obvious from the table that the derivative of y = 2” is not y= 

If we use the definition of derivative for the function f(x) = 2°, we obtain 








Seaelfl x 


j Neg oolttir as 








TABLE 4.16 









EXAMPLE 1 


Toft | 069315 | o6eaia7 
Tafa [asses | 0.693ta7 | 
Pata [rss [069347 
spe [ssaste | 0.69 | 
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You may recall that 2**" = 2*2", Using this fact, we rewrite the derivative formula as 


i ag Oe ee {Oa 
Fs) = im 7 = — tim | i ) 


h0 h h>0 





Because the term 2* is not affected by h approaching zero, we treat it as a constant: 


Lo)= >| Lim ae q 


h>0 





Evaluating the limit term is beyond the scope of this text, but this formula indicates 
that the derivative of y = 2* is 2° times a constant. If we divide each derivative value 
in Table 4.15 by the corresponding 2* output value, we have the last col- 
umn in Table 4.16. It may seem that the multiplier 0.693147 is arbitrary 
because it is not a familiar number, but that is not the case. You should 
verify that 0.693147 ~ In 2. In fact, it can be proved that the limit term in 
the derivative formula for f(x) = 2* is In 2. We state the formula for the 
derivative of y = 2* as y’ = (In 2)2*. A similar exploration suggests that 
the formula for the derivative of y = 3*is y’ = (In 3)3*. 

The two derivative formulas #(2*) = (In 2)2* and #,(3*) = (In 3)3* 
are special cases of the general derivative formula for exponential func- 
tions. The derivative of y = b* is y’ = (In b)b* if b > 0. In fact, the rule 
+(e) = e* is also a special case of this formula. You will be asked to 
verify this fact in the Activities. 






Derivative of b* 


If y = b* with the real number b > 0, then ae = (In b)b*. 





Credit Card Payment 


If credit card purchases are not paid off by the due date on the credit card statement, 
finance charges are applied to the remaining balance. In July 2001, one major credit 
card company had a daily finance charge of 0.05425% on unpaid balances. Assume 
that the unpaid balance is $1 and that no new purchases are made. 


a. Find an exponential function for the credit balance d days after the due date. 
b. How much is owed after 30 days? 

c. Write the derivative formula for the function from part a. 

d. How quickly is the balance changing after 30 days? 


e. Repeat parts a through d, assuming that the unpaid balance is $2000. 


Solution 


a. Recall that the constant b in an exponential function f(x) = ab* is (1 + percent- 
age growth) and that the constant a is the value of f(0). Thus we use the function 


f(d) = 1(1.0005425) = 1.00054257 dollars 
to represent the balance due d days after the due date. 
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b. Thirty days after the due date, the balance is f(30) ~ $1.02. 


c. According to the derivative rules we saw in this chapter, the derivative of y = b* is 
y’ = (In b)b*. Thus the derivative formula for our function fis 


f'(d) = (In 1.0005425)1.0005425¢ dollars per day 
after d days. 


d. We use the derivative formula evaluated at d = 30 to find the rate of change of the 
balance. After 30 days, the balance is increasing at a rate of 0.0006 dollar per day. 


e. If the unpaid balance is $2000, the balance-due function is 
f(d) = 2000(1.0005425“) dollars 


after d days. The amount due after 30 days is f(30) = $2032.81. 
According to the Constant Multiplier and Exponential Rules, the derivative of 
the balance function is 


f'(d) = 2000(In 1.0005425) 1.00054254 dollars per day 


Pec eeecesccssceccescees 


Natural Logarithm Rule 


As with exponential functions, we motivate the derivative rule for the natural log 
function by using a table of technology-generated slope values. Table 4.17 shows 
derivative values (rounded to three decimal places) for the natural log function. 


TABLE 4.17 


EER 


Derivative of 
y =Inx 


1.000 0.500 0.333 0.250 0.200 0.167 





Unlike the case for the exponential function, whose derivative at a certain input value 
is dependent on the corresponding output value, these derivatives are dependent on 
the input values. Note that each derivative value is the reciprocal of the input value— 
that is, it is 1 divided by the input value. The derivative of y = Inx at x = 2 is 5, the 
derivative at x = 3 is 3, the derivative at x = 4 is {and so on. 


Derivative of In x 


1 Up 
for positive x values. 


ee dy 
If y= In x, BLE ete 
y n x, then 





Our next example illustrates the use of all of the rules presented in this section and 
the previous section. 


EXAMPLE 2 





algebra 


practice 
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Finding Derivative Formulas 


Find the derivatives of the following functions: 


a. f(x) = 12.36 + 6.2Inx b. g(t) = 4e' + 19 
c. m(r) =8 — 12VvF d. f(y) = 17,000(1 + 2035)! 


Solution 


a. Apply the Constant Rule to the first term and the Constant Multiplier and Nat- 
ural Log Rules to the second term. Use the Sum Rule to add the two derivatives 
together. 


df 6.2 


f— Fa) = 0+ 62(2) = a 


b. Apply the Constant Multiplier and e* Rules to the first term and the Constant 
Rule to the second term. Again, use the Sum Rule to add the two derivatives. 


Ce 


= == Pal = t 
ri g(t) = 4e' + 0 = 4e 


c. The key to finding the derivative formula for this function is rewriting the two 
terms using algebra rules for exponents. Recall that a negative oO is used to 
indicate that a term is in the denominator and that an exponent of 5 indicates a 
square root. Using these facts, rewrite m as 


m(r) = 8f! — 129? 


Now apply the Constant Multiplier, Power, and Sum Rules to obtain 


Vr 


d. Begin by ene the number (1 + 2?5*)’* in order to rewrite the formula in 
the form ab*. We have rounded this aie to six decimal places, but in using the 
derivative to calculate rates of change, you should keep all decimal places stored 
by your calculator. 


GNSS =9 A1/9 -8 6 
= =n — 118). 2 5 (12)n? Ue OT pee Of ar 


j(y) = 17,000(1 + 2925)'" ~ 17,000(1.025288”) 


Now apply the Constant Multiplier and Exponential Rules. 


ee ereceseerersesssseeee 


In summary, we present a list of the rate-of-change formulas you should know. The 
list on page 286 includes the formulas from Section 4.3. The formulas are best 
learned through practice. We urge you to work as many of the Activities in this sec- 
tion as possible. Although you may need to refer to this table for some of the begin- 
ning Activities, you should attempt to work most of them without looking at this list. 
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Simple Derivative Rules 


Rule Name Function Derivative 


Constant Rule y=b 

Linear Function Rule 

Power Rule 

Exponential Rule 

e* Rule 

Natural Log Rule y=lInxx>0 
Constant Multiplier Rule y = kf(x) 


Sum Rule y = fix) + g(x) 


Concept 
Inventor 


@ Derivative formulas 

For constants a, b, and n, 
If y = b, then y’ = 0. 
If y = ax + b, then y’ = a. 
If y = x", then y’ = nx", 
If y = b*, then y’ = (In b)b*. 
If y= e*, then y’ = &. 
If y = Inx, then y’ = a 
If y = kf(x), then y’ = kf"(x). 
If f(x) = ox), then y) =f) 2 e(x). 














For each of the functions whose graphs are given in 
Activities 1—6, first sketch the slope graph and then give 
the slope equation. 


1. y 


Give the derivative formulas for the functions in Activi- 
ties 7 through 14. 


9. g(x) = 17(4.962*) 10. y= 2 





11. f(x) = 100,000( 1 + 0.95) (Hint: Rewrite as ab*,) 





12. j(x) = 4.2(0.8*) + 42 


x3 
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oy oe ny = 3.3(2:9") 
14. k(x) = 3Vx + 9e 


15. For the first couple of hours after yeast dough has 
been kneaded, it approximately doubles in volume 
every 42 minutes. If we prepare 1 quart of yeast 
dough and let it rise in a warm room, then its 
growth can be modeled by the function 


V = e" quarts 


where his the number of hours the dough has been 
allowed to rise. 


a. How many minutes will it take the dough to 
attain a volume of 2.5 quarts? 


b. Write a formula for the rate of growth of the 
yeast dough. 


c. How quickly is the dough expanding after 24 
minutes, after 42 minutes, and after 55 minutes? 
Report your answers in quarts per minute. 


16. The value of a $1000 investment in an account with 
4.3% interest compounded continuously can be 
modeled as 


A = e°°*' thousand dollars after t years 


a. Write the rate-of-change formula for the value of 
the investment. (Hint: Let b = e°°”, and use the 
rule for y = b’.) 

b. How much is the investment worth after 5 years? 


c. How quickly is the investment growing after 
5 years? 

d. What is the percentage rate of growth after 
5 years? 


17. We have seen that the derivative of y = b* is 


Le = (In b)b* as long as b > 0. We have also seen that 


the derivative of y = e* is - =e. 

a. Show that the derivative formula for y = e is a 
special case of the derivative formula for y = b* 
by applying the formula for y = b* to y = e* and 
then reconciling the result with the known 
derivative formula for y = e*. 


b. Use the derivative formula for y = b* to find a 
formula for the derivative of an exponential 
function of the form y = e“, where k is some 
known constant. 


18. Dairy company managers have found that it costs 
them approximately c(u) = 3250 + 75 In u dollars 
to produce u units of dairy products each week. 
They also know that it costs them approximately 


s(u) = 50u + 1500 dollars to ship uv units. Assume 
that the company ships its products once each 
week. 

a. Write the formula for the total weekly cost of 
producing and shipping u units. 

b. Write the formula for the rate of change of the 
total weekly cost of producing and shipping u 
units. 

c. How much does it cost the company to produce 
and ship 5000 units in 1 week? 

d. What is the rate of change of total production 
and shipping costs at 5000 units? Interpret your 
answer. 


19. The weight of a laboratory mouse between 3 and 11 
weeks of age can be modeled by the equation 


w(t) = 11.3 + 7.37 In t grams 

where the age of the mouse is (t + 2) weeks after 

birth (thus for a 3-week-old mouse, t = 1). 

a. What is the weight of a 9-week-old mouse, and 
how rapidly is its weight changing? 

b. How rapidly on average does the mouse grow 
between ages 6 and 11 weeks? 

c. What happens to the rate at which the mouse is 
growing as it gets older? Explain. 


20. The projected number of homes with access to the 
Internet via cable television between 1998 and 2005 
can be modeled’! by the equation 


I(x) = -138.27 + 76.29 In x million homes 


x years after 1990. 


a. Give the rate-of-change formula for the pro- 
jected number of such homes. 


b. How many homes are projected to have Internet 
access via a cable TV system in 2005, and how 
rapidly is that number projected to be growing? 


21. The consumer price index for college tuition** 
between 1990 and 1997 is shown in Table 4.18. 


TABLE 4.18 


ear | 
ri99% | 
1992 | 









31. Based on data from Paul Kagen Associates, Inc., Cable Television 
Technology. 
32. Statistical Abstract, 1998. 
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a. Align the data as the number of years since 1980, 
and find a log model for the CPI. 


b. Use only the data to estimate the rate of change 
of the CPI in 1995. 

c. Use the model to find the rate of change of the 
GPlain, 1995: 


An individual has $45,000 to invest: $32,000 will be 
put into a low-risk mutual fund averaging 6.2% 
interest compounded monthly, and the remainder 
will be invested in a bond fund averaging 9.7% 
interest compounded continuously. 


a. Find an equation for the total amount in the two 
investments. 


b. Give the rate-of-change equation for the com- 
bined amount. 


c. How rapidly is the combined amount of the 
investments growing after 6 months? after 15 
months? 


The Bureau of the Census reports the median fam- 
ily income since 1947 as shown in Table 4.19. 
(Median income means that half of American fam- 
ilies make more than this value and half make less.) 


TABLE 4.19 


ate 
Year (constant 1997 dollars) 


a. Find a model for the data. 






b. Find a formula for the rate of change of the 
median family income. 


c. Find the rates of change and percentage rates of 
change of the median family income in 1972, 
1980, 1984, 1992, and 1996. 


d. Do you think the above rates of change and per- 
centage rates of change affected the reelection 
campaigns of Presidents Nixon (1972), Carter 
(1980), Reagan (1984), Bush (1992), and Clinton 
(1996)? 


The data in Table 4.20 give the value of a $2000 
investment after 2 years in an account whose annual 
percentage yield is 100r%. 
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DIS, 





TABLE 4.20 


Value 
(dollars) 


a. Find a model for the value of a $2000 investment 
after two years as a function of the interest rate 
(in decimals). 


b. Find the rate of change of the value of the invest- 
ment when the annual percentage yield is 4%. 
Interpret your answer. 


c. Repeat part a; however, instead of entering the 
interest rate in decimals, enter the rate in whole 
numbers so that r = 2 at 2%, r = 3 at 3%, etc. 
Compare this model with the model in part a. 


d. Use the model from part c to find the rate of 
change of the value of the investment when the 
annual percentage yield is 4%. Compare this 
answer to that of part b. 


The value of a $1000 investment after 10 years in an 
account whose interest rate is 100r% compounded 
continuously is 


A(r) = 1000e!"" dollars 


a. Write the rate-of-change function for the value 
of the investment. 


b. Determine the rate of change of the value of the 
investment at 7% interest. Discuss why the rate 
of change is so large. 


c. If the interest rate is input as a percentage 
instead of a decimal, the function for the value of 
a $1000 investment after 10 years in an account 
with interest compounded continuously is 


A(r) = 1000e*"" dollars 


where r = 1.00 when the interest rate is 1%, 
r = 1.25 when the interest rate is 1.25%, etc. 
Write the rate-of-change function for the value 
of the investment. Compare this rate of change 
function to that in part a. 


d. Determine the rate of change of the value of the 
investment at 7% interest. Compare this answer 
to that of part b. 


26. 


I 


p(t) = 


Households 
Year (percent) 


The percentage of households® with TVs that also 
have VCRs from 1990 through 1996 is shown in 


Table 4.21. 
TABLE 4.21 
aes 
Year (percent) 
ee 











a. Align the input data as the number of years since 
1985, and find a log model for the data. 

b. Write the rate-of-change formula for the model 
in part a. 

c. According to the model, what was the percentage 
of households with TVs that also had VCRs in 
1997? How rapidly was the percentage growing 
in that year? Interpret your anwers. 


The population of Aurora, a Nevada ghost town, 
can be modeled™ as 


-7.91f + 120.96t? + 193.92t — 123.21 people 
when O./ =2= 13 
45,544(0.8474') people 
when 13 < t= 55 


4.5 


The Chain Rule 


28. 
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where f is the number of years since the beginning 

of 1860. 

a. Write the derivative equation for the population 
model. 

b. How quickly was the population growing or 
declining in the beginning of the years 1870, 
1873, and 1900? 


An alternative model’ for the population of Iowa 
in the 1980s and early 1990s is 


-2.1t? — 63t + 2914 thousand people 
when0 =ft=7 

0.435(1.45479') thousand people 
when 7 < f= 13 


pit) = 


where f is the number of years since 1980. 

a. Write the derivative equation for the population 
model. 

b. How quickly was the population growing or 
declining in 1985? in 1987? in 19892 

c. Can the model be used to answer reasonably the 
question “How quickly was the population of 
Iowa growing or declining in 1995?” 


We now present derivative formulas for more complicated functions than those con- 
sidered in Sections 4.3 and 4.4. In particular, we introduce the method used for find- 
ing derivative formulas for composite functions. 


The First Form of the Chain Rule 


It is well known that high levels of carbon dioxide (CO,) in the atmosphere are 
linked to increasing populations in highly industrialized societies. This is because 
large urban environments consume enormous amounts of energy and CO, is a natu- 
ral by-product of the (often incomplete) consumption of that energy. 

Imagine that in a certain large city, the level of CO, in the air is linked to the size 
of the population by the equation C(p) = Vp, where the units of C(p) are parts per 
million (ppm) and p is the population. Also suppose that the population is growing 
quadratically and can be modeled by the equation p(t) = 400t* + 2500 people, where 


33. Statistical Abstract, 1998. 


34. Based on data from Don Ashbaugh, Nevada’s Turbulent Yesterday: A Study in Ghost Towns (Los 
Angeles: Westernlore Press, 1963). 
35. Based on data from Statistical Abstract, 1994. 
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t is the number of years since 1990. Note that C is a function of p, and p is a function 
of t. Thus indirectly, C is also a function of t. Suppose we want to know the rate of 
change of the CO, concentration with respect. to time in 2003—that is, how rapidly 
the CO, concentration is rising or falling in 2003. The notation for this rate of change 
is a and the units are ppm per year. 


The derivative of C is oe = me ppm per person. But this is not the rate of change 


that we want because fe is the rate of change with respect to population, not time. The 


question now becomes “How do we transform ppm per person to ppm per year?” If 
we knew the rate of change of population with respect to time (people per year), then 
we could multiply as indicated to get the desired units: 








ppm peers) _ ppm 
person/\ year year 


Population is given as a function of time, so its derivative is the rate of change that we 
need: 4 = 800t people per year. This motivates 


daC\(dp\ _ dC 

ele. ~ Ge 

Ges ppm }(s00« peers) _ dC ppm 
2Vp person year dt year 











Because o is a rate of change with respect to time, it is standard procedure to write 
the derivative formula in terms of t. Recall that p(t) = 400f + 2500 people, where t 
is the number of years since 1990. Substituting 400f + 2500 for p in the equation for 
a we have 

aG 1 

= (800t) ppm/year 
dt 2 400t? + 2500 sa 


Now we substitute t = 13 (for 2003) to obtain our desired result: 


e™ I 
dt 2V\/400(13)? + 2500 

















[800(13)] ~ 19.64 ppm/year 


In 2003, the CO, concentration was increasing by approximately 19.64 ppm per year. 

The method used to find a in the situation above is called the Chain Rule 
because it links together the derivatives of two functions to obtain the derivative of 
their composite function. 


The Chain Rule (Form 1) 


If C is a function of p and p is a function of t, then 





HO (2) 2 
dt dp /\ dt 





Violin Production 


Let A(v) denote the average cost to produce a student violin when v violins are pro- 
duced, and let v(t) represent the number (in thousands) of student violins produced 
t years after 2000. Suppose that 10 thousand student violins are produced in 2008 and 
that the average cost to produce a violin at that time is $142.10. Also, suppose that in 
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2008 the production of violins is increasing by 100 violins per year and the average 
cost of production is decreasing by 15 cents per violin. 


a. Describe the meaning and give the value of each of the following in 2008: 
i. v(t) li. v(t) iii. A(v) iv. A’(v) 


b. Calculate the rate of change with respect to time of the average cost for student 
violins in 2008. 


Solution 


a. i. There are v(8) = 10 thousand violins produced in 2008. 
ii. The rate of change of violin production in 2008 is v'(8) = 0.1 thousand vio- 
lins per year. That is, ae = 100 violins per year. 
ui. The average cost to produce a violin is A(10) = $142.10 when 10 thousand 
violins are produced. 


iv. When 10 thousand violins are produced, the average cost is changing at a rate 
of A’(10) = -$0.15 per violin. That is, aA = -$0.15 per violin. 


b. The rate of change with respect to time of the average cost to produce a student 
violin in 2008 is 


ah eel) 
dt dv dt 
= (-$0.15 per violin)(100 violins per year) = -$15 per year 


In 2008 the average cost to produce a violin is declining by $15 per year. 


Cee e weer eee seseeeeeenee 


The Second Form of the Chain Rule 


Recall the discussion at the beginning of this section concerning CO, pollution and 
population. We were given two functions—p with input t and C, whose input corre- 
sponds to the output of p—and then asked to find the derivative a You may wonder 
why we did not substitute the expression for population into the CO, equation 
before finding the derivative: 


C(p) = Vp with p(t) = 400 + 2500, so C(p(t)) = V 400 + 2500 


This process, called function composition (see Section 1.3), allows us to express C 
directly as a function of t. If we now take the derivative, we get a which is exactly 
what we needed all along! The reason we did not do this before is that we did not 
know a formula for finding the derivative of a composite function. However, we can 
now use the Chain Rule to obtain a formula. First, we review some terminology from 
Section! 1.3. 

Because p(t) was substituted into the formula for C to create the composite func- 
tion Co p, we call p the inside function and C the outside function. Next, recall the 
Chain Rule process: 








00t 
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SSS is si ivative of Vp with p replaced by 
The first term, Spe is simply the derivative P Pp 


400t2 + 2500. This is the derivative of the outside function with the inside function 
substituted for p. The second term, 800¢, is the derivative with respect to t of p, the 
inside function. This leads us to a second form of the Chain Rule. If a function is 
expressed as a result of function composition (that is, it is a combination of an inside 
function and an outside function), then its slope formula can be found as follows: 


derivative of the 


: : derivative 
' : outside function A 
Slope formula of composite function = sige of the inside 
with the inside : 
function 


function untouched 


Mathematically, we state this form of the Chain Rule as follows: 


The Chain Rule (Form 2) 


If a function f can be expressed as the composition of two functions 
hand g—that ts, if 


fix) = (he g)(x) = h(g(x)) 


then its slope formula is 


ES aieay oa 


x 





In Example 2, we consider three somewhat different forms of composite func- 
tions, identify the inside function and the outside function for each, and use the 
Chain Rule to find formulas for the derivatives. 


Using the Chain Rule 


Write the derivatives (with respect to x) for the following three functions. 


3 
Be Cee De Vem ee a a) y= 
y (viele ) ak ae 


Solution 


a. We can think of y = e* as composed of an outside function y = e& and an inside 
function p = x’. The derivative of the outside function is e?. (This exponential 
function is its own derivative.) Form 2 of the Chain Rule instructs us to leave the 
inside function untouched (that is, in its original form) so instead of e? appearing 
in the derivative, the first expression in the slope formula is e*. The second 
expression in the slope formula is the derivative of the inside function, 2x. The 
final answer is the product of these two derivatives. 

iY) = (e* )(2x) = 2xe* 
dx 

b. The inside function of y = (x? + 2x? + 4)!” is p = x° + 2x? + 4, and the outside 

function is y = p'”’. The derivative of the outside function is 3p"; with p 


EXAMPLE 3 
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untouched, this becomes 3 (x? + 2x? + 4)". The derivative of the inside function 
is 3x° + 4x. Thus the Chain Rule gives 
d 1 


Fete’ 2 4) (sx 4x) 


c. The function y = renee can be thought of as the composition of the outside 


2 
function y = 5 and the inside function p = 4 — 2x’. The derivative of the out- 


eee The derivative of the inside function is -4x. The 


derivative of the composite function is then 


Dippin 3 |) eels 
43 5) ieee 


side function is ? or 





POR meee eee seneenesesene 


As illustrated in Example 3, one common use of the Chain Rule is to find the deriva- 
tive of a logistic function. 


VCRs 


The percentage of households between 1980 and 1996 with VCRs can be modeled*® 
by 


VIS) 
Pi) = 1 39,5e088H Percent 





where fis the number of years since 1980. Find the rate-of-change formula for P with 
respect to t. 


Solution The function P can be rewritten as 
PO) = 77.91 41395e°4 2) 


In this form, it is easy to see that p = 77.9u' is the outside function and that the 
inside function is u = 1 + 39.5¢°4°%. Further, we can split u into an outside 
and inside function with u = 1 + 39.5e’ as the outside function and v = -0.4984t 
as the inside function. 

Now, the derivative of P with respect to t is 

P'(t) = (derivative of 77.9u ')(derivative of 1) 

= (derivative of 77.9u')[(derivative of 1 + 39.5e")(derivative of v) | 
(-77.9u*)[(39.5e”)(-0.4984) | 
-77.9(39.5e")(-0.4984) 
ur 
B33 002E, 
uw 


Next, substitute u = 1 + 39.5e€°778* and v = -0.4984t back into the expression to 
obtain the derivative in terms of tf. 





HO MERE M SUT ghee 
dt (DH 39.560") 





5 percentage points per year 


where t is the number of years since 1980. 


Sere ws ereereoersreereee 


36. Based on data trom Statistical Abstract, 1998. 
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Concept 
Inventory 





@ Function composition 
© Inside and outside functions 
@ Chain Rule: 


aC _ dC dp 
dt dp dt 
Ci = CXp) pi) (Born 2) 


ye 4.5 | | | | | | | | N Activities 


1. Let x be a function of ¢, and let f be a function 
whose input corresponds to the output of x. If 
x(2) = 6, f(6) = 140, x’(2) = 1.3, and f(6) = -27, 
give the values of 


(Form 1) 


df = 
a. f(x(2)) b. re when x = 6 
one d. ee 
dt dt 


2. Let v be a function of x, and let g be a function 
whose input corresponds to the output of v. If 
v(88) = 17, v'(88) = 1.6, g(17) = 0.04, and g'(17) = 
0.005, give the values of 


a. g(v(88)) b. when x = 88 
G Ceph eis tani 88 d. Leet aeeee 88 
dv dx 


3. An investor has been buying gold at a constant rate 
of 0.2 troy ounce per day. The investor currently 
owns 400 troy ounces of gold. If gold is currently 
worth $395.70 per troy ounce, how quickly is the 
value of the investor’s gold increasing per day? 


4. A gas station owner is unaware that one of the 
underground gasoline tanks is leaking. The leaking 
tank currently contains 600 gallons of gas and is 
losing 3.5 gallons per day. If the value of the gaso- 
line is $1.51 per gallon, how much potential rev- 
enue is the station losing per day? 


5. Let R(x) be the revenue in deutsche marks from the 
sale of x units of a commodity, and let D(r) be the 
dollar value of r deutsche marks. On January 5, 
2001, 10,000 deutsche marks were worth $20,412, 
and the rate of change of the dollar value was 
$2.0412 per deutsche mark. On the same day, 


sales were 476 units, producing a revenue of 
10,000 deutsche marks, and revenue was increasing 
by 2.6 deutsche marks per unit. Identify the follow- 
ing values on January 5, 2001, and write a sentence 
interpreting each value. 


b. D(10,000 ak 

da. R(476) . ( > ) Cc. dx 
dD dD 

a ody 


. Suppose that V(t) is the volume of mail (in thou- 


sands of pieces) processed at a post office on 
the tth day of the current year and that E(v) is the 
number of employee-hours needed to process v 
thousand pieces of mail. On January 1 of this year, 
150 thousand pieces of mail were processed, and that 
number was decreasing by 200 items per day. The rate 
of change of the number of employee-hours 
is a constant 12 hours per thousand pieces of mail. 
Identify the following quantities on January 1 of this 
year, and write a sentence interpreting each value. 


a. V(1) b. Ag. r 
dE dE 
oes DFE 


. The population of a city in the northeast is given by 


p(t) = ie thousand people, where ft is the- 


number of years since 1995. The number of garbage 
trucks needed by the city can be modeled by the 
equation g(p) = 2p — 0.001p°, where p is the popu- 
lation in thousands. Find the value of the following 
in 2005: 


d 

a. p(t) b. g(p) c. = 
dg dg 

d. He e. oF 


f. Interpret the answers to parts a—e. 


. Let p(x) = 1.019* deutsche marks be the profit from 


the sale of x mountain bikes. On January 5, 2001, 
p deutsche marks were worth D(p) = 94g99 Ameri- 
can dollars. On the same day, sales were 476 moun- 
tain bikes. Identify the following quantities on 
January 5, 2001: 


d 

a. p(x) b. D(p) c. oe 
dD dD 

d. ‘dp (© Pe 


f. Interpret the answers to parts a—e. 


Rewrite each pair of functions in Activities 9 through 16 
as a single composite function, and then find the deriv- 
ative of the composite function. 


OF C(x) = 3x22 x(t) = 4 — 6t 
10.. f(t) = 3e t(p) = 4p? 
| 
Len} = p(t) = 1+ 360 
Tree) V7 Fx x(w) = 4e” 
Was 438 — 2° 46 — 12 s(x) =n x 
14. f(x) =Inx x(t) =5t+ 11 
15. p(t) = 7.9(1.046') t(k) = 14k — 12h 
Ol 2 
16. Mo Sm MP AE 


For each of the composite functions in 
Activities 17 through 37, identify an outside 
function and an inside function, and find the 
derivative with respect to x of the composite function. 





practice 


1x) = (3.2x + 5.7) 


8. fix) = (5x2 + 3x +7) 
19. flx) = Vi2 = 3x 20. flx) = V2 + 5x 
21. f(x) = In(35x) 22. f(x) = (In 6x)? 


23. f(x) = In(16éx? + 37x) 24. floc) = @2785 
Pea XH 2.578" 26. fix) = oe 


x = 8 
aes Cure MMOS A) 7, 5 
29. fo) = ay 
112 


1+ 13.3700 * 7°? 





30. fix) = 


3706.5 


1 + 8.976¢ 1? A B2.070 


31. fix) = 


32. fx) = (Vx — 3x)’ 
S3e f= or 

5A X= 2h 

356 f(x) = In(2”) 

36. f(x) = Ae™* 


MN 


of a dee 
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38. The percentage of children living with their grand- 
parents between 1970 and 1997 can be modeled”” 
by the equation 


p(t) = 3 + 0.214e°°?* percent 
t years after 1970. 
a. Write the rate-of-change formula for p. 
b. How rapidly was the percentage of children liv- 
ing with their grandparents growing in 1975? 
c. How rapidly on average did the percentage of 


children living with their grandparents grow 
between 1970 and 1980? 


d. Geometrically illustrate the answers to parts b 
and c. 
39. Imagine that you invest $1500 in a savings account 
at 4% annual interest compounded continuously. 


a. Write an equation for the balance in the account 
after t years. 


b. Write an equation for the rate of change of the 
balance. 


c. What is the rate of change of the balance at the 
end of 1 year? 2 years? 


d. Do the rates of change in part c tell you how 
much interest your account will earn over the 
next year? Explain. 


40. The tuition at a private 4-year college from 1995 
through 2005 is given in Table 4.22. 
TABLE 4.22 


oe [3 [we 
Year (dollars) Year (dollars) 
a 


a. Find an exponential equation of the form 
fix) = ab* to fit the data. 


b. Convert the equation you found in part a to one 
of the form f(x) = ae™. 


c. Find rate-of-change formulas for both equations. 





















d. Use both equations to find the rate of change in 
2005. How do your answers compare? 


37. Based on data from the U.S. Census Bureau. 
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41. In October of 1999, iGo Corp. offered 5 million 
shares of public stock at $9 per share. Revenue for 
the two years preceding the stock offering can be 
modeled” by the equation 


R(q) = 2.9 + 0.0314e°*4 million dollars 


q quarters after the beginning of 1998. 


a. Write the rate-of-change formula of R. 
b. Complete Table 4.23. 
TABLE 4.23 






Quarter ending June June June 
1998 1999 2000 

Percentage rate of change 

of revenue 


42. The percentage of households with TVs that sub- 
scribe to cable from 1970 through 1996 can be 
modeled® by the logistic equation 


59.5 
lee O51e) va 





P(t) = 6 + percent 


where t is the number of years since 1970. 


a. Write the rate-of-change formula for the per- 
centage of households with TVs who subscribe 
to cable. 


b. How rapidly was the percentage growing in 1995? 
c. According to the model, what will happen to the 
percentage of cable subscribers in the long run? 


Do you believe that the model is a correct pre- 
dictor of the long-term behavior? Explain. 


43. Dispatchers at a sheriff’s office“? record the total 
number of calls received since 5 a.m. in 3-hour 


intervals. Total calls for a typical day are given in 
Table 4.24. 


a. Is a cubic or a logistic model more appropriate 
for this data set? Explain. 


b. Find the more appropriate model for the data. 


c. Find the rate-of-change formula for the model. 


d. Evaluate the rate of change at noon, 10 p.m. 


midnight, and 4 a.m. Interpret the rates of 
change. 


38. Based on data from the Securities and Exchange Commission. 
39. Based on data from Statistical Abstract, 1998. 
40. Greenville County, South Carolina, Sheriff’s Office. 
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TABLE 4.24 





e. Discuss how rates of change can help a sheriff’s 
office schedule dispatchers for work each day. 


44. A model! for the number of states associated with 
the national P.T.A. organization is 


49 
1 +,36.0660eR 7 


x years after 1895. 





mx) = states 


~ a. Write the derivative of m. 


b. How many states had national P.T.A. member- 
ship in 1902? 

c. How rapidly was the number of states joining 
the P.T.A. growing in 1890? in 1915? in 1927% 


45. Civilian deaths due to the influenza epidemic in 
1918 can be modeled” as 


93,700 
t) = ah 
c(t) (65095.96346 = deaths 


t weeks after August 31, 1918. 





a. How rapidly was the number of deaths growing 
on September 28, 1918? 


b. What percentage increase does the answer to 
part a represent? 


c. Repeat parts a and b for October 26, 1918. 


d. Why is the percentage change for parts b and c 
decreasing even though the rate of change is 
increasing? 


46. A manufacturing company has found that it can 
stock no more than 1 week’s worth of perishable 
raw material for its manufacturing process. When 


41. Based on data from Hamblin, Jacobsen, and Miller, A Mathemati- 
cal Theory of Social Change (New York: Wiley, 1973). 

42. Based on data from A.W. Crosby, Jr., Epidemic and Peace 1918 
(Westport, CT: Greenwood Press, 1976). 


purchasing this material, however, the company 
receives a discount based on the size of the order. 
Company managers have modeled the cost data as 
C(t) = 196.25 + 44.45 In ¢ dollars to produce t 
units per week. Each quarter, improvements are 
made to the automated machinery to help enhance 
production. The company has kept a record of the 
average units per week that were produced in each 


quarter since January 2000. These data are given in 
Table 4.25. 


TABLE 4.25 























[auerer | uni perwece 
[Jan-Mar 2000 | 2000 
| 
uly-sepe2003 | avi 
Fot-bec 2008 


4690 


a. Find an appropriate model for production per 
week x quarters after January 2000. 


b. Use the company cost model along with your 
production model to write an expression model- 
ing cost per unit as a function of the number of 
quarters since January 2000. 


c. Use your model to predict the company’s cost 
per week for each quarter of 2004. 


d. Carefully study a graph of the function in part b 
from January 2000 to January 2005. According 
to this graph, will cost ever decrease? 

e. Find an expression for the rate of change of the 
cost function in part b. Look at the graph of the 
rate-of-change function. According to this 
graph, will cost ever decrease? 
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47. A dairy company’s records reveal that it costs the 
company about C(u) = 3250.23 + 74.95 In u dol- 
lars per week to produce u units each week. Con- 
sumer demand has been increasing, so the company 
has been increasing production to keep up with 
demand. Table 4.26 indicates the production of the 
company, in units per week, from 1990 through 
2003. 


TABLE 4.26 


a Production 
Year (units per week) 
5915 
5750 
5940 
6485 
7385 


1995 8635 
1996 10,245 


12,210 


a. Describe the curvature of the scatter plot of the 
data in Table 4.26. What types of equations 
could be used to fit these data? 




















b. Find the most appropriate model. 


c. Use the company’s cost model along with your 
production model to write an expression model- 
ing cost per week as a function of the number of 
years since 1990. 


d. Write the rate-of-change function of the cost 
function you found in part c. 


oO 


. Use your model to estimate the company’s cost 
per week in 2002, 2003, 2004, and 2005. Also, 
estimate the rates of change for those same years. 

f. Carefully study the cost graph from 1990 to 

2010. According to this graph, will cost ever 
decrease? Why or why not? 

g. Look at the slope graph of the cost function 

from 1990 to 2010. According to this graph, will 

cost ever decrease? Why or why not? 
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48. The marketing division of a large firm has found b. Write the formula for the rate of change of pre- 
that it can model the effectiveness of an advertising dicted sales x years from now. 
campaign by S(w) = 0.75Vu + 1.8, where S(u) rep- c. What will be the rate of change of sales in 2007? 


resents sales in millions of dollars when the firm 


: . : c i ions, why is it 
invests u thousands of dollars in advertising. The 49. When you are composing function y 


firm plans to invest u(x) = -2.3x° + 53.2x + 249.8 important to make sure that the output of the 
thousand dollars each year x years from now. inside function agrees with the input of the outside 
function? 


a. Write the formula for predicted sales x years 
from now. 


4.6 The Product Rule 


It is fairly common to construct a new function by multiplying two functions. For 
example, revenue is the number of units sold multiplied by price. If both units sold 
and price are given by functions, then revenue is given by the product of the two func- 
tions. How to find rates of change for product functions is the topic of this section. 

Suppose that the enrollment in a university is given by a function E and the per- 
centage (expressed as a decimal) of students who are from out of state is given by a 
function P. In both functions, the input is t, the year corresponding to the beginning 
of the school year (that is, for the 2003-04 school year, t is 2003) because school 
enrollment figures are stated for the beginning of the fall term. Note that the product 
function N(t) = E(t) - P(t) gives the number of out-of-state students in year t. For 
example, if in the current year, enrollment began at 17,000 students with 30% of 
those from out of state, then the number of out-of-state students is calculated as 
(17,000)(0.30) = 5100. 

Suppose that, in addition to enrollment being 17,000 with 30% from out of state, 
the enrollment is decreasing at a rate of 1420 students per year (2 =- 1420), and the 
percentage of out-of-state students is increasing at a rate of 1.5 percentage points per 
year (@ = 0.015). How rapidly is the number of out-of-state students changing? 

Because N(t), the number of out-of-state students, is the product of E(t) and 
P(t), there are two rates to consider. First, of the 1420 students per year by which 
enrollment is declining, 30% of the students are from out of state. The product 
(-1420 students per year)(0.30) = -426 gives the amount by which the number of 
out-of-state students is decreasing. Thus, as a consequence of the decline in enroll- 
ment, the number of out-of-state students is declining by 426 students per year. 

On the other hand, of the 17,000 students enrolled, the percentage of out-of-state 
students is growing by 1.5% per year. Thus the product (17,000 students) - (0.015 per 
year) = 255 gives the amount by which the number of out-of-state students is 
increasing. The increasing percentage of out-of-state students results in a rate of 
increase of 255 out-of-state students per year. 

To find the overall rate of change in the number of out-of-state students, we add 
the rate of change due to decline in enrollment and the rate of change due to increase 
In percentage. 


-426 students + 255 students = -171 students 
per year per year per year 


EXAMPLE 1 


4.6 The Product Rule 299 


We interpret this result as follows: As a result of the declining enrollment and the 
increasing percentage of students from out of state, the number of out-of-state stu- 
dents is declining by 171 per year. 

The steps to obtain this rate of change can be summarized in the equation 


Rate of change of | = (-1420 students per year) (0.30) 
out-of-state students + (17,000 students) (0.015 per year) 


= -171 out-of-state students per year 


Expressed in terms of the functions N, E, and P, this equation can be written as 


dN _ (dE dP 
bass (SP ah (7) 


This result is known as the Product Rule and can be stated as follows: If a function is 
the product of two functions, that is, 


Product function = first )( second 


function/ \function 
then 
Derivative derivative derivative 
second first 
of product = | of first ; : of second 
: ‘ function function : 
function function function 


The Product Rule 
If fix) = g(x) - h(x), then 


df _ (dg dh 
pe (48) nc ae o(Z) 





Egg Production 


The industrialization of chicken (and egg) farming brought improvements to the 
production rate of eggs. Consider a chicken farm that has 1000 laying hens, each of 
which lays an average of 24 eggs each month. By selling or buying hens, the farmer 
can decrease or increase production. Also, by selective breeding and genetic research, 
it is possible that over a period of time the farmer can increase the average number of 
eggs that each hen lays. 


a. How many eggs does the farm produce in a month? 


b. Suppose the farmer increases the number of hens by 12 hens per month and 
increases the average number of eggs laid by each hen by 1 egg per month. By 
how much will the farmer’s production be increasing? 


Solution 


a. The monthly egg production is the product of h, the number of hens, and /, the 
number of eggs each hen lays in one month. Currently, h = 1000 hens and / = 24 
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EXAMPLE 2 


TABLE 4.27 


Rate of change 
of revenue (to 
nearest dollar) 





R(x) 
Revenue 
(dollars) 


35,000 + 


25,000 + 


15,000 + 










5,000 


Price 
5) Op NS) AO (dollars) 


FIGURE 4.12 
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eggs per month. The farmer’s current monthly production is 
h-1 = (1000 hens) (24 eggs per hen) = 24,000 eggs 


b. Let t be the number of months from now. We are told that a = (2 hens, per 
month and that o = 1 egg per hen per month. Applying the Product Rule yields 


d(hl) _ dh dl 
dt an eit dt 


h 
[2 ne ) [24 sie") + (1000 hens)( 1 cee) 


month hen month 








II 


month 


The farmer’s egg production will be increasing by 1288 eggs per month. 


eoeeesveccscsseceseoses 


Revenue from the Sale of Compact Discs 


A music store has determined from a customer survey that when the price of each 
CD is $x, the number of CDs sold monthly can be modeled by the function 


N(x) = 6250 (0.92985*) CDs 


Find and interpret the rates of change of revenue when CDs are priced at $10, $12, 
$13.75, and $15. 


Solution Revenue is the number of units sold times the selling price. In this case, 
the monthly revenue R(x) is given by 


R(x) = N(x) - x = 6250(0.92985%*) - x dollars 


where x dollars is the selling price. Using the Product Rule, we find that the rate of 
change equation is 
ae 4 Nia) x “t= Neo] 4 ) 
= 6250(In 0.92985) (0.92985*) - x + 6250(0.92985*)(1) dollars of revenue 
per dollar of price 
where x dollars is the selling price. 

Evaluating 4 at the indicated values of x yields Table 4.27. At $10, revenue is 
increasing by $823 per $1 of CD price. In other words, increasing the price results in 
an increase in revenue. Similarly, at $12, revenue is increasing by $332 per $1 of CD 
price. At $13.75, revenue is neither increasing nor decreasing. This is the price at 
which revenue has reached its peak. Finally, at $15, revenue is declining by $191 per 
$1 of CD price. 

The graph of the revenue function is shown in Figure 4.12. Review the statements 
above about how the revenue is changing as they are related to the graph. 


ee ecereesoesesesooseeee 


Often product functions are formed by multiplying a quantity function by a function 
that indicates the proportion of that quantity for which a certain statement is true. 
This is illustrated in Example 3. 


EXAMPLE 3 
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European Tourists 


The number of overseas international tourists who traveled to the United States 
between 1990 and 1996 can be modeled“? by the equation f(t) = 0.069t? — 0.5619t? 
+ 2.1639t + 14.9534 million tourists, where t is the number of years since 1990. Sup- 
pose that during the same time period, the proportion (percentage expressed as a 
decimal) of foreign travelers to the United States who were from Europe is given by 


p(t) = (9.859 - 10*)t* — 0.011222? + 0.0293t + 0.4404 

where t is the number of years since 1990. 

a. Find a formula for the number of European tourists to the United States. 

b. Find the derivative of the formula in part a. 

c. Find the number of European tourists to the United States in 1995, and deter- 
mine how rapidly that number was changing in that year. 

Solution 


a. The number N(t) of European tourists to the United States is given by the prod- 
uct function N(t) = f(t) - p(t). 


N(t) = (0.069t* — 0.5619t? + 2.1639t + 14.9534)[(9.859 - 10“)r3 
— 0.01122t* + 0.0293t + 0.4404] million European tourists 


t years after 1990. 
b. To use the Product Rule, we need the derivatives f’ and p’: 


f'(t) = 0.207t* — 1.1238¢ + 2.1639 million tourists per year, and 
p(t) = 0.0029577t? — 0.02244t + 0.0293 


(Note that we did not label p’(t) with units. If p(t) had been expressed as a percentage, 
then the units would be percentage points per year. Expressed as a decimal, p(t) is 
actually a proportion which is a unitless number. While it is possible to label p’(#) as 
hundredths of a percentage point per year, we choose to state the derivative of 
p without a label.) 

Thus, by the Product Rule, 


Nt) = (0.207t* — 1.1238¢ + 2.1639)[(9.859 - 10*)t* — 0.011224? + 0.0293t + 0.4404] 


+ (0.069t* — 0.5619f? + 2.1639t + 14.9534) (0.0029577t? — 0.02244t + 0.0293) 
European tourists per year t years after 1990. 
c. The number of European tourists in 1995 is N(5). 
N(5) = (20.3504)(0.4296375) =~ 8.74 million tourists 
The rate of change of the number of European tourists in 1995 is N’(5). 


N'(5) © (1.7199) (0.4296375) + (20.3504) (-0.0089575) 
= ().7389 — 0.1823 
~ 0.56 million European tourists per year 


In 1995, there were approximately 8.74 million tourists from Europe, and that num- 
ber was growing by about 0.56 million tourists per year. 


eee e eee ee esses seeseseee 


43. Based on data from Statistical Abstract, 1998. 
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6. The number of students in an elementary school 








Concept 
Inventory 


@ Product Rule 


2 Ans, Hie 
If f(x) = g(x)- h(x), then arate h(x) + g(x) aS 
Activities 





1. Find h'(2) if h(x) = f(x) - g(x), f(2) = 6, 
f'(2) =-1.5, g(2) = 4, and g'(2) = 3. 


2. Find r'(100) if r(t) = p(t) « q(t), p(100) = 4.65, 


p’'(100) = 0.5, q(100) = 160, andig (00) aaa 12: 


. Let h(t) be the number of households in a city, and 
let c(t) be the proportion (expressed as a decimal) 
of households in that city that own a computer. In 
both functions, t is the number of years since 1995. 
a. Write sentences interpreting the following math- 
ematical statements. 
i. h(2) = 75,000 ii. h’(2) = -1200 
iii. c(2) = 0.52 iv. c’((2) = 0.05 
b. If N(t) = h(t) - c(t), what are the input and out- 
put of N? 
c. Find the values of N(2) and N'(2). Interpret your 
answers. 


. Let D(x) be the demand (in units) for a new prod- 
uct when the price is x dollars. 


a. Write sentences interpreting the following math- 
ematical statements. 
i. D(6.25) = 1000 ii. D’(6.25) = -50 

b. Give a formula for the revenue R(x) generated 


from the sale of the product when the price is x 
dollars. (Assume demand = number sold.) 


c. Find R(x) when x = 6.25. Interpret your answer. 


. The value of one share of a company’s stock is given 
bys ()'— 155 =e, dollars x weeks after it is first 
offered. An investor buys some of the stock each 
week and owns N(x) = 100 + 0.25x? shares after x 
weeks. The value of the investor’s stock after x 
weeks is given by V(x) = S(x) - N(x). 
a. Find and interpret the following: 
jot Oand.s: (1.0) 
ii. N(10) and N'(10) 
iii. V(10) and V’'(10) 


b. Give a formula for V’(x). 





t years after 1996 is given by S(t) = 100 In(t + 5) stu- 

dents. The yearly cost to educate one student can be 

modeled by C(t) = 1500(1.05') dollars per student. 

a. What are the input and output of the function 
FG) = SG) Ca)? 

b. Find and interpret the following: 


i. S(3) 7s 3) 
iii. C(3) iv. C'(3) 
v. F(3) vi. F'(3) 


c. Find a formula for F(t). 


_ A wheat farmer is converting to corn because he 


believes that corn is a more lucrative crop. It is not 
feasible for him to convert all his acreage to corn at 
once. In the current year, he is farming 500 acres of 
corn and is increasing that number by 50 acres per 
year. As he becomes more experienced in growing 
corn, his output increases. He currently harvests 
130 bushels of corn per acre, but the yield is 
increasing by 5 bushels per acre per year. When 
both the increasing acreage and the increasing yield 
are considered, how rapidly is the total number of 
bushels of corn increasing per year? 


. A point guard for an NBA team averages 15 free- 


throw opportunities per game. He currently hits 
72% of his free throws. As he improves, the num- 
ber of free-throw opportunities decreases by 
1 free throw per game, while his percentage of hits 
increases by 0.5 percentage point per game. When 
his decreasing free throws and increasing percent- 
age are taken into account, what is the rate of 
change in the number of free-throw points that this 
point guard makes per game? 


. Two candidates are running for mayor in a small 


town. The campaign committee for candidate A has 
been taking weekly telephone polls to assess 
the progress of the campaign. Currently there 
are 17,000 registered voters, 48% of whom are plan- 
ning to vote. Of those planning to vote, 57% will 
vote for candidate A. Candidate B has begun some 
serious mud slinging, which has resulted in increas- 
ing public interest in the election and decreasing 
support for candidate A. Polls show that the 
percentage of people who plan to vote is increasing 
by 7 percentage points per week, while the percent- 
age who will vote for candidate A is declining by 3 
percentage points per week. 


a. If the election were held today, how many people 
would vote? 


b. How many of those would vote for candidate A? 


c. How rapidly is the number of votes that candi- 
date A will receive changing? 


pa\y Find derivative formulas for the functions in 
practice Activities 10 through 26. 


10. 
Nie 


2 


Weds 


14. 
1S 


16. 
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18 
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ve) 


24 
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26 
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ai x)= 


fix) = (x + 5)e* 
f(x) = (3x7 + 15x + 7)(32x3 + 49) 
fix) = 2.5(0.9*) (In x) 


fix) = (12.8893x2 + 3.7885x 
+ 1.2548) ([29.685(1.7584*)] 


fix) = (5x + 29)°(15x + 8) 
fix) = (5.72? + 3.5% + 2.9)°(3.8x2 + 5.2x + 7)? 








2.97x° + 3.05 
fix) = 

2.71x + 15.29 

12.624(14.831* 
ee o ) 


39 
1ey rie) ara 





fix) = (8x? + 13) 


1984.32 
il ae 7.68 ¢ 0:359347x 





fx) = (79.32x)| + 1568] 


fx) = In(15.7x7)(e5*) 


_ 430(0.62*) 
Hee iors 3.3(1.46) 





poy 19 12 2x)(17 —.3 In 4x) 
fix) = 4xV 3x + 2 + 93 


¥ 4(3*) 
fix) = aly 


14,000x 
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During the first 8 months of last year, a grocery 

store raised the price of a certain brand of tissue 

paper from $1.19 to $1.54. Consequently, sales 

declined. The price and number sold each month 

are shown in Table 4.28. 

a. Find models for price and number sold as func- 
tions of the month. 

b. From the models in part a, construct an equa- 
tion for revenue. 


28. 
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TABLE 4.28 





c. Use the equation to find the revenue in August 
and the projected revenue in September. 


d. Would you expect the rate of change of revenue 
to be positive or negative in August? Why? 


e. Give the rate-of-change formula for revenue. 
f. How rapidly was revenue changing in February, 
August, and September? 


A music store has determined that the number of 
CDs sold monthly is approximately 


Number = 6250(0.9286*) CDs 


where x is the price in dollars. 


a. Give an equation for revenue as a function of 
price. 


b. If each CD costs the store $7.50, find an equation 
for profit as a function of price. 


c. Find formulas for the rates of change of revenue 
and profit. 


d. Complete Table 4.29. 


TABLE 4.29 
Rate of change Rate of change 
of revenue of profit 





e. What does the chart tell the store manager about 
the price corresponding to the highest revenue? 


f. What is the price corresponding to the highest 
profit? 
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29. The population (in millions) of the United States c. Convert the model in part a to one for the aver- 
as a function of the year is given in Table 4.30. age cost per unit produced. 
d. Find the slope formula for average cost. 
e. How rapidly is the average cost changing when 
15 units are being produced? 35 units? 85 units? 


TABLE 4.30 


aioe 
Year (millions) 





f, Examine the slope graph for average cost. Is 
there a range of production levels for which 
average cost is decreasing? 








g. Determine the point at which average cost 
begins to increase. (That is, find the point at 
which the rate of change of average cost changes 
from negative to positive.) Explain how you 
found this point. 


a. Determine the best model for the data. 31. Table 4.32 gives the number of men 65 or older in 
b. The percentage of people in the United States the United States and the percentage of men age 65 
who live in the midwest can be modeled” by the or older living below the poverty level.”° 


equation m(t) = 7.667(0.9688') percent, where 
t is the number of years since 1970. Write an 
expression for the number of people who live in Men 65 years 

the midwest t years after 1970. ne : or older Percentage below 


c. Find an expression for the rate of change of the (millions) poverty level 
population of the midwest. : 


TABLE 4.32 


d. According to the model, how rapidly was the 
population of the midwest changing in 1990, 
1995, and 2000? 


30. Costs for a company to produce between 10 and 90 
units per hour are given in Table 4.31. 





TABLE 4.31 a. Determine the best model for each set of data. 
ee b. Write an expression for the number of men 65 or 
(dollars) older who are living below the poverty level. 


c. How rapidly was the number of male senior citi- 
zens living below the poverty level changing in 
1990 and in 2000? 





32. The number of households*”? with TVs in the 


United States is given in Table 4.33. 
Households 
(millions) 
85 


TABLE 4.33 


a. Find an exponential model for production costs. 





b. Find the slope formula for production costs. 


44. Statistical Abstract, 1998. 46. Statistical Abstract, 1994 and 1998. 
45. Based on data from Statistical Abstract, 1998. 47. Statistical Abstract, 1998. 


oo 


a. Find a model for the data. 


b. Table 4.34 gives, for 1978 through 1995, the per- 
centages of households** with TVs that also have 
VCRs. 


TABLE 4.34 


(in EN 
cel (e oqyallnn | 


Align the data so that the input values corre- 
spond with those in the model for part a (that is, 
if 1980 is x = 10 in part a, then you want 1980 to 
be x = 10 here also). Find a logistic model for 
the data. 














c. Find a model for the number of households with 
VCRs. 


d. Find the derivative equation for the number of 
households with VCRs. 


e. How rapidly was the number of households with 
VCRs growing in 1980? in 1985? in 1990? 


On the basis of data*’ from a study conducted by 
the University of Colorado School of Medicine at 
Denver, the percentage of women receiving regional 
analgesia (epidural pain relief) during childbirth at 
small hospitals between 1981 and 1997 can be mod- 
eled by the equation 


p(x) = 0.73(1.2912*) + 8 percent 
x years after 1980. 


Suppose that a small hospital in southern Arizona 
has seen the yearly number of women giving birth 
decline as described by the equation 


b(x) = -0.026x? — 3.842x + 538.868 


women giving birth x years after 1980. 

a. Give the equation and its derivative for the num- 
ber of women receiving regional analgesia while 
giving birth at the Arizona hospital. 

b. Was the percentage of women who received 
regional analgesia while giving birth increasing 
or decreasing in 1997? 

c. Was the number of women who gave birth at the 
Arizona hospital increasing or decreasing in 
1997S 


. The amoun 
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d. Was the number of women who received regional 
analgesia during childbirth at the Arizona hospi- 
tal increasing or decreasing in 1997? 


e. If the Arizona hospital made a profit of $57 per 
woman for the use of regional analgesia, what 
was the profit for the hospital from this method 


of pain relief during childbirth in 1997? 
t° of money spent on agricultural 
research and services from 1990 through 1998 in 


the United States is given in Table 4.35. 
TABLE 4.35 


Amount 
Year (billions of dollars) 


1995 


The purchasing power of the dollar, as measured by 
producer prices”' from 1988 through 1997, is given 
in Table 4.36. (In 1982, one dollar was worth $1.00.) 


TABLE 4.36 


i 
















a. Find models for both sets of data. (Remember to 
align such that both models have the same input 
values. ) 


b. Use these models to determine a new model for 
the amount, measured in constant 1982 dollars, 
spent on agricultural research and services. 


c. Use your new model to find the rates of change 
and the percentage rates of change of the 
amount spent on agricultural research and serv- 
ices in 1992 and 1998. 


50. Statistical Abstract, 1998. 
51. Statistical Abstract, 1998. 


48. Statistical Abstract, 1998. 
49. “Healthfile? Reno Gazette—Journal, Oct. 19, 1999, p. 4. 
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d. Why might it be of interest to consider an expen- 
diture problem in constant dollars? 


Table 4.37 shows the number of students” enrolled 
in the ninth through twelfth grades and the number 
of dropouts from those same grades in South Car- 
olina for each school year from 1980-1981 through 
1989-1990. 


TABLE 4.37 


1989-90 172,372 


a. Find a model for enrollment and a cubic model 
for the number of dropouts. 


















b. Use the two models that you found in part a to 
construct an equation for the percentage of high 
school students who dropped out each year. 


c. Find the rate-of-change formula of the percent- 
age of high school students who dropped out 
each year. 


d. Look at the rate of change for each school year 
from 1980-1981 through 1989-1990. In which 
school year was the rate of change smallest? 
When was it greatest? 


e. Are the rates of change positive or negative? 
What does this say about high school attrition in 
South Carolina during the 1980s? 


Compiled from Rankings of the Counties and School Districts of 
South Carolina. 
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36. 


Be 


38. 





A house painter has found that the number of 
jobs that he has per year is decreasing in inverse 
proportion to the number of years he has been in 
business. That is, the number of jobs he has each 
year can be modeled by j(x) = 104.2 > where x is the 
number of years since 1990. He has also kept a ledger 
of how much, on average, he was paid for each job. 


His income per job is presented in Table 4.38. 





TABLE 4.38 


Income per job 
(dollars) 


a. Find an exponential model for his income per 
job. 


b. Write the formula for the painter’s total income 
per year. 


c. Write the formula for the rate of change of the 
painter’s income each year. 


d. What was the painter’s total income in 1996? 


e. How rapidly was the painter’s income changing 
in 1996? 


When you are working with products of models, 
why is it important to make sure that the input val- 
ues of the two models correspond? (That is, why 
must you align both models in the same way?) 


We have discussed three ways to find rates of 
change: graphically, numerically, and algebraically. 
Discuss the advantages and disadvantages of each 
method. Explain when it would be appropriate to 
use each method. 


Summary 
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Numerically Finding Slopes 


| Be ata rates of change are slopes of tangent 
lines. It is important to remember that when we are 
given a graph, sketching a tangent line and estimating its 
slope will give only an approximation to the desired rate 
of change. If we have no equation to associate with the 
graph, then such an approximation is the best that we 
can do, and we should therefore be as precise as possible 
in our work. When we have an equation y = f(x) to 
associate with the curve, we can improve our graphical 
approximations with numerical calculations. 

Because the tangent line at a point is the limiting 
position of secant lines through the point of tangency 
and other increasingly close points, the slope of the tan- 
gent line is the limiting value of the slopes of nearby 
secant lines. If (x, Yo) is the point of tangency on the 
graph of f, then we can use the equation y = f(x) and the 
slope formula to calculate numerically the slopes of 
secant lines through the point (x, y)) and nearby points 
eg, tal ii, a2) pe 


Algebraically Finding Slopes 

The method of numerically estimating slopes can be 
generalized to provide a valuable algebraic method for 
finding exact slopes at points, as well as formulas for 
slopes at any input value. We call this method the Four- 
Step Method of finding derivatives. This method yields 
the formal definition of a derivative: If y = f(x), then 


fem {coe hy od) 


h>0 h 





provided that the limit exists. 


Slope Formulas 


The Four-Step Method of finding derivatives is invalu- 
able, but it is also cumbersome. For this reason, we 
desire formulas for derivatives of the most common 
functions we encounter. The formulas for derivatives of 
linear functions follow from our understanding of 
slopes of lines. We stated the Simple Power Rule without 
proof but proved the Sum and Constant Multiplier 
Rules. The rules for exponential and log functions were 
discovered by examining tables of slope values. 

Here is a list of slope (derivative) formulas that you 
should know. Remember, if y = f(x), then the symbolic 


eee a i ; 
___ representation for the derivative is = ory’ = f'(x). 


Function Derivative 

y=b o = 0 
y=axt+b o =a 

atin & Le 
ete e = 

y=U ¢. = (In b)b 
y=Inx a = : 

y = kflx) D = ip (x) 
y=fidtte)  Z=pfe+ew 


The Chain Rule 


The Chain Rule tells us how to calculate rates of change 
for a composite function. We presented it in two forms. 
Form 1 of the Chain Rule is most useful when we are 
given the two functions to compose: If C is a function of 
p and p is a function of t, then C can be regarded as a 
function of t, and 


dO (s)(2) 
dt \dp}\dt 
If you keep track of the units on each of the two compo- 
nent rates of change, then this form of the Chain Rule is 
easy to use. 
Form 2 of the Chain Rule is most useful when you 
are presented a function that you can recognize as the 


composition of an inside function p and an outside 
function C. 





the rate of change of 


dC the outside function the rate of 
ap ti i i ae change of the 
dt with the inside elite allive 
function untouched / “7S UNCON 
= C(p(t)) po) 


The Product Rule 


The Product Rule tells us how to calculate rates of 
change for a product function. If f(x) = g(x) - h(x), then 


6 dh 
os (48) 5 o($) 
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If you need to calculate a rate of change for a general 


quotient function, say h(x) = 7) simply view the 


quotient as a product h(x) = f(x) Aen = f(x) [e(x) | 


§ 
and apply the Product Rule. 


Slopes of Piecewise Continuous Functions 


In order for a derivative to exist at the break point of a 
piecewise continuous function, the function must be 
both continuous and smooth at that point. If the break 
point of the function f occurs at x = a, determine if the 
function is continuous at x = a by answering the ques- 
tion: 


Is lim. i= lim, fix) = fla? 


If the answer is no, then the function is not continuous 
at x = a and the derivative does not exist at x = a. If the 
function is continuous at x = a, determine if the func- 
tion is smooth by answering the question: 


Concept Check 


Determining Change: Derivatives 


Is the limiting value of slopes of secant lines from 
the left of x = a equal to the limiting value of 
slopes of secant lines from the right of x= a? 


If the answer to this question is no, then the function is 
not smooth at x = aand the derivative at x = a does not 
exist. If the function is both continuous and smooth at 
x = a (that is, the answer to both questions is yes), then 
the derivative exists and is equal to the limiting value of 
slopes of secant lines. 

There are other formulas for derivatives that we 
have not given. However, we are providing the formulas 
that are most useful for the functions encountered in 
everyday situations associated with business, econom- 
ics, finance, management, and the social and life sci- 
ences. You can look up other formulas (if you should 
ever need them) in a calculus book that emphasizes 
applications in science or engineering. 





Can you To practice, try 

@ Determine if a function is continuous and/or smooth? Section 4.1 Activity 3 

@ Graphically and numerically estimate rates of change? Section 4.1 Activity 7 

@ Use the algebraic method to find a rate of change ata point? Section 4.2 Activity 5 

@ Use the Four-Step Method to find a rate-of-change formula? —_ Section 4.2 Activity 9 

@ Apply simple derivative rules? Sections 4.3 and 4.4 Any of Activities 7-20 

@ Use the Chain Rule? Section 4.5 Activity 7 and any of 17-37 
@ Use the Product Rule? Section 4.6 Activity 5 and any of 10-26 


Review Test 





1. The yearly high stock price’’ for Microsoft Corpo- 
ration for selected years between 1989 and 1998 is 
shown in Table 4.39. 


a. Find an exponential model for the data. 


b. Numerically investigate the rate of change of the 
stock price in 1997. Choose at least three increas- 
ingly close points. In Table 4.40, record the close 
points, the slopes with four decimal places, and 
the limiting value with two decimal places. 


53. Hoover’s Online Guide. 





TABLE 4.39 


Price per share 
(dollars) 


TABLE 4.40 
Close point 
on ieft 






Limiting value = 






Limiting value = 


c. Interpret the limiting value in part b. 
d. Give the formula for the derivative of the equa- 
tion in part a. Evaluate the derivative in 1997. 


2. The total outstanding mortgage debts in the 
United States (for 1—4-unit family homes) for 
selected years between 1980 and 1997 are shown in 
Table 4.41. Also shown are a model for the data and 
a graph of the model. (See Figure 4.13). 


A(t) = 0.2578¢* — 9.09P + 100.655t? — 125.2t + 
1464.215 billion dollars t years after 1980 


a. Use only the data to estimate the rate of change 
in the mortgage debt amounts in 1996. 


b. Use the graph to estimate how quickly the mort- 
gage debt amount was changing in 1996. 


c. Find the derivative of the equation in 1996. 
Interpret your answer. 


FIGURE 4.13 


A(t) 
(billions of dollars) 


5300 
4350 
3375 
2400 
1450 


t 


1350 ee Years simce 
0 5 10 15 1980 





TABLE 4.41 






Total outstanding debt 
1465 2374 3794 
(billions of dollars) /495 | 2274 | 3700 


54. Statistical Abstract, 1998. 
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3. The average annual per capita consumption of 
turkey in the United States between 1980 and 1999 
can be modeled” by the equation 


o 7.978 
eS i722 8e 





D(t) + 10 pounds per person 


t years after 1980. 

a. Find a formula for ap 

b. Find the value of D'(10). Interpret your answer. 
c. How quickly was the consumption of turkey 


growing in 19992 


4. If N(t) is the total amount (in billions of dollars) of 
new mortgages t years after 1980, we find the per- 
centage of outstanding mortgage debt represented 
by new mortgages each year by dividing N(t) by the 
equation in Question 2 and multiplying by 100. 

P(t) = ay 100 percent t years after 1980 
A(t) 
a. Discuss how you find a formula for the rate of 
change of the percentage of total mortgage debt 
represented by new mortgages each year. 


b. What are the input and output units of P’? 


5. In your own words, outline the Four-Step Method 
for calculating derivatives. Illustrate the method for 
the function f(x) = 7x + 3. 


6. Consider the function 


ne 2X 755 maw eetes tL 

: 3x. 4. when X= >1 

a. Is g continuous at x = -1? Why or why not? 
b. Is g smooth at x = -1? Why or why not? 


: d 
c. Give the formula for =. 










4606 | 4929 | 5277 


55. Based on data from USDA: Cattle and Beef Industry Statistics, 


March 1999. 


Project 4.1 


Fertility 


Rates 
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Setting Tasks 

The Statistical Abstract of the United States (1998 1. Find a table of fertility rate data in a current \ 
edition) reports fertility rates for whites in the edition of the Statistical Abstract, and sum- 

United States as shown in Table 4.42. marize in your own words the meaning of data 


TABLE 4.42 












i994 | 198s 
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“fertility rate.” Assign units to the fertility rate column 
in Table 4.42. 


. Find a piecewise model that fits the given fertility rate 


data. Write the derivative function for this model. Con- 
struct a table of fertility rates and the rate of change of 
fertility rates for all years from 1970 through 1996. Dis- 
cuss any points at which the derivative of your model 
does not exist (and why it does not exist), and explain 
how you estimated the rates of change at these points. 


. Using the data in a current edition of the Statistical 


Abstract, complete the same analysis as in Task 2 for the 
fertility rates for blacks and other races in the United 
States. 


. Add any other recent data for the fertility rate of 


whites. (Note: Recent editions of the Statistical Abstract 
occasionally update older data points. Therefore, you 
should check the given data and change any updated 
values so that your data agree with the most recent 
Statistical Abstract.) Find a piecewise model for the 
updated data. Use this new model to calculate the 
rates of change that occurred in the years since 1996. 


Reporting 


Write a report discussing your findings and their demo- 
graphical impact. Include your mathematical computations 
as an appendix. 





Project 4.2 





Setting 


The European Communities have decided to 
build a new superhighway that will run from 
Berlin through Paris and Madrid and end in 
Lisbon. This superhighway, like some others 
in Europe, will have no posted maximum 
speed so that motorists may drive as fast as 
they wish. There will be three toll stations 
installed, one at each border. Because these 
stations will be so far apart and motorists 
may not anticipate their need to stop, there 
has been widespread concern about the 
possibility of high speed collisions at these 
stations. There have been editorials 
protesting the installation of the toll stations, 
~ and a private-interest group has lobbied to 
delay the building of the new superhighway. 
In response to the concern for safety, the 
Committee on Transportation has 
determined that flashing warning lights 
should be installed at an appropriate 
distance before each toll station. Your firm 
has been contracted to study known 
stopping distances and to develop a model 
for predicting where the warning lights 
should be installed. 







Superhighway 


Tasks 


1. Find data that give stopping distances asafunc- 
tion of speed and cite the source for the data. » 
(Hint: Drivers’ handbooks and Department of data 
Transportation documents are possible sources of data 
on stopping distance.) Present the data in a table and as a 
graph. Find a model to fit the data. Justify your choice. 
Before using your model to extrapolate, consult someone 
who could be considered an authority to determine 
whether the model holds outside of the data range. Con- 
sult a reliable source to determine probable speeds driven 
on such a highway. On the basis of your model, make a 
recommendation about where the warning lights should 
be placed. Justify your recommendation. Keep in mind 
that the Committee on Transportation does not wish to 
post any speed-limit signs. Suggest what other precau- 
tions could be taken to avoid accidents at the toll stations. 


2. Find rates of change of your model for at least three 
speeds, one of which should be the speed that you believe 
to be most likely. Interpret these rates of change in this 
context. Would underestimating the most likely speed 
have a serious adverse affect? Support your answer. 


Reporting 


(Bear in mind that you are reporting to Europeans who wish 
to see all results in the metric system. However, because you 
work for an American-based company, you must also have 
the English equivalent.) 


1. Prepare a written report of your study for the Committee 
on Transportation. 

2. Prepare a press release for the Committee on Transporta- 
tion to use when it announces the implementation of 
your safety precautions. The press release should be suc- 
cinct and should answer the questions Who, What, When, 
Where, and Why. 

3. (Optional) Prepare a brief (15-minute) presentation of 
your results. You will be presenting it to members of the 
Committee on Transportation. 
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Analyzing Change: 
Applications of Derivatives 


Concept Application 


Businesses often experience growth or decline as a result of 
changes in the economy, turnover in management, introduction 
of new products, or even the whims of consumers. A company 
measures its performance by measuring revenue, profit, 
productivity, stock prices, and other quantities. In analyzing its 
performance, a company may examine the past behavior of 
quantities such as these and seek the answers to such questions as 


When did the quantity exhibit highs and lows: 





Was there a time when the trend of the quantity changed? 


Michael Rosenfeld/Tony Stone Images ; : ; ; 
Is it possible to identify when the rate of change of the 


quantity was greatest? 


Such analysis may be helpful as the company seeks to improve 
its performance. You will find the tools in this chapter useful in 
answering questions such as these. One such exploration for 
the Russell Corporation’s revenue is found in Activity 26 of 
Section 5.4. 














wife] 
+ 


step-by-step instructions for using graphing calculators or spreadsheet software to work the 


r TAT / This symbol directs you to the supplemental technology guides. The different guides contain 
z particular example or discussion marked by the technology symbol. 





ju] 


__ This symbol directs you to the Calculus Concepts web site, where you will find algebra 
review, links to data updates, additional practice problems, and other helpful resource 
material. 








Concept Objectives 


This chapter will help you understand the 
concepts of 


Using tangent lines to approximate change 
Marginal analysis 

Absolute and relative extreme points 
Inflection points 

Second derivative 


Dependent and independent variables 


CO0000 0 


Related-rates equations 


and you will learn to 

Approximate change 

Find relative extreme points 

Find absolute extreme points 

Set up and solve optimization problems 


Find second derivatives 


Find and interpret inflection points 


O0O000000 


Find and solve related-rates equations 


Use second derivatives to determine concavity 


This chapter is devoted to exploring the 
ways in which rate-of-change information 
can be used to help analyze change. 


We begin by examining how a rate of 
change can be used to approximate change 
in a function’s output. We discuss marginal 
analysis: the use of rates of change to 
approximate the actual change in the 
economic quantities of cost, revenue, and 


profit. 


Next, we consider the importance of those 
places at which the rate of change is zero. In 
many cases, these points correspond to 
maximum or minimum function values. 

If we are searching for maximum and 
minimum points on a derivative graph, 
then these points correspond to points of 
most rapid or least rapid change on the 
original graph. 


Finally, we consider situations in which 

we find a rate of change of a function with 
respect to a variable when the variable does 
not appear in the equation defining the 
function. The resulting equation, which 

is called a related-rates equation, is useful 
in describing how rates of change are 
interrelated. 313 
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CHAPTER 5 


5.1 


Analyzing Change: Applications of Derivatives 


Approximating Change 


Recall from our discussion of linear models that the slope of a line y = ax + b can be 
thought of as how much y changes when x changes by 1 unit. For example, the 
amount spent on pollution control in the United States during the 1980s can be 
described by the equation’ 


Amount = 3788.65t — 252,216.11 million dollars 


where t is the number of years since 1900. The slope is $3788.65 million per year, so we 
can say that each year during the 1980s an additional $3788.65 million was spent on 
pollution control. It follows that every 2 years spending increased by (2)( $3788.65) 
million, every 3 years spending increased by (3)($3788.65) million, and so on. 

Because rates of change are slopes, we can apply a similar type of reasoning to 
functions other than lines. However, we must be careful in doing this, for although 
the slope of a line is constant, the slopes of other functions may change at every 
point. For example, if you are driving a car, your speed is constantly fluctuating. 
However, if you know that your speed at a certain moment is 60 mph (1 mile per 
minute), then you can estimate that over the next minute you will travel approxi- 
mately 1 mile. Over the next 30 seconds you will travel approximately half a mile, and 
over the next 2 minutes you will travel approximately 2 miles. Note that we are using 
the rate of change of distance to estimate by how much the distance traveled changes 
over a short time period. 

The assumption underlying these approximations is that the speed remains con- 
stant during a short interval. If the speed deviated dramatically from 60 mph, then 
the approximations would be invalid. For instance, in the next 30 seconds, you could 
encounter a stop light and have to stop the car. 

As another example, consider the average retail price (cost to the consumer) of a 
pound of salted, grade AA butter during the 1990s, which can be modeled by the 
equation” 


p(t) = 0.05172 — 0.2872t + 1.9487 dollars 


where t¢ is the number of years since the end of 1990. We calculate how rapidly the 
average price was increasing at the end of 1998 as follows: 


d, 

* = 2(0.0517)t — 0.2872 dollars per year 
When t = 8, 

dp 

ae = 2(0.0517)(8) — 0.2872 = $0.54 per year 


Thus, at the end of 1998, the price of butter was rising by approximately $0.54 per 
year. On the basis of this rate of change and the fact that the average price at the end of 
1998 was approximately p(8) = $2.96, we formulate the following approximations: 


@ During the following year (1999), the price increased by approximately $0.54 to a 
price of $3.50. 


1. Based on data from Statistical Abstract, 1992. 
2. Based on data from Statistical Abstract, 1998. 


5.1 Approximating Change 315 


@ During the first 6 months of 1999, the price increased by approximately 
+($0.54) = $0.27 toa price of $3.23. 


@ During the first quarter of 1999, the price increased by approximately } (0.54) = $0.14 
to a price of $3.10. 


Again, we used the rate of change of price to estimate the change in price. Compare 
these approximations, including those for time periods of 9 months and 2 years, to 
the actual values given by the model, which are listed in Table 5.1. 


TABLE 5.1 


end of 1998 Approximated price Price from equation value and approximation 


Note that the shorter the time period, the closer the approximated price is to the 
price given by the model. This is no coincidence, because over a short time period, 
the rate of change is more likely to be nearly constant than over a longer period of 
time. Rates of change can often be used to approximate changes in a function, and 
they generally give good approximations over small intervals. 

The justification for using rates of change to approximate changes in a function is 
best understood from a graphical point of view. We know that the rate of change of a 
function at a point is the slope of the line tangent to the graph of the function at that 
point. When we use the rate of change to make a prediction about the function, we 
are actually making a statement about what the tangent line will do and are assuming 
that the function will exhibit similar behavior. Indeed, over a small enough interval, 
the tangent line and function graph are very much alike. (Recall the local linearity 
discussion in Section 3.2.) Consider the model for butter prices from t = 8 through 
t = 9 and the line tangent to the graph at t = 8. These graphs are shown in Figure 5.1. 
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We used the slope of the line tangent to the graph of p at t = 8 to approximate values 
of p(t) at t = 10, t = 9, t = 8.75, t = 8.5, and t = 8.25. The approximate values that we 
found are actually output values on the line tangent to the graph of p at t = 8. Note in 
Figure 5.1 that the closer we are to t = 8, the closer the tangent line is to the graph of 
p. Similarly, the farther we move from t = 8, the more the tangent line deviates from 
the graph. This is generally true, and it is the reason we restrict ourselves to small 
intervals when using a rate of change to approximate change in a function. 
To summarize, consider the following statements: 
@ The change in a function from x to x + h can be approximated by the change in 
the line tangent to the graph of the function at x from x to x + h when hisa small 
number. 


@ The change in the tangent line from x to x + his 
(slope of the tangent line at x) - h 


The mathematical notation for the statement “the change in a function from x to 
x + his approximately the slope of the tangent line at x times h” is 


Fl Octal aaa Nee St Ae aca 
for small values of h. We illustrate this statement geometrically in Figure 5.2. 


y y=f() 








Slope ofthe f(x + h)-f(x) 
tangent line Si) h 
fa+h) 
e8 | Rise = f(x + h)- f(x) 
a x 
x xh 
FIGURE 5.2 
Phe : : : ar ih) ego 
Recall that the derivative of a function fis defined as lim imam) For small 
floc + h) = fix) , Ce eee 
values of h, “~~~ is a good approximation to f’(x). This concept is what 


motivated our numerical estimation of derivatives in Chapter 4. Multiplying both 


; + h) — flx 
sides of the expression Bee ~ f'(x) by h gives the formula for approximation 


of change: f(x ) — fo) =f" (x) h. 


Approximating Change 


The approximate change in fis the rate of change of f times a small change in 
x. That is, 


{Os Ah) = lx) = x) oh 


where h represents the small change in x. 





It follows from this formula for approximating change that we can approximate the 
function value f(x + h) by adding the approximate change to f(x). 


EXAMPLE 1 


EXAMPLE 2 
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Approximating the Result of Change 


When x changes by a small amount to x + h, the output of fat x + his 


approximately the value of f at x plus the approximate change in f. 


fea ny = feo T(x) 





It was this formula that we used to obtain the approximate price column in 
Table 5.1 in the butter price example. 


Population of California 


At the end of June 1997, the population of California’ was approximately 32,268,000 
people and was increasing at a rate of about 517,000 people per year. 


a. Estimate the change in the population of California during the third quarter of 
OTe 


b. Estimate the population of California at the end of 1997. 


c. What assumptions underlie these estimations? 


Solution 
a. Change in population ~ (517,000 people per year) (; year) 
= 129,250 people 
The population increased by approximately 129,250 people during the third 
quarter of 1997. 


population at end of approximate change 
June 1997 in population 

= 32,268,000 people + (517,000 people per year) (3 year) 

= 32,268,000 people + 258,500 people 

= 32,526,500 people 


b. Population at the end of 1997 ~ 


The population at the end of 1997 was approximately 32,526,500 people. 


c. In making these estimations, we assume that the growth rate remained essentially 
constant during the second half of 1997. 


were esersosesreseseseeee 


Temperature 


The temperature during and after a thunderstorm can be modeled by 
T(h) = 2.37h* — 5.163h? + 8.69h* — 9.87h + 78 degrees Fahrenheit 
where h is the number of hours since the storm began. 


a. Use the rate of change of T(h) at h = 0.25 to estimate by how much the tempera- 
ture changed between 15 and 20 minutes after the storm began. 


3. Based on data from Statistical Abstract, 1998. 
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b. Find the temperature and rate of change of temperature at h = 1.5 hours. 

c. Using only the answers to part b, estimate the temperature 1 hour and 40 minutes 
after the storm began. 

d. Sketch the graph of T from h = 0 to h = 1.75 with lines tangent to the graph at 
h = 0.25 and h = 1.5. On the basis of the graph, determine whether the answers 
to parts a and c are overestimates or underestimates of the temperature given by 
the model. 

Solution 

a. 1(0.25) = 9.48(0.25)? — 15,489(0.25)7 -F 17.38(0.25) = 9,87 

=~ -6.34°F per hour 
The change in the temperature between 15 and 20 minutes after the storm began 
is approximately (-6.34°F/hr) (4 hr) = -0.53°F. The temperature fell approxi- 
mately half a degree. 

bi 2(L.5) = 77.3°F and (1.5) 13.3°F per hour 

c. Note that 40 minutes = } hour. 


Temperature at | hour _ (temperature at) bee oe 
and 40 minutes 15 hours in temperature 


(1+ 2) = TCs) + T1(1.5)(2) 
T( + 3) 017 oo Fee(l3.o(F per hour)(z hour] 


77.3 Fo 2.2 EF 
= 795 F 
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FIGURE 5.3 





Because the tangent line at h = 0.25 hour is steeper than the graph is between 
h = 0.25 (15 minutes) and h ~ 0.33 (20 minutes), the approximate change in 
temperature overestimates the actual change (see Figure 5.3). Thus, using the 
approximate change to estimate the temperature at h ~ 0.33 gives a temperature 
that underestimates the temperature given by the model at h ~ 0.33. The tangent 
line at h = 1.5 is not as steep as the graph to the right of h = 1.5, so our 


TABLE 5.2 


“1990 





EXAMPLE 3 


Population 
(thousands) 


29,786 
30,413 
30,892 
31,183 
3H), 
31,558 
31,858 
32,268 
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temperature approximation for h = 1.67 is an underestimate of the temperature 
given by the model. 


POO tees eee ee seereeseeee 


You may be wondering why you would want to use a tangent line to estimate a 
function output value. Sometimes, as in Example 1, it is necessary because we do not 
have enough information available to develop a model. Other times, the tangent line 
approximation is used for short-term extrapolation. This is illustrated in Example 3. 


Population of California 

The population of California from 1990 through 1997 is shown in Table 5.2. Popula- 
tion figures are for July 1 of each year.‘ 

a. Use the last two data points given to estimate the population on July 1, 1998. 

b. Find a model for the data. Use it to estimate the population on July 1, 1998. 


c. Find the value of the model and the derivative of the model on July 1, 1997. Use 
these values to estimate the population on July 1, 1998. 


d. Discuss the assumptions one makes when using each estimation technique in 
parts a, b, and c. 

Solution 

a. The average rate of change between 1996 and 1997 is 


32,268 — 31,858 thousand people 
1 year 





= 410 thousand people per year 
Adding this value to the population on July 1, 1997, we obtain an estimate of the 
July 1, 1998, population: 
32,268,000 + 410,000 = 32,678,000 people 
b. The data can be modeled by 
P(t) = 12.447P — 151.294P + 805.345t + 29,775.015 thousand people 
t years after July 1, 1990. The model estimates the population on July 1, 1998, as 
P(8) ~ 32,908,000 people 
c. The derivative of P is 
P'(t) = 37.341t? — 302.588t + 805.345 thousand people per year 


t years after July 1, 1990. On July 1, 1997, the rate of change of the population was 
approximately 


P'(7) ~ 516.9 thousand people per year 
and the population according to the model was 32,268,000. Thus 
P(8) ~ P(7) + P(7) 
=~ 32,268,000 + 517,000 
= 32,785,000 people 


4. Statistical Abstract, 1998. 
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d. To estimate using only the last two data points (part a) is to assume that the aver- 
age rate of change in the population from July 1, 1997, through July 1, 1998, will 
be approximately the same as it was from July 1, 1996, through July 1, 1997. To 
estimate using only the model (part b) is to assume that future growth will con- 
tinue in the manner of the cubic model. To estimate using the derivative of the 
model (part c) is to assume that the rate of change on July 1, 1997, (as estimated 
by the model), is a good predictor of the change in the population during the fol- 
lowing year. 

All three of these estimates are valid. If it were July 1, 1997, and someone 
needed an estimate for the population a year later, that person might use any one 
of these or many other techniques to make the prediction. 


sewer reeesesecsseeee 


Marginal Analysis 


In economics, it is customary to refer to the rates of change of cost, revenue, and profit 
with respect to the number of units produced or sold as marginal cost, marginal rev- 
enue, and marginal profit. These rates are used to approximate actual change in cost, 
revenue, or profit when the number of units produced or sold is increased by one. The 
term marginal analysis is often applied to this type of approximation. 


Marginal Cost 


a. Suppose a manufacturer of toaster ovens currently produces 250 ovens per day 
with a total production cost of $12,000 and a marginal cost of $24 per oven. What 
information does the marginal cost value give the manufacturer? 


b. If C(x) is the cost to produce x toaster ovens, what is the notation for marginal cost? 


Solution 


a. The marginal cost is the rate of change of cost with respect to the number of units 
produced. It is the approximate increase in cost ($24) that will result if produc- 
tion is increased from 250 ovens per day to 251 ovens per day. 


b. The marginal cost is C’(x) or oe In this example, C’(250) = $24 per oven. 


eee ee eersssesesesssesee 


We know that profit = revenue — cost. If p(x), r(x), and c(x) are the profit, revenue, 
and cost associated with x units, then we have the relationship p(x) = r(x) — c(x). If 
we take the derivative of this expression, we have p'(x) = r'(x) — c'(x) or 


Marginal profit = marginal revenue — marginal cost 


From this equation, we see that if marginal profit is to be positive, so that increased 
sales will increase profit, then marginal revenue must be greater than marginal cost. 
Example 5 explores these relationships. 


Marginal Revenue 


A seafood restaurant has been keeping track of the price of its Monday night all-you- 
can-eat buffet and the corresponding number of nightly customers. These data are 
given in Table 5.3. 


5.1 Approximating Change 321 


TABLE 5.3 


Number of 
customers 


a. Find a model for the data, and convert it to a model for revenue. 


b. » If the cost to the restaurant is $4.50 per person regardless of the number of cus- 
tomers, find models for cost and profit. 





c. Find the marginal revenue, cost, and profit values for 50, 92, and 100 customers. 
Interpret the values in context. 
Solution 
a. A linear model for these buffet price data is 
B(x) = -0.078702x + 14.477879 dollars 


where x is the number of customers. Because revenue is equal to (price) (number 
of customers), the revenue is given by the equation 





R(x) = -0.078702x* + 14.477879x dollars 
where x is the number of customers. 
b. The cost model is c(x) = 4.5x dollars for x customers. The profit model is 


p(x) = R(x) — c(x) = -0.078702x* + 14.477879x — 4.5x 
= -0.078702x? + 9.977879x dollars 


where x is the number of customers. 
c. The derivatives of revenue, cost, and profit are, respectively, 


R'(x) = -0.157404x + 14.477879 dollars per customer 
c'(x) = $4.50 per customer 
p(x) =-0.157404x + 9.977879 dollars per customer 


where x is the number of customers. Evaluating the derivatives at 50, 92 and 100 
customers gives the marginal values shown in Table 5.4. 


TABLE 5.4 


Demand Marginal revenue Marginal cost Marginal profit 
(number of (dollars per (dollars per (dollars per 
customers) customer) customer) customer) 





What do these marginals tell us? If the buffet price is set on the basis of 50 
customers, then revenue is increasing by $6.61 per customer. Because this value is 
greater than marginal cost, we see a positive marginal profit. In other words, 
increasing the number of customers to 51 (by lowering the price) will increase 
nightly revenue by approximately $6.61 and nightly profit by $2.11. It would ben- 
efit the restaurant to increase the number of customers by lowering price. 

Similarly, we estimate that if the number of customers is increased from 92 to 
93, then revenue will not change significantly and profit will, therefore, decline. 
With 92 customers, stimulating sales by lowering the price will not benefit the 
restaurant. 
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Finally, note that when price is set so that the restaurant expects 100 cus- 
tomers, the marginal revenue and profit are negative. Increasing the number of 
customers (by decreasing price) to 101 will result in an approximate decrease in 
nightly revenue of $1.26 and a decrease of nightly profit of $5.76. That is clearly 


undesirable. 


eee eeeeeccsesseseeseree 


Knowing marginal cost, revenue, or profit can be a valuable tool when making 


business decisions. 





Concept 
Inventory 


@ Change in function ~ change in tangent line close 


to the point of tangency 


HEC PID = ieee anor 


@ f(x +h) ~ f(x) + f(x) + h for small values of h 
@ Marginal cost, marginal profit, marginal revenue 


Activities 


. If the humidity is currently 32% and is falling at a 
rate of 4 percentage points per hour, estimate the 
humidity 20 minutes from now. 


. If an airplane is flying 300 mph and is accelerating 
at a rate of 200 mph per hour, estimate the air- 
plane’s speed in 5 minutes. 


. If f(3) = 17 and f'(3) = 4.6, estimate f(3.5). 
. If g(7) = 4and g'(7) = -12.9, estimate g(7.25). 


. Interpret the following statements. 


a. At a production level of 500 units, marginal cost 
is $17 per unit. 


b. When weekly sales are 150 units, marginal profit 
is $4.75 per unit. 


. A fraternity currently realizes a profit of $400 sell- 
ing T-shirts at the opening baseball game of the sea- 
son. If its marginal profit is -$4 per shirt, what 
action should the fraternity consider taking to 
improve its profit? 


. A graph showing the annual premium for a one- 
million-dollar term life insurance policy as a func- 
tion of the age of the insured person is given in 
Figure 5.1.1. 
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Sketch a tangent line at 70 years of age, and use it to 
predict the premium for a 72-year-old person. 


. A graph showing world life expectancy’ as a func- 


tion of the number of decades since 1900 is given in 
Figures. 1e2: 


Life expectancy 
(years) 


70 
65 i 
60 
ss 


50 
45 ' Decades 


=" 2s 
5 6 7 8 9 19 ‘Since 1900 
(1950) (1990) 
FIGURE 5.1.2 








Sketch a tangent line at 1990, and use it to estimate 
the world life expectancy in 2000. 


. A graph of the population of Cleveland, Ohio,° as a 
function of the number of decades since 1900 is 
shown in Figure 5.1.3. 


5. Based on data in The True State of the Planet, ed. Ronald Bailey (New 


York: The Free Press for the Competitive Enterprise Institute, 1995). 


6. Based on data from U.S. Bureau of the Census. 
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a. Sketch a tangent line at 1990, and use it to esti- 
mate the population of Cleveland in 2000. 


b. The model graphed in Figure 5.1.3 is 


P(t) = 16,272t? — 349,625t? + 2,335,380t — 
4,057,270 people 
t decades after 1900. Note that the model applies 
for years after 1950. What does the model esti- 
mate as the population in 2000? 


c. Which estimate do you believe is the more valid 
one? Why? 

In 1987, because of concern that CFCs have a detri- 
mental effect on the stratospheric ozone layer, the 
Montreal Protocol calling for phasing out all chlo- 
rofluorocarbon (CFC) production was ratified. The 
graph in Figure 5.1.4 shows estimated releases of 
CFC-11, one of the two most prominent CFCs.’ 


Release of FIGURE 5.1.4 
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a. Sketch a tangent line at 1992, and use it to esti- 
mate CFC-11 releases in 1993. 


b. The model whose graph is shown in Figure 5.1.4 is 


CG) 610702 700.7992 315:994 
million kilograms of CFC-11 


where x is the number of years since 1988. What 
estimate does the model give for CFC-11 releases 
in 1993? 


ae 7. Based on data in The True State of the Planet, 1995. 
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c. The actual amount of CFCs released into the 
atmosphere in 1993 was 149 million kilograms. 
Which estimate is the more accurate one? 


11. The population of South Carolina between 1790 
and 1990 can be modeled® by 


Population = 0.07767x? — 227.8377x + 
248,720.649 thousand people in year x 

a. Find the rate of change of the population of 
South Carolina in 1990. 

b. On the basis of your answer to part a, approxi- 
mate how much the population changed between 
1990 and 1992. 

c. Write an explanation of the procedure you used 
to find the approximate change in the popula- 
tion between 1990 and 1992. 


12. A pizza parlor has been lowering the price of a large 
one-topping pizza to promote sales. The average 
revenues from the sale of large one-topping pizzas 
on a Friday night (5 p.m. to midnight) are given in 
dable'5:5: 


TABLE 5.5 


Price | 925 | 1050 | 11.75 | 13.00 | 14.25 
(dollars) 
Revenue | | 502.50 | 1228.50 |1210.25 |1131.00 | 1054.50 
(dollars) 


a. Find a model for the data. 

b. Find and interpret the rate of change of revenue 
at a price of $9.25. 

c. Approximate the change in revenue if the price is 
increased from $9.25 to $10.25. 

d. Find and interpret the rate of change of revenue 
at a price of $11.50. 

e. Approximate the change in revenue if the price is 
increased from $11.50 to $12.50. 

f. Explain why the approximate change is an over- 
estimate of the change from $9.25 to $10.25 but 
an underestimate of the change from $11.50 to 
$12.50. 


13. The population of Mexico between 1921 and 1990 
can be modeled? by 


P(t) = 12.921e°67* million people 






where ft is the number of years since 1921. 


8. Based on data from South Carolina Statistical Abstract, 1994. 

9. SPP and INEGI, Mexican Censuses of Population 1921 through 
1990 as reported in Pick and Butler, The Mexico Handbook (Boul- 
der, CO: Westview Press, 1994). 
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a. How rapidly was the population growing in 
1985? 


b. On the basis of your answer to part a, determine 
by approximately how much the population of 
Mexico should have increased between 1985 and 
1986. 


Suppose the graph in Figure 5.1.5 shows your grade 
out of 100 points as a function of the time that you 
spend studying. 


FIGURE 5.1.5 
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The equation for this graph is 
G(t) = -0.044#? + 0.9187? + 38.001 points 


where fis the number of hours spent studying. 
a. Confirm the following assertions: 


i. After 11 hours of study, the slope is 4.2 points 
per hour, and the grade is 90.5 points. 
ii. The grade after 12 hours of study is 94.2 points. 
b. Use the information in the first part of a to esti- 
mate the grade after 12 hours. Is this an overesti- 
mate or an underestimate of the grade given, by 
the model? Explain why. 


A model'® for the percentage of households with 


TVs that also have VCRs is 

p(x) = 40.818 + 17.388 In x percent 
where x is the number of years since 1985. This 
model applies for the years 1990 through 1996. 


a. How rapidly was the percentage of households 
with TVs and VCRs growing in 1995? 


b. On the basis of the rate of change in 1995, what 
approximate increase would you expect between 
1995 and 1996? 


c. On the basis of the equation, what was the actual 
increase between 1995 and 1996? 


LG; 
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d. According to the 1998 Statistical Abstract, the 
actual percentages for 1995 and 1996 were 
81.0% and 82.2%, respectively. What was the 
actual 1995 through 1996 increase? 

e. Compare the increases given by the derivative in 
part b, by the model in part c, and by the data in 
part d. Which of the three answers is most accu- 
rate? Explain. 


Production costs for various hourly production lev- 
els of television sets are given in Table 5.6. 


TABLE 5.6 


a. Find a model for the data. 


b. Find and interpret marginal cost at production 
levels of 5, 20, and 30 units. 


c. Find the cost to produce the 6th unit, the 21st 
unit, and the 31st unit. 


d. Why is the cost less than the marginal cost to 
produce the 6th unit but greater than the mar- 
~ginal cost to produce the 21st and 31st units? 


e. Find a model for average cost. 


f, Find and interpret the rate-of change of average 
cost at production levels of 5, 20, and 30 units. 


A concession stand owner finds that if he prices hot 
dogs so as to sell a certain number at each sporting 
event, then the corresponding revenues are those 
given in Table 5.7. 


a. Find a model for the data. 
b. Each hot dog costs the owner of the concession 
stand $0.50. Use this fact and the model from 


part a to write models for cost and profit. 
Assume there are no fixed costs. 


c. Find marginal revenue, cost, and profit for sales 
levels of 200, 800, 1100, and 1400 hot dogs. 
Interpret your answers. 


ah } (A } 4 ) 
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d. Graph revenue, profit, and cost for sales values a. Find a model for the data. 
between 200 and 1400 hot dogs. How are the 


; b. If 1000 balls are currently being produced each 
marginal values in part c related to the graphs? 


hour, find and interpret the marginal cost. 








TABLE 5.7 c. Repeat part b for 300 golf balls and for 2100 golf 
balls. 
Niubet of peveude d. Convert the model in part a to one for average 
hot dogs sold (dollars) ae 





a a 
a0 [0 
W'S) 


e. Find and interpret the rate of change of average 
cost for production levels of 300 and 1700 golf 
balls. 


{000 1000 
1200 1020 


18. A golf ball manufacturer knows that the cost associ- 
ated with various hourly production levels are as 
shown in Table 5.8. 


19. Rise in consumer prices is often used as a measure 
of inflation rate. Table 5.9 shows the CPI'! during 
the 1980s for several different countries. 

a. Find the best models for the data for the United 
States, Canada, Peru, and Brazil. 





b. How rapidly were consumer prices rising in each 
of those four countries in 1987? 


c. On the basis of your answers to part b, what 
TABLE 5.8 would you expect the CPI to have been in the 


four countries in 1988? 


Balls produced item inicas : : ; : 
Brcchaie coe 20. The distribution of wealth is an important issue in 


(hundreds) (dollars) our society today. The percentages’ of all wealth 
held by the poorest fifth of the U.S. population in 
selected years from 1947 through 1997 are shown in 
Table 5.10. 


TABLE 5.10 


* Estimate 








TABLE 5.9 


ees rane a La Oe ee 
Puntedstates | 100 | 104 | 1172 | 09 | 1261 | vos | waar | 1379 | 
Prem | 00 arse | assaf ooo | veo [sara soo t50 | 


11. International Marketing Data and Statistics, 1988/89. 
12. Statistical Abstract, 1998. 
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a. Find a model for the data. Why did you choose 
this model? 

b. What percentage of all wealth should the poorest 
fifth of Americans have in 2007 according to 
your model? Is this reasonable? 

c. Estimate how rapidly the percentage of wealth 
held by the poorest fifth of Americans was 
changing in 1967. 

d. Use the derivative to approximate the change in 
percentage of wealth between 1957 and 1958. 


Three hundred dollars is invested in an account that 
compounds 6.5% APR monthly. 


a. Find an equation for the balance in the account 
after t years. 


b. Rewrite the equation in part a to be of the form 
A= Pb. 
c. How much is in the account after 2 years? 


d. How rapidly is the value of the account growing 
after 2 years? 

e. Use the answer in part d to approximate how 
much the value of the account changes during 
the first quarter of the third year. 


The amount in an investment after t years is given by 


A(t) = 120,000(1.12682503') dollars 
a. Give the rate-of-change formula for the amount. 
b. Find the rate of change of the amount after 10 
years. Write a sentence interpreting the answer. 
c. On the basis of your answer to part b, determine 
by approximately how much the investment will 
grow during the first half of the 11th year. 
d. Find the percentage rate of change after 10 years. 
Given that A is exponential, what is the signifi- 
cance of your answer? 


A car dealership keeps track of how much it spends 
on advertising each month and of its monthly 


24. 
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revenue. From this information, the list of advertis- 
ing expenditures and probable associated revenues 
shown in Table 5.11 was compiled. 


TABLE 5.11 





a. Find a model for the data. 


b. Find and interpret the rate of change of revenue 
both as a rate of change and as an approximate 
change when $10,000 is spent on advertising. 


c. Repeat part b for $18,000. 


Write a brief essay that explains why, when rates of 
change are used to approximate change in a func- 
tion, approximations over shorter time intervals 
generally give better answers than approximations 
over longer time intervals. Include graphical illus- 
trations in your discussion. 


Write a brief essay that explains why, when rates of 
change are used to approximate the change in a 
concave-up portion of a function, the approxi- 
mation is an underestimate and when rates of 
change are used to approximate change in a con- 
cave-down portion of a function, the approxima- 
tion is an overestimate. Include graphical illustra- 
tions in your discussion. 


Relative and Absolute Extreme Points 


In this section, we turn our attention to finding high points (maxima) and low points 
(minima) on the graph of a function. Points at which maximum or minimum out- 
puts occur are called extreme points, and the process of optimization involves tech- 
niques for finding them. Maxima and minima often can be found using derivatives, 
and they have important applications to the world in which we live. 


P(x) 
Population 
(thousands) 


3800 
SHS) 
3750 
3725 
3700 
3675 
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We begin by examining a model for the population of Kentucky"? from 1980 
through 1993: 


Population = p(x) = 0.395x* — 6.674x* + 30.257x + 3661.147 thousand people 


where x is the number of years since the end of 1980. 

It is evident from the graph in Figure 5.4 
that between 1980 and 1993, the popu- 
lation indicated by the model was small- 
est in 1980 (3661 thousand people) and 
greatest in 1993 (3794 thousand peo- 
ple). However, there are two other 
points of interest on the graph. Some- 
time near 1983, the population reached 
a peak. We call the peak a relative (or 
local) maximum. It does not represent 
the highest overall point, but it is a point 





3650 = 
l 


FIGURE 5.4 


{$$ $+ to which the population rises and after 
6 7 8 9 10 11 12 13 SINCE Which it declines. Similarly, near 1988, 
the population reached a relative (or 
local) minimum. There are lower points on the graph, but in the region around this 
relative minimum, the population decreases and then increases as time increases. 

It should be intuitively clear from the discussions in Chapter 3 that at a point 
where the graph of a smooth, continuous function reaches a relative maximum or 
minimum, the tangent line is horizontal and the slope is 0. We can consider this 
important link between such a function and its derivative in more detail by examin- 
ing the relationship between the Kentucky population function and its slope graph. 
Horizontal tangent lines on the population function graph correspond to the points 
at which the slope graph crosses the horizontal axis. Figure 5.5 shows the graphs of 
the population function and its derivative. 

Note that near x = 3, the slope graph crosses the x-axis. This is the x-value for 
which p(x) is a local maximum. Likewise, the slope graph crosses the x-axis at the x- 
value near 8 for which p(x) is a local minimum. The connection between the graphi- 
cal and symbolic views of this situation is a key feature of optimization techniques. 


Finding where the slope graph of a function crosses or touches the input axis 


is the same as finding where the derivative of the function is zero. 





The derivative of the population function is 


ap = 1.185x° — 13.348x + 30.257 thousand people per year 

where x is the number of years since 1980. Setting this expression equal to zero and 
solving for x results in two solutions: x ~ 3.14 and x ~ 8.12. This information, 
together with the graph of p shown in Figure 5.5, tells us that, according to the model, 
the population peaked in early 1984 at approximately p(3.14) = 3703 thousand peo- 
ple. We also conclude that the population declined to a local minimum in early 1989. 
The population at that time was approximately p(8.12) = 3678 thousand people. 


13. Based on data from Statistical Abstract, 1994. 
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p(x) 
Population 
(thousands) 


3800 | 


3S) 5p 


Function 














p(x) 
(thousands of 
people per year) 


Derivative 











Recall the statement at the beginning of this discussion: “It is evident from the 
graph in Figure 5.4 that the population from 1980 through 1993 was smallest in 1980 
(3661 thousand people).” We call this output of the population function an absolute 
minimum and refer to 3661 thousand people as the approximate minimum value. 
Also, because the 1993 population (3794 thousand people) is more than the popula- 
tion at the local maximum (3703 thousand people), the absolute maximum occurs 
in 1993. The maximum value of the population function is approximately 3794 
thousand people. A function can have several different local maxima (or minima) in 
a given interval. However there can be only one absolute maximum value and one 
absolute minimum value for that interval. Any absolute maximum (or minimum) in 
the given interval occurs either at a local maximum (or minimum) or at a point cor- 
responding to an endpoint of the given input interval. 

It is important to notice that relative extrema do not occur at the endpoints of an 
interval. A relative maximum is an output value that is larger than all other output 
values in some interval around the maximum. Similarly, a relative minimum is an 


output value that is smaller than all other output values in some interval around the 
minimum. 


Baggage Complaints 
The number of consumer complaints about baggage" on U.S. airlines between 1989 
and 1997 can be modeled by the function 
B(x) = 41.018x? — 1166.514x + 8838.325 complaints 
where x is the number of years after 1980. 


14. Based on data from Statistical Abstract, 1998, 
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Consider the function out of its modeling coniext. Find the absolute maximum 
and the absolute minimum of B on the interval 9 = x = 17. 


Find the year between 1989 and 1997 in which the number of baggage com- 
plaints was greatest and the year in which it was least. 


Graph the function and its derivative. On each graph, clearly mark the input 
value that corresponds to the absolute minimum found in part a. 


Solution 


a. 


Because the graph of B is a concave-up parabola, we know that the minimum 
occurs where the derivative is zero. As long as the minimum occurs in the interval 
9 =x = 17, it is the absolute minimum we seek. Thus we set the derivative equal 
to zero and solve for x: 


B(x) = 82.036x — 1166.514 = 0 
eo AD 


The value of B at x ~ 14.2 is approximately 544.7. 

To find the absolute maximum, we also must determine the value of B at the 
endpoints of the given interval: B(9) ~ 1662.2 and B(17) ~ 861.8. From our 
knowledge of the general shape of the graph of B and from these calculations, we 
conclude that the absolute maximum of B is approximately 1662.2 and occurs at 
the left endpoint when x = 9 and that the absolute minimum of B is approxi- 
mately 544.7 and occurs at x ~ 14.2. 


The left endpoint of the interval corresponds to 1989, so the number of baggage 
complaints was greatest in 1989 when there were approximately 1662 complaints. 
Because the model gives yearly complaint totals, it must be interpreted discretely. 
Thus the minimum number of complaints occurred in either 1994 (x = 14) or 
1995 (x = 15). Checking the value of the function in each of these years, we find 
that the least number of complaints was approximately 547 in 1994. 
















B(x) 
Complaints 
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Function 
540 1 Input of x 
| absolute minimum 
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We see in Figure 5.6 that a relative minimum on the function graph corresponds 
to the point at which the derivative graph crosses the x-axis. 


se ecererereseseceseseee 


We have just seen how derivatives can be used to locate relative maxima and min- 
ima. You should use caution, however, and not automatically assume that just because 
the derivative is zero at a point, there is a relative maximum or relative minimum at 
that point. This is evident from the graphs in Figures 5.7c and 5.7d. 








4 


(a) 
Relative maximum: 
To the left of input a, siopes are positive, 


and to the right of a, slopes are negative. 


i 





(c) 
Inflection point: 
Slopes are positive to the left 
and right of input a. 








—+ 
(b) 
Relative minimum: 
To the left of input a, slopes are negative, 
and to the right of a, slopes are positive. 








(d) 
Inflection point: 
Slopes are negative to the left 
and right of input a. 


FIGURE 5.7 


When there is a horizontal tangent line on the graph of a function (that is, when the 
derivative of the function is zero), one of the four situations depicted in Figure 5.7 


occurs. It is therefore important that you graph the function when using derivatives 
to locate extreme points. 


Always begin the process of finding extreme points by graphing the function 


to see whether there are any relative maxima or minima before proceeding to 
work with derivatives. 





Let us further investigate the graph shown in Figure 5.7d. Figure 5.8 shows the 
graph of the function that appears in Figure 5.7d and its slope (derivative) graph. If 
you carefully examine the slope graph, you see that it touches the x-axis but does 
not cross it. Thus f does not have a relative maximum or minimum at a. You may 
notice that the derivative graph reaches its maximum at a as it touches the 
x-axis. Do not confuse maxima and minima on the derivative graph with maxima 
and minima of the original function. In Section 5.4, we will see that maxima and 


minima of the derivative graph have other important interpretations in terms of the 
original function. 
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Derivative By 


Q 


Jf'(@ = 0 but the graph of f has no 
FIGURE 5.8 relative maximum or minimum at a. 


EXAMPLE 2 Cable Company Revenue 


Acme Cable Company actively promoted sales in a town that previously had no cable 
service. Once Acme saturated the market, it introduced a new 50-channel system and 
raised rates. As the company began to offer its expanded system, a different company, 
Bigtime Cable, began offering satellite service with more channels than Acme and at 
a lower price. A model for Acme’s revenue for the 26 weeks after it began its sales 
campaign follows, and the graph of the model is shown in Figure 5.9. 





R(x) = -3x* + 160x*? — 3000x* + 24,000x dollars 


where x is the number of weeks since Acme began sales. 


R(x) 
Revenue 
(dollars) 


80,000 + 
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40,000 | 
30,000 
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Q +——+—+—1__+—+_+—__+—_ +—_+—_+—+_+—+_+—+_+—+_+—_+— 
FIGURE 5.9 OR Zs Sa Ones Suman) Nel Dae AS Gee. 20 221249 26 





x 
Weeks 





332 


CHAPTER 5 


Analyzing Change: Applications of Derivatives 


Determine when Acme’s revenue was greatest during this 26-week interval. 


Solution We know that revenue is greatest at the absolute maximum. An examina- 
tion of the graph of R locates this point near 20 weeks. Solving the equation 


R'(x) = -12x? + 480x” — 6000x + 24,000 = 0 


gives two solutions, x = 10 weeks and x = 20 weeks. Revenue is greatest at 20 weeks, 
with a value of R(20) = $80,000. This appears to correspond to the time immediately 
prior to when Bigtime Cable’s sales began negatively affecting the Acme company. 

The fact that the rate-of-change equation is zero at two places indicates that there 
are two places on the graph with horizontal tangent lines. Indeed, at x = 10 weeks, 
the line tangent to the curve is horizontal because the curve has leveled off. This cor- 
responds to the time when Acme had saturated the market. However, no local maxi- 
mum occurs at this point, because the slope graph only touches—it does not cross— 
the input axis at x = 10. Note the relationships between the rate-of-change graph and 
the revenue graph shown in Figure 5.10 and how they connect to the slope descrip- 
tions given in Figure 5.7. 
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FIGURE 5.10 


The maximum occurs where the derivative graph crosses the x-axis. The leveling-off 
point occurs where the derivative touches, but does not cross, the x-axis ‘ 
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What if we do not have a specified input interval and are asked to find the 
absolute extrema? Let us consider the function in Example 2 apart from its context 
and determine the absolute extrema of the function R(x) = -3x* + 160x*? — 
3000x* + 24,000x over all real number inputs. A careful numerical investigation 
indicates that jim, R(x) — -©; that is, the graph continues to decrease infinitely in 


both directions. Thus there is no absolute minimum. We know that the absolute 
maximum is the relative maximum because of the end behavior of the function. 
Therefore, the greatest output value is 80,000 at x = 20. This value is the absolute 
maximum of the function over all real number inputs. 

Is it true for every continuous function that relative maxima and minima occur 
only where the derivative crosses the input axis? Although this seems to be the case 
for most of the functions we use, consider the piecewise continuous function 
describing the average concentration (in nanograms per milliliter) of a 360-mg dose 
of a blood pressure drug in a patient’s blood during the 24 hours after the drug is 
given: 


-16.07143h + 540.71430 ng/mL when 10 <h < 24 


where h is the number of hours since the drug was given. 

By calculating the left and right limits as h approaches 10 and comparing them to 
the function value at h = 10, we determine that C is continuous for all input values 
between 0 and 24. The two portions of the function join at the peak shown in Figure 
Spllll. 

It is evident from the graph that the highest concentration of the drug occurs 10 
hours after the patient receives the initial dose. Thus C(10) = 380 ng/ml is the maxi- 
mum concentration. However, is C’(10) = 0? Does the slope graph for C cross the 
horizontal axis at h = 10? The slope at h = 10 exists only if the graph is smooth— 
that is, only if the slopes of the two portions of the graph of C are the same at h = 10. 
The slope of the graph on the left is zero at h = 10, but the slope of the graph on the 
right is -16.07143 at all points. These differing slopes cause the sharp point on the 
graph of C, resulting in a graph that is continuous but not smooth at h = 10. Thus 
C"(10) does not exist. There is no line tangent to the graph of C at h = 10. That 
C’(10) does not exist is illustrated in the graph of C’ shown in Figure 5.12. 


C'(h) 
(ng/mL/hr) 
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FIGURE 5.12 


It is therefore possible for an extreme point to occur where the derivative of the func- 
tion does not exist as long as the function has a value at that point. 
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Y Our conclusion concerning the maximum drug concentration would have been 
the same if the function had not been continuous at h = 0, as long as the point with 


the greatest output occurred at h = 0. For example, consider Figure B13: ; 
The absolute minimum occurs at x = 4, although the function 1s not continuous 





ae there. There is no absolute maximum of this function, because the point that corre- 
sponds to x = 2 is missing. An absolute extreme value cannot occur at an input for 
— ri Beds, By which the function is not defined. 
l 2. 4 5 The results of these investigations are summarized in the following statements: 


FIGURE 5.13 


Conditions When Extreme Points Exist 


1. Ifa function has a relative maximum or relative minimum at an input 
value c, then either f(c) = 0 or f'(c) does not exist but f(c) does exist. 


. If f'(c) = 0 and the derivative crosses (not just touches) the input axis at c, 


then a relative maximum or relative minimum exists at c. 

- An absolute maximum or absolute minimum occurs either at a relative 
maximum or relative minimum or at a point whose input is an endpoint 
of a specified interval. 





In order to help you be organized as you practice the concepts presented in this 
section, we conclude by outlining the steps for finding relative and absolute extrema. 


Finding Extrema 
To find the relative maxima and minima of a function f, 


Step 1: Determine the input values for which f’ = 0 or f’ is undefined. 


Step 2: Examine a graph of f to determine which input values found in Step 1 
correspond to relative maxima or relative minima. 


To find the absolute maximum and minimum of a function f on an interval 
from a to b, 


Step 1: Find all relative extrema of fin the interval. 


Step 2: Compare the relative extreme values in the interval with f(a) and f(b), 
the output values at the endpoints of the interval. The largest of these 


values is the absolute maximum, and the smallest of these values is 
the absolute minimum. 


To find the absolute maximum and minimum of a continuous function f 
without a specified input interval, 


Step 1: Find all relative extrema of f. 


Step 2: Determine the end behavior of the function in both directions in 
order to consider a complete view of the function. The absolute 
extrema either do not exist or are among the relative extrema. 








Concept 
Inventory 


Relative (local) maximum 
Relative (local) minimum 
Absolute maximum 


An extreme point occurs at an input value 
The extreme value is an output value 


® 
© 
@ 
@ Absolute minimum 
@ 
@ 
@ Conditions under which extreme points exist 





Activities 


1. Which of the six basic models discussed thus 
far in this book could have relative maxima or 
minima? 


2. Discuss in detail all of the options you have avail- 
able for finding the relative maxima and relative 
minima of a function. 


In Activities 3 through 9, mark the location of all rela- 
tive maxima and minima with an X and all absolute 
maxima and minima with an O. For each extreme point 
that is not an endpoint, indicate whether the derivative 
at that point is zero or does not exist. 
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10. 


iil. 








y By 
——— Xx xX 
y 
Xx 
Sketch the graph of a function with a relative mini- 


mum at a point at which the derivative does not 
exist. 


Sketch a graph of a function whose derivative is 
zero at a point but that does not have a relative 
maximum or minimum at that point. 


Identify for which of the graphs a through d all of 
the following statements are true. For the other 
graphs, identify which statements are not true. 
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13. Identify for which of the graphs a through d all of 
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the following statements are true. For the other 
graphs, identify which statements are not true. 


fe) Ome torix 2 
f(x) >0 forx<2 
f(x) =0 forx=2 
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Consider the function f(x) = -0.6x? + 4.2x + 12.8. 


a. Find the highest and lowest points of the func- 


tion between x = 0 and x = 8. 
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b. Graph the function and its derivative. Indicate 
the relationship between the highest point on 
the function and the corresponding point on the 
derivative. 


Consider the function 
g(x) = 0.04x* — 0.88x° + 4.81x + 12.11 


a. Find the relative maximum and relative mini- 
mum of g. 

b. Find the absolute maximum and the absolute 
minimum of g between x = 0 and x = 14.5. 


c. Graph the function and its derivative. Indicate 
the relationship between the relative maximum 
and minimum of g and the corresponding 
points on the derivative. 


The U.S. Bureau of the Census’ prediction for the 
percentage of the population 65 to 74 years old 
from 2000 through 2050 can be modeled”” by 


ple) = 1619-10") (16757 105 ca 
0.050x* — 0.308x + 6.693 percent 


where x is the number of years after 2000. Find the 
absolute maximum and the absolute minimum 
percentages between 2000 and 2050. Give the years 
and the corresponding percentages. 


The percentage of southern Australian grasshopper 
eggs that hatch as a function of temperature (for 
temperatures between 7°C and 25°C) can be mod- 
eled'® by 


P(t) = -0.00645¢* + 0.4881? — 12.9917? + 
136.560t — 395.154 percent 


where t is the temperature in °C. 


a. Find the temperature between 7°C and 25°C 
that corresponds to the greatest percentage of 
eggs hatching. 


b. Use the equation °F = 3(°C) + 32 to convert 
your answer to °F. 


Lake Tahoe lies on the California/Nevada border, 
and its level is regulated by a 17-gate concrete dam 
at the lake’s outlet. By Federal Court decree, the lake 
level must never be higher than 6229.1 feet above 
sea level. The lake level is monitored every midnight. 


15. Based on data from Statistical Abstract, 1998. 
16. Based on information in George L. Clarke, Elements of Ecology 


(New York: Wiley, 1954), p. 170. 


On the basis of this lake level data,!’ the level of the 


lake from October 1, 1995, through July 31, 1996, 
can be modeled by 


Cd) (5:945°107 \a2 Se (2°543°10-*)d? = 
0.0192d + 6226.192 feet above sea level 
d days after September 30, 1995 


According to the model, did the lake remain below 
the federally mandated level between October ib, 
1995, and July 31, 1996? 


23. The gender ratio'® for the United States between 
1900 and 1990 can be modeled by the equation 


m(x) = (5.556-10°)x? — 0.00736x2 + 0.1029x + 
104.955 males per 100 females 


x years after 1900. 


a. Find the absolute extreme points of m. Consider 
the function out of its modeling context. 


b. Find when between 1900 and 1990 the gender 
ratio was greatest and when it was least according 
to the model, and give the corresponding ratios. 


c. Graph m and its derivative between 1900 and 
2000. Label the points on each graph that corre- 
spond to the absolute extrema of m found in 
part a. 


24. The amount of fish produced for human food by 
fisheries in the United States from 1970 through 
1996 can be modeled” by 


22.204 — 108.431t 

+ 2538.603 million Ib 
53.398f — 1400.814t 

+ 12,363.733 million lb 
-248.6t + 13,913.7 million lb when 23 S t S 26 


when 0 = t < 10 


F(t) = when 10 < t < 23 


where t is the number of years since 1970. 


a. Determine all relative and absolute extrema of F 
between t = 0 and t = 26. Consider the function 
out of its modeling context. 


b. F must be interpreted discretely because it gives 
yearly totals. With this restriction in mind, deter- 
mine when production was greatest and when it 
was least from 1970 through 1996. 


25. The flow rate (in cubic feet per second, cfs) of a 
river in the 24 hours after the beginning of a severe 
thunderstorm can be modeled by 


17. From the Federal Watermaster, U.S. Department of the Interior. 
18. Based on data from U.S. Bureau of the Census. 
“19. Based on data from Statistical Abstract, 1998. 
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-0.865h° + 12.045h7 — when 


Ch = 8.952h -- 123.02 cts OSes 10 
-16.643h + 539.429 cfs when 
lO 4 


where fh is the number of hours after the storm 
began. 


a. What were the flow rates for h = 0 and h = 24? 
b. Determine the absolute maximum and mini- 
mum flow rates between h = 0 and h = 24. 


26. The average price (per 1000 cubic feet) of natural 
gas for residential use” from 1980 through 1997 is 
modeled by the equation 


p(x) = 0.004265x? — 0.11816x2 + 
0.9674x + 3.681 dollars 
where x is the number of years since 1980. 


a. Graph the function p, and find the relative max- 
imum and the relative minimum. Consider the 
function out of its modeling context. 


b. Graph the derivative of p, and find the x-inter- 
cepts of the derivative. Interpret your answers. 


c. When (according to the model) was natural gas 
the most and least expensive between 1980 and 
L997¢ 


d. Repeat part c for the interval 1984 through 1994. 
27. Swimming World (August 1992) lists the time in 
seconds that an average athlete takes to swim 


100 meters free style at age x years. The data are 
given in Table 5.12. 


TABLE 5.12 


Age x Time Age x 
arin (seconds) Yee 








Time 
(seconds) 








16 


aaa 
aaa 
ite 
ao 





a. Find the best model for the data. 


20. Based on data from Statistical Abstract, 1998. 
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b. Using the model, find the age at which the mini- 
mum swim time occurs. Also find the minimum 
swim time. 

c. Compare the table values with the values in 
part b. 


28. Table 5.13 lists the number of live births?! in the 


Y. 


Zils 


United States between the years 1950 and 1995 to 
women 45 years of age and older. 
TABLE 5.13 


Eee 
Year of births Year of births 


a. Use the data values to estimate when the number 
of births was greatest. 












b. Use the data values to estimate when the number 
of births was least. 


c. Find a model for the data, and use the equation 
to answer parts a and b. (The model must be dis- 
cretely interpreted because it describes yearly 
totals.) 


d. How do the model answers differ from the table 
values? Which estimates do you believe are more 
accurate? 


Consumer expenditure and revenue are terms for the 
same thing from two perspectives. Consumer 
expenditure is the amount of money that con- 
sumers spend on a product, and revenue is the 
amount of money that businesses take in by selling 
the product. A street vendor constructs Table 5.14 
on the basis of sales data. 


a. Find a model for quantity sold. 


b. Convert the equation in part a to an equation for 
consumer expenditure. 


c. What price should the street vendor charge to 
maximize consumer expenditure? 


d. If each dozen roses costs $6, what price should 
the street vendor charge to maximize profit? 


The 1998 Information Please Almanac (Boston: Houghton 
Mifflin). 
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e. Why do the derivatives of the revenue and profit 
equations in this activity not give marginal rev- 
enue and marginal profit? 


TABLE 5.14 





An apartment complex has an exercise room and 
sauna, and tenants will be charged a yearly fee for 
the use of these facilities. A survey of tenants results 
in the demand/price data shown in Table 5.15. 


TABLE 5.15 





a. Find a model for price as a function of demand. 


b. On the basis of the price model, give the equa- 
tion for revenue. 


c. Find the maximum point on the revenue model. 
What price and what demand give the highest 
revenue? What is the marginal revenue at the 
maximum point? 


The yearly amount of garbage (in millions of tons) 
taken to a landfill outside a city during selected 
years from 1975 through 2005 is given in Table 5.16. 


a. Find a model for the data. 
b. Give the slope formula for the model. 


c. How rapidly was the amount of garbage taken to 
the landfill increasing in 2005? 


d. Graph the derivative of your model, and deter- 
mine whether your model has a relative maxi- 


mum and/or minimum. Explain how you 
reached your conclusion. 


a2. 
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TABLE 5.16 





A company analyzes the production costs for one of 
its products and determines the hourly operating 
costs when x units are produced each hour. The 
results are given in Table 5.17. 

TABLE 5.17 


(units per hour) (dollars) 
as anes od 070208 


a. Find a model for hourly cost in terms of produc- 
tion level. 

b. Find and interpret the marginal cost when 40 
units are produced. 

c. On the basis of the model in part a, what is the 


equation for the average hourly cost per unit 
when x units are produced each hour? 













d. Find the production level that minimizes aver- 
age hourly cost. Give the average hourly cost and 
total cost at that level. 


Table 5.18 gives the amount spent on national 
defense” in billions of dollars (measured in con- 


stant 1987 dollars). 
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TABLE 5.18 


toe | eee at | 
Year (billions of dollars) 


a. Find a model for the data. 



















b. Give the slope formula for the model. 


c. Find the relative maximum and relative mini- 
mum points of the function in part a. Consider 
the function out of its modeling context. 


d. A model for defense spending must be discretely 
interpreted because it provides yearly totals. With 
this restriction in mind, determine when, accord- 
ing to the model, defense spending was greatest 
and when it was least between 1970 and 1990. 


e. If you found the answers to part c by using a 
graphing calculator or computer, discuss how 
you could find the answers without using that 
technology. 


34. Table 5.19 gives the yearly emissions” in millions of 


metric tons of nitrogen oxides, NO,, in the United 
States from 1940 through 1990. 


TABLE 5.19 


NO, 
Year (millions of metric tons) 






22. Statistical Abstract, 1994. 
23. Statistical Abstract, 1992. 
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a. Find a model for the data. 
b. Give the slope formula for the model. 


c. Determine the year in which emissions of NO, 
were greatest between 1940 and 1990. What was 
the amount of emissions that year? (The model 
must be discretely interpreted. ) 


d. In 1994, NO, emissions were 21.5 million metric 
tons. What does this information indicate about 
the accuracy of the model in part a for extrapo- 
lation? What does this information indicate 
about the accuracy of your answer to part c? 


Imagine that you have been hired as director of a 
performing arts center for a mid-sized community. 
The community orchestra gives monthly concerts 
in the 400-seat auditorium. To promote attendance, 
the former director lowered the ticket price every 2 
months. The ticket prices and corresponding aver- 
age attendances are given in Table 5.20. 


TABLE 5.20 





a. Find quadratic and exponential models for the 
data. Which model better reflects the probable 
attendance beyond a $35 ticket price? Explain. 

b. On the basis of the model that you believe is 
more appropriate, give the equation for revenue. 

c. Find the maximum revenue and the correspond- 
ing ticket price and average attendance. 

d. What other things besides the maximum rev- 
enue should you consider in setting price? 






36. 


Refer to the Kentucky population model given at 

the beginning of this section. 

a. Graph the equation given in the text along with 
the data in Table 5.21. Align the input data as 
the number of years since 1980. How does the 
behavior of the graph of the model between 
1993 and 1997 compare with the behavior of the 
scatter plot of the data? 


TABLE 5.21 





He 











Kentucky population Kentucky population 
(thousands) Year (thousands) 


b. Find a model for the data in Table 5.21. Use it 
to write a piecewise continuous function for 
the population of Kentucky between 1980 and 
1997; 


c. Graph the piecewise continuous model in part b 
and its derivative. 


d. Find all relative extrema of the population 
model from 1980 through 1997 and the absolute 
maximum and absolute minimum of the popu- 
lation model during that time. 


e. Find the most recent population value available 
for Kentucky. Does this value follow the trend 
indicated by the model in part b? 


. If they exist, find the absolute maxima and absolute 


minima of y = (2 — 3x + x?)(3.5 + x)? over all real 
number inputs. If an absolute maxima or absolute 
minima does not exist, explain why not. 


If they exist, find the absolute maxima and absolute 
ab Ege SPONSE 

minima of y = een over all real number 

inputs. If an absolute maxima or absolute minima 


does not exist, explain why not. 


5.3 Derivatives in Action 


By now you should have a solid understanding of the basic method of finding both rela- 
tive and absolute maximum and minimum values of a function. Whether you use tech- 
nology or algebra, relative extrema are found by identifying points at which the graph of 


24. Statistical Abstract, 1998. 


EXAMPLE 1 





algebra 
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the derivative of a function crosses the input axis or points at which the derivative is not 
defined. Absolute extrema of a function on an interval are found by comparing the out- 
put values of any local extrema to the output values at the ends of the interval. 

We now extend the techniques of optimization to situations in which you must 
first set up an equation to optimize and then apply optimization techniques to that 
equation. Many of the problems presented in this section are different from most of 
those in this book because no data or equation is given. You must find an equation 
from a word description. We begin by outlining some steps that are helpful in setting 
up equations and optimizing their outputs. Refer to this list often until these steps 
become second nature to you. 


Step 1: Read the question carefully, and identify the quantity to be maximized or min- 
imized (the output variable) and the quantity or quantities on which the output 
quantity depends (the input variable). This information is often found in the final 
sentence of the problem statement. Because this step is the most crucial one for cor- 
rectly directing your thinking as you approach the problem, we present four questions 
in Example 1 to give you some practice in identifying input and output quantities. 


Determining Output and Input 





For each of the following statements, determine the quantity to be maximized or 
minimized and the corresponding input quantity or quantities. 


a. Find the order size that will minimize cost. 
b. Determine the dimensions that will result in a box of greatest volume. 
c. For what size dose is the sensitivity to the drug greatest? 


d. What is the most economical way to lay the pipe? 


Solution 


a. Output quantity to be minimized: cost 
Input quantity: order size 


b. Output quantity to be maximized: volume 
Input quantity: dimensions of box (height, length, and width) 


c. Output quantity to be maximized: sensitivity 
Input quantity: dosage 


d. Output quantity to be minimized: cost 
Input quantity: Not enough information is given in this sentence, but we can 
conclude that the input is probably some measure of distance related to how the 
pipe is laid. 


Peer ereresocrsssosseses 


Step 2: Sketch a picture if the problem situation is geometric in nature—that is, if the 
problem involves constructing containers, laying cable or wire, building enclosures, 
or the like. The picture should be labeled with appropriate variables representing dis- 
tances or sizes. You should find that at least one of the variables represents the input 
quantity identified in Step 1. 

Step 3: Begin building the equation. From the results of Step 1, you will know the 
quantity for which you need an equation, such as cost, volume, or drug sensitivity. If 
the quantity is a geometric one (such as volume of a right circular cylinder, area of a 
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trapezoid, hypotenuse of a right triangle) you may need to look up the formula in 
some reference source. 
Step 4: If it is not already in this form, rewrite the equation as a function of only one 
variable. This step may require the use of other, secondary equations relating the 
input variables in the equation in Step 3. For example, if the equation in Step 3 1s for 
volume of a box as a function of length and width, you need to find an equation 
relating length and width. You will then use this equation to solve for one variable in 
terms of the other and substitute for that variable in the equation in Step 3. 
Step 5: Determine any limitations on the input variable. State the limitation as an 
interval in which the input must lie. 
Step 6: Apply optimization techniques to the final equation. This step includes find- 
ing all relative extrema and determining all absolute extrema over the interval identi- 
fied in Step 5. This step should also include graphing the equation or some other 
method of verifying that the answer you found is indeed a maximum or minimum 
on the interval. 
Step 7: Read the problem again to be sure you have answered the question asked. 
Sometimes the question asks you to find the output quantity, sometimes the input 
quantity, sometimes both, and occasionally some other quantity that can be calcu- 
lated using the input and output values that correspond to the extreme point. 

Before demonstrating this multistep problem-solving method with three exam- 
ples, we summarize the seven steps. 


Problem-Solving Strategy for Optimization Problems 


Step 1: Identify the quantity to be maximized or minimized (the output) and 
the quantity or quantities on which the output quantity depends (the 
input). 

Step 2: If the problem is geometric in nature, sketch and label a picture. 

Step 3: Build a model for the quantity that is to be maximized or minimized. 


Step 4: If necessary, rewrite the equation in Step 3 in terms of only one input 
variable. 


Step 5: Identify the input interval. 
Step 6: Apply optimization techniques to the final equation. 


Step 7: Answer the question or questions posed in the problem. 





EXAMPLE 2 Ranching 





A rancher removed 200 feet of wire fencing from a field on his ranch. He wishes to 
reuse the fencing to create a rectangular corral into which he will build a 6-foot wide 


wooden gate. What dimensions will result in a corral with the greatest possible area? 
What is the greatest area? 


Solution 


Step 1: Output variable to maximize: area of rectangular corral 
Input variables: length and width of the corral 
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Step 2: A sketch of the corral is shown in Figure 5.14. (Note that you can put the gate 
on any side of the corral.) 





+ [feet ——————__—_| 


w feet 





FIGURE 5.14 


Step 3: Recall that the area of a rectangle is A = Iw square feet, where / is the length of 
the rectangle in feet and w is its width in feet. This equation is the one we seek to 
maximize. 


Step 4: Because the equation in Step 3 has two input variables, we need to find a sec- 
ond equation relating the length and the width. A clue to this equation is found in the 
statement “A rancher removed 200 feet of wire fencing.” If the area of the corral is to 
be a maximum, it makes sense that the rancher will use all of the fencing. Referring to 
Figure 5.14, we see that if we calculate the distance around the corral and subtract the 
6-foot-wide gate, we should obtain 200 feet. This leads to the equation 


2w + 21 — 6 = 200 


Solving this equation for one of the variables (it doesn’t matter which one) results in 
the equation 


_ 206 — 2w 


2 


= 103 — w 


Substituting this expression for / into the area equation gives 
A = lw = (103 — w)w = 103w — w’ square feet 
where w is the width of the corral in feet. 


Step 5: Look again at Figure 5.14. If the length of the corral were 0, then the width 
would be 100 feet. We also know that width cannot be zero or negative. Thus we have 
the input interval 0 < w < 100. 

Step 6: Note that the graph of A is a concave-down parabola. We find the maximum 
point on the parabola by determining where the derivative of A is zero (that is, where 
its graph crosses the w-axis). 


04 0 
dw 
w = 51.5 


This value lies in the interval in Step 5. Because the interval is an open interval, we have 
no endpoints to check. Thus the corral with maximum area should be 51.5 feet wide. 


Step 7: The statement of the problem asked for the dimensions of the corral of great- 
est area as well as for the area. We know the width and need to determine the length 
of the corral. To do so, we use the equation from Step 4 that expresses length in terms 
of width. 


(= 103 = 
(OS > Leos ileontect 
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This calculation tells us that the corral with maximum area is a square with sides that 
are 51.5 feet long. To determine the corresponding area, simply square bl feet 


A = (51.5 feet)(51.5 feet) = 2652.25 square feet 


ecoceeerececcseeosovese 


The next example shows the solution to a more involved geometric problem. 


EXAMPLE 3 Popcorn Tins 


In an effort to be environmentally responsible, a confectionery company is rethink- 
ing the dimensions of the tins in which it packages popcorn. Each cylindrical tin is to 
hold 3.5 gallons. The bottom and lid are both circular, but the lid must have an addi- 
tional 13 inch around it in order to form a lip. (Consider the amount of metal needed 
to create a seam on the side and to join the side to the bottom to be negligible.) What 
are the dimensions of a tin that meets these specifications but uses the least amount 
of metal possible? 


Solution 
Step 1: Output quantity to be minimized: amount of metal 
Input quantities: dimensions of the tin 


Step 2: Figure 5.15 shows the tin and its components. We have chosen to label the 
height of the tin h and the radius of the bottom of the tin r. (It is also possible to use 
the diameter, instead of the radius, of the top or bottom as the other variable.) 


<r say es 


r inches 


Popcors 





Side 
2mr inches 


h inches 


FIGURE 5.15 


Step 3: The amount of metal used to construct the tin is measured by finding the 


combined surface area of the side, top, and bottom. Thus the total surface area is 
determined by the equation 


S = area of side + area of bottom + area of top 


The area of the side is 2mrh. The area of the bottom is m2. The radius of the circle 
Unde 9 5 2 

used to make the top is r + 3; thus the area of the top is ar(r + 2)", Using these for- 

mulas, we have the model for the surface area of the container: 


S = 2arh + wr + mr + ae Square inches 


S(r) 
Surface area 
(square inches) 

2000 


200 
0 4.87 


FIGURE 5.16 


i; 
Radius 
17 (inches) 
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where r is the radius of the bottom of the container in inches and h is the height of 
the container in inches. 


Step 4: We need to rewrite the formula for surface area in terms of either radius or 
height. To do so, we need an equation relating these two quantities. Recall from the 
statement of the problem that the volume of the container needs to be 3.5 gallons. 
This information allows us to set up a second equation. The volume of a cylinder is 
given by the equation V = mh. Because we will be using dimensions in inches, we 
must express the volume in cubic inches. One gallon is 231 cubic inches (the authors 
found this value in a dictionary), so 3.5 gallons is 3.5(231) = 808.5 cubic inches. 
Thus we have the equation 


V = arh = 808.5 


We must solve for one variable in terms of the other. It makes sense to choose the vari- 
able for which this can be done most simply. In this case, we solve for h in terms of r. 


808.5 
— = ore 34 © 
ar 





Next, we substitute this expression for h into the surface area equation in Step 3. 





808.5 1617 : 
S= 2mr( 2 + art an(r+ 2) = i aie an a(r + 2) square inches 


Step 5: Because we are given no indication that the dimensions are restricted (except 
by the volume of the container, which was taken into account in Step 4), our only 
restriction is that the radius must be positive: r > 0. 

Step 6: Next we find the minimum of S by determining where a graph of e crosses 
the horizontal axis. To do so, we find the derivative of S with respect to r. 


FLO17 
PD 





dS _ -1617 
dr ie 


Setting this expression equal to zero and solving for r gives r ~ 4.87 inches, which lies 
in the interval in Step 5. To confirm that this value of r does indeed give a minimum 
surface area, we examine a graph of the surface area function. See Figure 5.16. 


9 9 
+ 2ar + 2n(r + 2)(1) = HoT tate 





Step 7: Our final step is to answer the question posed. In this case, we must provide 
the dimensions (height and radius) of the tin with minimum surface area. We know 
the radius. In order to find the height, we substitute the unrounded value of the 
radius into the equation that we found in Step 4 for height in terms of radius. 


808.5 
oe 10.86 inch 
(4.87) inches 





— 


In order to use the least amount of metal possible, the popcorn tins should be con- 
structed with height approximately 10.86 inches and radius approximately 4.87 
inches.” 


eee wees eee ceeoeeeeeeee 


Our final example illustrates optimization in a nongeometric setting. 


25. The authors were surprised to find that the popcorn tin they purchased as a reference tool for this 
example did have dimensions that matched those of a tin with minimum surface area. 
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EXAMPLE 4_ Cruise to Cancun 


A travel agency offers spring-break cruise packages. The agency advertises a cruise to 
Cancun, Mexico, for $1200 per person. In order to promote the cruise among student 
organizations on campus, the agency offers a discount for student groups selling the 
cruise to over 50 of their members. The price per student will be discounted by $10 
for each student in excess of 50. For example, if an organization had 55 members go 
on the cruise, each of those 55 students would pay $1200 — 5($10) = $1150. 


a. 


What size group will produce the largest revenue for the travel agency, and what 
is the largest possible revenue? 


b. If the travel agent limits each organization to 75 tickets, what is the agent’s maxi- 
mum revenue for each organization? 

c. Ifyou were the travel agent, would you set a limit on the number of students per 
organization? 

Solution 

a. Step 1: Output quantity to be maximized: travel agency’s revenue from student 


group 
Input quantity: size of the group 


Step 2: Because this scenario is not geometric, there is no need for a picture. 


Step 3: We need an equation for the travel agency’s revenue from the students. In 
this example, revenue is the number of students traveling on the cruise multi- 
plied by the price each student pays: 


Revenue = (number of students)(price per student) 


In Step 1, we determined that the input quantity is the size of the group. Because 
the factor affecting price is the number of students in excess of 50, we choose to 
use a variable to represent that quantity. (It is also possible to use a variable rep- 
resenting the total number of students.) If s is the number of students in excess of 
50, then the total number of students is 50 + s. The price is $1200 minus $10 for 
each student in excess of 50. Converting this statement into math symbols, we 
have the price per student as 1200 — 10s dollars. Thus 


Revenue = R(s) = (50 + s)(1200 — 10s) = 60,000 + 700s — 10s? dollars 


when there are 50 + s students on the cruise. 


Step 4: Because the revenue function has only one input variable, this step is not 
necessary. 


Step 5: We are not given any restriction concerning the number of students. Our 
interval is s > 0. 


Step 6: The revenue equation is a concave-down parabola, so we can be confident 


that it has a maximum. We simply set the derivative of the revenue function equal 
to zero and solve for s. 


R'(s) = 700 — 20s = 0 
s= 35 
Revenue is maximized when s = 35. 


Step 7: The question asks for the number of students and the corresponding rev- 
enue. Recall that the variable s represents the number of students in excess of 50. 
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Thus the total number of students is 50 + 35 = 85. The price per student is 
$1200 — 35(10) = $850. The revenue is (85 students)($850 per student) = 
$72,250. Revenue is maximized at $72,250 for a campus group of 85 students. 


b. Ifthe number of students is limited to 75, then the interval in Step dis 0 = 5s = 75. 
The solution to part a is no longer valid because it does not lie in this interval. In 
this case, the maximum revenue occurs at the endpoint of the interval (when 
there are 75 students). Examine a graph of R, and observe that this is true. The 
price each student pays is 1200 — 25(10) = $950. The travel agent’s revenue in 
this case is (75 students)($950 per student) = $71,250. 


c. In part a, we found that when 85 students bought cruise tickets, the travel agent’s 
revenue was a maximum. If more than 85 students bought tickets, the agent’s rev- 
enue would actually decline because of the low price. (Recall that the revenue 
function graph was a concave-down parabola.) Therefore, it would make sense 
for the agent to limit the number of students per organization to 85. 


Pee ecerseseesesssesoeee 


Optimization problems such as those discussed in this section are often challeng- 
ing, but as long as you approach them using the seven steps outlined here, you should 
be able to solve them—or at least identify the point at which you need help. As we 
have said before, the more problems you work, the more skilled and confident you 
will become. 


Concept six pieces. The vertical edges of the frame consist of 
Inventory four of the pieces of wire that are each 12 inches 
long. One of the remaining pieces is bent into a 
square to form the base of the frame; the final piece 
is bent into a circle to form the top of the frame. See 





@ Seven-step problem-solving strategy 


Figure 5.3.15 
Activities 
1. Refer to Example 3, and repeat the solution using 
the diameter of the bottom of the tin, instead of the 
radius, as an input variable. Show that the dimen- 
sions you obtain for minimum surface area are 
equivalent to those found in Example 3. 
P F FIGURE 5.3.1 
2. Refer to Example 4, and repeat the solution using 
the total number of students as the input variable. 
Show that the maximum revenue and the corre- a. How should the florist cut the wire of length 9 feet 
sponding number of students and price are equiva- in order to minimize the combined area of the 
lent to those found in Example 4. circular top and the square base of the frame? 


b. Verify that the answer to part a minimizes the 


3. A rectangular-shaped garden has one side along the 
combined area. 


side of a house. The other three sides are to be 
enclosed with 60 feet of fencing. What is the largest c. What is the answer to part a if the frame must be 
possible area of such a garden? constructed so that the area enclosed by the 


f . square is twice the area enclosed by the circle? 
4. A florist uses wire frames to support flower arrange- 


ments displayed at weddings. Each frame is con- 5. You have been selected to appear on the Race for the 
structed froma wire of length 9 feet that is cut into Money television program. Before the program is 


aired on television, you and three other contestants 
are sent to Myrtle Beach, SC. Each of you is given a 
piece of cardboard that measures 8 inches by 10 
inches, a pair of scissors, a ruler, and a roll of tape. 
The contestant who carries away the most sand 
from the beach is eligible to win the grand prize of 
$250,000. 

There are two restrictions in the race. The sand 
must be carried away in an open box that each per- 
son makes from the piece of cardboard by cutting 
equal squares from each corner and turning up the 
sides. A second restriction is that the sand cannot 
be piled higher than the sides of the box. 


a. What length should the corner cuts be for a con- 
testant to carry away the most sand? What is the 
largest volume of sand that can be carried away 
in such a box? 


b. What length should the cuts be if there is a third 
restriction that the box can hold no more than 
50 cubic inches of sand? 


c. Do you feel you would have a better chance of 
winning the sand race with the two restrictions 
given in part a or with all three restrictions on 
the amount of sand that can be carried away? 


. A portion of the shoreline of a Caribbean island is 
in the shape of the curve y = 2Vx. A hut is located 
at point C, as shown in Figure 5.3.2. You wish to 
deliver a load of supplies to the shoreline and then 
hire someone to help you carry the supplies to your 
hut. The helper will charge you $10 per mile. At 
what point (x, y) on the shoreline should you land 
in order to minimize the amount you must pay to 
have the supplies carried to the hut? How much 
currency should you have on hand to pay the helper? 








a Oils $< =| 


FIGURE 5.3.2 
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7. During one calendar year, a year-round elementary 


school cafeteria uses 42,000 Styrofoam plates and 
packets, each containing a fork, spoon, and napkin. 
The smallest amount the cafeteria can order from 
the supplier is one case containing 1000 plates and 
packets. Each order costs $12, and the cost to store a 
case for the whole year is approximately $4. In order 
to find the optimal order size that will minimize 
costs, the cafeteria manager must balance the order- 
ing costs incurred when many small orders are 
placed with the storage costs incurred when many 
cases are ordered at once. 


a. How many cases does the cafeteria need over the 
course of 12 months? 


b. If x is the number of cases in each order, how 
many times will the manager need to order dur- 
ing one calendar year? 


c. What is the total cost of ordering for one calen- 
dar year? 


d. Assume that the average number of cases stored 
throughout the year is half the number of cases 
in each order. What is the total storage cost for 
one year? 


e. Write a model for the combined ordering and 
storage costs for one year. 


f. What order size minimizes the total yearly cost? 
(Note that only full cases may be ordered.) How 
many times a year should the manager order? 
What will the minimum total ordering and stor- 
age costs be for the year? \ 


. A situation similar to the order/storage cost prob- 


lem in Activity 7 occurs when a company uses a 
machine to produce different types of items. For 
example, the same machine may be used to produce 
popcorn tins and 30-gallon storage drums. The 
machine is set up to produce a quantity of one item 
and then reconfigured to produce a quantity of 
another item. 

The plant produces a run and then ships the tins 
out at a constant rate so that the warehouse is empty 
for storing the next run. Assume that the number of 
tins stored on average during one year is half of the 
number of tins produced in each run. A plant man- 
ager must take into account the cost to reset the 
machine (similar to the ordering cost in Activity 7) 
and the cost to store inventory. Although it might 
otherwise make sense to produce an entire year’s 
inventory of popcorn tins at once, the cost of storing 
all the tins over a year’s time would be prohibitive. 
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Suppose a company needs to produce 1.7 mil- 
lion popcorn tins over the course of a year. The cost 
to set up the machine for production is $1300, and 
the cost to store one tin for a year is approximately 
$1. What size production run will minimize set-up 
and storage costs? How many runs are needed dur- 
ing one year, and how often will the plant manager 
need to schedule a run of popcorn tins? 


. Frozen juice cans are constructed with cardboard 


sides and metal top and bottom. A typical can holds 
12 fluid ounces. If the metal costs twice as much per 
square inch as the cardboard, what dimensions will 
minimize the cost of a 12-fluid-ounce can? 


As a sales representative, you are required to travel 
to trade shows and display your company’s prod- 
ucts. You need to design a display booth for such 
shows. Because your company generally must pay 
for the amount of square footage your booth 
requires, you want to limit the floor size to 300 
square feet. The booth is to be 6 feet tall and three- 
sided, with the back of the booth a display board 
and the two sides of the booth made of gathered 
fabric. The display board for the back of the booth 
costs $30 per square foot. The fabric costs $2 per 
square foot and needs to be twice the length of the 
side to allow for gathering. 


a. Find the minimum cost of constructing a booth 
according to these specifications. What should 
be the dimensions of the booth? 


b. In order to accommodate your company’s dis- 
play, the back of the booth must be at least 15 
feet wide. Does this restriction change the 
dimensions necessary to minimize cost? If so, 
what are the optimal dimensions now? 


A dog kennel owner needs to build a dog run adja- 
cent to one of the kennel cages. See Figure 5.3.3. 
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FIGURE 5.3.3 
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The ends of the run are to be cinder block, which 
costs 50 cents per square foot. The side is to be 
chain link, which costs $2.75 per square foot. Local 
regulations require that the walls and fence be at 
least 7 feet high and that the area measures no less 
than 120 square feet. 


a. Determine the dimensions of the dog run that 
will minimize cost but still meet the regulatory 
standards. 


b. Repeat part a for conditions where two identical 
dog runs are to be built side-by-side, sharing one 
cinder block wall. 


c. Do the answers to parts a and b change if there is 
a mandatory minimum width or length of 6 feet? 


A set of 24 duplexes (48 units) was sold to a new 
owner. The previous owner charged $700 per month 
rent and had a 100% occupancy rate. The new 
owner, aware that this rental amount was well 
below other rental prices in the area, immediately 
raised the rent to $750. Over the next 6 months, an 
average of 47 units were occupied. The owner 
raised the rent to $800 and found that 2 of the units 
were unoccupied during the next 6 months. 


a. What was the monthly rental income made by 
the previous owner? 


b. After the first rent increase, what was the 
monthly income? 


c. After the second increase, how much did the new 
owner collect in rent each month? 


d. Find an equation for the monthly rental income 
as a function of the number of $50 increases in 
the rent. 


e. If the occupancy rate continues to decrease as 
the rent increases in the same manner as it did 
for the first two increases, what rent amount will 
maximize the owner’s rental income from these 
duplexes? How much will the owner collect in 
rent each month at this rent amount? 


f. What other considerations besides rental income 
should the owner take into account when deter- 
mining an optimal rent amount? 


A sorority plans a bus trip to The Great Mall of 
America during Thanksgiving break. The bus they 
charter seats 44 and charges a flat rate of $350 plus 
$35 per person. However, for every empty seat, the 
charge per person is increased by $2.00. There is a 
minimum of 10 passengers. The sorority leadership 


350 


14. 


CHAPTER 5 


decides that each person going on the trip will pay 
$35. The sorority itself will pay the flat rate and the 
additional amount above $35 per person. For exam- 
ple, if there are only 40 passengers, the fare per pas- 
senger is $43. Each of the 40 passengers will pay $35, 
and the sorority will pay $350 + 40($8) = $670. 


a. Find a model for the revenue made by the bus 
company as a function of the number of passen- 
gers. 


b. Find a model for the amount the sorority pays as 
a function of the number of passengers. 


c. For what number of passengers will the bus 
company’s revenue be greatest? For what num- 
ber of passengers will the bus company’s revenue 
be least? 


d. For what number of passengers will the amount 
the sorority pays be greatest? For what number 
of passengers will the amount the sorority pays 
be least? 


A cable television company needs to run a cable line 
from its main line ending at point P in Figure 5.3.4 
to point H at the corner of the house. The county 
owns the roads shown in the figure, and it costs the 
cable company $25 per foot to run the line on poles 
along the county roads. The area bounded by the 
house and roads is a privately owned field, and the 
cable company must pay for an easement to run 
lines underground in the field. It is also more costly 
for the company to run lines underground than to 
run them on poles. The total cost to run the lines 
underground across the field is $52 per foot. The 
cable company has the choice of running the line 
along the roads or cutting across the field. 


fe 






FIGURE 5.3.4 


a. Calculate the cost for the company to run the 
line along the roads to point H. 
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b. Calculate the cost to run the line directly across 
the field from point P to point H. 


c. Calculate the cost to run the line along the road 
for 50 feet from point P and then cut across the 
field. 

d. Set up an equation for the cost to run the line 
along the road a distance of x feet from point P 
and then cut across the field. If x = 0, the line 
will cut directly across the field, and the value of 
the cost function should match your answer to 
part a. 


e. Using calculus and your equation from part d, 
determine whether it is less costly for the com- 
pany to cut across the field. If so, at what dis- 
tance from point P should the company begin 
laying the line through the field? 


15. A trucking company wishes to determine the rec- 
ommended highway speed for its truckers to drive 
in order to minimize the combined cost of driver’s 
wages and fuel required for a trip. The average wage 
for the truckers is $15.50 per hour, and average fuel 
efficiencies for their trucks as a function of the 
speed at which the truck is driven are shown in 
Table 5.22. 


TABLE 5.22 


Pa] os le ls] 7m 


Fuel 
consumption 
(mpg) 







a. Find a model for fuel consumption as a function 
of the speed driven. 


b. For a 400-mile trip, find formulas for the follow- 
ing quantities in terms of speed driven: 


i. Driving time required 
il. Wages paid to the driver 
ii. Gallons of fuel used 


iv. Total cost of fuel (use a reasonable price per 
gallon based on current fuel prices) 
v. Combined cost of wages and fuel 
c. Using equation v in part b, find the speed that 
should be driven in order to minimize cost. 
d. Repeat parts b and c for 700-mile and 2100-mile 


trips. What happens to the optimal speed as the 
trip mileage increases? 


16. 





e. Repeat parts b and c for a 400-mile trip, increas- 
ing the cost per gallon of fuel by 20, 40, and 
60 cents. What happens to the optimal speed as 
the cost of fuel increases? 


f. Repeat parts b and c for a 400-mile trip, increas- 
ing the driver’s wages by $2, $5, and $10 per 
hour. What happens to the optimal speed as the 
wages increase? 


A standard 3.5-inch computer diskette stores data 
on a circular sheet of mylar that is 3.36 inches in 
diameter. The disk is formatted by magnetic mark- 
ers being placed on the disk to divide it into tracks 
(thin, circular rings). For design reasons, each track 
must contain the same number of bytes as the 
innermost track. If the innermost track is close to 
the center, more tracks will fit on the disk, but each 
track will contain a relatively small number of 
bytes. See Figure 5.3.5a. If the innermost track is 
near the edge of the disk, fewer tracks will fit on the 
disk, but each track will contain more bytes. See 
Figure 5.3.5b. For a standard double-sided, high- 
density 3.5-inch disk, there are 135 tracks per inch 
between the innermost track and the edge of the 
disk, and about 1400 bytes per inch of track. This 
type of disk holds 1,440,000 bytes of information 
when formatted. 


a. For the disk in Figure 5.3.5a, calculate the fol- 
lowing quantities. The answers to parts ii and iii 
must be positive integers, and the rounded val- 
ues should be used in the remaining calculations. 


i. Distance in inches around the innermost track 
ii. Number of bytes in the innermost track 
iii. Total number of tracks 


iv. Total number of bytes on one side of the disk 


vy. Total number of bytes on both sides of the 
disk 


inflection Points 
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FIGURE 5.3.5 : (b) 


. Calculate the quantities in part a for the disk 


shown in Figure 5.3.5b. 


. Repeat part a for a disk whose innermost track 


begins r inches from the center of the disk. Use 
the optimization techniques presented in this 
chapter to find the optimal distance the inner- 
most track should be from the center of the disk 
in order to maximize the number of bytes stored 
on the disk. What is the corresponding number 
of bytes stored? How does this number compare 
to the total number of bytes stored by a standard 
double-sided, high-density 3.5-inch diskette? 


. If you are willing to destroy a used disk for the 


sake of curiosity, open a 3.5-inch disk and meas- 
ure from the center to where the tracks begin. 
How does this measurement compare with the 
optimal distance you found in part c? 


In Section 5.2, we discussed some important points that may occur on a graph. These 
were called maxima and minima (or extreme points). Another important point is an 


inflection point. 


Recall from our earlier work with cubic and logistic functions that an inflection 
point is a point where a graph changes concavity. On a smooth, continuous graph, the 
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inflection point can also be thought of as the point of greatest or least slope in a 
region around the inflection point. In real-life applications, this point 1s interpreted 
as the point of most rapid change or least rapid change. (See Figure 5. Ee) 





(a) 
Inflection point: 
point of least slope, 
point of most rapid decrease 


(Or » 
Inflection point: 
point of greatest slope, 
point of least rapid decrease 








(b) 
Inflection point: 
point of greatest slope, 
point of most rapid increase 








(d) 
Inflection point: 
point of least slope, 
point of least rapid increase 


FIGURE 5.17 


Relative maxima and minima on a smooth, continuous graph can be found by 
locating the points at which the derivative graph crosses the horizontal axis. These 
points are among those where the original graph has horizontal tangent lines. Inflec- 
tion points also can be found by examining the derivative graph and its relation to 
the function graph. To find the inflection point on a smooth, continuous graph, we 
must find the point where the slope (derivative) graph has a relative maximum or 


minimum. That is, we apply the method for finding maxima and minima to the 
derivative graph. 


The Second Derivative 


Consider, from the discussion in the previous section, the model for the population 
of Kentucky from 1980 through 1993: 


p(x) = 0.395x° — 6.674x? + 30.257x + 3661.147 thousand people 


where x is the number of years since the end of 1980. Graphs of the function and its 
derivative are shown in Figure 5.18. 

We wish to determine where the inflection point occurs—that is, where the popu- 
lation was declining most rapidly. It appears that p’ has a minimum when p has an 
inflection point. In fact, this is exactly the case, so we can find the inflection point of p 
by finding the minimum of p’. To find the minimum of p’ for this smooth, continu- 
ous function p, we must find where its derivative crosses the x-axis. The derivative of 
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FIGURE 5.18 


p’ is called the second derivative of p, because it is the derivative of a derivative. The 
second derivative of p is denoted”? p”. In this case, the second derivative is given by 


p’(x) = 2.37x — 13.348 thousand people per year per year 


where x = 0 in 1980. 
Because the second derivative represents the rate of change of the first derivative, 
the output units of p” are 


output units of p’ 
input units of p’ 





The input/output diagram for this second derivative is shown in Figure 5.19. 

A graph of the second derivative (Figure 5.20) reveals that it crosses the 
x-axis where the graph of p has an inflection point. Note that this identifies 
the minimum point on the graph of the derivative of p where the tangent 
line is horizontal. 

Setting the second derivative equal to zero and solving for x gives 
x ~ 5.63. According to the model, the population was declining most rap- 
idly in mid-1986 at a rate of approximately p'(5.63) ~ -7.3 thousand peo- 
ple per year. At that time, the population was approximately p(5.63) ~ 3690 


Output thousand people. 


thousand people per 


year per year 


FIGURE 5.19 


a 
ae (p(x)]. 





d apne : : a 
26. Other acceptable notations for the second derivative of p with respect to x include = and 
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Post-secondary Education 

Consider a model for the percentage” of students graduating from high school in 

South Carolina from 1982 through 1990 who entered post-secondary institutions: 
f(x) = -0.1057x? + 1.355x? — 3.672x + 50.792 percent 

where x is the number of years since 1982. 


a. Find the inflection point of the function. 


b. Determine the year between 1982 and 1990 in which the percentage was increas- 
ing most rapidly. 


27. Based on data in South Carolina Statistical Abstract, 1992. 
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c. Determine the year between 1982 and 1990 in which the percentage was decreas- 


ing most rapidly, 


f(x) 
(percent) 
56 
54 
Function 52 
50 
48 


Years 


x 
Lait 6 8 since 1982 


Came 2 4 
f'@) 


(percentage 
points per year) 






Derivative 0 
8 since 1982 


-4 + 
F '@) 


(percentage points 
per year per year) 
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erivative 8 since 1982 
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FIGURE 5.21 


Solution 


Consider the point(s) at which the second derivative is zero. 
The rate-of-change formula for this function is 


f'(x) = -0.3171x? + 2.71x — 3.672 percentage points 
per year 


where x is the number of years since 1982. The second deriva- 
tive is 
f"(x) = -0.6342x + 2.71 percentage points per year 


where x is the number of years since 1982. The second derivative 
is zero when x ~ 4.27 years after 1982. Next, look at the graph 
of f shown in Figure 5.21. It does appear that x = 4.27 is 
the approximate input of the inflection point. The output is 
f(4.27) = 51.6%, and the rate of change at that point is f'(4.27) 
~ 2.1 percentage points per year. 


Although fis a continuous function, it can be interpreted only 
at integer values of x because educational data such as these are 
reported for the fall of each year. Thus, to determine which 
valid input actually has the greatest rate of change, we evaluate 
f' at the integer values on either side of x = 4.27. 

The rate of change of the model in 1986 is f'(4) = 2.09 per- 
centage points per year. The rate of change in 1987 is f'(5) ~ 
1.95 percentage points per year. Thus we can say that according 
to the model, the percentage of South Carolina high school 
graduates who enter post-secondary institutions was increasing 
most rapidly in 1986. The percentage of graduates going on for 
post-secondary education in 1986 was approximately f(4) = 
51.0%. The percentage was increasing by about f’(4) = 2.1 per- 
centage points per year at that time. 

Figure 5.21 shows the function, its derivative, and its second 
derivative. Note again the relationship among the points at 
which the second derivative crosses the x-axis, the derivative 
has a maximum, and the function has an inflection point. 


c. Observe from the graph of f shown in Figure 5.21 that the most rapid decrease 
occurs at one of the endpoints. Evaluate the derivative of f at both endpoints. 


f'(0) = -3.672 percentage points per year 


f'(8) = -2.2864 percentage points per year 


The percentage was declining most rapidly in 1982 at a rate of approximately 
3.7 percentage points per year. 


Poem cere eee eroeseeeeeee 


You have just seen two examples of how the second derivative of a function can 
be used to find an inflection point. It is important to use the second derivative when- 
ever possible, because it gives an exact answer. Sometimes, however, finding the sec- 
ond derivative of a function can be tedious. In such cases, you will have to decide how 
important extreme accuracy is. If a close approximation will suffice (as is often the 
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case in real-world modeling), then you may wish to find the first derivative only and 
use appropriate technology to estimate where its maximum (or minimum) occurs. 


EXAMPLE 2. The 1949 Polio Epidemic 


Consider the following model for the number of polio cases in the United States in 
1949. 





im 42,183.911 
1 + 21,484.253e 174°" 





C(t) polio cases 

where t = 1 at the end of January, t = 2 at the end of February, and so forth. Find 
when the number of polio cases was increasing most rapidly, the rate of change of 
polio cases at the time, and the number of cases at that time. 


Solution The graphs of C, C’, and C" are shown in Figure 5.22. We seek the inflec- 
tion point on the graph of C that corresponds to the maximum point on the graph of 
C’ that corresponds to the point at which the graph of C” crosses the t-axis. 
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FIGURE 5.22 
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FIGURE 5.24 
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We choose to use technology to estimate the maximum point on the derivative 
graph. It occurs at t ~ 8 where the output is approximately 13,171. It is important to 
understand what these numbers represent. The t-value tells us the month in which 
the greatest increase occurred: t = 8 corresponds to the end of August. The output 
value is a value on the derivative graph. This is the slope of the graph of C at the inflec- 
tion point. We can therefore say that polio was spreading most rapidly at the end of 
August 1949 at a rate of approximately 13,171 cases per month. To find the number 
of polio cases at the inflection point, substitute the unrounded t-value of the point 
into the original function to obtain approximately 21,092 cases. Note that to the right 
of the inflection point, the number of polio cases was increasing whereas the rate at 
which polio cases appeared was declining. 

We saw in Section 5.2 that for a smooth, continuous function, a relative maxi- 
mum or minimum occurs where the derivative graph crosses the horizontal axis, but 
not where the derivative graph touches the horizontal axis without crossing it. A sim- 
ilar statement can be made about inflection points. If the second derivative graph 
crosses the horizontal axis, then an inflection point occurs on the graph of the func- 
tion. The graphs in Figure 5.23 of a function, its derivative, and its second derivative 
illustrate this issue. Note that the point at which the second derivative graph touches, 
but does not cross, the horizontal axis actually corresponds to a relative maximum 
on the function graph, not to an inflection point. 

Two other situations that could occur are illustrated in Figure 5.24. 
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Note that the graphs of both f and g have inflection points at x = A because they 
change concavity at that point. However, the second derivatives of f and g never cross 
the horizontal axis. In fact, in each case, the second derivative does not exist at x = A, 
because the first derivative does not exist there. The function f has a vertical tangent 
line at x = A, and the function g is not smooth at x = A. Even though such situations 
as this do not often occur in real-world applications, you should be aware that they 
could happen. Keep in mind the following result: 


Ata point of inflection on the graph of a function, the second derivative is 


zero or does not exist. If the second derivative graph crosses the horizontal 
axis, then an inflection point of the function graph occurs at that input value. 





In some applications, the inflection point can be regarded as the point of dimin- 
ishing returns. Consider the college student who studies for 8 hours without a break 
before a major exam. The percentage of new material that the student will retain after 
studying for t hours can be modeled as 


45 
1+ 5.94e 0-209125¢ 





P(t) = percent 

This function has an inflection point at t ~ 1.8. That is, after approximately 1 hour 
and 48 minutes, the rate at which the student is retaining new material begins to 
diminish. Studying beyond that point will improve the student's knowledge, but not 
as quickly. This is the idea behind diminishing returns: Beyond the inflection point, 
you gain fewer percentage points per hour than you gain at the inflection point; that 
is, output increases at a decreasing rate. The existence of this point of diminishing 
returns is one factor that has led many educators and counselors to suggest studying 
in 2-hour increments with breaks in between. 


Concavity and the Second Derivative 


Because the derivative of a function is simply the slope of the graph of that function, 
we know that a positive derivative indicates that the function output is increasing 
and a negative derivative indicates that the function output is decreasing. The second 
derivative provides similar information about where a function graph is concave up 
and where it is concave down. 

In particular, if the second derivative is negative, it means that the first derivative 
graph is declining, which means that the original function graph is concave down. 
Similarly, a positive second derivative indicates that the first derivative is increasing, 
which means that the original function graph is concave up. And, as we have already 
seen, where the second derivative changes from positive to negative or from negative 
to positive, the function graph has an inflection point. 

Consider, for example, the following information about the second derivative of 
a function f and the information it provides about the concavity of a graph of f. We 
use “ccu” to indicate concave up and “ccd” to indicate concave down. 
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f(x) We can conclude from this table that a graph of the function f has two 
inflection points at x = 1 and x = 5. Although the second derivative is zero at 
x = 3, the function graph does not change concavity at that value (it is concave 
down on both sides of x = 3), so the corresponding point is not an inflection 
point. 
Next, consider some values of the derivative of this same function f. We use 
the symbol 7 to indicate increasing and the symbol \ to indicate decreasing. 





= = x 
0 1 5 





FIGURE 5.25 


We conclude that the graph of the function f decreases to a local minimum 
at zero and then increases to the right of zero. The graph is concave down 
between x = 1 and x = 5 and concave up to the left of x = 1 and to the right of 
x = 5.A possible graph of f, based on this information, is shown in Figure 5.25. 


Concept FIGURE 5.4.1 
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@ Inflection point 

@ Second derivative 

@ Point of diminishing returns 

@ Conditions under which inflection points exist 
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. The graph in Figure 5.4.2 shows sales (in thousands 
of dollars) for a business as a function of the amount 
spent on advertising (in hundreds of dollars). 


Activities 





1. Which of the six basic models discussed thus far in Sales FIGURE 5.4.2 
this book could have inflection points? dollars 
(thousands) 


2. Discuss in detail all of the options that are available 
for finding inflection points of a function. 1500 


3. The graph in Figure 5.4.1 shows an estimate of the 


ultimate crude oil production recoverable from 1200 
Earth.”* 
: : : j 900 
a. Estimate the two inflection points on the graph. 
b. Explain the meaning of the inflection points in 600 
the context of crude oil production. 
300 
. 28. Figure 5.4.1 adapted from Frangois Ramade, Ecology of Natural Advertising 
¢ "Resources (New York: Wiley, 1984). Copyright 1984 by John Wiley 0 dollars 


& Sons, Inc. Reprinted by permission of the publisher. 0 500 1000 1500 2000 2500 (hundreds) 
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a. Mark the approximate location of the inflection 
point on the graph. 


b. Explain the meaning of the inflection point in 
the context of this business. 


c. Explain how knowledge of the inflection point 
might affect decisions made by the managers of 
this business. 


5. Consider the function 
g(x) = 0.04x? — 0.88x° + 4.81x + 12.11 


a. Graph g, g’, and g” between x = 0 and x = 15. 
Indicate the relationships among points on the 
three graphs that correspond to maxima, min- 
ima, and inflection points. 


b. Find the inflection point on the graph of g. Is it 
a point of most rapid decline or least rapid 
decline? 


: : 20 

6. Consider the function f(x) = To 1900 

a. Graph f, f’, and f” between x = 0 and x = 15. 
Indicate the points on the graphs of f’ and f” 
that correspond to the inflection point on the 
graph of f. 

b. Find the inflection point on the graph of f. Is it a 
point of most rapid or least rapid increase? 


Each of Activities 7 through 10 presents graphs of a 
function, its derivative, and its second derivative. 
(Assume that the input is on the horizontal axis.) In 
each case, identify each graph as the function, the deriv- 
ative, or the second derivative. Give reasons for your 
choice. 





> 
OQ 
Sy 








aS 
wt 
on 


10. 


Wk. 


























S b. 
AB EE 
AB GED a G 
: 
A/B E 
4. b. 
et 
ee | 
C 
a b. 
—3.4 -2 
@; 
—3.4 
The percentage of new material that a student will 


retain after studying t hours without a break can be 
modeled by 
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a. Find the inflection point on the graph of P, and 
interpret the answer. 


b. Compare your answer with that given in the dis- 
cussion at the end of this section. 


The U.S. Bureau of the Census’ prediction2? for the 
percentage of the population that is 65 to 74 years 
old from 2000 through 2050 can be modeled by 


Pio) = (619710?) — "(1.675102 xn 
0.050x° — 0.308x + 6.693 percent 


where x is the number of years after 2000. 


a. Determine the year between 2000 and 2050 in 
which the percentage is predicted to be increas- 
ing most rapidly, the percentage at that time, 
and the rate of change of the percentage at that 
time. 


b. Repeat part a for the most rapid decrease. 


The percentage of southern Australian grasshopper 
eggs that hatch as a function of temperature (for 
temperatures between 7°C and 25°C) can be mod- 
eled*’ by 


P(t) = -0.00645t* + 0.488t° — 12.991t? + 
136.560t — 395.154 percent 


where t is the temperature in °C. 
a. Graph P,P’, and P”. 


b. Find the point of most rapid decrease on the 
graph of P. Interpret your answer. 


The median size of a new house built in the United 
States between 1985 and 1998 can be modeled*' by 
the equation 


Fait 30 9.3 48X0 320.0500 
451.429 square feet 


x years after 1980. 

a. Determine the time between 1985 and 1998 
when the median house size was increasing least 
rapidly. Find the corresponding house size and 
rate of change in house size. 

b. Graph H, H’', and H", indicating the relation- 
ships between the inflection point on the graph 
of H and the corresponding points on the graphs 
of H’ and H”. 


. Based on data from the Statistical Abstract, 1998. 


Based on information in George L. Clarke, Elements of Ecology 


(New York: Wiley, 1954), p. 170. 
Based on data from the National Association of Home Builders 


Economics Division. 


1). 


16. 


We 
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c. Determine the time between 1985 and 1998 
when the median house size was increasing the 
most rapidly. 


The average price (per 1000 cubic feet) of natural 
gas for residential use’ from 1980 through 1997 is 
given by 


p(x) = 0.004265x° — 0.11816x" + 
0.9674x + 3.681 dollars 


where x is the number of years since 1980. 


a. Sketch the graphs of p and its first and second 
derivatives. Label the vertical axes appropriately. 
Which point on the derivative graph corre- 
sponds to the inflection point of the original 
function graph? Which point on the second 
derivative graph corresponds to the inflection 
point of the original function graph? 

b. Find the x-intercept of the second derivative 
graph, and interpret its meaning in context. 

c. Determine when, according to the model, the 
average natural gas price was declining most 
rapidly between 1980 and 1997. 

d. Determine when between 1980 and 1997 the 
natural gas price was increasing most rapidly. 


On the basis of data from the 1998 Statistical 
Abstract for years from 1970 through 1996, the per- 
centage of households with TVs that subscribed to 
cable can be modeled by 


59.3 
Tigi Ooi Ceca 





Pei 655 percent 

where x is the number of years after 1970. When 
was the percentage of households with TVs that 
subscribed to cable increasing the most rapidly? 
What were the percentage and the rate of change of 
the percentage at that time? 


The number of people who donated to an organiza- 
tion supporting athletics at a certain university in 
the southeast from 1975 through 1992 can be mod- 
eled*’ by 


D(t) = -10.247f + 208.1147 — 
168.805t + 9775.035 donors 
t years after 1975. 


a. Find any relative maxima or minima that occur 
on a graph of the function. 


32. Based on data from Statistical Abstract, 1998. 
33. Based on data from IPTAY Association at Clemson University. 
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c. Would you expect the most rapid rise to occur at 


b. Find the inflection point(s). : ots a 
approximately the same time each year? Explain. 


c. How do the following events in the history of 
football at that college correspond with the cur- 31. A chemical reaction begins when a certain mixture 
vature of the graphé of chemicals reaches 95°C. The reaction activity is 

measured in Units (U) per 100 microliters (1001) 

of the mixture. Measurements™ at 4-minute inter- 

vals during the first 18 minutes after the mixture 

reaches 95°C are listed in Table 5.23. 


i. In 1981, the team won the National Champi- 
onship. 

ii. In 1988, Coach F was released and Coach H 
was hired. 


18. The amount spent on cable television per person 
per year from 1984 through 1992 can be modeled** 
by 


A(x) = -0.1262x° + 1.596x° + 1.802x + 40.930 dollars 


TABLE 5.23 





where x is the number of years since 1984. 


a. Find the inflection point on the graph of A and 

the corresponding points on graphs of A’ and 

AS. 
b. Find the year between 1984 and 1992 in which 

the average amount spent per person per year on 

cable television was increasing most rapidly. 

What was the rate of change of the amount spent < 

per person in that year? 22. Table 5.24 lists the number of live births*’ in the 
United States between the years 1950 and 1995 to 
women 45 years of age and older. 


a. According to Table 5.23, during what time inter- 
val was the activity increasing most rapidly? 

b. Find a model for the data, and use the equation 
to find the inflection point. Interpret the inflec- 
tion point in context. 


19. A college student works for 8 hours without a break 
assembling mechanical components. The cumula- 
tive number of components she has assembled after 
h hours can be modeled by TABLE 5.24 






62 


(2 ae eee 
NU) = Ty 4960 








components 


a. Determine when the rate at which she was work- 
ing was greatest. 


b. How might her employer use the information in 
part a to increase the student’s productivity? 


20. The lake level of Lake Tahoe from October 1, 1995, 
through July 31, 1996, can be modeled® by 


L(d) = (5.345 - 107)d? + (2.543 - 104) d? — a Use the data to estimate when the number of 
0.0192d + 6226.192 feet above sea level rae was declining most rapidly between 1950 
and 1995. 


d days after September 30, 1995. 

a. Determine when the lake level was rising most 
rapidly between October 1, 1995, and July 31, 
1996. 


b. What factors may have caused the inflection 
point to occur at the time you found in part a? 


b. Find a model for the data, and use the equation 
to obtain the answer to part a. Note that the 
model must be interpreted discretely. 


ia 


. How does the answer to part b differ from the 
answer to part a? Which do you believe is the 
better estimate? 


34. Based on data from Statistical Abstract, 1994. 36. David EB; Soe ce 
z é 96. Da . Birch et al., “Simplified Ste IRN ie) 38 
35. Based on data from the Federal Watermaster, U.S. Department of (May 30, 1996), p. 445 SS Ripa Meco hee, 


Interior. at 1998 Inj ; 
37. The 1998 Information Please Almanac (Boston: Houghton Mifflin), 


2: 


24. 


d. Write a careful explanation of the procedure that 
you used with your model to find the point of 
most rapid decline. 


The yearly amount of garbage (in millions of tons) 
taken to a landfill outside a city during selected 
years from 1970 through 2000 is given in Table 5.25. 


TABLE 5.25 





a. Using the table values only, determine during 
which 5-year period the amount of garbage 
showed the slowest increase. What was the aver- 
age rate of change during that 5-year period? 

b. Find a model for the data. 


c. Give the second derivative formula for the equa- 
tion. 

d. Use the second derivative to find the point of 
slowest increase on a graph of the equation. 

e. Graph the first and second derivatives, and 
explain how they support your answers to part d. 

f. In what year was the rate of change of the yearly 
amount of garbage the smallest? What were the 
rate of increase and the amount of garbage in 
that year? 


A business owner’s sole means of advertising is to 
put fliers on cars in a nearby shopping mall parking 
lot. Table 5.26 shows the number of labor hours per 
month spent handing out fliers and the correspond- 
ing profit. 

a. Find a model for profit. 

b. For what number of labor hours is profit 
increasing most rapidly? Give the number of 
labor hours, the profit, and the rate of change of 
profit at that number. 

c. In this context, the inflection point can be 
thought of as the point of diminishing returns. 
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Discuss how knowing the point of diminishing 
returns could help the business owner make 
decisions relative to employee tasks. 


TABLE 5.26 


Profit 
(dollars) 





25. Table 5.27 gives the amount spent* on national 


defense (in billions of dollars measured in constant 
1987 dollars) between 1970 and 1990. 


TABLE 5.27 


Amount 
Year (billions of dollars) 






1984 


a. Find a model for the data. 






b. Give the second derivative formula for the equa- 
tion. 


c. Find the point between 1970 and 1990 at which 
spending on national defense showed the most 


38. Statistical Abstract, 1994. 
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rapid increase. Give the year, the amount spent, 
and how rapidly the amount was changing at 
that point. 


_ If you found the answer to part c by using a 


graphing calculator or computer, discuss how 
you could find the answer without using such a 
tool. 


. Find the year between 1970 and 1990 when 


spending on national defense was declining 
most rapidly. 


26. The revenue”? (in millions of dollars) of the Russell 
Corporation from 1989 through 1998 is given in 
Table 5:28: 





TABLE 5.28 





Revenue 
(millions of dollars) 





1998 1180.1 



















a. Use the data to estimate the year in which rev- 


enue was growing most rapidly. 
b. Find a model for the data. 


. Find the first and second derivatives of the 


model in part b. 


. Determine the year in which revenue was grow- 


ing most rapidly. Find the revenue and the rate 
of change of revenue in that year. 


27. Total yearly emissions of lead into the atmosphere 
between 1970 and 1995 can be modeled” by the 
equation 


2513 
LO) = 7 9.137602" 





million tons 


x years after 1970. 


39. Hoover’s Online Company Capsules. 
40. Based on data from Statistical Abstract, 1998. 


28. 


a). 
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_ Give the slope formula for L. 


_ How quickly were emissions decreasing in 1970 


and 1995? 


_ Find the year in which lead emissions were 


declining most rapidly. Give the emissions and 
the rate of change of the emissions in that year. 


Table 5.29 gives the total emissions‘! in millions of 
metric tons of nitrogen oxides, NO,, in the United 
States from 1940 through 1990. 


TABLE 5.29 


[a 
13.0 
[isso [208 


. Find a cubic model for the data. 






NO, 
(millions of metric tons) 










. Give the slope formula for the equation. 


. Determine when emissions were increasing most 


rapidly between 1940 and 1990. Give the year, 
the amount of emissions, and how rapidly they 
were increasing. 


The personnel manager for a construction com- 
pany keeps track of the total number of labor hours 
spent on a construction job each week during the 
construction. Some of the weeks and the corre- 
sponding labor hours are given in Table 5.30. 


TABLE 5.30 





41. Statistical Abstract, 1992. 


30. 
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a. Find a logistic model for the data. 


b. Find the derivative of the model. What are the 
units on the derivative? 


c. Graph the derivative, and discuss what informa- 
tion it gives the manager. 


d. When is the maximum number of labor hours 
per week needed? How many labor hours are 
needed in that week? 


e. Find the point of most rapid increase in the 
number of labor hours per week. How many 
weeks into the job does this occur? How rapidly 
is the number of labor hours per week increasing 
at this point? 

f. Find the point of most rapid decrease in the 
number of labor hours per week. How many 
weeks into the job does this occur? How rapidly 
is the number of labor hours per week decreas- 
ing at this point? 

g. Carefully explain how the exact values for the 
points in parts e and f can be obtained. 


h. If the company has a second job requiring the 
same amount of time and number of labor 
hours, a good manager will schedule the second 
job to begin so that the time when number of 
labor hours per week for the first job are declin- 
ing most rapidly corresponds to the time when 
number of labor hours per week for the second 
job are increasing most rapidly. How many weeks 
into the first job should the second job begin? 


Table 5.31 shows the number of males per 100 
females in the United States based on census data. 
The number is referred to as the gender ratio. 

a. Find a cubic model for the data. 


b. Write the second derivative of the equation you 
found in part a. 

c. In what year does the output of the model 
exhibit the most rapid growth? What was the 
gender ratio in that year, and how rapidly was it 
changing? 
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TABLE 5.31 








31. Fora function f, f(x) > 0 for all real number input 
values. Describe the concavity of a graph of f, and 
sketch a function for which this condition is true. 


32. Draw a graph of a function g such that ¢g”(x) = 0 for 
all real number input values. 


33. For a function f, the following statements are true: 


f.Ce Oe when 0 = 72) 
f"(x) =0 whenx = 2 
(Ce 0 when? = 
a. Describe the concavity of a graph of f between 
x=Oandx=4. 
b. Draw two completely different graphs that sat- 
isfy these second-derivative conditions. 
34. For a function h, the following statements are true: 


nix) O08 when 0 <x = 2 

h"(x) =0 whenx =2andx=0 

i G0 me when x = 0 and. = 2 
a. Describe the concavity of a graph of h. 


b. Draw a graph that satisfies all three of these 
second-derivative conditions. 


Interconnected Change: Related Rates 


We have seen that many situations in the world around us can be modeled mathe- 
matically and that because of this ability to model, we can use calculus to analyze 
changes taking place. So far we have considered how the rate of change of the output 
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variable of a function is affected by a change in the input variable. We now consider 
the interaction of the rates of change of input and output variables with respect to a 
third variable. We shall also see that the interconnection of the input and output vari- 
ables often reflects an interaction between their rates of change with respect to a third 
variable. 

Today’s news often brings us stories of environmental pollution in one form or 
another. One serious form of pollution is groundwater contamination. If a haz- 
ardous chemical is introduced into the ground, it can contaminate the groundwater 
and make the water source unusable. The contaminant will be carried downstream 
via the flow of the groundwater. This movement of contaminant as a consequence of 
the flow of the groundwater is known as avection. As a result of diffusion, the chemi- 
cal will also spread out perpendicularly to the direction of flow. The region that the 
contamination covers is known as a chemical plume. 

Hydrologists who study groundwater contamination are sometimes able to 
model the area of a plume as a function of the distance away from the source that the 
chemical has traveled by avection. That is, they develop an equation showing the 
snterconnection between A, the area of the plume, and r, the distance from the source 
that the chemical has spread because of the flow of the groundwater. 

If A is a function of r, then the rate of change 44 describes how quickly the area of 
the plume is increasing as the chemical travels farther from the source. What we have 
not investigated is how to determine and interpret the rates of change of A and r with 
respect to a third variable, say time. We study the interconnection of such rates in this 
section. However, before continuing with the groundwater example, let us first look 
at some simple examples of interconnected change. 


Interconnected-Change Equations 


An equation relating the volume V of a basketball to its radius r is V = Sar. When 
the ball is inflated, its volume increases as the radius gets larger. It is also true that 
both the volume and the radius increase according to how rapidly (that is, with 
respect to time) air is pumped into the ball. Note that even though V and r depend on 
the time t, the variable t does not appear in the volume equation. In such applica- 
tions, we refer to both volume V and radius r as dependent variables because their 
changes depend on time t¢. We refer to time, the “with respect to” variable, as the 
independent variable. 

In order to develop an equation relating the rate of change of the ball’s volume 
with respect to time and the rate of change of its radius with respect to time, we dif- 
ferentiate both sides of the equation with respect to time t. We use the Chain Rule to 
differentiate the right side of the volume equation, considering $77’ as the outside 


function and r as the inside function. The derivative of the inside function with 
respect to tis abs 


This equation shows how the rates of change of the volume and the radius of a sphere 
with respect to time are interconnected and can be used to answer questions about 
those rates. Such an equation is referred to as a related-rates equation. Example 1 


demonstrates how to develop related-rates equations that show how rates of change 
are interconnected. 2 


EXAMPLE 1 
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Related-Rates Equations 


Using each of the given equations, find an equation relating the indicated rates. 
dp dx 
a. p= 39x 4-4; relate == with —> 
72) relate ap wl PF 


da dt 
bwa=4ing — with —. 
a In ¢; relate ar with - 


p dome as 
c s=arVr + h’; relate <a with ge ‘suming that h is constant. 


Oe... Gp ? : 
d. v= arh; relate — with —, assuming that v is constant. 


dt dt 


Solution 


: Sik ; : me, 
a. Differentiating the left side of p = 39x + 4 with respect to ft gives 2. We use the 
Chain Rule to differentiate the right side of the equation with respect to t, con- 
sidering 39x + 4 to be the outside function and x to be the inside function. 


b. Applying the Chain Rule yields 


da (*) dt _4dt 
i 





dx ie Glee 


c. Differentiating the right side of s = mrVr + h’ requires both the Chain Rule 
and the Product Rule. Consider first the application of the Product Rule: 
ds 


eRe (arr)( derivative of Vr + h’ with respect to x)+ 


(derivative of mr with respect to x)( Vie i) 


In order to calculate the two derivatives with respect to x, remember to apply the 
Chain Rule. 


ie (nn [er ae yen | + (mS \( Ver) 
dx dx x 


Actas ( r 5 
emilee 
d. In order to develop a related-rates equation from v = th showing the inter- 
connection between aE and @,, we can isolate either r or h on one side and then 
find the derivative with respect to f, or we can find the derivative of both sides of 
the equation with respect to t and then solve for 4. (In the Activities you will be 
asked to show that these methods are equivalent.) We choose the second method 
because it leads to the removal of v from the equation. 
Differentiating the left side of the equation with respect to t gives zero 
because v is constant. Applying the Product Rule and the Chain Rule to the right 
side of the equation gives 


0= cnr) 4) + 2m( Ym 





dr 
dx 
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d 
Now solve for 4: 


anh = a 
dr dh 

“2rh a = eo, 
ar Pah 
ae hagas: 
dreaded 
i ONG ake 


ee ereseseevesesessesese 


Having derived related-rates equations in Example 1, we now consider how they can 
be used in the context of groundwater contamination. 


Groundwater Contamination 


In a certain part of Michigan, a hazardous chemical leaked from an underground 
storage facility. Because of the terrain surrounding the storage facility, the groundwa- 
ter was flowing almost due south at a rate of approximately 2 feet per day. Hydrolo- 
gists studying this plume drilled wells in order to sample the groundwater in the area 
and determine the extent of the plume. They found that the shape of the plume was 
fairly easy to predict and that the area of the plume could be modeled as 


A = 0.96041? + 1.960r + 1.124 — In(0.980r + 1) square feet 


when the chemical had spread r feet south of the storage facility. 


a. How quickly was the area of the plume growing when the chemical had traveled 
3 miles south of the storage facility? 


b. How much area had the plume covered when the chemical had spread 3 miles south? 
Solution 


a. First, note that the question posed asks for the rate of change of area with respect 
to time. However, the equation does not contain a variable representing time. 
Second, note that we are given the rate of change of r with respect to time. If we 
represent the time in days since the leak began as t, then we know that o = 2 feet 
per day and we are trying to find ua . We also have an equation that shows the 
interconnection between the dependent variables A and r. Therefore, we differen- 
tiate with respect to t both sides of the equation that relates A and r. 











dA dr dr 1 dr 
— = 0,9604(2r) — + 1.960 — + 0 — 
dt ) dt dt Gee 4 ;} (sso 4 
dA 

—= [1.9208 + 1.960 Deedee at 

dt 0.980r + 1] dt 


Next, we substitute the known values r = 3 miles = 15,840 feet and 7 = 2 feet 
per day and then solve for the unknown rate. 
dA 


is 0.980 
— = | 1.9208(15,840) + 1.960 — 
dt 0.980(15,840) + 1)” 


~ 60,855 square feet per day 





EXAMPLE 3 
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When the chemical has spread 3 miles south, the plume is growing at a rate of 
60,855 square feet per day. 


b. The area of the plume is 


A = 0.9604(15,840)? + 1.960(15,840) + 1.124 — In[0.980(15,840) + 1] 
~ 241,000,776 square feet 


~ 8.6 square miles 


When the contamination has spread 3 miles south, the total contaminated area is 
approximately 8.6 square miles. 


OOo ee errr ereeereseeees 


Note the method we used to answer the question posed in Example 2. First, we 
determined which variables were involved. Second, we identified an equation that 
connected the dependent variables. Third, we determined which rates of change were 
needed to relate to one another and took the derivative of each side of the equation 
with respect to the independent variable. Finally, we substituted given quantities and 
rates into the related-rates equation and solved for the unknown rate. We summarize 
this method: 


Method of Related Rates 


Carefully read the problem and determine what variables are 
involved. Identify the independent variable (the “with respect to” 
variable) and all dependent variables. 


Use the given equation or find an equation relating the dependent 
variables. The independent variable may or may not appear in the 
equation. 

Differentiate both sides of the equation in Step 2 with respect to the 
independent variable to produce a related-rates equation. The Chain 
and/or Product Rule(s) may be needed. 

Substitute the known quantities and rates into the related-rates equa- 
tion, and solve for the unknown rate. 


If appropriate, interpret in context the solution found in Step 4. 





We illustrate this process in Example 3. 


Baseball Photography 


A baseball diamond is a square with each side measuring 90 feet. A baseball team is 
participating in a publicity photo session, and a photographer at second base wants to 
photograph runners when they are halfway to first base. Suppose that the average 
speed at which a baseball player runs from home plate to first base is 20 feet per sec- 
ond. The photographer needs to set the shutter speed in terms of how fast the distance 
between the runner and the camera is changing. At what rate is the distance between 
the runner and second base changing when the runner is halfway to first base? 
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Solution 


Step 1: The three variables involved in this problem are time, the distance between 
the runner and first base, and the distance between the runner and the photographer 
at second base. Because speed is the rate of change of distance with respect to time, 
the independent variable is time, and the two distances are the dependent variables. 


Step 2: We need an equation that relates the distance between the runner and first 
base and the distance between the runner and the photographer at second base. A 
diagram can help us better understand the relationship between these distances. See 
Figure 5.26. 
We consider the right triangle formed by the runner, first base, and second 
base. Using the Pythagorean Theorem, we know that the relationship between 
fand s in Figure 5.26 is 


Second > 
base fe +90? =s 


Step 3: Differentiating with respect to t gives 


Oe 3 dts 
ATM eer 
ds _ f df 
dt s dt 


Step 4: Note that the rate we need to find is - We are told that f = 45 feet 


(half of the way to first base) and 7, = -20 feet per second (negative because 
the distance between first base and the runner is decreasing). Substitute these 
values into the related-rates equation to obtain ee = 4 (-20). Find the value 
of s using the equation f* + 90? = s° and the fact that f = 45 feet. Thus 


s = V 10,125 ~ 100.62 feet, and we have 


CS SE aid d) ~ -8.94 feet d 
= = ee er secon rai CD ee er secon 
dt  /10,125 feet E P 





FIGURE 5.26 





Step 5: When a runner is halfway to first base, the distance between the runner and 
the photographer is decreasing by about 8.9 feet per second. 


Pe ecccesesaeseoeeeooece 


Understanding that the change in one variable is connected to the change in 
another variable is important in a variety of applications. The independent variable 
is often—but not always—time. Being able to work with related rates can help you 
solve problems that occur in many real-world applications. 





Concept 

Inventory Activities 
@ Dependent and independent variables For each of the equations in Activities 1 through 14, 
® Related-rates equation write the indicated related-rates equation. 


@ Method of related rates 1. f = 3x; relate ah and ce 


dt dt 


2. p’ =5s+2; relate anil 
dx 


dx 


10. 


ll. 


Le 


13. 


14. 


WS); 


. g= el’: relate dg and — 

. f = 62(1.02*); relate aan 

. p =51n(7 +s); relate ~ and —. 
dx 


. h= 6aln a; relate alt and —. 


355) 


. k = 6x’ + 7; relate gh and sad 
dy dy 
= 9x3 + 12% ; relate and & 
ay 12x° + 4x + 3; relate —— and —. 
dt dt 


dg dx 


. =e relate = and —. 


dt dt 


dx 
dt dt 


dx 


dt dt 


dp ds 
dx 
da 
dy dy 


dv dw 
= thw(x + w); — and — 
thw(x + w); relate Tk and oe assuming that 


h and x are constant. 


s=arVr + h’; relate e and < assuming that 


r is constant. 


dr : ; 
and —., assuming that v is 


dt dt 


1 
v = 371r°h; relate 


constant. 


5 dh dr 
s=arVr + h’; relate oF and a assuming that 


s is constant. 


v = thw(x + w); relate le and ae assuming that 


dt dt 


v and x are constant. 


Trees do a lot more than provide oxygen and shade. 
They also help pump water out of the ground and 
transpire it into the atmosphere. The amount of 
water an oak tree can remove from the ground is 
related to the tree’s size. Suppose that a tree tran- 
spires 
w = 31.54 + 12.97 In g gallons of water per day 
where gis the girth in feet of the tree trunk measured 
5 feet above the ground. A tree is currently 5 feet in 
girth and is gaining 2 inches of girth per year. 
a. How much water does the tree currently tran- 
spire each day? 


Posies dw 
b. If tis the time in years, find and interpret ae 
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16. The body-mass index” of an individual who weighs 


w pounds and is h inches tall is given as 


yee o2iee oints 
0.00064516/ P 
a. Write an equation showing the relationship 
between the body-mass index and weight of a 
woman who is 5 feet 8 inches tall. 


b. Find a related-rates equation showing the inter- 
connection between the rates of change with 
respect to time of the weight and the body-mass 
index. 


c. Consider a woman who weighs 160 pounds and 
is 5 feet 8 inches tall. If ae = 1 pound per 
month, find and interpret 7. 

d. Suppose a woman who is 5 feet 8 inches tall has a 
body-mass index of 24 points. If her body-mass 


index is decreasing by 0.1 point per month, at 
what rate is her weight changing? 


17. Refer to the body-mass index equation in Activity 16. 


a. Write an equation showing the relationship 
between the body-mass index and the height of a 
young teenager who weighs 100 pounds. 


b. Finda related-rates equation showing the intercon- 
nection between the rates of change with respect 
to time of the body-mass index and the height. 


c. If the weight of the teenager who is 5 feet 3 inches 
tall remains constant at 100 pounds while she is 
growing at a rate of half an inch per year, how 
quickly is her body-mass index changing? 


18. The apparent temperature* A in degrees Fahren- 


heit is related to the actual temperature t and the 
humidity h by the equation 


A = 2.70 + 0.885t — 78.7h + 1.20th degrees Fahrenheit 


a. If the humidity remains constant at 53% and the 
actual temperature is increasing from 80°F at a 
rate of 2°F per hour, what is the apparent tem- 
perature and how quickly is it changing? 


b. If the actual temperature remains constant at 
100°F and the relative humidity is 30% but is 
dropping by 2 percentage points per hour, what 
is the apparent temperature and how quickly is it 
changing? 


42. New England Journal of Medicine, September 14, 1995. 
43. W. Bosch and L. G. Cobb, “Temperature Humidity Indices,” 


UMAP Module 691, The UMAP Journal, vol. 10, no. 3 (Fall 1989), 
pp. 237-256. 
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CHAPTER 5 


The lumber industry is interested in being able to 
calculate the volume of wood in a tree trunk. The 
volume of wood contained in the trunk of a certain 
fir** has been modeled as 


V = 0.002198"?! "7 cubic feet 


where d is the diameter in feet of the tree, measured 
5 feet above the ground, and h is the height of the 
tree in feet. 


a. If the height of a tree is 32 feet and its diameter is 
10 inches, how quickly is the volume of the wood 
changing when the tree’s height is increasing by 
half a foot per year? (Assume that the tree’s 
diameter remains constant.) 


b. If the tree’s diameter is 12 inches and its height is 
34 feet, how quickly is the volume of the wood 
changing when the tree’s diameter is increasing 
by 2 inches per year? (Assume that the tree’s 
height remains constant.) 


The carrying capacity of a crop is measured in the 
number of people for which it will provide. The 
carrying capacity of a certain wheat crop® has been 
modeled as 


IRS 2 
K= D people per hectare 





where P is the number of kilograms of wheat pro- 
duced per hectare per year and D is the yearly 
energy requirement for one person in megajoules 
per person. 


a. Write an equation showing the yearly energy 
requirement of one person as a function of the 
production of the crop. 


b. With time t as the independent variable, write a 
related-rates equation using your result from 
part a. 


c. If the crop currently produces 10 kilograms of 
wheat per hectare per year and the yearly energy 
requirement for one person is increasing by 


2 megajoules per year, find and interpret oe 


J. L. Clutter et al., Timber Management: A Quantitative Approach 
(New York: Wiley, 1983). 

R. S. Loomis and D. J. Connor, Crop Ecology: Productivity and 
Management in Agricultural Systems (Cambridge, England: Cam- 
bridge University Press, 1982). 
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Analyzing Change: Applications of Derivatives 


A Cobb-Douglas function for the production of 
mattresses is 


M = 48.10352L°°K°* mattresses produced 


where L is measured in thousands of worker hours 

and K is the capital investment in thousands of 

dollars. 

a. Write an equation showing labor as a function of 
capital. 

b. Write the related-rates equation for the equation 
in part a, using time as the independent variable 
and assuming that mattress production remains 
constant. 


c. If there are currently 8000 worker hours and if 
the capital investment is $47,000 and is increas- 
ing by $500 per year, how quickly must the num- 
ber of worker hours be changing in order for 
mattress production to remain constant? 


A ladder 15 feet long leans against a tall stone wall. 
If the bottom of the ladder slides away from the 
building at a rate of 3 feet per second, how quickly 
is the ladder sliding down the wall when the top of 
the ladder is 6 feet from the ground? At what speed 
is the top of the ladder moving when it hits the 
ground? 


A hot-air balloon is taking off from the end zone of 
a football field. An observer is sitting at the other 
end of the field 100 yards away from the balloon. If 
the balloon is rising vertically at a rate of 2 feet per 
second, at what rate is the distance between the bal- 
loon and the observer changing when the balloon is 
500 yards off the ground? How far is the balloon 
from the observer at this time? 


A girl flying a kite holds the string 4 feet above 
ground level and lets out string at a rate of 2 feet per 
second as the kite moves horizontally at an altitude 
of 84 feet. Find the rate at which the kite is moving 
horizontally when 100 feet of string has been let out. 


A softball diamond is a square with each side meas- 
uring 60 feet. Suppose a player is running from sec- 
ond base to third base at a rate of 22 feet per second. 
At what rate is the distance between the runner and 
home plate changing when the runner is halfway to 


third base? How far is the runner from home plate 
at this time? 


Helium gas is being pumped into a spherical bal- 
loon at a rate of 5 cubic feet per minute. The pres- 
sure in the balloon remains constant. 


a. What is the volume of the balloon when its 
diameter is 20 inches? 


b. At what rate is the radius of the balloon chang- 
ing when the diameter is 20 inches? 


27. A spherical snowball is melting, and its radius is 
decreasing at a constant rate. Its diameter decreased 
from 24 centimeters to 16 centimeters in 30 minutes. 


a. What is the volume of the snowball when its 
radius is 10 centimeters? 


b. How quickly is the volume of the snowball 
changing when its radius is 10 centimeters? 


28. A leaking container of salt is sitting on a shelf in a 
kitchen cupboard. As salt leaks out of a hole in the 
side of the container, it forms a conical pile on the 
counter below. As the salt falls onto the pile, it slides 
down the sides of the pile so that the pile’s radius is 
always equal to its height. If the height of the pile is 
increasing at a rate of 0.2 inch per day, how quickly 
is the salt leaking out of the container when the pile 
is 2 inches tall? How much salt has leaked out of the 
container by this time? 


summary 
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29. Soft-serve frozen yogurt is being dispensed into a 
waffle cone at a rate of 1 tablespoon per second. If the 
waffle cone has height h = 15 centimeters and radius 
r = 2.5 centimeters at the top, how quickly is the 
height of the yogurt in the cone rising when the 
height of the yogurt is 6 centimeters? (Hint: 1 cubic 
centimeter = 0.06 tablespoon and r = hy 


30. Boyle’s Law for gases states that when the mass of a 
gas remains constant, the pressure p and the volume 
v of the gas are related by the equation pv = ¢, 
where c is a constant whose value depends on the 
gas. Assume that at a certain instant the volume of a 
gas is 75 cubic inches and its pressure is 30 pounds 
per square inch. Because of compression of volume, 
the pressure of the gas is increasing by 2 pounds per 
square inch every minute. At what rate is the vol- 
ume changing at this instant? 


31. Demonstrate that the two solution methods 
referred to in part d of Example 1 yield equivalent 
related-rates equations for the equation given in 
that part of the example. 





ie chapter is devoted to analyzing change. The 
principal topics are approximating change, opti- 
mization, inflection points, and related rates. 


Approximating Change 

One of the most useful approximations of change in a 
function is to use the behavior of a tangent line to 
approximate the behavior of the function. Because of 
the principle of local linearity, we know that tangent 
line approximations are quite accurate over small inter- 
vals. We estimate the output f(x + h) as f(x) + (Meas 
where h represents the small change in input. 

When cost, revenue, and profit are approximated by 
using these techniques, we call the approximation mar- 
ginal analysis. The rates of change of cost, revenue, and 
profit with respect to the number of units produced or 
sold are commonly called marginal cost, marginal rev- 
enue, and marginal profit. In marginal analysis, the 
small change in input is one unit. 


Optimization 

The word optimization (as we used it in Section 5.2) 
refers to locating relative or absolute extreme points. A 
relative maximum is a point to which the graph rises 
and after which the graph falls. Similarly, a relative min- 
imum is a point to which the graph falls and after which 
the graph rises. There may be several relative maxima 
and relative minima on a graph. The highest and lowest 
points on a graph over an interval or over all possible 
input values are called the absolute maximum and 
absolute minimum points. These points may coincide 
with a relative maximum or minimum, or they may 
occur at the endpoints of a given interval. 

If a smooth, continuous graph has a relative maxi- 
mum or relative minimum at a point, then the line tan- 
gent to the graph at that point is horizontal and has slope 
zero. However, it is not the case that every horizontal 
tangent line occurs at a relative maximum or relative 
minimum, because horizontal tangent lines sometimes 
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occur at points of inflection. The key to locating relative 
maxima and relative minima on smooth, continuous 
graphs is to locate the input values where the derivative 
actually crosses the horizontal axis. If the derivative 
merely touches the horizontal axis to produce a horizon- 
tal tangent line, then we do not have a relative maxi- 
mum or relative minimum. 

Some functions may have extreme points where the 
function has a value but the derivative does not exist; 
that is, there is no line tangent to the graph at those 
points. These functions may or may not be continuous. 
Some piecewise functions are examples of functions of 
this type. It is always wise to begin any optimization 
investigation with a graph of the function before using 
derivatives. 


Inflection Points 


Geometrically, inflection points are simply points where 
the concavity of the graph changes from concave up to 
concave down, or vice versa. Their importance, however, 
is that they identify the points of most rapid change or 
least rapid change in a region around the point. 

Because the change along a graph is measured by its 
derivative, we often locate inflection points by finding 
the relative maxima and relative minima of the deriva- 
tive graph. Analytically, we look among the points 
where the second derivative (the derivative of the deriv- 
ative) crosses the horizontal axis. 


- Concept Check 


Analyzing Change: Applications of Derivatives 


There are functions with inflection points where the 
second derivative fails to exist. These points can be 
found by determining where the second derivative is 
not defined and looking at the graph and its concavity 
on either side of these points. We should always begin 
with a graph of the function and its derivative before 
attempting to use the second derivative to locate inflec- 
tion points. In addition to locating input values of 
inflection points, the second derivative of a function can 
also be used to determine the concavity of the function. 


Related Rates 


When the changes in one or more variables (called 
dependent variables) depend on a third variable (called 
the independent variable), a related-rates equation can 
be developed to show how the rates of change of these 
variables are interconnected. The Chain Rule plays an 
important role in the development of a related-rates 
equation, because the independent variable (which is 
often time) is not always expressed in the equation that 
relates the dependent variables. 

The method of related rates involves (1) determin- 
ing what variables are involved, (2) finding an equation 
that relates the dependent variables, (3) differentiating 
both sides of the equation with respect to the independ- 
ent variable, (4) substituting the given information into 
the related-rates equation and solving for the unknown 
rate, and (5) interpreting the solutionin context. 
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Use derivatives to approximate change? 

Understand marginal analysis? 

Find relative and absolute extreme points? 

Set up and solve applied optimization problems? 

Find and interpret inflection points? 

Understand the relationship between second derivatives 
and concavity? 

e@ Set up and solve related-rates equations? 


To practice, try 


conic Cal cipivie:8ivicisiei® 6/0] (sole ele aleieleie ola (ola/e acalalvinlers isiejeieisieteteteielate neice 


Section 5.1 Activity 15 
Section 5.1 Activities 5, 17 
Section 5.2 Activity 23 
Section 5,3 Activities 3, 9, 13 
Section 5.4 Activities 3, 25 
Section 5.4 Activity 33 
Section 5.5 


Activities 19, 25 


Review Test 


Chapter 5 Review Test B/D 





1. The number of tourists who visited Tahiti each year 
between 1988 and 1994 can be modeled*® by 


T(x) = -0.4804x* + 6.63522 — 26.126x2 + 
26.981x + 134.848 thousand tourists 


x years after 1988. 


a. Find any relative maxima and minima of T(x) 
between x = 0 and x = 6. Explain how you 
found the value(s). 


b. Find any inflection points of the graph of T 
between x = 0 and x = 6. Explain how you 
found the value(s). 


c. Graph T, T’, and T”. Clearly label on each graph 
the points corresponding to your answers to 
parts a and b. 


d. Between 1988 and 1994, when was the number 
of tourists the greatest and when was it the least? 
What were the corresponding numbers of tourists 
in those years? 


e. Between 1988 and 1994, when was the number 
of tourists increasing the most rapidly, and when 
was it declining the most rapidly? Give the rates 
of change in each of those years. 


. Let M(t) represent the population of French Poly- 
nesia (of which Tahiti is a part) at the end of year tf. 
If M(2000) = 246.4 thousand people, and if 
M’(2000) = 4.9 thousand people per year, estimate 
the following: 


a. How much did the population of French Polyne- 
sia increase during the first quarter of 2001? 


b. What was the population in the middle of 2001° 


. A natural gas company needs to run pipe from the 
point on shore marked A in Figure 5.27 to the point 
marked B on the island. The island is 3.2 miles 
down shore from point A and 1.6 miles out to sea. It 
will cost the gas company $27 per foot to lay pipe 
underground and $143 per foot to lay pipe under- 
water. The company must decide the most econom- 
ical distance to run the pipe underground before 
cutting across the water. Determine the optimal dis- 
tance x in Figure 5.27 and the corresponding total 
cost of laying the pipe to the island. 


46. Stephen J. Page, “The Pacific Islands,” EIU International Reports, 


vol. 1 (1996), page 91. 
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FIGURE 5.27 


. The graph of the derivative of a function h is shown 


in Figure 5.28. 


h'(x) 








FIGURE 5.28 


a. Does the graph of h have a relative maximum 
and/or minimum between a and b? If so, mark 
on the derivative graph the input location of 
each extreme point, and classify the type of 
extreme point at that location. If not, explain 
why not. 


b. Does the graph of h have one or more inflection 
points between a and 0? If so, mark and label on 
the derivative graph the input location(s) of the 
inflection point(s). If not, explain why not. 


. The length of skid marks made on an asphalt road 


when a vehicle’s brakes are applied quickly is given by 
S = 0.000013 wv’ feet 


where the vehicle weighs w pounds and is traveling 
v mph when the brakes are applied. How quickly is 
the length of the skid marks changing when the 
velocity of a 4000-pound vehicle traveling at a 
speed of 60 mph is decreasing by 5 mph per second 
when the brakes are applied? (Assume that the vehi- 
cle’s weight remains constant.) 






Project 5.1 





Setting 


In 1986, the state of California was trying to 
make a decision about raising the fee for a 
deer hunting license. Five hundred hunters 
were asked how much they would be willing 
to pay in excess of the current fee to hunt 
deer. The percentage of hunters to agree to a 
fee increase of $x is given by the logistic 
model*’ 


£221 
Le o22Te oe 





Percentage = 


Suppose that in 1986 the license fee was 
$100, and 75,000 licenses were sold. Suppose 
that you are part of the 1986 Natural 
Resources Team presenting a proposed 
increase in the hunting license fee to the 
head of the California Department of 
Natural Resources. 


47. Based on information in Journal of Environmental 
Economics and Management, vol. 24, no. 1 (January 
1993). 
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Hunting 
License Fees 





Tasks 


Ile 


Illustrate how the model can be used by answering the 
following questions. 
a. What was the hunting license revenue in 1986? 
b. Suppose that in 1987 the fee increased to $150. 
i. What percentage of the 1986 hunters would buy 
another license? 
il. How many hunters is that? 
ii. What would be the 1987 revenue? 
c. Repeat the questions in part b if the fee were 
increased to $300. 


. If the fee increase for 1987 were x dollars, find formulas 


for. the following: 

a. The percentage of hunters willing to pay the new fee 

b. The number of the 75,000 hunters willing to pay the 
new fee 

c. The new fee 

d. The 1987 revenue 


. Use your formulas to determine the optimal license fee. 


Also, find the optimal fee increase, the number of hunters 
who will buy licenses at the new fee, and the optimal 
revenue. 


Reporting 


Ih 


Prepare a letter to the head of the California Depeartment 
of Natural Resources. Your letter should address the fee 
increase and expectations for revenue. You should not 
make it technical but should give some support to back 
up your conclusions. 


- Prepare a technical written report outlining your findings 


as well as the mathematical methods you used to arrive at 
your conclusions. 






Project 5.2 





Setting 


In order to raise funds, the mathematics 
department in your college or university is 
planning to sell T-shirts before next year’s 
football game against the school’s biggest 
rival. Your team has volunteered to conduct 
the fund raiser. Because several other student 
groups have also volunteered to head this 
project, your team is to present its proposal 
for the fund drive, as well as your predictions 
about its outcome, to a panel of mathematics 
faculty. 


Task A 


Follow the tasks for Project 2.2 on pages 
184-185. You will find a partial price listing 
for the T-shirt company in Table 2.99 on 
page 185. 


Task B 


1. Review your work for Task A. If you wish 
to make any changes in your marketing 
scheme, you should do so now. If you 
decide to make any changes, make sure 
that the polling that was done is still 
applicable (for example, you will not be 
able to change your target market). 
Change (if necessary) any models from 
Task A to reflect any changes in your 
marketing scheme. 


2. Use the models of demand, revenue, total 
cost, and profit developed in Task A to 
proceed with this section. 

Determine the selling price that 
generates maximum revenue. What is 
maximum revenue? Is the selling price 

; that generates maximum revenue the 

_ -, .game as the price that generates 


Fund-Raising 
Campaign 


maximum profit? What is maximum profit? Which 
should you consider (maximum revenue or maximum 
profit) in order to get the best picture of the effectiveness 
of the drive? Re-evaluate the number of shirts you may 
wish to sell. Will this affect the cost you determined 
above? If so, change your revenue, total cost, and profit 
functions to reflect this adjustment and re-analyze 
optimal values. Show and explain the mathematics that 
underlies your reasoning. 

Discuss the sensitivity of the demand function to 
changes in price (check rates of change for $20, $14, and 
$8). Does the demand function have an inflection point? 
If so, find it. Find the rate of change of demand with 
respect to price at this point, and interpret its meaning 
and impact in this context. How would the sensitivity of 
the demand curve affect your decisions about raising or 
lowering your selling price? 

On the basis of your findings, predict the optimal 
selling price, the number of T-shirts you intend to print, 
the costs involved, the number of T-shirts you expect to 
sell before realizing a profit (that is, the break-even 
point), and the expected profit. 


Reporting 


1. Write a report for the mathematics department concerning 


your proposed campaign. They will be interested in the 
business interpretation as well as in an accurate description 
of the mathematics involved. Make sure that you include 
graphical as well as mathematical representations of your 
demand, revenue, cost, and profit functions. (Include 
graphs of any functions and derivatives that you use. 
Include your calculations and your survey as appendices.) 
Do not forget to cover Task A in this report as well. 


. Make your proposal and present your findings to a panel 


of mathematics professors in a 15-minute presentation. 
Your presentation should be restricted to the business 
interpretation, and you should use overhead 
transparencies of graphs and equations of all models and 
derivatives as well as any other visual aids that you 
consider appropriate. 
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Accumulating Change: 
Limits of Sums and the 
Definite Integral 


Concept Application 


If crude oil is flowing into a holding tank through a pipe, 
the rate at which the oil is flowing determines how quickly 
the holding tank will fill. It is possible that the rate varies 
with time and can be mathematically modeled. Such a 
model could then be used to answer questions such as 


What is the change in the amount of oil in the tank dur- 
ing the first 10 minutes the oil is flowing into the tank? 


If there were 5000 cubic feet of oil in the tank before the 


oil began flowing into the tank, how much oil is in the 
tank after 10 minutes? 





How long can oil flow into the tank before the tank is 


full? 


Questions such as these can be answered using definite 
integrals. Examples of this type of problem appear in 
Questions 1 and 4 of the Chapter 6 Review Test. 


aT 


_JABIc|_ This symbol directs you to the supplemental technology guides. The different guides contain 


step-by-step instructions for using graphing calculators or spreadsheet software to work the 
particular example or discussion marked by the technology symbol. 


This symbol directs you to the Calculus Concepts web site, where 
review, links to data updates, additional practice problems, and ot 
material, 


you will find algebra 
her helpful resource 








Concept Objectives 


This chapter will help you understand the 
concepts of 


Accumulated change and area under a curve 
Area approximation techniques 

Definite integral as a limiting value 
Accumulation function 

Fundamental Theorem of Calculus 
Antiderivative 


Improper integral 


and you will learn to 


Approximate area using rectangles 


Interpret the area between a graph and the hori- 
zontal axis 


Approximate area using a limiting value of sums of 
areas of rectangles 


Sketch and interpret accumulation function 
graphs 


Find simple general antiderivatives 

Find and interpret specific antiderivatives 

Recover a function from its rate-of-change equation 
Evaluate and interpret definite integrals 


Determine whether an approximation technique is 
necessary in order to estimate a definite integral 


Evaluate and interpret improper integrals 


Chapters 1 through 5 focused on the 
derivative, one of the two fundamental 
concepts of calculus. Now we begin a 
study of the second fundamental concept 
in calculus, the integral. As before, our 
approach is through the mathematics of 
change. 


We start by analyzing the accumulated 
change in a quantity and how it is related 
to areas of regions between the graph of 
the rate-of-change function for that 
quantity and the horizontal axis. As we 
refine our thinking about area, we are led 
to consider limits of sums, which, in turn, 
show us how to account for the results of 
change in terms of integrals. Integrals, as 
we shall see, are intimately connected to 
derivatives by the Fundamental Theorem 
of Calculus. 
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Accumulating Change: Limits of Sums and the Definite Integral 


Results of Change and Area Approximations 


In our study of calculus so far, we have concentrated on finding rates of change. We 
now consider the results of change. 


Accumulated Change 


Suppose that you have been driving on an interstate highway for 2 hours at a con- 


v(t 

ae stant speed of 60 miles per hour. Because velocity, v, is the rate of change of distance 

(mph) traveled, s, with respect to time, we write this mathematically as v(t) = s(t) = 60 
mph, where t is the time in hours (0 S t = 2). A graph of this rate function over a 2- 
hour period of time appears in Figure 6.1. 

60 ee Recall that distance = (rate)(time), so at this constant rate, the distance traveled 
during a time period of t hours is (60 miles per hour)(t hours) = 60¢ miles. Geomet- 
rically, we view this multiplication as giving the area of the region between the rate- 
of-change graph and the horizontal axis over any time period of length t hours. Fig- 

t ure 6.2 illustrates this fact for the 1-hour time period between 0.5 hour and 1.5 
ras Hours hours, the 15-minute time period between 1 hour and 45 minutes and 2 hours, and 

PeOREE | the first t hours of the trip. In each case, the change in distance traveled during a time 

; period is given by the area of a region between the rate-of-change graph and the hor- 
izontal axis from the beginning to the end of the time period. 
v(t) v(t) v(t) 
Velocity Velocity Velocity 
(mph) (mph) (mph) 
60 60 60 
7 c 
t t 
1 1 1p BEES 1 1752 Hours , Hours 
(a) (b) (c) 
iy er ra ah hour) ares B = (60 mph) (0.25 hour) Area C = 60f miles is the distance 
aeeie ine age ee zee ae ee ae distance traveled during ¢ hours 
g the last 
15 minutes 
FIGURE 6.2 


Now, imagine that after a 2-hour drive at a constant speed of 60 mph, you 
increase your speed at a constant rate to 75 mph over a 10-minute interval richer 
maintain that constant 75-mph speed during the next half-hour. A graph of your 
speed appears in Figure 6.3a. : 
We know that the distance traveled during the times when speed is constant is the 
speed multiplied by the amount of time driven at that speed. But how can we calcu- 
late the distance driven between 2 hours and 2 hours 10 minutes when the s Rae 
increasing linearly? If we knew the average speed over the 10-minute ae then 
we could multiply that average speed by é of an hour to obtain the distance Tce 


EXAMPLE 1 


fi) 


(gallons per minute) 


- FIGURE 6.4 


t 
(minutes) 
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v(t) v(t) 
Velocity Velocity 
(mph) (mph) 

1B) 5) 75 | 





60 ene 60 


40 | 4 40 ae a b 
1 ) On Hours 1 7 Om Hours 








One 40min One 40min 
10min 10min 
(a) (b) 


FIGURE 6.3 


In this case, the average speed is simply the average of the beginning and ending 
speeds during the 10-minute interval. Thus we have 


Distance traveled 


between 2 hours average\. 60 mph + 75 mph\/1 
= (time) = hour 
and 2 hours speed 2 





10 minutes 


This distance is, in fact, the area of the trapezoid [Area = (base) #14 -sie2)] labeled 
R, in Figure 6.3b. Thus, the distance traveled during the 2-hour 40-minute interval is 
the area of the region beneath the velocity graph and above the time axis between the 
specified inputs, calculated by dividing the region into three smaller regions as 
shown in Figure 6.3b. 


Distance 


area of region R, + area of region R, + area of region R 
traveled 6 i 6 2 5 ? 





? 
= 120 miles + 11.25 miles + 37.5 miles 
= 168.75 miles 


(60 mph)(2 hr) + (= mph + 75 men 


; hr] + (75 mph) Ei hr) 


Once more, the change in the distance traveled is given by the area of the region 
between the rate-of-change graph and the horizontal axis. 


Draining Water 
A water tank drains at a rate of r(t) = -2t gallons per minute t minutes after the water 
began draining. The graph of the rate-of-change function is shown in Figure 6.4. 


a. What are the units on height, width, and area of the region between the time axis 
and the rate graph? 


b. Determine the change in the volume of water in the tank during the first 4 min- 
utes the tank was draining. 


c. How much water is in the tank at t = 4 minutes? 
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(gallons per minute) 


-8 


FIGURE 6.5 


t 


(minutes) 
(A) = 8 


Accumulating Change: Limits of Sums and the Definite Integral 


Solution 


a. The height corresponds to the output units, which are gallons per minute. The 
width is time in minutes. In the calculation of area, the height and width are mul- 


tiplied, giving area in gallons. 


b. To find the change in the volume of the water, we find the area of the region 
between the time axis and the rate graph. This area is shaded in Figure 6.5. The 
region is a triangle with base of length 4. The height is determined by the func- 
tion value at f = 4. Note that the function value is negative: r(4) = -8. The nega- 
tive sign is simply an indication that the rate-of-change graph lies below the hor- 
izontal axis. Although we know that height is a positive measure, we use this 
signed value for height to remind us that the region lies beneath the horizontal 
axis and represents a decrease in the amount of water in the tank. The signed area 
of the region is 


u (4 minutes) (-8 gallons per minute) = -16 gallons 
Thus, during the first 4 minutes the tank was draining, the volume changed by 


-16 gallons. In other words, the tank lost 16 gallons of water. 


c. Because we were not told how much water was in the tank when it began drain- 
ing, we do not know how much remains after 4 minutes. However, if we knew the 
initial amount of water, we could subtract the 16 gallons of water calculated in 
part b from the initial amount to determine the amount remaining in the tank 
after 4 minutes. 


Cee ceccceneesseeseeeees 


The previous velocity examples illustrate the following fundamental principle: 


Results of Change 


The accumulated change in a quantity is represented as the area or signed 


area of a region between the rate-of-change function for that quantity and 
the horizontal axis provided the function does not cross the horizontal axis. 





We will verify this principle later in this chapter by using the Fundamental Theorem 
of Calculus. 


Left- and Right-Rectangle Approximations 


The preceding velocity examples were carefully chosen so that their rate-of-change 
graphs were easy to obtain and the areas of the desired regions were easy to calculate 


But most real-life situations are not so simple. Indeed, there are two issues that we 
must face: 


1. Obtaining the rate-of-change function for the quantity of interest 


2. Calculating the area of the desired region between the rate-of- 


: chan i 
and the horizontal axis ean 
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In most cases, we must resort to approximating both the rate-of-change function 
and the desired area. Consider the example of a store manager of a large department 
store who wishes to estimate the number of customers who came to a Saturday sale 
from 9 a.m. to 9 p.m. The manager stands by the entrance for 1-minute intervals at 
different times throughout the day and counts the number of people entering the 
store. He uses these data as an estimate of the number of customers who enter the 
store each minute. The manager’s data may look something like Table 6.1. 


TABLE 6.1 


10:15 a.m. 





The number of customers who attended the sale can be calculated by summing 
the number of customers who entered the store during each hour for every hour of 
the 12-hour sale. We do not have enough information to determine the exact number 
of customers who entered the store each hour; however, we can estimate the number 
by using a continuous model for the customers-per-minute data. To build a model 
for the rate-of-change data, we choose to convert each of the above observation times 
to minutes after 9:00 a.m. Thus m = 0 at 9:00 a.m. and m = 675 at 8:15 p.m. A model 
for the customers-per-minute data is 


c(m) = (4.58904-10°)m? — (7.78127-10°)m? + 0.03303m + 0.88763 customers 
per minute 


where m is the number of minutes after 9:00 a.m. The graph of this model is shown 
in Figure 6.6. Note that c is a continuous function modeling a discrete situation. 


c(m) 
(customers 
per minute) 
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FIGURE 6.6 
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FIGURE 6.7 
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To estimate the number of customers who attended 
the sale, we use the model to estimate the number of cus- 
tomers per minute entering the store at the beginning of 
each hour and multiply by 60 minutes to estimate the 
number of customers entering the store during that hour. 
Summing the estimates for each of the 12 hours results in 
the estimate we desire for the total number of customers. 
This process is the same as drawing a set of 12 rectangles 
under the graph of c, one for each hour, and using the sum 
of their areas to estimate the total number of customers 

3s who came to the sale. (See Figure 6.7.) 
Aiautes Note that the area of the rectangles is an estimate of the 

660 after9 am. _ area of the region between the graph of c and the horizon- 

tal axis. This is precisely the point made in the principle 

stated after Example 1 concerning results of change. The 
total number of customers is approximately the area of the region beneath a graph of 
the rate-of-change function. Here we approximate the area using 12 rectangles. 

In Figure 6.7, the height of each rectangle is the function c evaluated at the left 
endpoint of the base of the rectangle. It is for this reason that we call these rectangles 
left rectangles. Because we are using 12 rectangles of equal width to span the 12- 
hour (720-minute) sale, the width of each rectangle is 720 + 12 = 60 minutes. We 
use Table 6.2 to keep track of the areas that we are summing. 


TABLE 6.2 














Height of rectangle Area of rectangle’ = 



















Left endpoint c(m) height-width 
of rectangle (customers Width of rectangle [(customers/min)(min) > 
per minute) (minutes) customers] 


“0)=03 
c(360) ~ 4.8 
c(420) ~ 4.4 


3)5},5: 
156.0 
228.6 
274.8 
298.1 
302.0 
290.2 
266.1 
233.4 
195e7 


m 





<4) =33 


Total area of rectangles ~ 2574 customers 


Thus, using 12 rectangles, we estimate that 2574 customers came to the Saturday sale 
Note the importance in this example of measuring time in minutes. If time is 
measured in hours, then the area calculated by multiplying height with units cus- 






1. These values were obtained using the unrounded model 


EXAMPLE 2 
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tomers per minute by width with units hours is not the number of customers. Make 
sure the units correspond so that their multiplication results in the desired units. 
Also note that our choice of using time intervals of 1 hour was arbitrary. In fact, 
using 30-minute or 15-minute intervals may give a more accurate estimate. 

The previous discussion illustrates a way to approximate the number of cus- 
tomers attending a Saturday sale by using left-rectangle areas. In some situations, 
choosing rectangles whose heights are measured at the right endpoint of the base of 
each rectangle may give more reasonable area approximations. Such rectangles are 
called right rectangles. The use of such rectangles is illustrated in the following 
example. 


Drug Absorption 


A pharmaceutical company has tested the absorption rate of a drug that is given in 
20-milligram (mg) doses for 20 days. Researchers have compiled data showing the 
rate of change of the concentration of the drug, measured in micrograms per milli- 
liter per day (tg/mL/day), in the bloodstream. Assume the rates are measured at the 
end of each day. The data and scatter plot are shown in Table 6.3 and Figure 6.8, 
respectively. 


TABLE 6.3 Rate of 


change of drug 
concentration 
(ug/mL/day) 


Concentration 
rate of change 
(wg/mL/day) 


Lis 
ie 
OES) z 

() +4—_+—+—_ ++ _+—+—+— Day 
epee 5 8 IGT 21 25 29 

ie" 
einer 





FIGURE 6.8 


a. Use the data and right rectangles of width 4 days to estimate the change in the 
concentration of the drug from the end of day 1 through the end of day 29. 


b. Find a model for the data. 


c. Use the model and right rectangles of width 2 days to estimate the change in the 
drug concentration from the beginning of day 1 through the end of day 20. 


d. Use the model to estimate the change in the drug concentration from the begin- 
ning of day 21 through the end of day 29. 


e. Combine your answers to parts c and d to estimate the change in the drug con- 
centration from the beginning of day 1 through the end of day 29. 
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Solution 

a. Figure 6.9 shows the right rectangles constructed on the scatter plot. The height 
of each rectangle is simply the output of the corresponding data point. The width 
of each rectangle is 4 days. 


Rate of 
change of drug 
concentration 
(ug/mL/day) 


as 


A 
0.5 
0 


=(0)5) 
ihe: 


a 


FIGURE 6.9 






Day 





The sum of the areas of the rectangles above the horizontal axis is 


Area = (0.75 pg/mL /day)(4 days) + (0.33 wg/mL/day) (4 days) 
+ (0.20 wg/mL/day)(4 days) + (0.10 wg/mL/day)(4 days) 
= 3 pg/mL + 1.32 pg/mL + 0.8 wg/mL + 0.4 pg/mL 
= 5.92 wg/mL 


The drug concentration increased by approximately 5.5 g/mL during the first 
16 days. The sum of the signed areas of the rectangles below the horizontal axis is 


Signed area = (-1.10 wg/mL/day)(4 days) + (-0.60 g/mL/day)(4 days) 
+ (-0.15 g/mL/day) (4 days) 
= -4.4 g/mL + (-2.4 wg/mL) + (-0.6 pg/mL) 
= -7.4 pg/mL 


The drug concentration changed by approximately -7.4 g/mL between the end 
of day 17 and the end of day 29. In other words, the drug concentration decreased 
by about 7.4 jzg/mL during this time. 

Thus between days | and 29, the drug concentration first increased by 5.52 
pg/mL and then decreased by 7.4 g/mL. Combining these results, we have that 
the total change was approximately 5.52 pg/mL — 7.4 g/mL = -1.88 g/mL. 


The drug concentration was approximately 1.88 j.g/mL less at the end of day 29 
than it was at the end of day 1. 


It is clear that a piecewise model is appropriate, with one function modeling the 
data through the end of day 20 and a second function modeling the data after the 
drug is discontinued. A possible model is 


rane rena wg/mL/day when 0 = x = 20 
0.11875x — 3.5854 g/mL/day when 20 < x < 29 


where x is the number of days after the drug is first administered. 
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c. To determine the change in the drug concentration from the beginning of day 1 
(x = 0) through the end of day 20 (x = 20), we use the exponential portion of the 
model and 10 right rectangles as shown in Figure 6.10 and Table 6.4. 


r(x) 
(ug/mL/day) 
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FIGURE 6.10 


TABLE 6.4 


Right endpoint Height of rectangle Area of rectangle = 
of rectangle r(x) height-width 
(wg/mL/day) {(g/mL/day)(days) >pg/mL] 


Sum of areas of rectangles ~ 8.235 g/mL 
Change in the drug concentration ~ 8.235 wg/mL 





From the beginning of day 1 through the end of day 20, the drug concentration 
increased by approximately 8.235 micrograms per milliliter. 


d. To determine the change in the concentration from the beginning of day 21 
through the end of day 29, we use the linear portion of the model. We calculate 
the shaded area in Figure 6.11 using the formula for the area of a trapezoid. The 
signed length of the left side is the linear portion of r evaluated at t = 20. 
Although the linear portion of the function does not apply in context for t = 20, 
it is useful in giving the length of the left side of the trapezoid. The signed length 
of the right side is the linear portion of r evaluated at t = 29. 


388 CHAPTER 6 Accumulating Change: Limits of Sums and the Definite Integral 





r(x) 
(ug/mL/day) 
20 BD 5% 
0 Day 
-0.14165 ] 
FIGURE 6.11 1.2104 + 





. side 1 + side 2 
Trapezoid area = (base) 5 


-1.2104 + (-0.14165 
=1(9 days)( : ) g/mL lday) 





= (9 days)(-0.676025 wg/mL/day) 
=~ -6.084 wg/mL 
Thus the change in the drug concentration is -6.084 j.g/mL. In other words, from 


the beginning of day 21 through the end of day 29, the concentration of the drug 
in the bloodstream declined by approximately 6.084 j.g/mL. 


e. To determine the change in concentration from the beginning of day 1 through 
the end of day 29, we need only subtract the amount of decline from the amount 
of increase. 


8.235 pg/mL — 6.084 pg/mL = 2.151 pg/mL 


The drug concentration increased by approximately 2.151 g/mL from the 
beginning of day 1 through the end of day 29. 


Pee eerceeeseeesccesoese 


Midpoint-Rectangle Approximation 


It is often true that if a left-rectangle approximation is an over-approximation, then a 
right-rectangle area will be an under-approximation, and vice versa. For example, 
consider using four left and four right rectangles to approximate the area of the 
region between the function f(x) = V1 — x* and the x-axis between x = 0 and 
x = 1. Figure 6.12 shows the rectangles and the approximate areas. 


f(x) f(x) 
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0 x 0 x 
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FIGURE 6.12 Left-rectangle Ri 
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f(x) 
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FIGURE 6.13 


EXAMPLE 3 
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Note that the left-rectangle approximation is an overestimate and the right-rectangle 
approximation is an underestimate. 

We next consider approximating area using a third type of rectangle. The 
midpoint-rectangle approximation uses rectangles whose heights are calculated at 
the midpoints of the subintervals (see Figure 6.13). Table 6.5 shows the calculations 
for the areas of the midpoint rectangles shown in Figure 6.13. 


TABLE 6.5 
number of interval rectangle rectangle height-width 
0.24804 
0.23176 
0.19516 
| 4 | ozs | (0.875) ~ 0.48412 0.12103 


Total midpoint area ~ 0.79598 


















The region whose area we are approximating is the interior of a quarter-circle with 
radius 1, so the true area is (ar-radius’) = (1)? ~ 0.78540. The midpoint-rectan- 
gle approximation is much closer to the actual area than are the two other approxi- 
mations. This is often the case. 


Rising River 








TABLE 6.6 


For 20 hours following a heavy rainstorm in the spring of 1996, the flow rate for the 
west fork of the Carson River was measured periodically. The flow rates” in cubic feet 
per second (cfs) are shown in Table 6.6. 


eee 

Time (cfs) 
11:45 p.m. Wednesday 

7:45 a.m. Thursday 


a. Ifa flow-rate model were found with input in hours since 11:45 a.m. Wednesday 
and output in cfs, what would be the units for the area of rectangles under the 
graph of the function? 















b. Convert the flow rates to cubic feet per hour. How does this conversion change 
the units on the area of the region under the graph of an equation for the con- 
verted data? 


c. Finda model for the converted data. 


d. Use 10 intervals and midpoint rectangles to estimate the area under the graph of 
the function in part c from 11:45 a.m. Wednesday to 7:45 a.m. Thursday. 


e. What does this area represent in the context of the Carson River? 


2. As reported in the Reno Gazette—Journal, May 17, 1996, p. 4A. 
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The heights of the rectangles will be measured in cfs and the widths of the rec- 
tangles will be in hours. Multiplying height by width results in units of (cubic feet 


per second) (hours). Without conversion, these are not meaningful units. 


There are 3600 seconds each hour (60 minutes per hour times 60 seconds per 
minute). Multiplying cubic feet per second by seconds per hour gives cubic feet 
per hour. The data become as shown in Table 6.7. The area of the region beneath 
a graph of an equation for the data has units of (cubic feet per hour)(hour). The 


Using 10 intervals to span a 20-hour period requires that each interval be 2 hours 


390 CHAPTER 6 
Solution 
Al, 
TABLE 6.7 
b. 
Hours since Flow rate 
11:45 a.m. (cubic feet 
Wednesday per hour) 
[i ee > 826,000 area is measured in cubic feet. 
i apn 2,710,800 c. A quadratic model for the converted data is 
ns ese | 3,002,400 fh) = 18,225h? — 135,334.3h + 2,881,542.9 cubic feet per hour 
pSo20e h hours after 11:45 a.m. Wednesday. 
16 5,292,000 d 





long. Table 6.8 shows the calculation for the midpoint-rectangle approximation. 


TABLE 6.8 












Height of _ Width of Area of 
midpoint rectangle rectangle 
[1 | fy ~2,764,4336 | 2 | __5,528,867.1 


! 
| 

7G) ~ 26395650 | 2 | 5.279,130.0 | 

5 | AG) ~ 2,660,496.4 | 


2Z 








: 2 : 
7 2 ; y 
Ds | fey=aia67503 | 2 | 6279ste6 


f(19) ~ 6,889,416.4 13,778,832.9 


Total midpoint area ~ 79,042,500 ft? 





The area which we estimate as 79,000,000 cubic feet represents the approximate 
amount of water that flowed through the Carson River (at the measuring point) 


from 11:45 a.m. Wednesday to 7:45 a.m. Thursday. 


eee eeeeesoeoscescsssces 


Working with Count Data 


Frequently, rate-of-change data are not available for a quantity; instead, we have 
count data (that is, totals reported at the end of a period of time) pertaining to that 
quantity. Table 6.9 shows the number of aluminum cans that were recycled? each year 


from 1978 through 1988. 


3. Data from the Aluminum Association, Inc. 


Cans each year 
(billions) 


40 
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1978 
FIGURE 6.14 
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TABLE 6.9 


Cans each year 
(billions) 





The number of cans recycled during 1980 can be interpreted geometrically as the 
area of a rectangle. We use a right rectangle (one whose height is determined at the 
right side of the rectangle) because the data are reported at the end of each year. (See 
Figure 6.14.) 


Cans each year 
(billions) 








++} + + Year 





1984 1986 1988 1978 1980 1982 1984 1986 1988 
FIGURE 6.15 


In other words, the number of cans recycled during 1980 is (height)(width) = 
(14.8 billion cans each year)(1 year) = 14.8 billion cans. If we consider the number of 
cans recycled during a given year as the area of a rectangle, then the number of recy- 
cled aluminum cans from the beginning of 1978 through the end of 1988 is the sum 
of the areas of the rectangles shown in Figure 6.15. 


Number of cans recycled = the sum of the areas of the rectangles 


= 8.0 + 8.5 + 14.8 + 24.9 + 28.3 + 29.44 
31.9 F99.h0 999.9 O00 420) 


= 290.8 billion cans 


Note that because each rectangle has width 1 year, the area is simply the sum of the 
output data. 

What would we do if some of the data were missing? For instance, suppose that 
we had data for only even-numbered years from 1978 through 1988. We could use 
rectangles with width 2 years, or we could find a model for the data and then con- 
struct estimates by using values determined from the equation and rectangles with 
width 1 year. 
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S 


Most of the data recorded in statistical tables and abstracts 1s count data. As the 
aluminum can illustration indicates, calculus is not necessary to find the accumu- 
lated change in the recorded quantity. In fact, although calculus could be used i 
approximate an accumulated change, it is a sum of discrete data values that gives the 


actual change. 


Count Data 


Do not confuse count data with rate-of-change data. When working with 


rate-of-change data, accumulated change is calculated using areas. When 
working with count data, accumulated change is calculated by summing 
the output data. 





The most important concept in this section is that accumulated change in a 
quantity can be found by finding areas between rate-of-change graphs and the hori- 
zontal axis. Sometimes we can calculate areas using geometric formulas. At other 
times, we approximate area using sums of areas of rectangles. The numerical calcula- 
tions are often tedious and result in only approximations, but later in this chapter we 
will discover a valuable calculus tool that enables us to find area and determine the 
accumulated change in a quantity accurately and quickly. 


Concept d. the area of the region between the graph of B 
Inventory and the t-axis? 





e. the accumulated change in the number of bacte- 
ria in the milk during the first hour that the milk 
is at room temperature? 


@ Area or signed area of a region between a 
rate-of-change function and the horizontal axis 
between a and b = accumulated change in the 
amount function between a and b 

®@ Left-rectangle approximation 

@ Right-rectangle approximation 

@ 

® 


2. The acceleration of a car (in feet per second per sec- 
ond) during a test conducted by a car manufacturer 
is given by A(t), where t is the number of seconds 
since the beginning of the test. 


Midpoint-rectangle approximation 
Count data 


a. What does the area of the region between the 


portion of the graph of A lying above the t-axis 
and the t-axis tell us about the car? 





Activities b. What are the units on 


i. the heights and widths of rectangles used to 
estimate area? 


1. The growth rate of bacteria (in thousands per hour) 
in milk at room temperature is B(t), where t is the 
number of hours that the milk has been at room 
temperature. We wish to use rectangles to estimate 
the area of the region between a graph of B and the 3. The distance required for a car to stop is a function 


ui. the area of the region between the graph of A 
and the t-axis? 


t-axis. What are the units on 
a. the heights of the rectangles? 
b. the widths of the rectangles? 


c. the areas of the rectangles? 


of the speed of the car when the brakes are applied. 
The rate of change of the stopping distance could 
be expressed in feet per mile per hour where the 


input is the speed of the car, in miles per hour, when 
the brakes are applied. 


FIGURE 6.1.1 
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a. What does the area of the region between the 
rate-of-change graph and the input axis from 
40 mph to 60 mph tell us about the car? 

b. What are the units on 

1. the heights and widths of rectangles used to 
estimate the area in part a? 


il. the area in part a? 


4. The atmospheric concentration of CO, is growing 
exponentially. If the growth rate in ppm per year is 
C(t), where t is the number of years since 1980, 
what are the units on 


a. the area of the region between the graph of C 
and the t-axis from t = 0 to t = 20? 

b. the heights and widths of rectangles used to esti- 
mate the area in part a? 


c. the change in the CO, concentration from 1980 
through 2000? 


5. Figure 6.1.1 shows the graph of a function g. 


g(x) 











a. Discuss how to approximate the area of the 
region between the graph of g and the x-axis 
between x = 0 and x = 8 with eight right rectan- 
gles that have the same width. Copy the graph, 
and draw the rectangles on the figure. 


b. Repeat part a using eight left rectangles. 


6. The graph in Figure 6.1.2 shows the energy usage in 


megawatts for one day for a large university cam- 
pus. The daily energy consumption for the campus 
is measured in megawatt-hours and is found by cal- 
culating the area of the region between the graph 
and the horizontal axis. 


m(t) 


Energy power usage 


(megawatts) 


t 


i Hours since 
12 18 24 midnight 








“© FIGURE 6.1.2 


a. Estimate the daily energy consumption using 
eight left rectangles. 


b. Estimate the daily energy consumption using 
eight right rectangles. 


c. Discuss whether the estimates in parts b and c 
are overestimates or underestimates of the actual 
daily energy consumption. 


7. The graph of a function f is shown in Figure 6.1.3. 


F(x) 





FIGURE 6.1.3 a b 


Discuss how to approximate the area of the region 
beneath the graph of f from x = a to x = b with four 
midpoint rectangles that have the same width. 
Draw the rectangles. 


. Approximate the area of the region beneath the 
graph of f(x) = e* from x = -1 tox =1 using 
four left rectangles, right rectangles, and midpoint 
rectangles. 


a. In each case, 
i. sketch the graph of ffrom x = -1 tox = 1. 


ii. label the points on the x-axis, and draw the 
rectangles. 


iii. calculate the approximating areas. 


b. Proceed as in part a to approximate the area of 
the region beneath the graph of f from x = -1 to 
x = 1 using eight left rectangles, eight right rec- 
tangles, and eight midpoint rectangles. 


c. The area, to nine decimal places, of the region 
beneath the graph of f(x) = e* is 1.493648266. 
Which approximation is the most accurate? 


. The graph in Figure 6.1.4 appears in Ecology of Nat- 
ural Resources by Francois Ramade (New York: 
Wiley, 1984).* It shows two estimates, labeled A and 
B, of oil production rates (in billions of barrels per 
year). 


4. Figure 6.1.4 adapted from Ecology of Naural Resources by Francois 


Remade. Copyright 1984 by John Wiley & Sons, Inc. Reprinted by 
permission of the publisher. 
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Production (billion barrels per year) 





: - - - - : Year 
1900 1925 1950 1975 2000 2025 2050 2075 2100 





FIGURE 6.1.4 


10. 


th, 


a. Use midpoint rectangles of width 25 years to 
estimate the total amount of oil produced from 
1900 through 2100 using graph A. 


b. Repeat part a for graph B. 


c. On page 31 of Ecology of Natural Resources, the 
total oil production is estimated from graph A to 
be 2100 billion barrels and from graph B to be 
1350 billion barrels. How close were your esti- 
mates? 


d. What can you conclude from the graph about 
the future of oil production? 


Scientists have long been interested in studying 
global climatological changes and the effect of such 
changes on many aspects of the environment. From 
carefully controlled experiments, two scientists? 
constructed a model to simulate daily snow depth in 
a region of the Northwest Territories in Canada. 
Rates of change (in equivalent centimeters of water 
per day) estimated from their model are shown as a 
scatter plot in Figure 6.1.5. Appropriate models have 
been sketched on the scatter plot. Note that both 
vertical and horizontal scales change after June 9. 


a. What does the figure indicate occurred between 
June 9 and June 11? 


b. Estimate the area of the region beneath the curve 
from April 1 through June 9. Interpret your 
answer. 


c. Use four midpoint rectangles to estimate the 
area of the region from June 11 through June 15. 
Interpret your answer. 


A mechanical engineering graduate student designed 
a robot and is testing the ability of the robot to accel- 


5. R. G, Gallimore and J. E. Kutzbach, “Role of Orbitally Induced 
Changes in Tundra Area in the Onset of Glaciation,” Nature, vol. 
381 (June 6, 1996), pp. 503— 505. 
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water per day 
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FIGURE 6.1.5 


erate, decelerate, and maintain speed. The robot 
takes 1 minute to accelerate to 10 miles per hour (880 
feet per minute). The robot maintains that speed for 
2 minutes and then takes half a minute to come to a 
complete stop. Assume that this robot's acceleration 
and deceleration are constant. 


a. Draw a graph of the robot’s speed during the 
experiment. 

b. Find the area of the region between the graph in 
part a and the horizontal axis. 


c. What is the practical interpretation of the area 
found in part b? 


12. A certain gas expands as it is heated. Figure 6.1.6 
shows the rate of expansion of the gas measured at 
several temperatures. 


Expansion rate 
(cm? per °C) 





Temperature 
200 202 204 206 208 210 Ee) 


FIGURE 6.1.6 


a. Use only the data and left rectangles to estimate 
by how much the gas expanded as it was heated 
from 200°C to 210°C. Sketch the rectangles on 
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the scatter plot. Do you believe your approxima- 
tion Is an overestimate or an underestimate? 
Explain. 

b. Repeat part a using right rectangles. 


13. An athlete is training for a mountain bike race. Her 
coach clocks her speed every 10 minutes during an 
hour-long ride. The speeds are shown in Table 6.10. 


TABLE 6.10 









Time 
(minutes) Me 30 50 
pe | 27 | 18 23 | 1 
(mph) 5 17 12 
a. Use only the data and six left rectangles to esti- 
mate the distance traveled by the cyclist during 


the 1-hour ride. Sketch a scatter plot of the data, 
and draw the rectangles on the scatter plot. 











b. Repeat part a using right rectangles. 


14. On January 4, 2000, DuPont stock was worth $65 
per share. 

a. Write a function for the value of x shares of 
stock. Graph this function. Note that this is a 
continuous model representing a discrete situa- 
tion. 

b. Write the function for the rate of change of the 
continuous model for the value of DuPont stock 
with respect to the number of shares held. Graph 
this rate-of-change function. 

c. Find the change in the value of stock held if the 
number of shares held is increased from 250 to 
300 shares. Depict this change as the area of a 
region on the rate-of-change graph. 


15. The rate of change of the population® of North 
Dakota from 1970 through 1990 can be modeled as 


fas thousand when0 =t< 15 
eople per year 
Bibs test bere ase 


-7.39 thousand when 15 = ¢t = 20 
people per year 
where ft represents the number of years since 1970. 
a. Sketch a graph of the rate-of-change function. 


b. Find the area of the region between the graph of 
p and the horizontal axis from 0 to 15. Interpret 
your answer. 


_ 6. Based on data from Statistical Abstract, 1994. 


c. Find the area of the region between the graph of 
p and the horizontal axis from 15 to 20. Interpret 
your answer. 

d. Was the population of North Dakota in 1990 
greater or less than the population in 1970? By 
how much did the population change between 
1970 and 1990? 

e. What information would you need to determine 
the population of North Dakota in 1990? 


16. The rate of change of the per capita consumption of 
cottage cheese’ in the United States between 1980 
and 1996 can be modeled by the function 


-0.10t — 0.058 pounds when0 St < 13 
per person per year 


c(t) = 


-0.1 pound per person when 13 StS 16 


per year 


where t is the number of years since 1980. 

a. Sketch a graph of the rate-of-change function. 

b. Find the area of the region between the graph 
and the horizontal axis between t = 0 and t = 16. 

c. Interpret the area in part b in the context of cot- 
tage cheese consumption. 


d. Can you determine the per capita cottage cheese 
consumption in 1996? Why or why not? 


17. The rate of change of the length of the average hos- 
pital stay* between 1980 and 1996 can be modeled 
by the equation 


O02 878023 when 

days per year OFS V=810 
-0.0408t + 0.30833 when 

days per year LO gece 16 


s(t) = 


where t is the number of years since 1980. 
a. Graph s for the years between 1980 and 1996. 


b. Judging on the basis of the graph, was the length 
of the average hospital stay increasing or 
decreasing between 1980 and 1996? 


c. Find the area of the region lying above the axis 
between the graph and the t-axis. 


d. Find the area of the region lying below the axis 
between the graph and the t-axis. 


7. Based on data from Statistical Abstract, 1998. 
8. Ibid. 
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e: Judging on the basis of your answers to parts ¢ 
and d, by how much did the average hospital stay 
change between 1980 and 1996? Can you deter- 
mine the average stay in 1996? Why or why not? 


The data in Table 6.11 show the marginal cost for 
compact disc production at the indicated hourly 
production levels: 


TABLE 6.11 


Marginal 
cost 





a. What are the units on the marginal cost? 


b. Use four left rectangles to approximate the 
change in cost when production is increased 
from 100 to 300 CDs per hour. 


c. Find a model for the data, and sketch a graph of 
the model for production levels from 100 to 300 
CDs per hour. 


d. Repeat part b using eight left rectangles. Why is a 
model necessary when you are using eight rec- 
tangles? 


e. Sketch the rectangles used in part d ona graph of 
the model. Is the approximation larger or 
smaller than the area of the region between the 
model and the horizontal axis from 100 to 300? 


The number of live births’ each year from 1950 
through 1995 in the United States to women 45 
years of age and older is given in Table 6.12. 


“vey | Ck ee 
Piso [oof || 














9. Statistical Abstract, 1998. 
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a. Draw a scatter plot of the data, and sketch right 
rectangles depicting the total number of live 
births from the beginning of 1985 through 1988. 
Use the data to find the total number of live 
births for this period. Is this number an approx- 
imation or exact? Explain. 

b. Find a model for the data. Sketch a graph of this 
function. : 

c. Estimate the number of such births from the 
beginning of 1965 through the end of 1995 by 
using right rectangles with a width of 1 year. 
How many rectangles are needed? 

d. What would be required to find the exact total 
number of such births from the beginning of 
1965 through 1995? 


During a summer thunderstorm, the temperature 
drops and then rises again. The rate of change of 
the temperature during the hour and a half after the 
storm began is given by 


T(h) = 9.48h? — 15.49h? + 17.38h — 9.87 °F per hour 


ll. 


where fh is the number of hours since the storm 
began. 


a. Graph the function T from h = 0 to h = 1.5. 
Find the point at which the graph crosses the 
horizontal axis. 


b. Consider the portion of the graph of T lying 
below the horizontal axis. What does the area of 
the region between this portion of the graph of 
T and the horizontal axis represent? 


c. What does the area of the region lying above the 
axis represent? 


d. Consider the graph between 0 and 1.5 hours. Use 
seven right rectangles to approximate the area of 
the region lying below the axis from 0 to 1.5 hours. 


e. Repeat part d for the region lying above the axis. 


f. According to the model, one and a half hours 
after the storm began, was the temperature 
higher, lower, or the same as the temperature at 
the beginning of the storm? If it was higher or 
lower, by how many degrees? 


Table 6.13 shows air speed recorded from a Cessna 
172. Air speed is the speed at which the air flows 
into a Pitot tube located on the nose or wing of an 
aircraft and is measured in nautical miles per hour 
(knots). The data were recorded for 25 seconds after 
the plane began to taxi for takeoff. 
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TABLE 6.13 





a. Convert knots to miles per second, using the fact 
that 1 knot ~ 1.15 mph. 


b. Find a model for the converted data. 


c. Estimate the area of the region between a graph 
of the function and the horizontal axis from 
0 seconds to 18 seconds. 


d. If takeoff occurred at 18 seconds, interpret your 
estimate in part c in the context of the Cessna 
172 data. 


As the 76 million Americans born between 1946 
and 1964 (the “baby boomers”) continue to age, the 
United States will see an increasing proportion of 
Americans who are at a retirement age of 65. Table 
6.14 shows past and projected rates of change for 
the number of U.S. citizens 65 years of age or older. 
These are instantaneous rates of change measured 
at the end of each year based on data from the U.S. 
Census Bureau. 


TABLE 6.14 





a. Find a model for the rate-of-change data. 

b. Use the equation and ten midpoint rectangles to 
estimate the change in the population 65 years of 
age and older from the end of 2000 through the 
end of 2005. 


Vey 


24. 
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Using data from the 1998 Statistical Abstract, we 
model the rate of change of the percentage of the 
U.S. population living in New England from 1970 
through 1997 as 


P(t) = (-1.970 - 10%) + 0.0043t — 0.0484 
percentage points per year 


where t is the number of years since 1970. 
a. Sketch a graph of P from t = 0 to t = 27. 


b. What does the fact that the graph of P lies below 
the t-axis from t = 0 to t = 27 tell you about 
the percentage of the population living in New 
England? 

c. Use five midpoint rectangles to estimate the area 
of the region between the graph of P and the 
t-axis from t = 10 to t = 20. Interpret your 
answer. 


d. What was the population of New England in 
1997? 


The rate of change of the projected total assets in 
the Social Security trust fund’ for the years 2000 
through 2033 can be modeled by the equation 


S(x) = -0.4569x? + 1.8528x + 108.7241 
billion dollars per year 


x years after 2000. 
a. Graph S between 2000 and 2033. 


b. According to the graph of S, when will the trust 
fund assets be growing and when will they be 
declining? ——— 

c. Find the point on the graph of S that corre- 
sponds to the time when the amount in the trust 
fund will be greatest. 

d. Estimate using 10 intervals the area lying above 
the axis and below the graph of S. Interpret your 
answet. 


e. Estimate using 10 intervals the area lying below 
the axis and above the graph of S. Interpret your 
answer. 

f. By how much will the trust fund amount change 
between 2000 and 2033? What information do 
we need to determine how much money is pro- 
jected to be in the trust fund in 2033? 


10. Based on data from the Social Security Administration. 
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25. Life expectancies in the United States are always ris- 
ing because of advances in health care, increased 
education, and other factors. The rate of change 
(measured at the end of each year) of life expectan- 
cies!! for women in the United States between 1970 
and 2010 are shown in Table 6.15. 


TABLE 6.15 





*Projected 


a. Look at a scatter plot of the data. Does the fact 
that the data are declining from 1970 through 
1995 contradict the statement that life expectan- 
cies are always rising? Explain. 

b. Find a model for the data. 

c. Use eight midpoint rectangles to estimate the 


change in the life expectancy for women from 
1970 through 2010. 


26. Accelerations for a vehicle during a road test are 
approximated in Table 6.16. 


TABLE 6.16 


Acceleration (feet per 
Time (seconds) second squared) 





11. Based on data from Statistical Abstract, 1998. 


Accumulating Change: Limits of Sums and the Definite Integral 


a. Find a model for the data. 

b. Use ten midpoint rectangles to estimate the area 
of the region between the graph of your model 
and the input axis from 0 to 13.5 seconds. Inter- 
pret your answer. 

c. Convert your answer in part b to miles per hour. 
The actual speed of the car after 13.5 seconds was 
107 mph. How close is your answer to this speed? 


27. The rate of change of the level of Lake Tahoe d days 


after September 30, 1995, can be modeled’ by 


r(d) = (-1.6035 - 10°)d* + (5.086 - 102d — 0.0192 


28. 


feet per day 

The graph of the model is shown in Figure 6.1.7. 

r(d) 

(feet 
per day) 

d 
Days after 
A B Sept. 30, 
1995 

FIGURE 6.1.7 


a. Find the points labeled A and B on the graph. 


b. Use five midpoint rectangles to estimate the area 
between the graph of r and the horizontal axis 
from 0 to A. Interpret your answer. 


c. Use ten midpoint rectangles to estimate the area 
between the graph of r and the horizontal axis 
from A to B. Interpret your answer. 


d. Was the lake level higher or lower B days after 
September 30, 1995 than it was on that date? 
How much higher or lower was the lake level B 
days after September 30, 1995? 


The rate of change in the percentage of southern 
Australian grasshopper eggs that hatch as a func- 
tion of temperature (for temperatures between 7°C 
and 25°C) can be modeled”? by the equation 


p(t) = -0.025843 + 1.464t? — 25.982t + 136.560 
percentage points per degree 


where ft is the temperature in °C. A graph of p is 
shown in Figure 6.1.8. 


- Based on data from the Federal Watermaster, U.S. Department of 


the Interior, 


- Based on information in George L. Clark, Elements of Ecology 


(New York: Wiley, 1954), p. 170. 
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P(t) 
(percentage points 
per degree) 





FIGURE 6.1.8 


a. Find the point at which the graph of p crosses 
the horizontal axis. 


b. Use four midpoint rectangles to estimate the 
area of the region between the graph of p and the 
horizontal axis from t = 7 to the point at which 
the curve crosses the horizontal axis. Interpret 
your answer. 

c. Use eight midpoint rectangles to estimate the 
area of the region between the graph of p and the 
horizontal axis from the point at which the curve 
crosses the horizontal axis to t = 25. Interpret 
your answer. 

d. Estimate the difference between the percentage 
of grasshopper eggs that hatch at 25°C and the 
percentage that hatch at 7°C. 


Table 6.17 shows the number of new female Ph.D.s 
in computer science’ in selected years from 1970 
through 1993. 


TABLE 6.17 





New female New female 
Year Ph.D.s Year Ph.D.s 
‘| 51 


7 
24 
50 











14. Computing Research News, January 1994. 
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a. Draw a scatter plot of the data, and sketch rec- 
tangles depicting the number of new female 
Ph.D.s in computer science from the beginning 
of 1985 through 1993. Find the total number of 
new female Ph.D.s from the beginning of 1985 
through 1993. Is this number an approximation 
or exact? 


b. Find a model for the data. 


c. Use the model to estimate the total number of 
new female Ph.D.s in computer science from the 
beginning of 1970 through 1993. 


d. The total number of new female Ph.D.s in com- 
puter science from the beginning of 1970 through 
1993 was 987. How does your estimate from part c 
compare to this number? 


The 1998 Statistical Abstract gives the number of 
international telephone calls (in millions) billed in 
the United States as shown in Table 6.18. 


TABLE 6.18 


Calls Calls 
Year (millions) Year (millions) 


















~s60 [ose | 1586 [3485 
EET el a 


a. Draw a scatter plot of the data, and sketch rec- 
tangles of width 1 year depicting the number 
of overseas calls from the beginning of 1989 
through 1996. Find the total number of over- 
seas calls from the beginning of 1989 through 
1996. Is this an approximation or the exact 
number? 


b. Find a model for the data. 


c. Use your model to estimate the number of over- 
seas calls from the beginning of 1970 through 
1G. 


In essay form (using pictures as necessary), explain 
why the approximation to the area of a region 
under a curve and above the horizontal axis gen- 
erally improves when twice as many rectangles are 
used, 
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The Definite Integral as a Limit of Sums 





In Section 6.1 we saw that the accumulated change in a quantity can be interpreted in 
terms of areas of regions between the graph of a rate-of-change function for that 
quantity and the horizontal axis. We approximated areas of regions between a curve 
and the horizontal axis by using rectangles. In the Activities, you should have noticed 
that the approximations became closer to the actual area of the region when twice as 
many intervals were used. What would you expect to happen if you were to use four, 
eight, or even one hundred times as many intervals? 

We return to Example 2 in Section 6.1, where we considered the rate of change of 
the concentration of a drug in the bloodstream. Recall that we modeled the rate of 
change of the drug concentration for the first 20 days as 


r(x) = 1.708(0.845*) wg/mL/day 


where x is the number of days after the drug was first administered. We saw that we 
could estimate the change in the concentration of the drug between day 0 and day 20 
as the area between the graph of r and the horizontal axis from x = 0 to x = 20. We 
then used ten right rectangles to estimate-this area (see Figure 6.16) to obtain an esti- 
mate of 8.24 wg/mL. 


r(x) a 
(g/mL/day) 





0 Be 
01234567 8 9 10111213 1415161718 1920 Day 
FIGURE 6.16 


We know that we obtain a better estimate of this area by using midpoint rectan- 
gles, as shown in Figure 6.17. 


r(x) 
(ug/mL/day) 


IES) 


0.5 


‘ 5,5 
OP 2arsa.4 50. 7 889100115 19413 14.45.16 sldaenG 20 Dey 
FIGURE 6.17 
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From now on, whenever we speak of approximating areas using rectangles, 


we will use midpoint rectangles because they generally give the best 
approximations. 





An estimate of the area between the graph of r and the horizontal axis from x = 0 to 
x = 20 derived by using ten midpoint rectangles is approximately 9.746 g/mL. 
From this estimate of the area we can say that the drug concentration increased by 
approximately 9.75 jxg/mL during the first 20 days of the test. 


Finding a Trend 


We can improve this estimate of area by using 20 rectangles instead of 10. What do 
you think will happen to the accuracy of the approximations if we were to use even 
more rectangles? Figures 6.18 through 6.21 show approximations with 10, 20, 40, and 
80 rectangles, respectively. 


r(x) r(x) 
IES 11-5) 
1 1 
0.5 0.5 
0 x 0 BX; 
0) DB AL FN. AIA ES iMhey = Uiey PAW (Ned Pie he (50 ee a ie) vl AS TR a0) 
Ten rectangles Twenty rectangles 
FIGURE 6.18 FIGURE 6.19 
r(x) r(x) 





7 2 @eG © WO U2 web Woy ik 20 WD 4h © B  N@ 12 NE ag ils 200) 
Forty rectangles Eighty rectangles 
FIGURE 6.20 FIGURE 6.21 


By carefully inspecting the graphs in these figures, you can see that as we use more 
rectangles, the shaded region accounted for by the rectangles more closely approxi- 
mates the region of interest. This fact will help us approximate the area. If we make a 
table of the approximations, we may be able to recognize a trend—that is, a value to 
which the approximations seem to be getting closer and closer as the number of 
rectangles becomes larger and larger. 


402 


CHAPTER 6 


EXAMPLE 1 








Accumulating Change: Limits of Sums and the Definite Integral 


TABLE 6.19 





The trend evident from Table 6.19 indicates that the area under consideration is 
approximately 9.79. Interpreting this area in context tells us that the drug concentra- 
tion increased by approximately 9.79 g/mL during the first 20 days of the test. It is 
important to note that we cannot conclude that the drug concentration after 20 days 
was 9.79 g/mL. This is true only if the initial drug concentration was zero. 


A More Accurate Area Approximation 


Consider the function f(x) = V1 — x from x = 0 to x = 1. Approximate to three 
decimal places the area between this curve and the horizontal axis between x = 0 and 


x = 1, beginning with four midpoint rectangles and doubling the number each time 
until a trend is observed. 


Solution Numerically, we observe the midpoint-rectangle approximations 
approaching a trend in Table 6.20. 


TABLE 6.20 


Approximation 
of area 


f@) 


a b 


FIGURE 6.22 
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We can be fairly confident that the trend to three decimal places is 0.785, because the 
value through the fourth decimal position has remained constant in several approxi- 
mations. 

Because the region is a quarter-circle with radius 1, the exact area of this region is 
7, which is approximately 0.7853982. When n = 512, the difference in the true and 
approximate values is about 0.0000074. 


Cee e ee eereesesereneses 


Area Beneath a Curve 


Because the more rectangles we use to approximate area, the better we expect the 
approximation to be, we are led to consider area as the limiting value of the sums of 
areas of approximating midpoint rectangles as the number of rectangles increases 
without bound. Let f be a function that is continuous and non-negative over the 
interval from a to b. (See Figure 6.22.) Partition the interval from a to b into n subin- 
tervals of equal length Ax = —— 4 and on each subinterval construct a rectangle of 
width Ax whose height is given by the value of f at the midpoint of the subinterval. 


Figures 6.23 through 6.26 show the rectangles when n = 4, 8, 16, and 32. 





ra F 
f(x) f(x) 
y, 
x x 
a b a b 
Four rectangles Eight rectangles 
FIGURE 6.23 FIGURE 6.24 





Sixteen rectangles Thirty-two rectangles 
FIGURE 6.25 FIGURE 6.26 


The heights of the rectangles are given by the values 


fla), fle), -+ +> fl%) 


where x,, X;,.-., x, are the midpoints of the subintervals. Each rectangle has width 
Ax, so the areas of the rectangles are given by the values 


famAXi Ax Axes wafer, pAx 
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and the sum [f(x,) + flx,) + +++ + flx,)]Ax is an approximation to the area of the 
region between the the graph of f and the x-axis from a to b. As our examples have 
shown, the approximations generally improve as 1 increases. In mathematical terms, 
the area of the region between the graph of f and the x-axis from a to b is given by a 


limit of sums as n gets larger and larger: 


Area = lim [f(%) rapa) tr ete fp) LA 


Area Beneath a Curve 


Let f be a continuous or a piecewise continuous non-negative function from 
ato b. The area of the region between the graph of f and the x-axis from a to 
b is given by the limit 


Area = lim (hee ot f(x oe 
where x,, X>)..., are the midpoints of n subintervals of length Ax =2 = a 
between a and b. 


The Definite Integral 


The limit in the area definition is central to the development of calculus and is 
applied to more general functions as follows: Given an arbitrary function that is con- 
tinuous or piecewise continuous over an interval from a to J, partition the interval 
into n subintervals of length Ax = 7 and consider the sum 


n 
[flx;) + fle) + + + flx,)]Ax 
Here, the values x,, x,,..., x, are the midpoints of the n subintervals. The limit 


lim [f,) 5 IAS) se 200 SI Tice aes 





is called the definite integral of f from a to b and is represented by 


fl) dx 


The Definite Integral 


Let f be a continuous or piecewise continuous function from a to b. The 
definite integral of f from a to b is given by the limit 


b 
| flee) dx = lim [flce) + fly) +--+ floe,)]Ax 


where x,, x,,..., x, are the midpoints of n subintervals of length Ax = ba 
between a and b. # 





The integral sign f resembles an elongated S and reminds us that we are taking a limit 
of sums. The values a and b identify the input interval, fis the function, and the sym- 


a 


FIGURE 6.27 


EXAMPLE 2 


F(X) 
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bol dx reminds us of the width Ax of each subinterval. If a graph of f lies above the 
x-axis between a and b, then the definite integral is the area of the region between the 
graph and the x-axis from a to b. 


Rising River 


In Example 3 of Section 6.1, we saw flow rates of the Carson River modeled by the 
equation 


floc) = 18,225x? — 135,334.3x + 2,881,542.9 ft*/hr 


where x is the number of hours after 11:45 a.m. Wednesday. Use the idea of a limit of 
sums to estimate to the nearest ten thousand cubic feet the amount of water that 
flowed through the Carson River (past the point where the measurements were 
taken) from 11:45 a.m. Wednesday to 7:45 a.m. Thursday. 


Solution The amount of water that flowed through the Carson River from 11:45 
a.m. Wednesday to 7:45 a.m. Thursday can be estimated by the area between the 
graph of fand the horizontal axis from x = 0 to x = 20. We begin with 10 midpoint 
rectangles, doubling the number each time until we are confident that we know the 


limiting value. 
Approximation 
of area 
79,042,498 
79,133,623 


TABLE 6.21 
















79,162,100 
79,163,523 
sao | 3163968 


Trend ~ 79,160,000 


It appears that, according to the model, to the nearest ten thousand cubic feet 
the amount of water flowing through the Carson River during the 20 hours after 
11:45 a.m. Wednesday was 79,160,000 ft*. Using definite integral notation, we write 


20 
[ (18,225x2 — 135,334.3x + 2,881,542.9) dx ~ 79,160,000 ft’ 
0 


see eeeoeceeesecseeseese 


b 
Interpretation of | f(x) dx 


When fis continuous or piecewise continuous and non-negative from a to b, then the 
b 
integral I fix) dx can be interpreted as the area of the region R between the graph of 


fand the x-axis from a to b. (See Figure 6.27.) 
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F(x) 


b 
Signed area of R = | S(x) dx 


FIGURE 6.28 
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b 
What interpretation can we give to the integral | flx)dx if f is negative from 


a 
ato b? In this case, the integral represents the signed area of the region R between the 
graph of f and the horizontal axis from a to b with the negative sign indicating that 
the region lies below the horizontal axis. 


b 
When f(x) is negative from a to b, the integral | fix) dx is the negative of the 


area of region R. (See Figure 6.28.) 


If the function fis sometimes positive and sometimes negative between a and b, then 
b 
the integral i flx) dx is equal to the area of the region lying under the graph of f and 


above the x-axis minus the area of the region lying above the graph of fand below the 
x-axis. (See Figure 6.29.) 


F(x) 





b 
| S(x)dx = Area of R, — area of R, 
FIGURE 6.29 


Wine Consumption 
The rate of change of the per capita consumption of wine in the United States from 
1970 through 1990 can be modeled" as 


W(x) = (1.243 + 10*)x? — 0.031422 + 2.6174x — 71.977 gallons per 
person per year 


where x is the number of years since the end of 1900. A graph of the function is 
shown in Figure 6.30. 


a. Find the input value of the point labeled A. 


b. From 1970 through 1990, according to the model, when was wine consumption 
increasing and when was it decreasing? 


15. Based on data from Statistical Abstract, 1994, 
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W(x) 
Rate of change of 
wine consumption 
(gallons per person per year) 


0.144 








weal 





0.02 ‘ 
Years 
-0.02 70 90 since 
] 1900 
-0.08 i 
-0.14 | 
FIGURE 6.30 


c. Use a limiting value of sums to estimate the areas, to two decimal places, of the 
regions labeled R, and R,. Interpret your answers. 

d. According to the model, what was the change in the per capita consumption of 
wine from the end of 1970 through 1990? 


, 83.97 90 90 
e. Find the values of W(x) dx, W(x)dx, and | W(x)dx. 


70 83.97 70 


f. What was the per capita wine consumption in 1990? 
Number of Approximation 
rectangles of area of region R, 
1.35966 


1.34130 
20 e536 


1.33556 


TABLE 6.22 







Solution 





a. Solving W(x) = 0 gives A ~ 83.97, corresponding to the end of 1984. 


b. Wine consumption was increasing where the rate-of-change graph is 
positive—from 1970 through 1984 (x ~ 83.97)—and was decreasing 
from 1984 through 1990, where the rate-of-change graph is negative. 


c. Inorder to find the areas of the regions R, and R,, we must know the 
lower limit and upper limit (that is, the endpoints) of each region. 
Because W(x) = 0 when x ~ 83.97, we use lower limit x = 70 and 
upper limit x ~ 83.97 for R, and lower limit x ~ 83.97 and upper 
limit x = 90 for R). 

The area of region R, is determined by examining sums of areas 


Number of Approximation of of midpoint rectangles for an increasing number of subintervals 
rectangles signed area of region R, until a trend is observed, as shown in Table 6.22. The area of region 
R, is approximately 1.34 gallons per person. This indicates that wine 
consumption increased by approximately 1.34 gallons per person 

al -0.44870 from the end of 1970 through 1984 (x ~ 83.97). 
We calculate the signed area of region R, in a similar way as 


-0.44852 shown in Table 6.23. The area of region R, is approximately 0.45 gal- 
lon per person. This is an estimate for the decrease in per capita wine 
consumption from 1984 (x ~ 83.97) through 1990. 


TABLE 6.23 
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d. To determine the net change in the per capita consumption of wine from the end 
of 1970 through 1990, we subtract the decrease (area of R,) from the increase 


(area of R,). 
Net change = 1.34 — 0.45 = 0.89 gallon per person 


We see an approximate net increase of 0.89 gallon per person from the end of 
1970 through 1990. 


e. The area of region R, is the value of the definite integral of W(x) from 70 to 
83.97. The signed area of region R, is the value of the definite integral from 83.97 
to 90, and the answer to part d is the value of the definite integral from 70 to 90. 
83.97 
W(x) dx ~ 1.34 gallons per person 
70 
90 
W(x) dx ~ -0.45 gallon per person 
83.97 
90 
W(x) dx ~ 0.89 gallon per person 
70 
f. The definite integral tells us the change in a quantity over an interval, not the 
value of the quantity at the endpoint of the interval. Thus we do not know the per 
capita wine consumption in 1990. 


eee eercsccesseenceseees 


Although finding the limiting value of sums of areas of rectangles is an invaluable 
tool for finding accumulated change in a quantity, there are times when it is not an 
appropriate technique. For example, at the end of Section 6.1 we saw count data for 
recycled aluminum cans. Because the data gave yearly totals, it would not be appro- 
priate to use rectangles of width any smaller than 1 year. A limiting value of sums is 
most useful in truly continuous or piecewise continuous situations in which a model 
is defined for all input values in a certain interval. 





Concept 
Inventory 





Activities 


@ Area = limiting value of sums of areas of 1. The rate of change of the population of a country, 
midpoint rectangles in thousands of people per year, is modeled by the 

2 { Lee dephieiniestal function P with input t, where t is the number of 
P years since 1995. What are the units on 


b 


@ | fix) dx = area or signed area of the region between UTE GEOR: region between the graph of P 


and the t-axis from t = 0 to t = 10? 


2 fand the x-axis if f does not cross the A 
‘ x-axis between a and b b. | P(t)de 
@ i fix) dx # area of the region between f and the ‘ 
. Pe ALi roe thon besieents c. the change in the population from 1995 through 


pe 20002 
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2. During the spring thaw a mountain lake rises by 
L(d) feet per day, where d is the number of days 
since April 15. What are the units on 


a. the area of the region between the graph of L 
and the d-axis from d = 0 tod = 15? 
31 
b..| L(d) dd? 
16 
c. the amount by which the lake rose from May 15 
to May 31? 


. When warm water is released into a river from a 
source such as a power plant, the increased temper- 
ature of the water causes some algae to grow and 
other algae to die. In particular, blue-green algae 
that can be toxic to some aquatic life thrive. If A(c) 
is the growth rate of blue-green algae (in organisms 
per °C) and cis the temperature of the water in °C, 
interpret the following in context: 

35 
a. A(c) dc 
25 
b. The area of the region between the graph of A 
and the c-axis from c = 30°C to c = 40°C 


. The value of a stock portfolio is growing by V(t) 
dollars per day, where t is the number of days since 
the beginning of the year. Interpret the following in 
context: 


a. The area of the region between the graph of V 
and the t-axis from t = 0 tot = 120 
240 

b. V(t) dt 
4120 

. The graph in Figure 6.2.1 shows the rate of change 
of profit at various production levels for a pencil 
manufacturer. Fill in the blanks in the following 
discussion of the profit. If it is not possible to deter- 
mine a value, write NA in the corresponding blank. 


Rate of change 





of profit ! 

(dollars per box) 

Daily 
production 
level 
500 
100 200 (boxes) 
FIGURE 6.2.1 


Profit is increasing when between (a) and 
(b) boxes of pencils are produced each day. 
The profit when 500 boxes of pencils are produced 
each day is (c) dollars. Profit is higher than 
nearby profits at a production level of (d) 
boxes each day, and it is lower than nearby profits at 
a production level of (e) boxes of pencils 
each day. The profit is decreasing most rapidly 
when (f) boxes are produced each day. The 
area between the rate-of-change-of-profit function 
and the production-level axis between production 
levels of 100 and 200 boxes each day has units 
(g) _ If p'(b) represents the rate of change of 
profit (in dollars per por) at a daily production level 























of b boxes, would my \db be more than, less 


300 
200 


than, or the same value as p (6) dbs (h) 
100 


. The graph in Figure 6.2.2 shows the rate of change 


of cost for an orchard in Florida at various produc- 
tion levels during grapefruit season. Fill in the 
blanks in the following cost function discussion. If 
it is not possible to determine a value, write NA in 
the corresponding blank. 





e 
Rate of 
@D 
change of cost / sj 
(dollars per carton) hie 
Weekly 
production 
level 
50 100 200 250 (cartons) 
FIGURE 6.2.2 


Cost is increasing when between (a) and 
(b) cartons of grapefruit are harvested each 
week. The cost to produce 100 cartons of grapefruit 
each week is (c) dollars. The cost is lower 
than nearby costs at a production level of (d) 
cartons, and it is higher than nearby costs at a pro- 
duction level of (e) cartons of grapefruit 
each week. The cost is increasing most rapidly 
when (f) cartons are produced each week. 
The area between the rate-of-change-of-cost 
function and the production-level axis between 
production levels of 50 and 150 cartons each week 
has units (g) ____. If c'(p) represents the rate of 
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change of cost (in dollars per carton) at weekly pro- 
duction level of p cartons of grapefruit, would 


250 
[ c'(p) dp be greater than, less than, or the same 
200 


100 


value as | ANIA) 
0 


5 


. The rate of change of the weight of a laboratory 
mouse can be modeled by the equation 





13.785 
w(t) = 


grams per week 
where t is the age of the mouse in weeks and 
Ss (cs te 


a. Use the idea of a limit of sums to estimate the 
itil 
value of | w(t) dt. 
3 


b. Label units on the answer to part a. Interpret 
your answer. 


c. If the mouse weighed 4 grams at 3 weeks, what 
was its weight at 11 weeks of age? 


. The rate of change of annual U.S. factory sales (in 
billions of dollars per year) of electronics from 1990 
through 1996 can be modeled" by the equation 


S()iee0.29X coe). 257x2 a 1x 
+ 42.8 billions of dollars per year 


where ¢ is the number of years since 1990. 


a. Use the idea of a limit of sums to estimate the 
change in factory sales from 1990 through 1996. 


b. Write the definite integral symbol for this limit 
of sums. 


c. If factory sales were $43.0 billion in 1990, what 
were they in 1996? 


. On the basis of data obtained from a preliminary 
report by a geological survey team, it is estimated 
that for the first ten years of production, a certain 
oil well can be expected to produce oil at the rate of 
r(t) = 3.93546?! thousand barrels per year 
t years after production begins. 


a. Use the idea of a limit of sums to estimate the 
yield from this oil field during the first 5 years of 
production. 


b. Use the idea of a limit of sums to estimate the 
yield during the first 10 years of production. 


16. Based on data from Statistical Abstract, 1998. 
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c. Write the definite integral symbols representing 
the limits of sums in parts a and b. 

d. Estimate the percentage of the first 10 years’ pro- 
duction that your answer to part a represents. 


The rate of change of the temperature during the 
hour and a half after a thunderstorm began is mod- 
eled by the equation 


T(h) = 9.48h> — 15.49h? + 17.38h — 9.87 °F per hour 


Wie 


where h is the number of hours since the storm 
began. A graph of T is shown in Figure 6.2.3. 


T(h) 

(°F/hr) 

15 

h 
Hours 
Al 15) 

-10 f 
FIGURE 6.2.3 


a. Determine the value of A. 


A 
b. Use a limit of sums to estimate | T(h) dh. 
Interpret your answer. : 


15 
c. Use a limit of sums to estimate | T(h) dh. 
Interpret your answer. = 


15) 
d. Estimate i T(h) dh. Interpret your answer. 
0 


e. What information is needed to determine the 
temperature when h = 1.5? 


The acceleration of a race car during the first 35 
seconds of a road test is modeled by the equation 


a(t) = 0.024t? — 1.72t + 22.58 ft/sec? 


where ¢ is the number of seconds since the test 
began. A graph of this acceleration function is 
shown in Figure 6.2.4. 


a. Find the time at which the acceleration curve 
becomes negative. This time is denoted A in the 
figure. 

A 

b. Use a limit of sums to estimate | a(t) dt. 

Interpret your answer. ° 


6.2 The Definite Integral as a Limit of Sums 


a(t) 


Acceleration 
(feet/sec’) 





t 
Seconds 


FIGURE 6.2.4 


a2. 


35 
c. Use a limit of sums to estimate | a(t) dt. 
Interpret your answer. Z 


d. Estimate the change that occurred in the velocity 
of the car during the first 35 seconds of the road 
test. 


Museums carefully monitor temperature and 
humidity. Suppose a museum has a gauge that 
monitors temperature as well as how rapidly tem- 
perature is changing. During a junior high school 
field trip to the museum, the rates of change of 
temperature shown in Table 6.24 are recorded. 


TABLE 6.24 





a. Basing your explanation on the rate-of-change 
data, discuss what happens to the temperature 
from 8:30 a.m. to 10:15 a.m. 

b. According to the data, when is the temperature 
greatest? 

c. Find a model for the data. 

d. Use the model and a limit of sums to estimate 
the change in temperature between 8:30 a.m. 
and 9:30 a.m. 
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e. Use a limit of sums to estimate the change in 
temperature between 9:30 a.m. and 10:15 a.m. 


f. What are the definite integral notations for your 
answers to parts d and e? 


g. What information is needed to find the temper- 
ature at 10:15 a.m.? 


An article in the May 23, 1996, issue of Nature 
addresses the interest some physicists have in study- 
ing cracks in order to answer the question “How 
fast do things break, and why?” As stated in Nature, 
“In 1991, Fineberg, Gross, Swinney and others 
developed a method of looking at the motion of 
cracks, . . . [making it] possible to measure the 
velocity of a crack on timescales much shorter than 
a millionth of a second, hundreds of thousands of 
times in succession.” 

Data estimated from a graph in this article, show- 
ing the velocity of a crack during a 60-microsecond 
experiment, are given in Table 6.25. 


TABLE 6.25 


Time Velocity 
(microseconds) (meters per second) 
159.3 











a. In order to determine the distance the crack 
traveled during the 60-microsecond experiment, 
we wish to determine the area beneath the veloc- 
ity curve from 0 to 60. What are the units on the 
heights and widths of rectangles under this 
curve? 

b. Convert the data to millimeters per microsecond 
(there are 1000 millimeters in a meter and 
1,000,000 microseconds in a second). Using the 
converted data, identify the area units. 

c. Find a quadratic model for the converted data. 


d. Use a limit of sums to determine how far the 
crack traveled during the experiment. 


e. Give the definite integral notation for your 
answer to part d. 
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Table 6.26 records the volume of sales (in thou- 
sands) of a popular movie for selected months the 
first 18 months after it was released on video cas- 
sette. 


TABLE 6.26 


Number of cassettes 
sold each month 
(thousands) 


Months 
after release 





a. Find a logistic model for the data. 


b. Use 5, 10, and 15 right rectangles to estimate the 
number of cassettes sold during the first 15 
months after release. 


c. Which of the following would give the most 
accurate value of the number of cassettes sold 
during the first 15 months after release? 


i. The answer to part b for 15 rectangles. 


ii. The limiting value of the sums of midpoint 
rectangles using the model in part a. 


iii. The sum of actual sales figures for the first 
15 months. 


The personnel manager for a large construction 
company keeps records of the number of labor 
hours per week spent on typical construction jobs 
handled by the company. He has developed the fol- 
lowing model for a labor-power curve: 

6,608,830e %7°% 


m(x) = Gl + 925e070i labor hours per week 


after the xth week of the construction job. 


a. Use 5, 10, and 20 right rectangles to approximate 
the number of labor hours spent during the first 
20 weeks of a typical construction job. 


b. If the number of labor hours spent on a particu- 


lar job exactly coincides with the model, which 
of the following would give the most accurate 


16. 


17; 
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value of the number of labor hours spent during 
the first 20 weeks of the job? 


i. The 20-right-rectangle sum found in part a 
ii. The sum of 20 midpoint rectangles 
iii. The limiting value of the sums of midpoint 
rectangles 


Though all companies receive revenue in a discrete 
fashion, if a company is large enough, then its rev- 
enue can be thought of as flowing in at a continu- 
ous rate. Suppose that it is possible to measure the 
rate of flow of revenue for a company and that the 
flow rates measured at the end of the year can be 
modeled" by the equation 


r(x) = 9.907x? — 40.769x + 58.492 
million dollars per year 


x years after the end of 1987. 
a. Use the idea of a limit of sums to estimate the 


6 
value of | r(x) dx. 
0 


b. Interpret your answer to part a. 


c. The company’s revenue from 1987 through 1993 
was reported to be 543 million dollars. How 
close is this value to your estimate from part a? 


In Section 6.1 we considered a department store 
manager's effort to estimate the number of people 
who attended a Saturday sale. Recall that after tak- 
ing samples of the number of customers who 
arrived during certain 1-minute times throughout 
the sale, the manager estimated the number of cus- 
tomers who entered the store each minute with the 
model 


c(m) = (4.58904 + 10°)m> — (7.78127 - 10°5)m? + 


0.03303m + 0.88763 customers per minute 
where m is the number of minutes after 9:00 a.m. 
a. Use a limiting value of sums to estimate the 


720 
value of | c(m) dm. 
0 


b. Interpret your answer to part a in context. 


Table 6.27 gives rates of change of the amount in an 
interest-bearing account for which interest is com- 
pounded continuously. 


17. Based on data for Timberland in Allen Financial Advisors. 


TABLE 6.27 


19: 







Rate of change 
At end of year (dollars per day) 
3 





a. Convert the input to days. Disregard leap years. 
Why is this conversion important for a definite 
integral calculation? 


b. Find an exponential model for the converted 
data. 


c. Use a limiting value of sums to estimate the 
change in the balance of the account from the 
day the money was invested to the last day of the 
ninth year after the investment was made. Again, 
disregard leap years. 


d. Give the definite integral notation for your 
answer to part c. 


e. What is the balance in the account at the end of 
9 years? 


Blood pressure (BP) varies for individuals through- 
out the course of a day, typically being lowest at 
night and highest from late morning to early after- 
noon. The estimated rate of change in diastolic 
blood pressure for a patient with untreated hyper- 
tension is shown in Table 6.28. 


a. During which time intervals was the patient’s 
diastolic blood pressure rising? falling? 
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Rate of change of 
diastolic BP 
(mm Hg per hour) 


. Estimate the times when diastolic blood pressure 


was rising and falling most rapidly. 


. Find a model for the data. 
. Find the times at which the output of the model 


is zero. Of what significance are these times in 
the context of blood pressure? 


. Use the idea of a limiting value of sums to esti- 


mate by how much the diastolic blood pressure 
changed from 8 a.m. to 8 p.m. 


. Write the definite integral notation for your 


answer to part e. 


. What was this patient’s blood pressure at 8 a.m.°? 


6.3 Accumulation Functions 


In the last two sections, we saw that when we have a rate-of-change function for a 
certain quantity, we approximate the accumulation of change in that quantity 
between two values of the input variable using the area between the rate-of-change 
curve and the horizontal axis. We approximated area with sums of areas of rectangles 
and found that when we used more rectangles, the approximation usually improved. 
That discovery led us to view the area of a region between a rate-of-change function 


fand the x-axis as a limit of sums: 


lim [f(%) a= AlCoa) = aon oe Oey NAW 


This limit, when applied to an arbitrary, continuous function over an interval from 
a to b, is called the definite integral of f from a to b and is denoted by the symbol 
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(ft/sec) 


90 7 
80 foo 
90 bow 
60 





40 te 


QO 1 »B 
FIGURE 6.31 
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E . 
I fix) dx. Note that a definite integral is a number that tells by how much a quantity 


has changed over a specific input interval. We now turn our attention to the more 
general situation of finding a function that gives the amount by which a quantity has 
changed from a specific starting point to an arbitrary ending point. 


Using Estimated Areas to Sketch Accumulation Graphs 


Consider the graph shown in Figure 6.31 of the speed of a vehicle during a 10-second 
drive. We wish to use the information in this graph to sketch a graph of the accumu- 





i i : t 
8 9 40 (seconds) 


lated distance that the vehicle has traveled from the starting 
point at any time during the 10-second interval. Recall from 
Section 6.1 that distance is measured by the area of the 
region between a graph of the vehicle’s speed and the hori- 
zontal axis. Thus the graph of accumulated distance can be 
thought of as a graph of accumulated area. We could use the 
methods of Section 6.1 and Section 6.2 to obtain numerical 
estimates of the distance the vehicle has traveled between 
the starting point and specified end points during the 10- 
second drive. This technique would give us points on the 
accumulated distance graph. Instead, however, we obtain a 
quick estimate of the accumulated distance by counting 
boxes on the grid in Figure 6.31 to estimate the area beneath 
the graph. 


Figures 6.32a through 6.32e show shaded areas for time intervals between the 
starting point and 1, 2, 3, 4, and 5 seconds, respectively. On each graph, the lighter- 
shaded region represents the additional distance traveled from the previous stopping 
point. These areas give the distance traveled after 1, 2, 3, 4, and 5 seconds. 


f(t) 





FIGURE 6.32 





ede fa) 





(d) 





Distance 
(feet) 
600 


500 
400 
300 
200 
100 


0 
yl 
FIGURE 6.33 


5 (seconds) 
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Note that the area of each box in the grid in Figure 6.31 is 


feet 
second 





height: width = 10 -1 second = 10 feet 


By counting boxes, we estimate the areas as shown in Table 6.29. 


TABLE 6.29 


yl eee 
| 
Accumulated area (feet) 293 


The accumulated area, which is distance traveled, has units 
















(number of boxes)(10 feet per box) > feet 


Note that with each additional second, the area grows by a greater and greater 
amount. When we plot these accumulated distances and imagine the points 
connected by a smooth curve, we see that the curve is increasing and concave 
up. (See Figure 6.33.) 

We continue counting boxes to estimate the total distance traveled for times 
between 5 and 10 seconds. Figures 6.34a through 6.34e show accumulated areas 
for times of 6, 7, 8, 9, and 10 seconds, and Table 6.30 shows estimated areas cor- 
responding to total distance traveled. 


ee tees et x orem ves 










67 78 
(b) (c) 





9 10 
FIGURE 6.34 (d) (e) 


TABLE 6.30 


rian sao ae 
rae [460 | 526 | 570 | 507 
F200 [aso | s2s | s70 | so” 


For the times shown in Table 6.30, each additional second still results in the area 
growing, but by a smaller and smaller amount. When we plot these accumulated dis- 
tance points and imagine a smooth curve through them, we see that the curve is 
increasing and concave down. (See Figure 6.35.) 
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Distance Distance 

(feet) (feet) 
600 600 
500 500 
400 400 
300 300 
200 200 
100 100 

F t t 

0 
7 8 9 10 (seconds) Qmermioma ls 6 7 3 9 vin, -Geconds) 

FIGURE 6.35 FIGURE 6.36 


EXAMPLE 1 


Combining the portions of the distance graphs in Figure 6.33 and Figure 6.35, we 
obtain the graph shown in Figure 6.36. 

When we repeat this process with an arbitrary ending value, say t = x instead of 
t = 10, we call a graph such as the one in Figure 6.36 a graph of the accumulation 


function of f from 0 to x and use the notation A(x) = | f(t) dt. A definite integral 
0 


of f between two specified inputs simply represents an output of an accumulation 
function of f. For example, we used (10, 587) as a point on the accumulation function 
graph in Figure 6.36. That is, we estimated the distance traveled after 10 seconds to be 


10 4 
587 feet. Thus [ fit) dt ~ 587 feet. Similarly, | fit) dt ~ 207 feet. 
0 . 0 


Plant Growth 


The graph in Figure 6.37 shows g(t), the growth rate of a plant in millimeters per day, 
t days after germination. 


g(t) 
(mm/day) 





FIGURE 6.37 


a. What does the area of the region between the graph of g and the t-axis between 
t= 1 andt = x represent for x between 1 and 27? 
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b. Estimate the growth of the plant between day 1 and each of the days between 
3 and 27 that are labeled in Figure 6.37. 


c. Sketch a graph of the accumulation function G(x) = fe g(t) dt for values of x 
between 1 and 27. 


Solution 


a. The area of the region between the graph of g and the t-axis between 1 and x rep- 
resents the growth of the plant (its change in height) between day 1 and day x. 


b. Begin by noting that each box on the grid has height 0.5 mm/day and width 2 
days. Thus, each box has area (0.5mm/day)(2 days) = 1 mm. The shaded area in 
Figure 6.37 represents by how much the plant grew from day 1 to day 3. The 
shaded area is approximately 83 boxes, representing 85 mm of growth. This means 


that the point (3, 82) is a point on the accumulation function G(x) = (i g(t) dt; 
that is, G(3) = 83. 

Table 6.31 shows estimated areas obtained by counting boxes from 1 to x. You 
should confirm these numbers by finding your own estimate of area by counting 
boxes. Your estimates probably won’t agree exactly with these, but they should be 
close. 


TABLE 6.31 


Accumulated 


number of boxes 
= millimeters of growth 





c. The values in Table 6.31 correspond to points on the accumulation function 
graph. We can add the point (1, 0) because we are measuring the growth in the 
plant after day 1. (In fact, an accumulation function is always zero at its starting 
value because no accumulation has occurred at the starting point.) Plotting these 
points and sketching a smooth curve through them result in the accumulation 
function graph shown in Figure 6.38. 


G(x)=]) g(0 at 
Growth 
(mm) 


40 
30 


20 


FIGURE 6.38 Le See Limes) 19 923 27, Pays 
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How would the accumulation graph in Figure 6.38 change if we started our accu- 
mulation at day 5 instead of day 1? In other words, consider a graph of the accumu- 
lated height of the plant after day 5. The first observation we make is that at day 5, the 
accumulation is zero. As noted before, an accumulation function is always zero at its 
starting point. The points on the accumulation graph then become the values in 
Table 6.31 minus 15.5, the estimated growth of the plant between days 1 and 5. The 
graph looks like the one shown in Figure 6.39. 


Growth since day 5 
(mm) 





TABLE 6.32 We could also consider growth between day 5 and day 3. Because we 
chose day 5 as our starting value, we are looking backward in time to 
day 3. We indicate this backward direction by making the growth val- 


Negative of ues negative. Estimates of these values for days 3 and 1 are given in 
the accumulated Table 6.32. 
number of boxes 


S  illinetee of Growth) Adding these points to the graph in Figure 6.39 and continuing 


the smooth curve, we obtain the graph of the accumulation function 





G(x) = [ g(t) dt for days 1 through 27. (See Figure 6.40.) 
5 


Growth since day 5 
(mm) 


Days 





FIGURE 6.40 


EXAMPLE 2 
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Compare Figure 6.38 with Figure 6.40. The two accumulation graphs have exactly the 
same shape. The graph in Figure 6.40 (considering day 5 as the starting point) is the 
graph in Figure 6.38 (considering day 1 as the starting point) shifted down 15.5 units. 
It is always the case that changing the starting point of an accumulation graph has 
the effect of vertically shifting the graph so that the graph is zero at the starting point. 

These observations lead us to establish an important rule of thumb regarding 
sketching accumulation graphs: 


Sketching Accumulation Graphs 


Given the graph of a function, consider accumulation beginning at the far 


left, regardless of the location of the specified starting point. Sketch the 
accumulation graph starting at the far left, and then shift the graph up or 
down so that the output value at the specified starting point is zero. 





So far, our examples have dealt with sketching accumulation graphs for functions 
whose graphs are positive. When a portion of a graph is negative, the area below the 
horizontal axis indicates a decrease in the accumulation. Example 2 illustrates how to 
sketch accumulation graphs for graphs that go below the horizontal axis and how to 
apply the rule of thumb stated above. 


Sketching an Accumulation Function Graph 


Consider the graph of f shown in Figure 6.41. 
f) 









3 -2:5 -2 -1, Siceer trae eee | Nasional re 


“3 | -0. 


FIGURE 6.41 Bara EA Meee 


a. Construct a table of accumulation function values for x = -3,-2.5,..., 2.5, 3. 


b. Sketch a scatter plot and continuous graph of the accumulation function 
AG) = | fiat 
=3 
c. Use the graph in part b to sketch a graph of the accumulation function 


ais) = [ fae. 
0 


Solution 


a. Begin estimating accumulated area from the far left side of the graph by counting 
the boxes between the graph of f and the horizontal axis from -3 to x. You should 
obtain values similar to those in the second column of Table 6.33. Note that 
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FIGURE 6.42 





Accumulating Change: Limits of Sums and the Definite Integral 


the boxes have height 1 unit and width 0.5 unit; thus the area of each box is 
(1)(0.5) = 0.5 unit2. The third column of Table 6.33 is the number of boxes mul- 


tiplied by 0.5 to obtain the accumulated area value. 
TABLE 6.33 
Accumulated Accumulation 
number of boxes | function value x 


ees Cn somes [2 
0.5 
1 











Accumulation 
function value 


Accumulated 
number of boxes 







For values of x greater than zero, the boxes lie below the horizontal axis. The 
areas of these boxes should be subtracted from the accumulated area of boxes 
above the horizontal axis in order to obtain the net number of accumulated 
boxes. For example, the number of boxes from -3 to 0 is approximately 9. The 
number of boxes from 0 to 0.5 is approximately 2, and these boxes lie below the 
horizontal axis. To determine the accumulated number of boxes from -3 to 0.5, 
we subtract the number_of boxes lying below the axis from the number lying 
above the axis: 9 — 2 = 7. Because the number of boxes from -3 to 0 is the same 
as the number of boxes from 0 to 3, the net result of accumulated area from -3 to 
3 is zero. 


b. A scatter plot and continuous graph for A(x) = | fit) dt are shown in Figure 6.42. 
-3 

c. In order to sketch the accumulation graph with 0 as the starting point, we verti- 

cally shift the graph in Figure 6.42 so that the function value at the starting point 


is zero. In this example, we shift the graph down 4.5 units so that the peak of the 
graph is the point (0, 0). (See Figure 6.43.) 


AQ=] flo at Ba)=)° flo at 








FIGURE 6.43 
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_ FIGURE 6.44 
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Sketching General Accumulation Function Graphs 


By now, you should have a good idea of what we mean by an accumulation function. 
We now formally define an accumulation function and then turn our attention to the 
more difficult task of sketching accumulation function graphs from a graph without 
a grid or any numerical labels. 


Accumulation Function 


The accumulation function of a function f, denoted by A(x) = | fit) dt, 


gives the accumulation of the area between the horizontal axis and the 
graph of f from a to x. The constant a is referred to as the starting value of 
the accumulation. 

To sketch an accumulation function with starting value a given a graph 


of f 

Step 1: Choose as an initial starting value the input value at the left end of 
the axis shown in the graph. 

Step 2: Sketch the accumulation of area from the far left such that 


O Regions between the graph of f and the horizontal axis that lie above 
the axis contribute positive accumulation equal to the area of the 
region, and 

O Regions that lie beneath the horizontal axis contribute negative accu- 
mulation equal to the negative of the area of the region. 


Step 3: Vertically shift the accumulation graph in Step 2 so that the graph is 
zero at the actual starting value a. 





It is important to remember that unlike the definite integral, which is a number, 
the accumulation function is a function whose input is the upper limit of the inte- 
gral. The output of an accumulation function at a certain input value is the value of 
the definite integral from the given starting point to that value. 

We have already sketched an accumulation graph for a portion of a concave- 
down parabola. We now consider a similar parabola, but this time we will sketch the 
accumulation graph without the aid of a grid, and we will consider the accumulation 
graph over all real number inputs. The graph we consider is f(t) = -t? + 4 (see 
Figure 6.44) with -2 as the starting point, so we seek a graph of the function 


ACE i (ee ue 
Dh 


Although the starting value of the accumulation function we seek is -2, we begin by 
considering the initial starting value to be the input value at the left end of the axis 
shown in Figure 6.44. At the end of this process, we will adjust the graph so that the 
starting value is -2. 

We begin on the horizontal axis at the far left. As x begins moving to the right, the 
region is below the axis, so the accumulation is negative. The accumulation becomes 
more and more negative (that is, the area increases below the horizontal axis) as we 
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SO f(t) f(d) 








Accumulation of area is negative and growing more and more slowly. 


FIGURE 6.45 


Accumulated area 
from far left 


move toward -2, as shown in Figure 6.45. However, each time we move toward 
-2, the additional portion of area is smaller and smaller, indicating that the 
accumulation occurs more and more slowly. We draw the accumulation graph 
below the axis and concave up as shown in Figure 6.46. 

Between -2 and 0, the accumulation function is increasing (because the 
new accumulated area is above the axis) and is concave up (because the accu- 
mulated area is getting larger more and more rapidly). See Figure 6.47. It 

i appears that the area below the axis and the area above the axis are approxi- 
mately equal at x = -1. Thus we expect the accumulation function to be zero 
near x = -1. See Figure 6.48. 





es all i 2 


Accumulation function to 
the left of -2 is decreasing 
and concave up. 


FIGURE 6.46 


Accumulated area 
from far left 





Accumulation of area is growing more and more rapidly. 


FIGURE 6.47 


Accumulation function from -2 to 0 
is increasing and concave up. 


FIGURE 6.48 


As X% increases to the right of 0, the accumulated area continues to become larger 
(more positive), but it does so more and more slowly, (See Figure 6.49.) 
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Fd) ff Accumulated area 
from far left 





Accumulation of area is growing more and more slowly. 


FIGURE 6.49 


Accumulation function from 0 to 2 
is increasing and concave down. 


FIGURE 6.50 


That means that from 0 to 2, the accumulation function continues to increase but is 
concave down, as shown in Figure 6.50. 

As x moves to the right of 2, f(t) is again negative, so the accumulation function 
begins to decline as the area below the axis is subtracted from the area that has accu- 
mulated above. (Refer to the second statement under Step 2 in the definition of the 
accumulation of area.) Also, the decline occurs more and more rapidly (resulting in 
the accumulation function being concave down) until the area below the axis is equal 
to the area above the axis. At this input value (B in Figure 6.51), the accumulation of 
area is again 0. 


Accumulated area 
f(t) from far left 


[fo at 





(a) (b) The accumulation function of 


: t) = -t? + 4 from -2 to 
Total accumulation of area between far left and B is zero. fo) af 


FIGURE 6.51 FIGURE 6.52 


Our final step is to shift the graph in Figure 6.51b vertically so that the graph is 
zero at the starting value a = -2. The result of the vertical shift is shown in Figure 
6.525 
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EXAMPLE 3 
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Concavity and Accumulation 


An important tool for accurately sketching accumulation function graphs is an 
understanding of how the increasing or decreasing nature, as well as the concavity, of 
the graph of an accumulation function describe the accumulation of area. Increasing 
accumulation graphs describe rising accumulation associated with accumulation of 
area above the horizontal axis, whereas decreasing accumulation graphs describe 
declining accumulation associated with accumulation of area below the horizontal 
axis. Along with the increasing or decreasing nature of an accumulation graph, we 
also consider how the concavity of an accumulation graph describes the accumula- 


tion of area. 


Concavity and Accumulation 


A concave-up, increasing shape _/ describes faster and faster positive 
accumulation. A concave-down, increasing shape /_ indicates slower and 


slower positive accumulation. A concave-down, decreasing shape \ 
indicates faster and faster decline (negative accumulation). A concave-up, 
decreasing shape \_ indicates slower and slower decline. 





Note that the direction of the graph of the accumulation function A depends on 
whether the graph of fis positive or negative, not on whether the graph of fis increas- 
ing or decreasing. To determine whether the accumulation is faster and faster or 
slower and slower, picture systematically filling in area as illustrated in Figures 6.45, 
6.47, and 6.49. If each additional portion is larger than the previous portion, then the 
accumulation is faster and faster. If each additional portion is smaller than the previ- 
ous one, then the accumulation is slower and slower. 

Example 3 shows how we can apply these concepts to sketching a general accu- 
mulation function graph. 


Sketching a General Accumulation Function Graph 


Consider the graph shown in Figure 6.53. 








FIGURE 6.53 
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a. Consider each portion of the graph between the points marked on the horizontal 


axis. Label these regions as contributing positive or negative accumulated area, 


and indicate whether each area is accumulated faster and faster or slower and 
slower. 










b. On the basis of the labels in part a, sketch the accumulation function with zero as 
the starting point. 
Solution 
a. Figure 6.54 shows the correct labels. 
v 
Positive, 
faster and Positive, 
faster slower and 
slower 
i 
Positive, 
slower and / : 
slower Negative, Negative, 
faster and slower and 
faster slower 
FIGURE 6.54 
b. We begin at the far left with the accumulation function output at zero. On the 


basis of the labels in part a, we conclude that the accumulation function graph is 

increasing and concave down until C and is increasing and concave up between C 

and 0. Between 0 and A, the accumulation function graph continues to increase 

but is concave down. Once the graph goes below the horizontal axis, the accumu- 

lated area begins decreasing. The accumulation function graph is decreasing and 

concave down between A and B and is decreasing and concave up to the right of B. 
A graph illustrating these properties is shown in Figure 6.55. 


Area accumulation 
from far left 





FIGURE 6.55 
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FIGURE 6.58 
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To obtain the accumulation function graph with zero as the starting point, shift 


the graph down so that it passes through (0, 0). See Figure 6.56. 


Area accumulation 
from zero 





FIGURE 6.56 
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Formulas for Accumulation Functions 


Our final consideration of accumulation functions involves those accumulation 
functions for which we can calculate formulas. This calculation is possible when 
the accumulated area forms a geometric shape for which we know an area for- 
mula. Consider, for example, the function f(t) = 3 and the accumulation of area 
between the graph of f and the t-axis, beginning at t = 0. (See Figure 6.57.) 


fo) 


FIGURE 6.57 0 x 


We can determine the formula for the accumulation function A(x) = | 3dt by 
0 


noticing that for x to the right of 0, the region is a rectangle with height 3 and width 
x. Thus for any value of x to the right of 0, the accumulated area is given by the for- 
mula 3x. For x to the left of 0, the argument is slightly more involved but results in 
the same conclusion: The accumulation formula for f(t) = 3 beginning at 0 is 


i 3.dt = 3x. The graph of this accumulation function is shown in Figure 6.58. 
0 


For the cases we consider here, the formula for x to the left of the starting 
point will be the same as that for x to the right of the starting point, so we consider 
only the second case when determining an accumulation function formula. 


Finding Accumulation Function Formulas 
Determine the following accumulation functions for f(t) = 2t — 4 and x > 2. 
a. | fit)dt b. [ ftdt a | “Ad dt 

2 sil 6 


d. Use the formulas you obtained in parts a, b, and c to find the areas of the regions 


between f(t) = 2t — 4 and the horizontal axis from 2 to 5 and from 6to2 


FOH=2t-4 





FIGURE 6.59 


f@ =2t-4 








FIGURE 6.60 
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FIGURE 6.61 
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Solution 


a. The graph in Figure 6.59 shows that the formula we desire is the area of a 


triangle with base x — 2 and height 2x — 4. 


Hence, [ (Qt — 4) dt = 5(x — 2)(2x — 4) 
2 


=x — Axed) 


If we change the starting point to -1, we now must consider two triangles, 
with the one above the horizontal axis contributing its area (which we 
found in part a) and the one beneath the axis contributing the negative of 
its area. (See Figure 6.60.) 

The base of the triangle below the axis is 3 and the height is 6 (deter- 
mined by substituting -1 for t in the formula 2t — 4 and noting that 
heights are always positive measurements). Thus the area we must sub- 
tract is  (3)(6) = 9. Therefore, 


i (2t — 4)dt = area of triangle above axis — area of triangle below axis 
sll 


= (x? -— 4x + 4) -—9 
=x—4x%-—5 


Using 6 as the starting value, we redraw Figure 6.60 with x to the right of 
6 (for convenience) to obtain the graph in Figure 6.61. Now, instead of a 
triangle, we have a trapezoid. Its base is x — 6, and its heights are deter- 
mined by evaluating f(t) = 2t — 4 at t = 6 and t = x. Thus the accumula- 
tion function we desire is 


[ (eave Segue (A S- 4) 
6 2 

= (x — 6)(x + 2) 

=x —4x- 12 


. The area from 2 to 5 (using the formula found in part a) is 


5) 
[ @r-4)ae= 5% — 415) +4 =9 
2 


The area from 6 to 12 (using the formula found in part c) is 


192 


| "Or 4)di=12) ea a8 4 
6 


Be sure you understand that we found formulas only for x > 2 and x to 
the right of the starting point. The formulas we found do hold for all val- 
ues of x, but we have not proven that. 


seers essoces 


This discussion of accumulation functions has been largely theoretical, but we 
will see in the next section that accumulation functions play an important role in 
providing us with an algebraic method for calculating areas. Indeed, accumulation 
functions are the link between what we have examined thus far in our study of calcu- 
lus and what is to come in future chapters. 
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Concept 
Inventory 


@ Accumulation and area 


@ Accumulation function: 


Sketching graphs 
Interpreting 
Finding simple formulas 


@ Accumulation and concavity 






Activities 


. Refer to the velocity graph shown in Figure 6.31 on 
page 414. 


a. Sketch the accumulation function with 5 sec- 
onds as the starting point. 


b. Give the mathematical notation for the function 
you sketched in part a. 


c. In the context of the moving vehicle, what is the 
interpretation of the output values of the accu- 
mulation function in part a? 


. Repeat Activity 1 using 10 seconds as the starting 
point. 


. Refer to the plant growth rate function graph shown 
in Figure 6.37 on page 416. 


a. Sketch the accumulation function with day 13 as 
the starting point. 


b. Give the mathematical notation for the function 
you sketched in part a. 


c. In the context of plant growth, what is the inter- 
pretation of the output values of the accumula- 
tion function in part a? 


. Repeat Activity 3 using day 27 as the starting point. 


. Consider the graph shown in Figure 6.3.1 of the 
rate of change in the price of a certain technology 
stock during the first 55 trading days of 2003. 


a. What does the area of the region between the 
graph and the horizontal axis between days 0 
and 18 represent? 


b. What does the area of the region between the 
graph and the horizontal axis between days 18 
and 47 represent? 


c. Was the stock price higher or lower on day 47 
than it was on day 0? How much higher or lower? 
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r(t) 


Rate of change in price 
(dollars per day) 


3+ 







Area = 25.4 





=155) 4 
Area = 
oll 
FIGURE 6.3.1 


d. Was the stock price higher or lower on day 55 


( 


than it was on day 47? How much higher or 
lower? 

Using the information presented in the graph, 
fill in the accumulation function values in Table 
6.34. 


TABLE 6.34 





x 


Graph the function R(x) = | r(t)dt for values 
0 
of x between 0 and 55, labeling the vertical axis 


as accurately as possible. 


. If the stock price was $127 on day 0, what was 


the price on day 55? 


6. Refer again to Figure 6.3.1. 


a. 


Label each of the shaded areas as representing 
positive or negative change in price. Also label 
each region as describing faster and faster or 
slower and slower change in stock price. 


. On the basis of your answers to part a, 


sketch a graph of the accumulation function 


P(x) = | He dt. 
1 


8 


. Sketch a graph of the accumulation function 


Q(x) = | yor 


35 


- What differences do you notice among the three 


accumulation functions in part f of Activity 5 
and parts b and c of this activity? 


7. The graph in Figure 6.3.2 shows the rate of change 
of the number of subscribers to an Internet service 
provider during its first year of business. 


Subscribers 
per day 
70 
60 
50 
40 





1 Week 
0 4 8 12 16 20 24 28 32 36 40 44 48 52 


FIGURE 6.3.2 


a. According to the graph, did the number of sub- 
scribers ever decline during the first year? 


b. What is the significance of the peak in the graph 
at 20 weeks? 


c. If n(x) is the number of subscribers per day at 
the end of the xth day of the year, what does 


t 
the accumulation function N(t) = i n(x) dx 
6 140 
describe? 


d. How many subscribers does each box in Figure 
6.3.2 represent? 


e. Use the grid and graph in Figure 6.3.2 to estimate 
the accumulation function values in Table 6.35. 


TABLE 6.35 





f. Sketch a graph of the accumulation function 
with 140 days as the starting value. 


8. Refer again to Figure 6.3.2 and Table 6.35. Sketch a 
graph of the accumulation function of n with zero 
as the starting point. 


9. The graph shown in Figure 6.3.3 is a model of the 
rate of change of profit for a new business during its 
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first year. The input is the number of weeks since 
the business opened, and the output units are thou- 
sands of dollars per week. 


p(t) 


(thousands of 
dollars per week) 






4 8 12 16 20 24 28\32 36 40 44 48 52 Weeks 











FIGURE 6.3.3 


a. What does the area of each box in the grid repre- 
sent? 


b. What is the interpretation, in context, of the 


accumulation function P(x ais p(t) dt? 


c. Count boxes to estimate accumulation function 
values from 0 to x for the values of x given in 
Table 6.36. 


TABLE 6.36 







Accumulation Accumulation 
function value xX function value 





d. Use the data in part c to sketch an accurate graph 
of the accumulation function P(x) = [ p(t)dt. 
0 


Label units and values on the horizontal and ver- 
tical axes. 


. After observing the growth of a certain bacterium, 


a microbiologist models the growth rate b(t), meas- 
ured in bacteria per hour, as a function f, of the 
number of hours since 8 a.m. on the day she began 
observing. A graph of the model is shown in 
Figure 6.3.4. 


430 


CHAPTER 6 


b(t) 
(bacteria per hour) 


t 
Hours 
10 12 14 since 8 a.m. 








Se 
-6 -4 -2 0 2 4 6 8 





FIGURE 6.3.4 


a. What does the area of each box on the grid rep- 
resent? 


b. Estimate the area under the curve by counting 
boxes from 0 to x for the values of x given in 
Table 6.37. 


TABLE 6.37 


oe 
a) 
(ite) 
Lal 
Los 





c. What is the interpretation of the accumulation 
x 

function B(x) = | b(t) dt in the context of bac- 
0 


teria growth? 


d. Use the data in part b to sketch an accurate graph 
of B from 0 to x. Label units and values on the 
horizontal and vertical axes. 


. The graph shown in Figure 6.3.5 represents r(t), the 


rate of change of rainfall in Florida during a severe 
thunderstorm ¢ hours after the rain began falling. 
Draw a graph of the total amount of rain that fell 
during this storm, using the facts that 


a. the rain first started falling at noon and did not 
stop until 6 p.m. 


b. 3 inches of rain fell between noon and 3 p.m. 


c. the total amount of rain that fell during the 
storm was 5.5 inches. 


T2/ 


\3, 
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r(t) 
(inches per 
hour) 
t 
_— 
0 3 6 Hours 
FIGURE 6.3.5 


The Brazilian government has established a pro- 
gram to protect a certain species of endangered bird 
that lives in the Amazon rain forest. The program is 
to be phased out gradually by the year 2020. An 
environmental group believes that the government's 
program is destined to fail and has projected that the 
rate of change in the bird population between 2000 
and 2050 will be as shown in Figure 6.3.6. 


Rate of change 
(birds per year) 


2020 2050 





FIGURE 6.3.6 


Draw a graph of the bird population between 2000 
and 2050, using the facts that (1) at the beginning of 
2000 there were 1.3 million birds in existence, and 
(2) the birds will be extinct by 2050. 


In Activities 13 through 18, sketch the indicated accu- 
mulation function graphs. 


fi) 


a. | A dt 


F t 
b. | fo da z 


i. a [ “ft dt f(t) 
0 


. I ‘fdt 


gna. i ‘oar FO 
0 

b. { find 

I fit) dt 


e I “fit)dt 





16. [ “At)dt F(t 
| : 
74 yh t 
1. i “Att fo 
t 


N ‘ Be 
18/ I flt)dt fO 
pees 


Find formulas for the accumulation functions in Activi- 
ties 19 through 24. In each case, draw a graph, shading a 
region whose area the formula represents. 


19. a. | eae b. | -2a¢ c. | 3dt 
0 0 0 
20 wae Wn OGE b.» | 6d£ es 6dt 
-4 2 2000 
eso ds belo c. [ -2dt 
-4 2 2000 
Oo ae alest dt b. | -3tdt C. i 100¢ dt 
0 0 0 
x x x 
pee [ sear b. | -3tdt G, [_ 1008 at 
| 5 : 5 
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WA, ay [ art 2) dt b. [ (2t + 2)dt 
=i 0 


c | (2t + 2)d¢ d i (2t + 2)dt 
1 =2 


On the basis of your answers to Activities 19 through 24, 
speculate about formulas for the accumulation func- 
tions in Activities 25 through 30. 


25, [ kat 26. | kat fork > 0 
0 a 


97. | Put tonte 28. | ktdt 
a 0 


29. [ kt dt 30. Qre 2 ae 
5 a 
31. a. Use the formula you found in Activity 29 to find 
the area of the region between f(t) = 3t and the 
horizontal axis from 5 to 19. 


b. If f(t) is the rate of change of the revenue of an 
airline, in hundreds of dollars per day, and t is 
the number of days since December 31 of last 
year, what does the answer to part a represent? 


32. a. Use the formula you found in Activity 28 to find 
the area of the region between f(t) = 7t and the 
horizontal axis from 0 to 9. 


b. If f(t) is the rate of change in the temperature of 
an oven, in degrees per minute, and t is the num- 
ber of minutes since the oven was turned on, 
what does your answer to part a represent? 


In each of Activities 33 through 36, a graph is given. 
Identify, from graphs a through f, the derivative graph 
and the accumulation graph (with 0 as the starting 
point) of the given graph. Graphs a through f on page 
432 may be used more than once. 


33). 34. 


Sh 20, 
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In each of Activities 37 and 38, a table of selected values 



















b. 
‘ for a function is given. Also shown are tables of values 
for the derivative and the accumulation function with 0 
ae as the starting point. Determine which table contains 
~~ values of the derivative and which contains values of the 
e d accumulation function. Justify your choice. 
c . 
Output Input Output 
: 0 0 0 
B € =2 1 3.667 
-4 2 5353 
-6 3 3 
-8 4 SDIa53 
e f. 
Output Input Output 
0 0 0 0 
1 “2 1 3 
A I} (ED) 2 0 3 16 
a ia : 3 36 3 77 
A 13 (EW) A 96 A * 
5 180 S 125 








6.4 The Fundamental Theorem 


In Section 6.3 we developed accumulation formulas for linear functions and found 
that these formulas vary slightly depending on the location at which we begin accu- 
mulating. Some of the formulas from the examples and activities in the last section 
are shown below: 


ft) =3 [ sar = 3x 
0 
fit) = -2 [ -2a¢ = 52% 
0 
i -2dt = -2x + 4000 
2000 
fi =20—4 [ @r-a)dt= x2 = ae 44 
2 


[ @r-4dr= 2-4-5 
=I 


Note that if you take the derivative with respect to x of each of the accumulation for- 
mulas, you obtain the original function in terms of x. For example, 


d d 
fe |, Ot Ode = FG0 — ax + 4) = 2-4 
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which differs from 2t — 4 only in the input variable. You may think this relationship 
is a special case for lines, but consider some of the more complicated accumulation 
functions that we sketched. In Section 6.3 we began with the function in Figure 6.62a 
and drew the accumulation function graph shown in Figure 6.62b. 


g(t) Gi) = J a(n at 








= if x 


FIGURE 6.62 (a) (b) 
Ce) Now let us sketch the slope graph (derivative graph) of the accumulation function in 
Figure 6.62b. Note that the slopes are positive everywhere but seem to be getting 
smalier and smaller as x gets larger. Also, close to the vertical axis, the graph is very 
steep, so the slopes are very large. The slope graph appears in Figure 6.63. The slope 
graph is exactly the graph with which we began in Figure 6.62a (with the input vari- 
able labeled x instead of f). 
In Example 2 in Section 6.3, we began with the graph in Figure 6.64a and 
sketched the accumulation function shown in Figure 6.64b. 





FIGURE 6.63 


f(t) A(x) = J f(O at 


= t a — x 
-B B = 
(b) 


FIGURE 6.64 (a) 








i) Again, let us sketch the slope graph of the accumulation function. To 
the left of zero, the graph has positive slopes. The slopes are near zero to 
the far left, and the graph becomes steeper until -B. Between -B and 0, the 
slopes are still positive but are approaching 0 as the accumulation function 

% approaches its maximum. At x = 0, the slope is zero. To the right of 

-B B x = 0, the slopes are negative. They become more and more negative until 

B. To the right of B, the slopes are still negative but are getting closer 

and closer to zero as the graph levels off. The slope graph is shown in 

Figure 6.65. Again, this is exactly the graph with which we began in Fig- 


FIGURE 6.65 ure 6.64a. 
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You are probably beginning to see that if we begin with a function f with input ¢, 


graph or find a formula for the accumulation function A(x) = i f(t)dt, and then 


a 
take the derivative or draw the slope graph, we get ip the function with which we 
began but in terms of x. In order to explore this connection between accumulation 


functions and derivatives, consider the following argument: 


Let A be the accumulation function of f from a to x. The graph in Figure 6.66a 
shows the function fand the area representing the accumulation function value from 
a to x. Figure 6.66b shows the region whose area is the accumulation value from a to 


56 46 Ih 


fo ft) 


A(x) A(x +h) 








(a) (b) 
FIGURE 6.66 


Next, consider the difference between the two areas. The small region with this area is 
shown in Figure 6.67a. 





A(x + h) - A(x) ieee f(x) ous +h) 
t t 
x xth Ase 
Width = h 
(a) (b) 
FIGURE 6.67 


We can approximate the area of this region by using a trapezoid. Recall that the 
height of a trapezoid constructed over an interval is the average of the function value 
at the two endpoints. Figure 6.67b shows this trapezoid and its height and width. 

The true area of the shaded region in Figure 6.67a is A(x +h) = A(x),.and it can 
be approximated by the area of the trapezoid. Thus we have 


ACE )) eA KY 2 ais als a 
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We now divide each side of the expression by h. The reason for this division will be 
evident later. 
IGS SN — INR 4 eae ie sama 
h 2 





Consider what happens as h becomes smaller and smaller. In other words, what hap- 
pens when we take the limit of the above expression as h approaches zero? 


oe Uhee ody — NES) Rhian City X aie?) 
h>90 h h>0 yp, 








You should recognize the term on the left as the derivative of A. As h approaches 0, 
f(x +h) gets closer and closer to f(x), so the term on the right approaches 





f(x) oe ie 2G = f(x). Thus we have 
dA 
ae f(a) 


In fact, we can replace the inequality with an equality (although a discussion of why 
this is the case is beyond the scope of this book): 


ea eres 


dx 
This expression says that the derivative of the accumulation function is the original 
function. This is actually a surprising result—accumulation functions and areas are 
related to derivatives! In fact, this is such an important result that it is called the Fun- 
damental Theorem of Calculus. 


The Fundamental Theorem of Calculus 


For any continuous function f with input ¢, the derivative of an accumulation 


function of fis the function fin terms of x. In symbols, we write 


£. ( [ fo a) = fx) 





We can infer from the Fundamental Theorem that to find an accumulation formula, 
we need only reverse the process of finding a derivative. For this reason, we call the 


x 
accumulation function F(x) = | f(t) dt an antiderivative of the function f- 
a 


Antiderivative 


Let f be a function of x. A function F is called an antiderivative of f if 
F'(x) = f(x); that is, the derivative of F is f. 





Our motivation for developing accumulation functions (antiderivatives) is not 
only to have a formula for accumulated change but also (and more importantly) to 
develop a function for a quantity if we know a function for that quantity’s rate of 
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terested in finding the total volume of 


change. In Example 3 of Section 6.1, we were in 
the 20 hours after 11:45 a.m. on a 


water that ran through the Carson River in 
Wednesday but were given values for only the flow rate in cubic feet per hour. If we 


could find an antiderivative of the flow rate equation, we would have a model for the 
volume of the water flowing through the river and could use the model to answer 
questions about the volume rather than summing areas of rectangles as we did in 
Section 6.1. 

Similarly, in Example 2 of Section 6.1, we found a model for the rate of change of 
the concentration of a drug and summed areas of rectangles to find a change in the 
concentration. If we could find an antiderivative of the rate-of-change function, we 
would then have a function modeling the concentration of the drug and could use it 
to answer the questions posed in Section 6.1. 


Recovering a Function 


Recovering a function is the phrase we use for the process of beginning with a rate- 
of-change function for a quantity and finding its antiderivative to obtain a function 
for the quantity. An important part of recovering a function from its rate of change is 
recovering the units of the function from the units of its rate of change. If an is the 
rate-of-change function of the amount of insulin in a patient’s body r hours after 
an injection, and if it is reported in milliliters per hour, then we can recover the units 


of the amount function M by recalling that the rate of change of a function is a 
; : arise ae output units 
slope of a tangent line. Slope is calculated as where the units are Gnpat units: 


run’ 
the case of Ar the units milliliters per hour can be rewritten as mullitters Now we can 
see that the output units of M are milliliters and the input units are hours. Figure 


6.68 shows input/output diagrams for uM and M. 


t if 
Input Nee? Input hours 








Rule aM Rule M 
) | Out | 
a Output 
dit M(t) 
milliliters milliliters 
Whours 


Occasionally, units of a rate of change are expressed in terms of a squared unit. 
For example, acceleration is often expressed in feet per second squared. Suppose A(t) 
is acceleration of a vehicle in feet per second squared, where t is the number of sec- 
onds since the vehicle began accelerating. Again, this is obviously the rate of change 
of some function. In fact, it is the rate of change of velocity. However, the input and 
output units of that velocity function may not be immediately apparent because of 
the use of the word squared. Rewrite feet per second squared as 


(cc feet — teet 
(second)? (second)(second) — second 








(second) 


= (feet per second) per second 


The output units of the velocity function are now identifiable as feet per second 
Input/output diagrams for these functions are shown in Figure 6.69. 
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t i 
Input oe Input Ree. 














Rule A Rule v 
| Output ) | \ Output 
A(t) v(t) 
feet feet 
(second)? second 
FIGURE 6.69 


We have seen how to recover the quantity units from rate-of-change units, and 
we have noted that the Fundamental Theorem of Calculus implies that we have a 
powerful algebraic tool for recovering the accumulated-quantity formula from its 
rate-of-change formula. However, we have yet to develop the specific algebraic rules 
that will enable us actually to use this tool. We now turn our attention to developing 
those rules. 


Antiderivative Formulas 


Given a function, how do we find an antiderivative? As we have seen, we must reverse 
the process of differentiation. Antidifferentiation starts with the known derivative 
and finds the unknown function. For example, consider the constant function 
f(x) = 3. To find an antiderivative of f, we need to find a function of x whose deriva- 
tive is 3. One such function is F(x) = 3x. Other functions whose derivatives are 
3 include F(x) ="3x + 7 and'F(x),= 3x%.— 24.9. 

In fact, having found one antiderivative F for a given function f, we can obtain 
infinitely many antiderivatives for that function by adding an arbitrary constant C to 
F. Thus we call y = F(x) + C the general antiderivative of f. We use the notation 


I flx)dx = F(x) + C 


for the general antiderivative. The general antiderivative is a group of infinitely many 
functions. (A particular accumulation function is one specific function from that 
group.) Note that the integral sign has no upper and lower limits for general anti- 
derivative notation. The dx in this notation is to remind us that we are finding the 
general antiderivative with respect to x, so our antiderivative formula will be in terms 
of x. For example, we say that the general antiderivative for f(x) = 3 is F(x) = 3x + C, 


and we write | 3dx = 3x + C. 


As we saw in Section 6.2, an antiderivative (accumulation formula) of any con- 
stant function will be a line because lines have constant derivatives. We can write this 
general rule as 


[kax = kx + C 


where k and C are any constants. 
Now consider finding the general antiderivative of f(x) = 2x. We are seeking a 
function whose derivative is 2x. The function is F(x) = x? + C, and we write 


[rxde= 2+ 
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It is more difficult to reverse the derivative process for f(x) = x’. Recall that the 
power rule for derivatives Ax") = nx"| instructs us to 
e@ multiply by the power 
e subtract 1 from the power to get the new power 
To reverse the process for antiderivatives, we 
@ add | to the power to get the new power 
e@ divide by that new power 
This formula is known as the Simple Power Rule for antiderivatives. 


Simple Power Rule for Antiderivatives 


n+] 


[x"a= an ' a Gy tor. any 27 =) 


This rule requires that n # -1, because otherwise, we would be dividing by zero. 





Baal 3 
In the case of f(x) = x’, the general antiderivative is F(x) = A + C= a Ba oe 


) 
[ea=t+c 


Finding Antiderivatives 


Find the following general antiderivatives and their appropriate units. 


a. I -7 dx degrees per hour squared where x is in hours 
b. | h®° dh parts per million per day where h is in days 
Solution 

a. [-7ax = -7x + C degrees per hour 


0.5 lie : 
b. fr ~dh = +5 + C parts per million 
Recall the Constant Multiplier Rule for derivatives: 
If g(x) = kf(x), then g(x) = kf'(x), where k is a constant. 


A similar rule applies for antiderivatives: 


Constant Multiplier Rule for Antiderivatives 


[kia = k| Rex) dx 





Thus | 123dx = 12| xa = 12(*) Gass nlexe ae ge 
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Another property of antiderivatives that can be easily deduced from a similar 
property for derivatives is the Sum Rule. 


Sum Rule 


[li9 + slide = [rcrde + [etoax 





The Sum Rule lets us find an antiderivative for a sum (or difference) of functions 
by operating on each function independently. For example, 


[ce + x)dx = [7 ax + [sae 


Wee se 
z Tx Oe 


a + a + C (Combine C, and C, into one constant C.) 


Repeated applications of the Simple Power Rule, the Constant Multiplier Rule, 
and the Sum Rule enable us to find an antiderivative of any polynomial function. We 
now have the tools we need to begin with a simple polynomial rate-of-change func- 
tion for a quantity and recover an amount function for that quantity. 


Birth Rate 


An African country has an increasing population but a declining birth rate, a situa- 
tion that results in the number of babies born each year increasing but at a slower 
rate. The rate of change in the number of babies born each year is given by 


b(t) = 87,000 — 1600t births per year 


t years from the end of this year. Also, the number of babies born in the current year 
is 1,185,800. 


a. Finda function describing the number of births each year t years from now. 


b. Use the function in part a to estimate the number of babies born next year. 


Solution 
a. A function B describing the number of births each year is found as 


1600 : 
B(t) = [oc dt = 87,000t — re + CG = 87,0002 — 800t* + C births 


t years from now. 
We also know that B(0) = 1,185,800, so 1,185,800 = 87,000(0) — 800(0)? + C, 
which gives C = 1,185,800. Thus we have 


B(t) = 87,000t — 800 + 1,185,800 births each year 
t years from now. 


b. The number of babies born next year is estimated as B(1) = 1,272,000 babies. 


wee ee cer erceeeeroesoses 
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We have just presented and applied three antiderivative rules: the Simple Power 
Rule, the Constant Multiplier Rule, and the Sum Rule. Now let us look at four more 
rules for finding antiderivatives. . 

Refer to the Simple Power Rule, and note that it did not apply for n = -1. The case 

te ee, F 1 
where n = -1 is special. This results in the antiderivative i x'dx = | ; dx. Recall that 


4 In x) = i This is valid only for x > 0, because In x is not defined for x < 0. When 


x < 0, we use In(-x) because + tin(-x)] = a = i Both cases (x > 0 and x < 0) can 


be handled very simply by using In|x1. 


Natural Log Rule 


[,4:= In|x| + C 
x 





The two final antiderivative formulas that we consider are for exponential func- 
tions. Recall that the derivative of f(x) = e* is e*. Similarly, the general antiderivative 
of f(x) = e* is also e* plus a constant. 


e* Rule 


[ed=e+c 





The other exponential function that we have encountered is f(x) = b*. Its deriva- 
tive was found by multiplying b* by In b. To find the general antiderivative, we divide 
b* by In b and add a constant: 


Exponential Rule 


Wie 
| i ite 





Note that the e* Rule is a special case of this Exponential Rule with b = e. 

Because we often encounter functions of the form f(x) = e®, it is helpful to know 
this function’s derivative formula. Recall that the Chain Rule for derivatives applied 
to f(x) = e* gives f'(x) = ae*. Thus, to reverse the derivative process, we leave the 
e“-term and divide, rather than multiply, by a. 


e* Rule 


1 
[eae =< em 4 C foranya#0 
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In summary, we now have the following antiderivative formulas, where k, n, b, and a 
are constants. 


Constant Rule 


Simple Power Rule 
Natural Log Rule 


Exponential Rule 
e* Rule 


e** Rule 


Antiderivative Formulas 


Function: f 


General 


antiderivative: | f(x) 


ke G 


le 
me 
(- fa i} 


Inix| + C 


1 
ees ~ + 
( ;)e y 


@ an © 


1 
—e* + C 
a 


dx 


Constant Multiplier Rule k i g(x) dx 


Sum Rule 


dee | h(x) de 





EXAMPLE 3 More Antiderivatives 


Find the following general antiderivatives. 


a. [ls ot >) dx quarts per hour where x is measured in hours 


b. | (4Vx + 100e°° + 0.46 )dx mpg per mph where x is measured in mph 
8 p 





Solution 
al. [(s — Jee + >) dx = [sax = 7| evdx =f 5 | ax 
Ba 
es 7e* + 5In|x| + C quarts 


b. We must first rewrite Vx as x!/? and then apply the appropriate rules: 
| (4Vx + 100° + 0.46) dx = i [4x!2 + 1006 + 0.46] dx 


=A | x? dx + 100 | tax - | 0.46 dx 


x12 0.06x 
— ie LOO 
oi 0.06 
8 100 


= ea + Wes + 0.46x + C mpg 





+ 0.46x + C 


pe eeroeresesosseesrenes 
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Specific Antiderivatives 


We have seen that any function has infinitely many antiderivatives, each differing by 
a constant. When we seek an antiderivative with a particular constant, we call the 
resulting function a specific antiderivative. An example of a specific antiderivative 
is the function in Example 2 for the number of births in an African country. Using 
the information that in the current year the number of births is 1,185,800, we were 
able to solve for the constant to obtain the specific antiderivative B(t) = 87,000t — 
800t? + 1,185,800 births each year t years from now. 

In general, to find a specific antiderivative, you must be given additional infor- 
mation about the output quantity that the antiderivative describes. After finding a 
general antiderivative, you simply substitute the given input and corresponding out- 
put into the general antiderivative and solve for the constant. Then you replace the 
constant in the general antiderivative formula with the value you found to obtain the 
specific antiderivative. Example 4 illustrates this process. 


Marginal Cost 


Suppose that a manufacturer of small toaster ovens has collected the data given in 
Table 6.38, which shows, at various production levels, the approximate cost to pro- 
duce one more oven. Recall from Section 5.1 that this is marginal cost and can be 
interpreted as the rate of change of cost. 


TABLE 6.38 










0 [30 [200 [300 | «ao [70 
$29 | $20 $11 


The manufacturer also knows that the total cost to produce 250 ovens is $12,000. 





a. Find a model for the marginal cost data. 
b. Recover a cost model from the model you found in part a. 


c. Estimate the cost of producing 500 ovens. 


Solution 


a. Either a quadratic or an exponential model is a good fit to the data. We choose an 
exponential model: 


C(x) = 47.638(0.9972*) dollars per oven 
where x is the number of ovens produced each day. 


Delo recover a model for cost, we need an antiderivative of C’ satisfying the known 
condition that the cost to produce 250 ovens is $12,000. The general antideriva- 
tive 1s 


_ 47.638(0.9972*) 


Ci) In 0.9979 + K ~ -16,991.852(0.9972*) + K 





where K is a constant. 


| Using the fact that C(250) = $12,000, we substitute 250 for x, set the anti- 
derivative equal to 12,000, and solve for K. 
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-16,991.852(0.99727°°) + K = 12,000 
-8430.309 + K = 12,000 
K =~ 20,430.309 


Thus the specific antiderivative giving the approximate cost of producing x 
toaster ovens is 


C(x) = -16,991.852(0.9972*) + 20,430.309 dollars 


c. You can readily verify that the cost of producing 500 toaster ovens is estimated by 
C(500) ~ $16,248. 


Cee eeeresesvcceseeeeons 


It is sometimes necessary to find an antiderivative twice in order to obtain the 
appropriate accumulation formula. For example, to obtain distance from accelera- 
tion, you must determine the specific antiderivative of the acceleration function to 
obtain a velocity function and then determine the specific antiderivative of the veloc- 
ity function to obtain a function for distance traveled. 


Falling Pianos 


A mathematically inclined cartoonist wants to make sure his animated cartoons 
accurately portray the laws of physics. In a particular cartoon he is creating, a grand 
piano falls from the top of a 10-story building. How many seconds should he allow 
the piano to fall before it hits the ground? Assume that 1 story equals 12 feet and that 
acceleration due to gravity is -32 feet per second squared. 


Solution We begin with the equation for acceleration, a(t) = -32 feet per second 
squared t seconds after the piano falls. The antiderivative of acceleration gives an 
equation for velocity. 


[aw dt = v(t) = -32t + C feet per second after t seconds of fall 


To find the specific velocity equation for this example, we need information about 
the velocity at a specific time. The fact that the piano falls (rather than being pushed 
with an initial force) tells us that the velocity is zero when the time is zero. Substitut- 
ing zero for both t and v and solving for C give C = 0. Thus the specific antiderivative 
describing velocity is v(t) = -32t feet per second after t seconds of fall. 

From this velocity equation, we can derive an equation for position (the distance 
the piano is above the ground) by finding the antiderivative. In this case, the general 
antiderivative of v is 


[ro dt = s(t) = -16¢ + K feet after t seconds of fall 


Again, we find the specific position equation by using information given about the 
position of the piano at a certain time. In this example we know that when time 1s 
zero, the piano is 10 stories, or 120 feet, above the ground. We substitute this infor- 
mation into the position equation and solve for K, obtaining K = 120 feet. Substitut- 
ing this value for K in the position equation yields the specific position equation 


s(t) = -16t? + 120 feet after t seconds of fall 


Aaa 
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Now that we have equations for acceleration, velocity, and position, we can answer 
the question posed: How long until the piano hits the ground? Let us phrase this 
question mathematically: When position is zero, what is time? To answer this ques- 
tion, we set the position equation equal to zero and solve for f. 


0 = -16t? + 120 
16 1120 
120 
t= — 
16 


t ~ + 2.7 seconds 


Because negative time doesn’t make sense in the context of the question, we conclude 
that the cartoonist should allow approximately 2.7 seconds for the piano to fall. 


Let us summarize what we have learned thus far about integrals. The definite 
b 

integral fix) dx is a limiting value of sums of areas of rectangles and gives us the 
a 


area of the region between the graph of f and the x-axis if the graph lies above the 
horizontal axis from a to b. When the graph of f lies below the horizontal axis from 
a to b, the definite integral is the negative of the area inscribed. If f(x) is a rate of 


b 
change of some quantity, then | f(x) dx is the change in the quantity from a to b. 


The accumulation function~A(x) = | . f(t)dt is a formula in terms of x for the 
accumulated change in f(t) from a to x. We use the integral symbol without the upper 
and lower limits, | f(x) dx, to represent the general antiderivative of f. Although these 


three symbols are similar, it is important that you have a clear understanding of what 
each one represents. Their interpretations are summarized in Table 6.39. 


TABLE 6.39 


b 


Interpretation 


I f(x) dx a number that can be thought of in terms of area 


x . . 
f(t) dt accumulation function, a formula for an accumulated amount 
a specific antiderivative 
| feo dx general antiderivative a formula whose derivative is f 


The Fundamental Theorem of Calculus tells us that accumulation functions are 
specific antiderivatives. As we shall see in Section 6.5, antiderivatives enable us to find 
areas algebraically by using accumulation formulas rather than numerically as limit- 
ing values of sums of areas of rectangles. 

Apart from helping us find areas, antiderivatives are useful in allowing us to 
recover functions from rates of change. We have seen several examples of that in this 
section. It may seem difficult to reverse your thinking from finding derivatives to 
finding antiderivatives, but with practice you will soon be proficient at both. 

















definite integral 






——— 





Concept 
Inventory 





@ Fundamental Theorem of Calculus 
@ Antiderivative 
@ Recovering a function from its rate of change 


@ [fe dx = general antiderivative 


@ Antiderivative formulas 
@ Specific antiderivative 






Activities 


In Activities 1 through 12, a and b are constants and 
x and t¢ are variables. In these activities, label each nota- 


tion as always representing 
a. A function of x 
b. A function of t 


c. A number 





1. f'(t) 2h fe 

3. f'(3) 4. i flt)dt 
2 { flx)dx 6. | FM 
7. i on) 8. i “f(t)dt 
9. | sabe 10. eb “flt) dt 
ial 4 fas ee de] Rode 


For each of the rates of change in Activities 13 through 
16: 
a. Write the units of the rate of change as a frac- 
tion. 
b. Draw an input/output diagram for the recovered 
function. 
c. Interpret the recovered function in a sentence. 


13. When m thousand dollars are being spent on adver- 
tising, the tere revenue of a corporation is 
changing by 4£ million dollars per thousand dollars 
spent on advertising. 
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14. The percentage of Bouse nels with washing 
machines was changing by 2 7, percentage points per 
year, where t is the number of years since 1950. 


15. The concentration of a drug in the bloodstream of a 
patient is changing by ae milligrams per liter per 
hour h hours after the drug was given. 


16. The level of production at a tire manufacturer 
h hours after production began is increasing by 
Ph) tires per hour squared. 


..,_ Find the general antiderivative as indicated in 
Activities 17 through 22. Check each of your 
antiderivatives by taking its derivative. 





practice 


17 i 19.436(1.07*) dx 

18. i 39.24€°* dx 

19. [ [ee + 4(2)] dx 

20. | (32.685x° + 3.296x — 15.067) dx 


x [Co + 4Vx + 8)dx 
Di, [ie xt d+ Gy ladx 


For each of the rate-of-change functions in Activities 23 
through 27, find the general antiderivative, and label the 
units on the antiderivative. 


23. s(m) = 6250(0.92985”) CDs per month m months 
since the beginning of the year 


24. p(x) = 0.03731x? — 0.4841x + 1.4069 dollars per 
1000 cubic feet per year x years since 1989 


25. j(x) = as 29 + 7.95 units per dollar where x is the 
price (in dollars) 
26. c(x) = NE Me 228 + 0.3292(0.009324*) dollars per unit 


squared when x units are produced 


27. p(t) = 1.724928e°* millions of people per year t 
years after 1990 


In Activities 28 through 31, find F, the specific anti- 
derivative of f. 


28. fix) = 5x + 3; Fl) =3 
29. f(t) = t? + 26 F(12) = 700 
30. flu) =2 + u; FU) =5 
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The rate of change of the average yield of short- 
term German bonds can be described by the equa- 
tion G(t) = °° percentage points per year for a 
bond with a aren? time of t years. The average 
10-year bond has a yield of 4.95%. Find the specific 
antiderivative describing the average yield of short- 
term German bonds. How is this specific antideriv- 
ative related to an accumulation function of G? 


The rate of change of the weight of a laboratory 
mouse can be modeled by the equation 
W(t) = 282 grams per week, where t is the age of 
the ante in weeks, beyond 2 weeks. At an age of 9 
weeks, the mouse weighed 26 grams. Find the spe- 
cific antiderivative describing the weight of the 
mouse. How is this specific antiderivative related to 
an accumulation function of W? 


The rate of change of the average annual fuel con- 
sumption of passenger vehicles, buses, and trucks 
from 1970 through 1995 can be modeled by the 
equation f(t) = 0.85t — 16.431 gallons per vehicle 
per year t years after 1970. The average annual fuel 
consumption was 712 gallons per vehicle in 1980. 
Find the specific antiderivative giving the average 
annual fuel consumption. How is this specific anti- 
derivative related to an accumulation function of f? 


The rate of change of the gender ratio for the United 
States during the twentieth century can be modeled 
as g(t) = (1.667:10*)t? — 0.01472t — 0.103 males 
per 100 females per year t years after 1900. In 1970 
the gender ratio was 94.8 males per 100 females. 
Find a specific antiderivative giving the gender 
ratio. How is this specific antiderivative related to 
an accumulation function of g? 


On the basis of data in the 1998 Statistical Abstract, 
between 1980 and 1995, the amount of outstanding 
consumer credit grew at a rate described by the 
function c(x) = 27.375(1.0904*) billion dollars per 
year x years after 1980. 


a. Using the fact that outstanding consumer credit 
was $794.6 billion in 1990, find an equation for 
the amount of outstanding consumer credit. For 
what years can this equation be used with confi- 
dence? 


b. By how much did consumer credit grow between 
1985 and 1995¢ 
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37. On the basis of data from the Cellular Telecommu- 


38. 


ay) 


40. 


nications Industry Association, the rate of change 

in the number of cellular telephone subscribers in 

the United States from 1988 through 1995 can be 

modeled by the equation p(x) = 891.6(1.5*) thou- 

sand subscribers per year x years after 1988. 

a. Find a model for the number of cellular phone 
subscribers in the United States. Use the fact that 
there were 2.069 million subscribers in 1988. 


b. Find the change in the number of cellular phone 
subscribers in the United States between 1990 
and 1994. 


During the 1990s the civilian labor force in the Tri- 
dent region of South Carolina was expanding’® 

a rate of p(x) = -2915x + 19,433 people each year 
x years after 1989. The civilian labor force was 
227,120 people in 1989. 


a. Find a model for the size of the civilian labor 
force in the 1990s. 


b. Determine, according to the model, how many 
people were in the labor force by 1992. 


c. According to the model, how many people were 
added to the labor force between 1989 and 1991? 


For the first 2 months after sweet corn is planted 
(given optimal growing conditions) the rate of 
change of its growth rate can be modeled by 


g'(d) = -0.00036d — 0.018 inches per day squared 


where d is the number of days after sprouting. 


a. Find a function for the growth rate of sweet corn 
d days after it sprouts. The corn was growing by 
1.95 inches per day on the day it sprouted. 


b. Find a function for the height of sweet corn d 
days after it sprouts. 


c. How tall is the sweet corn 60 days after sprouting? 


An investment worth $1 million in 2000 has been 
growing at a rate of f(t) = 0.1397619(1.15‘) million 
dollars per year t years after 2000. 


a. Determine how much the investment has grown 
since 2000 and how much it is projected to grow 
over the next year. 


b. Recover the amount function, and determine the 


current value of the investment and its projected 
value next year. 


18. Based on information in 1993 Trident Economic Forecast. 
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The amount” of poultry produced in the United 
States annually from 1990 through 1998 can be 
modeled as p(x) = -0.019x° + 0.191x2 + 0.927x + 
23.539 billion pounds x years after 1990. 


a. Write the general antiderivative of p. 


b. According to the model, how much poultry was 
produced in the United States from 1990 
through 1998? 


c. Find a model for the rate of change in annual 
poultry production. 


d. How do p, the answer to part a, and the answer 
to part c differ? 


As a person’s age increases, the amount she or he 
would have to pay as a first-year premium on a new 
life insurance policy also increases. According to a 
recent report from an insurance company, the first- 
year premium (per $1000) on an annual renewable 
term life insurance policy for nonsmokers between 
the ages of 30 and 60 increases at a rate of 
p(x) = 0.017714(1.158887*) dollars per year of age, 
where x + 30 is the age of the insured in years. 


a. What value is x if the person is 45 years old? 


b. Find the function for the premium per $1000. 
The premium per $1000 for a 40-year-old is $1.49. 


c. Determine the first-year premium for a 30-year- 
old who is purchasing a $500,000 policy. 


The Washington Monument, located at one end of 
the Federal Mall in Washington, DC, is the world’s 
tallest obelisk at 555 feet. Suppose that a tourist 
drops a penny from the observation deck atop the 
monument. Let us assume that the penny falls from 
a height of 540 feet. 


a. Recover the velocity function for the penny 
using the facts that 
i. Acceleration due to gravity near the surface 
of the earth is -32 feet per second squared. 
ii. Because the penny is dropped, velocity is 0 
when time is 0. 

b. Recover the distance function for the penny 
using the velocity function from part a and the 
fact that distance is 540 feet when time is 0. 

c. When will the penny hit the ground? 


d. What is the impact velocity of the penny in miles 
per hour? 


19. Based on data from Statistical Abstract, 1998. 
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According to the Guinness Book of Records, the 
world’s record high dive from a diving board is 176 
feet, 10 inches. It was made by Olivier Favre 
(Switzerland) in 1987. Ignoring air resistance, 
approximate Favre’s impact velocity in miles per 
hour from a height of 176 feet, 10 inches. 


a. What is the impact velocity (in feet per second 
and miles per hour) of a cat that accidentally 
falls off a building from a height of 66 feet 
(54 stories)? 

b. In the 1960s, Donald McDonald claimed in an 
article in The New Scientist that plummeting cats 
never fall faster than 40 mph. What accounts for 
the difference between your answer to part a and 
McDonald’s claim (assuming McDonald’s claim 
is accurate)? 


Table 6.40 gives the increase or decrease in the 
number of donors to a college athletics support 
organization for selected years. 


TABLE 6.40 


Rate of change 
in donors 
(donors per year) 





. Find a model for the rate of change in the number 


of donors. 


. Find a model for the number of donors. Use the fact 


that in 1990 there were 10,706 donors. 


Estimate the number of donors in 2002. 


From 1997 through 2002, an Internet company was 
hiring new employees at a rate of n(x) = > + 138 new 
employees per year, where x represents the number of 
years since 1996. By 2001 the company had hired 896 
employees. 


a. 


b. 


Write the function that gives the number of 
employees who had been hired by the xth year after 
1996. 


For what years will the function in part a apply? 


448 CHAPTER 6 


c. Find the total number of employees the com- 
pany had hired between 1997 and 2002. Would 
this figure necessarily be the same as the number 
of employees the company had at the end of 
2002? Explain. 


48. Table 6.41 shows the rate of change in the purchas- 
ing power of one dollar at various times since 1985. 


TABLE 6.41 


Rate of change in 
purchasing power of $1 
(dollars per year) 





a. Examine a scatter plot of the data, and find a 
model for the rate of change over the period 
from 1985 through 1997. 
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b. Use your model to derive a function that models 
the purchasing power of one dollar as a function 
of time. Write the function in terms of constant 
1990 dollars. (That is, one dollar was worth one 
dollar in 1990.) 

c. Rewrite the function in terms of constant 1980 
dollars. 

d. Rewrite the function in terms of the current 
value of a dollar. 

e. What is the difference in the three functions 
from parts b, c, and d? 


Super Bowl I was held on January 15, 1967. From 
that time through Super Bowl XXX held in 1997, 
the price of a Super Bowl ticket’ was growing at a 
rate of p(x) = 0.338e°!’*** dollars per year x years 
after 1966. 


a. Find the specific antiderivative of p, using the 
information that the ticket price for Super Bowl 
I was $10. 

b. Estimate the price of a ticket for the Super Bowl 


in 2000. Compare your estimate to the actual 
price of $325. 


The Definite Integral 


So far, we have been finding general and specific antiderivatives to recover functions 
from their rate-of-change functions. The Fundamental Theorem tells us that accu- 
mulation functions are antiderivatives. Consider finding the accumulation function 


for ft) = 62 — 21 + 3 from 4 to x, A(x) = i| (62 — 2h yee eowthatthe 


4 
answer is an antiderivative of the form y = 2x* — x* + 3x + C, and we also know 


4 


that when x = 4, the accumulation must be zero: A(4) = | (6¢ — 2t + 3)dt=0. 


4 


Substituting x = 4 into the general antiderivative, setting it equal to zero, and solving 
for C gives the value of C in the accumulation function with starting point x = 4. 


2(4)° — (4)? + 3(4) + C=0 
128 -16+12+C=0 
124+C=0 


Thus we have 


C=-124 


[ (GP — 26+ 3)dt = 243 — x2 + 3x — 104 
4 


20. Based on data in Sports Magazine, February 1999, 


EXAMPLE 1 
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Because f(t) is greater than zero for t = 4, we use this formula to find the area of the 
region between the graph of f(t) = 6 — 2t + 3 and the horizontal axis from 4 to 7 
by substituting 7 into the accumulation formula: 2(7)° — (7)? + 3(7) — 124 = 534. 


Finding Accumulation Formulas 
a. Finda formula for [ ¢9.7966(1.072291 dt. 
b. Find a formula for the accumulation function A(x) = | "69.7966(1.07229') dt. 
1 
c. Use the accumulation function to find the area of the region between the graph 


of f(t) = 69.7966(1.07229') and the horizontal axis from | to 4. 


d. If f(t) = 69.7966(1.07229') is the rate of change of the balance in a savings 
account given in dollars per year and t is the number of years since the savings 
account was opened, what does your answer to the question in part c represent? 


Solution 


69.7966(1.07229') 


+ 
In 1.07229 g 





a. [ 69.7966(1.07225" dt = 


b. The accumulation function is the specific antiderivative (in terms of x) for which 
the antiderivative is zero when x = 1. 
7 69.7966(1.07229') 


—— + = 
aay In 1.07229 ee 





C = -1072.2908 
Thus we have 


69.7966( 1.07229") 
In 1.07229 





A(x) = | 69.7966(1.07229') dt ~ 1072.2908 
l 


c. Substituting 4 for x in the formula above gives the area between 1 and 4 as 
approximately 249.7637. 


d. The answer to part c represents the change in the amount in the savings account 
between 1 and 4 years. The amount grew by $249.76. 


eee ereeeeesesrseseseece 


The Fundamental Theorem of Calculus gives us a method, as illustrated in Exam- 
ple 1, for finding an accumulation function and using it to determine the area of 
the region between the graph of a function and the horizontal axis. In general, we 


know that | f(t) dt = F(x) + C, where F is an antiderivative of f. We also know that 


when x = a, the accumulation function is zero. 
| Roae BS Hal G0 
This tells us that C = -F(a). Thus we have 


| Ride = tix) ere 
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To find the value of the accumulation function from a to b, we simply substitute b for x. 


b 
| flt)dt = F(b) — Fla) 


We now have an efficient algebraic method for evaluating definite integrals. We sum- 
marize the discussion as follows: 


Evaluating a Definite Integral 


If fis a continuous function from a to b and F is any antiderivative of f, then 


i (ob EO) 





b 
Recall from Section 6.2 that we define the definite integral, | fix) dx, as the limiting 


value of sums of areas of rectangles. That is, 


b 
[ foods = lim Yt) + fle) + # flo, 1x 


7 b 
The antiderivative definition for a definite integral, I fix) dx = F(b) — F(a), gives 


us another method for evaluating a definite integral, so for many functions, we no 
longer have to rely on the sometimes tedious process of finding limiting values of 
sums of areas of rectangles. The fact that we can find accumulated change using a 
reverse derivative process should continue to surprise you. The connection between 
accumulation and derivatives is a remarkable one. 

To illustrate the ease with which we can calculate areas of regions between graphs 
of functions and the horizontal axis, consider the region between the graph of 
fx) = x° + 2 and the x-axis from -2 to 4. (See Figure 6.70.) 





FIGURE 6.70 





To find the area of this region in Sections 6.1 and 6.2, we would have used sums 
of areas of rectangles. Now all we need to do is calculate the value of the definite 


4 
integral, | (x° + 2) dx, by simply finding an antiderivative and subtracting the value 


-2 


of the antiderivative at -2 from the value at 4. 


EXAMPLE 2 
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[ 2 + 2)dx = FU4) — FC-2) 
=y} 


where F is an antiderivative of x? + 2. Here are the details of this process: 


This notation is used to 








atin M 3 4 indicate that we have found 
: Ind an x < an antiderivative and now 
antiderivative: [Le _ 2) dx = (= a 2x) must evaluate it at 4 and -2 
~2 and then subtract the results. 
43 (-2)° 
2. Evaluate at upper = Mee te 2(4) | = 2 +) 2(=2) 


and lower limits and 


then subtract: 1 _ (-63) ~ 29,333 — (-6.667) 


') 
\O 


Thus the area of the region depicted in Figure 6.70 is exactly 36. 


Plant Growth 


Suppose a plant is 9 mm tall at the beginning of an experiment and is growing at a 
rate of f(t) = 6t mm per day t days after the beginning of the experiment. 


a. Find the specific antiderivative of f that gives the plant’s height t days after the 
experiment began. 
2 
b. Find | f(t) dt. Interpret your answer. 
0 
Solution 
a. The general antiderivative we seek is 
ny =" 4 c=38 +¢ 
Using the fact that when t = 0 the plant is 9 mm tall, we have 
F(0) =9 
3(0/? + C=9 
Cc=9 
Thus the specific antiderivative giving the plant’s height is 
F(t) = 3? + 9mm 
t days after the beginning of the experiment. 
@ 2 
b. | far = FO)|o 
0 
= 3f + 9), 
= (3(2) ol" 3(0) 59 | 
=e ( Ideck 9 en 9 


12 mm 
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This result is the area of the region between the graph of f( t) = 6t and the horizon- 
tal axis from 0 to 2. It is the change in the plant's height during the first 2 days of the 
experiment. That is, the plant grew 12 mm during the first 2 days of the experiment. 


pec cereonceserseecseeee 


Now consider the result of Example 2 if the plant had been 0.5 mm tall at the 
beginning of the experiment. The function giving the plant’s height would then be 
F(t) = 3 + 0.5 mm ¢ days into the experiment. The definite integral calculation 


would be 


2 
[ Ro a= FO 
0 


= (37 + 0.5) | 
= [3(2)? + 0.5] — [3(0)° + 0.5] 
(12 + 0.5) — 0.5 


= 12mm 


Note that the initial height of the plant made no difference in the definite integral 
calculation. This is not a coincidence. If F, and F, are any two antiderivatives of f, they 
differ only by a constant: F,(x) = F,(x) + C. Thus the change in F,(x) from a to b is 


F,(b) — F,(a) = [F,(b) + C] — [F,(a) + C] = F,(0) — F(a) 


the same as the change in F,(x) from a to b. The constant term C always cancels out 
during the definite integral calculation. 


The constant term in an antiderivative does not affect definite integral 


calculations. If you are concerned only with finding change in a quantity, 
finding the constant in the antiderivative is not necessary. 





We return to Example 4 in Section 6.4. Recall that we modeled the marginal cost 
for toaster ovens using the exponential function 


C'(x) = 47.638(0.9972*) dollars per oven 


where x is the number of ovens produced per day. Suppose that the current production 


level is 300 ovens per day and that the manufacturer wishes to increase production to 
500 


500 ovens per day. The definite integral C(x) dx = C(500) — C(300) gives the 
300 


change in cost as a result of this increase. Finding the change requires two steps. First, 
find an antiderivative of C’. Then evaluate the antiderivative at the two production 
levels and subtract the value at the lower limit from the value at the upper limit of the 
integral. 


In Section 6.4 (using an unrounded model), we found the general antiderivative 
for C’ to be 


C(x) = | C'(x) dx = -16,991.852(0.9972*) + K 


The constant K will not affect our calculations of change, so we set K to be 0. (Note 
that if we need to answer other questions about cost, we should use the information 


that the cost to produce 250 ovens is $12,000 to find the proper value of K, as was 
illustrated in Example 4.) 
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The definite integral is 


ee , 500 
COG \Gke = TEC. 


300 
= C€(500) — C(300) 
= -16,991.852(0.99725) — [-16,991.852(0.99723) ] 
=~ $3145 


We conclude that when production is increased from 300 to 500 ovens per day, cost 
increases by approximately $3145. 


Sums of Definite Integrals 


Definite integral calculations for piecewise continuous functions require special care. 
In Example 3 of Section 6.1, we saw flow rates for a river during heavy rains; however, 
only some of the data were given. The complete available data’! and a scatter plot are 
shown in Table 6.42 and Figure 6.71, respectively. 








TABLE 6.42 
Hours since Flow rate 
11:45 a.m. (cubic feet poe rate 
Wednesday per hour) (ft"/hr) 
8,000,000 + 
6,000,000 + 
+ 
4,000,000 + 
7, 5 . f 
Time 
PINAL OUU UI Race ey ot ana rs ) 
0 12 77 (hours 
FIGURE 6.71 





A piecewise continuous function is appropriate. We choose to divide the data at 20 
hours and obtain the model” 


f(h) = 18,225h? — 135,334.3h + 2,881,542.9 f?/hr when0 <h < 20 
12,000h? — 816,000h + 19,044,000 ft?/hr when 20 < h = 27 


where h is the number of hours since 11:45 a.m. Wednesday. 
To estimate the amount of water that flowed through the river from 11:45 a.m. 
Wednesday to 2:45 p.m. Thursday, 27 hours later, we calculate the value of the 


Pf 
definite integral, | fih) dh. Note that the point of division for the model occurs in 
0 


the interval from 0 to 27. For this reason, we cannot calculate the value of the definite 
integral simply by evaluating an antiderivative of fat 27 and 0 and subtracting. 

Note that the area of the region from a to b shaded in Figure 6.72 is equal to the 
sum of the area of R, and the area of R,. 


21. As reported in the Reno Gazctte—Journal, May 17, 1996, p. 4a. 

22. When the entire data set is viewed, the three points on the right appear to follow a linear pattern. 
However, when viewed in isolation, the points are distinctively concave up. For this reason, we chose 
quadratic models for both portions of the data. 
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a 
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This figure illustrates the following property of integrals: 


Sum Property of Integrals 


| a= I foods + | Feaer 


where c is between a and b. 





It is this property that enables us to calculate definite integrals for piecewise continu- 
ous functions. 


27 
Returning to the river flow function, in order to calculate i fh) dh, we divide 
0 


the integral into two pieces at the point where the model changes and sum the 
results. 


PH 20 27 
[ fn)dh = | fh) dh + | fh) dh 
0 0 20 
20 
= | (18,225h7 — 135,334.3h + 2,881,542.9)dh + 
0 


27 if 
[ (12,000h7 — 816,000h + 19,044,000) dh 
20 


20 


= (A j3 — 135:334.3 " 


3 

pe 
3 20 

(79,164,000 — 0) + (295,488,000 — 249,680,000) 

79,164,000 + 45,808,000 

124,972,000 cubic feet 


he Se 2,881,542.9h] 





0 
_ 816,000 ti 


h? a 19,044,0008) 





We estimate that during the first 20 hours, 79,164,000 ft’ of water flowed through the 
river. Between 20 and 27 hours, the volume of water was about 45,808,000 ft*. Sum- 
ming these two values, we estimate that from 11:45 a.m. Wednesday to 2:45 p.m. 
Thursday, 124,972,000 ft of water flowed through the river. 

In Example 3 in Section 6.2, we saw a rate-of-change function for per capita wine 
consumption whose graph was both above and below the horizontal axis. In order to 
calculate the change in per capita wine consumption from the end of 1970 through 
1990, we calculated the increase in wine consumption from the end of 1970 through 
1984 (actually through x ~ 83.97) and subtracted the decrease in wine consumption 
from 1984 (x ~ 83.97) through 1990. In other words, we calculated the definite inte- 
gral from 1970 (x = 70) through 1990 (x = 90) as 

83.97 90 
W(x) dx + W(x) dx ~ 1.34 — 0.45 = 0.89 gallon per person 
70 83.97 
where the value of the integral from 83.97 to 90 is negative because the graph of W 
is below the horizontal axis. Because W is continuous from 70 to 90 (not piecewise 


EXAMPLE 3 
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90 
continuous), we can calculate | W(x) dx by finding an antiderivative of W, evaluating 
; 70 
it at 90 and 70, and subtracting. 


90 90 


W(x) dx = [(1.243-10“*)x? — 0.0314x7? + 2.6174x — 71.977] dx 
70 70 


= [(3.1075-10°)x* — 0.01046667x° + 1.3087x* — 71.977x] Io 
~ -1468.83 — (-1469.72) = 0.89 gallon per person 


Changing Sea Levels 


Scientists believe that the average sea level is dropping and has been for some 
4000 years. They also believe that was not always the case. Estimated rates of change 
in the average sea level’? in meters per year during the past 7000 years are given in 
Table 6.43. 


TABLE 6.43 


Time, t 
(thousands of Rate of change of 
years before average sea level, r(t) 
present) (meters/year) 





a. Find a model for the data. 
b. Find the areas of the regions above and below the t-axis from t = -7 to t = 0. 


Interpret the areas in the context of sea level. 


0 
c= Find i r(t) dt, and interpret your answer. 
7: 


Solution 
a. A quadratic model for the data is 
r(t) = 0.14762 + 0.35952t — 0.8 meters per year 
t thousand years from the present (past years are represented by negative numbers). 
b. A graph of r is shown in Figure 6.73. The graph crosses the t-axis at t ~ -3.845 


thousand years. 


23. Estimated from information in Francois Ramade, Ecology of Natural Resources (New York: Wiley, 
1981). 
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r(t) 


(meters per year) 


t 
Years 
(thousands) 








FIGURE 6.73 


The area of region R, (above the f-axis) is 














-3.845 
eb 0.14762 0.35952 
[ (0.14762t? + 0.35952t — 0.8) dt = | 3 p+ =e = ost] 
if 
=7 
= 2.9365 — (-2.4694) ~ 5.4 meters 
The area of region R, (below the t-axis) is 
0 
9 0.14762 035952 
-| (0.14762t? + 0.35952t — 0.8)dt = -{ a - no ost] 
3.845 3 -3.845 





=a Ul = 82-9569)e=9 2.9 meters 


From 7000 years ago through 3845 years ago, the average sea level rose by approx- 
imately 5.4 meters. From 3845 years ago to the present, the average sea level fell 
by approximately 2.9 meters. 


0 0 
C. [ toa= | (0.14762f + 0.35952t — 0.8) dt 
=7/ -7 


0 








3 D 
= 0 — (-2.4694) =~ 2.5 meters 


2 (Oe: 3 4, 0.35952 0 





=f 


From 7000 years ago to the present, the average sea level has risen approximately 
2.5 meters. This result is the same as that obtained by subtracting the amount 
that sea level has fallen from the amount that it has risen: 


5.4 meters — 2.9 meters = 2.5 meters 


eee eeeescccreessesesees 


The Fundamental Theorem gives us a technique for evaluating definite integrals 
using antiderivatives. However, we have seen rules for finding antiderivatives for very 
few classifications of functions. There are many other rules for antiderivatives, and 
there are some functions to which no antiderivative rule applies. 

Consider the function that models the rate of worldwide oil production: 


p(x) = 0.018e°™ billion barrels per year 


where x is the number of years since 2000. Consider using this model to estimate how 
much oil will be produced from the year 2000 through the year 2010. 


24. Estimated from information in Francois Ramade, Ecology of Natural Resources (New York: Wiley, 
1981). 


TABLE 6.44 





Trend =~ 0.17418 





rectangles. 


Concept 
Inventory 


of f 





For each of Activities 1 through 7, determine which of 
the following processes you would use when answering 
the question posed. Note that a and b are constants. 


a. Find a derivative. 

b. Find a general antiderivative (with unknown 
constant). 

c. Find a specific antiderivative (solve for the con- 
stant). 


. Given a rate-of-change function for population and 
the population in a given year, find the population 
in year t. 

. Given a velocity function, determine the distance 
traveled from time a to time b. 


. Given a function, find its accumulation function 
from a to x. 


. Given a velocity function, determine acceleration at 
time f. 


10. 


ile 
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10 
To find this estimate, we evaluate [ 0.018¢°°°!* dx. This is a function for which 
0 


there is not an antiderivative rule. However, recall that the definite integral was first 
defined as a limiting value of sums. We rely on that definition whenever an algebraic 
formula for the antiderivative of a function is not known. 

We investigate the limiting value of sums beginning with 10 midpoint rectangles 
as shown in Table 6.44 and conclude that approximately 174,180,000 barrels of oil 
will be produced from the year 2000 through the year 2010. 

It is important for you to understand that if you are ever unable to find an alge- 
braic formula for the antiderivative of a function, you can still estimate the value of 
a definite integral of that function by using the limiting value of sums of areas of 


. Given a rate-of-change function for population, 


find the change in population from year a to year b. 


. Given a function, find the area of the region 


between the function and the horizontal axis from 
ato b. 


Given a function, find the slope of the tangent line 
at input a. 


. a. Find the accumulation function A(x) = | Gh 


0 


3 
b. Use part a to find the value of A(3) = [ 2e' dt. 
0 


. a. Find the accumulation function 


Eies [e = Bde 


b. Use part a to find the value of G(2). 


a. Find a formula for [ ose — 9.2t + 6)dt. 


b. Use the formula from part a to find the area of 
the region between the graph of f(t) = 4.63° — 
9.2t + 6 and the horizontal axis from 2 to 3. 


c. If f(t) is the rate of change of the population of a 
state in thousands of people per year and t is the 
number of years since 1975, what is the interpre- 
tation of the answer to part b? 


a. Find the accumulation function from 0 to x for 
fit) = 18,000(0.974") + 1500. 


b. Use the formula in part a to find the area of the 
region between between the graph of f and the 
horizontal axis from 0 to 10. 
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c. If f(t) is the rate of increase in a piece of real 
estate in dollars per year, where ¢ is the number 
of years since the current owner purchased the 
property, what is the meaning of the answer to 
part b¢ 


Evaluate the definite integrals in Activities 12 to 17. 


2D, 
13. | (3x — 7) dx 
il 


2 1 1 
15. | l+=+-—4]dx 
1 XG XG 


4.5 
16. | (6276. = 0.324 + 159) dx 
0 


4 
12. | atk 


1 


10 
14. | 4.298(1.036*) dx 
3 


40 
17. | [427.705(1.043*) — 413.226¢°4] dx 


10 


In Activities 18 through 21: 
a. Graph the function f from a to b. 


b. Find the area of the region between the graph 
of fand the x-axis from a to b. 


b 
c. Is the area in part b equal to | f(x) dx? Explain. 


18. flix) = -4x?5 
19. fix) = -1.3x° + 0.93x? + 0.49; 


a—l,b—4 
a—-l,b—=2 


9.295 
20. f(x) = 3 1.472; a=5,b=10 


Dl 965.27 (1-079): da — 0.5, b 93:5 


22. The air speed of a small airplane during the first 
25 seconds of takeoff and flight can be modeled by 
v(t) = -940,602t? + 19,269.3t — 0.3 mph 


t hours after takeoff. 
0.005 


a. Find the value of | v(t) dt. 
0 


b. Interpret your answer in context. 


23. From data taken from the 1998 Statistical Abstract, 
we model the rate of change of the percentage of 
the population of the United States living in New 
England from 1970 through 1997 as 


P(t) = (-1.970 - 10*)¢ + 0.00493t — 0.0484 
percentage points per year 


where ¢ is the number of years since 1970. Find and 


20 
interpret the value of | P(t) dt. 
10 


24. 


zD 


26. 


Die 


28. 


Ms), 
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The rate of change of the weight of a laboratory 
mouse t weeks (for 1 = t= 15) after the beginning 
of an experiment can be modeled by the equation 


13.782. 





w(t) = grams per week 


9 
Evaluate | w(t) dt, and interpret your answer. 
=) 


A corporation’s revenue flow rate can be modeled by 


r(x) = 9.907x? — 40.769x + 58.492 
million dollars per year 


5 


x years after the end of 1987. Evaluate i r(x) dx, and 
0 


interpret your answer. 


A dam develops a leak that ultimately results in a 
major fissure. The rate at which water is flowing out 
of the leak is given by 


7 ; F 
I(m) = e°°°°"" cubic feet per minute 


m minutes after the leak develops. 


30 


2 ‘ 
Evaluate | e°-0062m" dm, and interpret your answer. 


0 


The production rate of a certain oil well can be 
modeled by 


r(t) = 3.935466°> e!°>!°>' thousand barrels per year 


t years after production begins. 


10 


Evaluate i r(t) dt, and interpret your answer. 


0 


In Section 6.1 we saw the rate of change in the con- 
centration of a drug modeled by 


1.708(0.845*) 
wg/mL/day 


0.11875x — 3.5854 when20 <x = 29 
wg/mL/day 


when 0 = x S 20 


r(x) = 


where x is the number of days after the drug was 
administered. Determine the values of the follow- 
ing definite integrals, and interpret your answers. 

29 


r(x) dx 


20 


20 
a. [ r(x) dx b. 
J0 


29 
Cc | r(x) dx 


The rate of change of the snow pack in an area in 
the Northwest Territories in Canada can be mod- 
eled by 


0.00241t + 0.02905 cm when 


of water per day Or = 70 
s(t) = 4 1.011? — 147.971t + | when 
5406.578 cm of T= 76 


water per day 


where t is the number of days since April 1. 
70 


a. Evaluate s(t) dt, and interpret your answer. 


0 
76 


b. Evaluate [ s(t) dt, and interpret your answer. 


72 
c. Explain why it is not possible to find the value of 


76 
| s(t) dt. 
0 


30. The rate of change of the temperature during the 


ake 


SZ; 


hour and a half after the beginning of a thunder- 
storm is given by 


T(h) = 9.48h° — 15.49h? + 17.38h — 9.87 
°F per hour 


where h is the number of hours since the storm 
began. 


a. Graph the function T from h = 0 toh = 1.5. 


1.5 
b. Calculate the value of | T(h) dh, Interpret 
your answet. Y 


The rate of change of the temperature in a museum 
during a junior high school field trip can be mod- 
eled by 


T(h) = 9.07h? — 24.69h? + 14.87h — 0.03 
°F per hour 


h hours after 8:30 a.m. 


a. Find the area of the region that lies above the axis 
between the graph of T and the h-axis between 
8:30 a.m. and 10:15 a.m. Interpret the answer. 


b. Find the area of the region that lies below the axis 
between the graph of T and the h-axis between 
8:30 a.m. and 10:15 a.m. Interpret the answer. 


c. There are items in the museum that should not 
be exposed to temperatures greater than 73°F. If 
the temperature at 8:30 a.m. was 71°F, did the 
temperature exceed 73°F between 8:30 a.m. and 
10:15 a.m.? 


The acceleration of a race car during the first 35 
seconds of a road test is modeled by 


a(t) = 0.0242 — 1.72t + 22.58 ft/sec? 


313) 


TABLE 6.45 


34. 
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where ft is the number of seconds since the test 
began. 


a. Graph the function a from t = 0 to t = 35. 


b. Write the definite integral notation representing 
the amount by which the car’s speed increased 
during the road test. Calculate the value of the 
definite integral. 


The estimated production rate” of marketed natu- 
ral gas, in trillion cubic feet per year, in the United 
States (excluding Alaska) from 1900 through 1960 
is shown in Table 6.45. 


Ls 

Year (trillions of cubic feet per year) 

is 92 a a 
cas 











a. Find a model for the data in Table 6.45. 


b. Use the model to estimate the total production 
of natural gas from 1940 through 1960. 


c. Give the definite integral notation for your 
answer to part b. 


Many businesses spend money each year on adver- 
tising in order to stimulate sales of their products. 
The data given in Table 6.46 show the approximate 
increase in sales (in thousands of dollars) that an 
additional $100 spent on advertising, at various lev- 
els, can be expected to generate. 


TABLE 6.46 


Advertising expenditures 





25. 


Revenue increase due 
to an extra $100 advertising 
(thousands of dollars) 


(hundreds of dollars) 


From information in Resources and Man, National Academy of 
Sciences, 1969, p. 165. 
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35: 





a. Find a model for these data. 


b. Use the model in part a to determine a model for 
the total sales revenue R(x) as a function of the 
amount x spent on advertising. Use the fact that 
revenue is approximately 877 thousand dollars 
when $5000 is spent on advertising. 


c. Find the point where returns begin to diminish 
for sales revenue. 


d. The managers of the business are considering an 
increase in advertising expenditures from the 
current level of $8000 to $13,000. What effect 
could this decision have on sales revenue? 


Table 6.47 shows the marginal cost to produce one 
more compact disc, given various hourly produc- 
tion levels. 


a. Find an appropriate model for the data. 


TABLE 6.47 


Production 
(CDs per hour) 





b. Use your model from part a to derive an equa- 


tion that specifies production cost C(x) as a 
function of the number x of CDs produced. Use 
the fact that it costs approximately $750 to pro- 
duce 150 CDs ina 1-hour period. 

300 


c. Calculate the value of [ C'(x)dx. Interpret 
200 


your answer. 


Additional Definite Integral Topics 


We have thus far examined situations in which it is useful to determine accumulated 
change in a quantity by finding or estimating the area of a region between the graph 
of a rate-of-change function and the horizontal axis. We estimated such areas by 
summing areas of rectangles until we discovered that the Fundamental Theorem of 
Calculus allows us to find areas using antiderivatives. However, as noted at the end of 
the previous section, there are limitations on our ability to find antiderivatives for 
functions. In this section, we further explore these limitations. We also examine a 
definite integral whose upper or lower limit is not a number. 


Antiderivative Limitations 


There are many relatively simple functions for which we are unable to find an anti- 
derivative formula either because one does not exist or because the methods needed 
to determine a formula for the antiderivative are beyond the scope of this book. It is 
important for you to be able to identify such functions. In order to understand situa- 
tions in which you cannot find antiderivatives, it is essential for you to keep in mind 
the processes involved in finding derivatives. Recall the Product Rule: Given a func- 


tion that is the product of two functions, the derivative is found by summing two 
terms. In particular, 


If fx) = g(x)h(x), then f(x) = g(x)h'(x) + g'(x)h(x). 


With this rule in mind, consider the process of finding the general antiderivative 
fxe* dx. Seeing a product of two functions, a typical student who has forgotten the 
Product Rule for derivatives may reason that the antiderivative is simply the product 
of the antiderivatives of the two terms x and e* and will thereby incorrectly conclude 


= (ei . oa onan 
that y = (=\e9 + C is the general antiderivative. A quick derivative calculation, 


EXAMPLE 1 


algebra 
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N 


dy 
however, reveals otherwise: 7- = (£ = le* + xe“ # xe*. There is a method” for deter- 
mining the general antiderivative Bf xe*, but it is yerond the scope of this text. If we 


need to calculate a definite integral in the form (i xe‘ dx, we choose to rely on approxi- 


mation methods (using technology) to estimate the value of the integral. Example 1 
illustrates antiderivatives that involve products. 


Antiderivatives and Products 


Determine whether the following general antiderivatives can be found using the 
techniques presented in this book. If so, find the antiderivative. 


[Vax b. [av + ldx 
a [eres Eyer d [erGe dx 


e. [exe + 4)dx 


Solution 


a. Rewrite xVx as x(x!2) = x3, Then apply the Power Rule for antiderivatives to 
: D 5/2 
obtain | xVx dx = : Cs 





b. Unlike the expression in part a, it is not possible to rewrite x Vx + 1 in sucha 
way that we can easily find its antiderivative. 


c. Multiply the two terms to rewrite as e”* + 4e* and apply antiderivative rules to 
obtain 





lene 4) dh [ce Te dx = s 5 
d. Although this question is similar to part c, the x-term complicates the solution. If 
we multiply the terms, we obtain 3xe** + e**. You may recognize this expression as 
a result of the application of the Product Rule. The function y = xe* has derivative 
w = x(3e**) + (1)e* = 3xe* + e** = e**(3x + 1). Recognizing the expression as 
a result of the Product Rule is the key to discovering the antiderivative. Thus 
Se**(3x + 1)dx = xe* + C. If you did not see the connection to the Product 
Rule and needed this antiderivative for a definite integral calculation, you could 
use technology to estimate the value of a definite integral involving this product. 


e. This question is similar to part d, and a reasonable approach would be to con- 
sider y = 4xe** as a candidate for the antiderivative. Finding the derivative of 


dy 
y = 4xe** using the Product Rule, we have + = 4x(3e*) + 4e* = e*(12x + 4). 


Although this answer is close to e*(4x + a, it is not the same. Therefore, the 
antiderivative is not y = 4xe** + C. This is another example of an antiderivative 


26. You can find a discussion of integration by parts in most other calculus books. 


462 CHAPTER 6 Accumulating Change: Limits of Sums and the Definite Integral 


that can be found using methods not discussed in this text. If we needed to eval- 
uate a definite integral of e*(4x + 4), we would use technology to approximate 


the numerical answer. 


In addition to keeping the Product Rule in mind when finding antiderivatives, 
you should also consider the Chain Rule. If a function is a composite function, you 
may not have the ability to find its antiderivative with the rules discussed in this 


book. Consider the general antiderivative Wie + 2x)4dx. A common mistake is to 
: Tey iy, x2 + 2x)? : 
conclude that this general antiderivative 1s y = (e+ oy + C. However, if you take 


the derivative of y to check this answer, you find by applying the Chain Rule that 
“ = (x2 + 2x)4 (2x + 2). Therefore, the Fundamental Theorem of Calculus tells us 


5 
that y = cae + Cis not the general antiderivative {Ge + 2x)*dx. Note that it is 
possible to expand (x? + 2x)* by repeated multiplication to obtain x® + 8x7 + 24x° + 
32x 16x. Thus 
a 2c LOX ane Oe 


— + x8 + + + - 
Soe waeaenny 3 sme 





i G2 + 2x)'dx = 


EXAMPLE 2 Antiderivatives and Composite Functions 


For the following definite integrals, find the exact answer using antiderivative formu- 
las if possible. If finding the exact answer is not possible, use technology to estimate 


the answer. 
6 5) 

a: | (3x2 — 7)2dx b. [ v3e Sik 
1 4 

@, | “6xe22-1 dx d. [ee 
0 1 il se Jer 

Solution 


, 6 6 
a. Rewrite the integral as | (3x7 S47 dx = | (9x* — 42x* + 49)dx. Then apply 
1 1 

the Sum Rule, Power Rule, and Constant Multiplier Rule for antiderivatives: 


6 


6 
| (9x4 — 42x + 49)dx = (2x5 — 14x° + 49x) 
1 





i 


W206:.0 = 96,0 = 112350 


II 


5 
b. Rewrite the integral as | (3x7 — 7)2dx. Unlike part a, there is no way to rewrite 
4 


this integral in order to apply the antiderivative rules we have learned. The value 
of the integral can be approximated as 7.329. 


ce the function in this integral is the combination of a product and a composite 
function. The first term, 6x, is the derivative of the inside function, 3x2 — 7. This 
function is the result of applying the Chain Rule to the function e** ~7. Thus the 

2 


ee aS 


. . . . 2 2 
exact solution of this definite integral is | 6xe* ~7dx = 8 —7| = 2 7 
0 
0 


FIGURE 6.74 
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d. You should recognize this function as a logistic function. We can rewrite it as 
oh 

| 3(1 + 7e**) "dx. Doing so makes it easy to see that u = 1 + 7¢>* is the inside 
1 


function and 3u' is the outside function. Because the derivative of the inside 
function does not appear in the integral, the function in the integral cannot be 
thought of as the result of the Chain Rule, and its antiderivative cannot be found 
using the methods we have studied. The value of the integral can be approxi- 
mated via technology as 2.718. 


See eceresiosesssesesees 


When finding antiderivatives, it is always a good idea to take the derivative of 
your answer in order to determine whether it is correct. Finding antiderivatives is one 
problem for which there is a simple way to check the answer. If finding an antideriv- 
ative is needed to evaluate a definite integral, then it is also wise to use technology to 
estimate the integral as a means of checking your answer. 


Perpetual Accumulation 


Definite integrals have specific numbers for both the upper limit and the lower limit. 
We now consider what happens to the accumulation of change when one or both of 
the limits of the integral is infinite. That is, we wish to evaluate integrals of the form 


eo) b (eo) 
| fix) dx, [ fix) dx, or i f(x) dx. We call integrals of this form improper integrals. 


Improper integrals play a role in economics and statistics as well as in other fields of 
study. 


Consider evaluating the improper integral [ 4.3¢°° dx, We can interpret this 


integral as the area ot the region between the graph of y = 4.3e°° and the x-axis 
from 2 to infinity. See Figure 6.74. One way to estimate this area is to consider the 
area between 2 and some large value. In Table 6.48 we show several area calculations 
for increasingly large values. 


y = 4.36008 TABLE 6.48 










N 
[ 4.3@ 9.5 dy 
P2 


59,994558 


2 X + 0° 


Trend ~ 63.56263 


Note that the area between 2 and 400 is not significantly different from the area 
between 2 and 1600. The difference is smaller than can be shown by the technology 
that we used. However, the limiting value seen in the table is still just an estimate of 


the integral | saa be 
2 
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You should recognize that we are numerically investigating a limit in Table 6.48. 


N 

The limit we are investigating is lim { 4.360% dx, Because of our knowledge of 
limits, we can calculate this limit algebraically in order to obtain the exact answer. 
(Before continuing, you may wish to review the discussion 1n Section 1.4 of as 
describing end behavior.) We begin by finding the general antiderivative of 4:3¢ie5., 


evaluating it at 2 and N, and subtracting the results. 





N 
N Al 3} 
= 106% Janae 0.06x 
| 43¢ dx -0.06 
\ Fach ee)  0:06N Atos) 2) 
~ -0.06 -0.06 
Be EAS -0.06N a 95012 
-0.06 0.06 


Next we find the limit of this expression as N becomes infinitely large. 


: 4p, -0.06N a = Oui 
tim (S55 oe NS” 








= ays 0.06 


The first term is a decreasing exponential, so we know that as N approaches infinity, it 
approaches zero. The second term is a constant that is not affected by the value of N. 





4.3 
lim 4.3 7 0:06N ae lim e0-l2 
N> -0.06 N53 
4.3 
= -0.12 
0.06 © 
= 4.3 —0.12 
~ ire 


We see that this answer confirms our former numerical estimate, because 


4.3 0.12 
Be 126356063 
0.06. 


It is important for you to understand, however, that the answer sie” is exact, 


whereas the answer 63.56263 is not. Although an answer accurate to the fifth decimal 
place is sufficient for most applications, there are situations in which greater preci- 
sion is necessary. Perfect precision is the value of an exact answer. 


To summarize, an improper integral | fix) dx is evaluated by replacing infinity 


N 
with a variable, say N, and evaluating the limit of the integral | fix)dx as N 


approaches infinity. That is, provided the limits exist, 
w N 
[ fodde = tim | fled = [lim FON) ~ Fla 
6 “b 
| fx)dx = lim | flx)de = F(b) — lim FON) 
Ps N->-« N N--0 


where F is an antiderivative of f. We now have the tools we need to apply improper 
integrals to some real-world problems. 


EXAMPLE 3 
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Carbon-14 


Carbon-14 dating methods are sometimes used by archeologists to determine the age 
of an artifact. The rate at which 100 milligrams of '4C is decaying can be modeled by 


r(t) = -0.01209(0.999879') milligrams per year 
where t is the number of years since the 100 milligrams began to decay. 
a. How much of the '4C will have decayed after 1000 years? 


b. How much of the C will eventually decay? 


Solution 


a. The amount of *C to decay during the first 1000 years is 


1000 1000 
i r(t)dt = [ -0.01209(0.999879") dt ~ -11.4 milligrams 
0 0 
Thus approximately 11.4 milligrams will decay during the first 1000 years. Note 
that -11.4 milligrams is the signed area of the shaded region in Figure 6.75. 
r(t) 
(milligrams 
per year) 


0.01 


250 500 750 1000 t 


Years 
-0.01 





FIGURE 6.75 


b. In the long run, the amount that will decay is 


co N 
| nO deme i -0.01209(0.999879") dt 
0 N>~ Jo 











aie Berean al 
No In 0.999879 

Bye ee 7 | 
N00 In 0.999879 In 0.999879 


ut 


99.91131] lim (0.999879) | — 99.91131 
00 


= 99.91131(0) — 99.91131 ~ -100 milligrams 


Eventually all of the C will ultimately H(t) 
decay. In terms of the graph shown in Fig- Guill grame 
ure 6.76, the area of the region between the per year) 
graph of the function r and the horizontal 
axis gets closer and closer to 99.91131 as t 0.01 I 
gets larger and larger. Because the parame- 
ters in the equation are rounded, the area is Years 
getting closer and closer to 99.91131 rather ~9.01 
than to 100, which is the amount that must 
ultimately decay. FIGURE 6.76 


deere eereerecoeseescese 


10,000 20,000 , 
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Divergence 


It is possible that when we are evaluating an improper integral, the limit does not 
exist. (For example, as we numerically approximate the limit, the limit estimates 
become increasingly large.) In this case, we say that the improper integral diverges. 
Example 4 illustrates this situation. 


EXAMPLE 4 __ Diverging Integrals 


: al 
If possible, determine the value of | - dx. 
1 


Solution 
f(x) = In x We begin by replacing © with the variable N and finding the limit as N > ~. 
a = lim inex | 
x 


1 N72 


* 
| 


= lim (in Nein 1) 
N7>c 


= lim InN — lim Inl 
N72 Noo - 


To evaluate these limits, recall the shape of the graph of y = In x (see Figure 6.77). We 
see from the graph that In 1 = 0 and that as the input becomes increasingly large, the 





: : , pal 
output also becomes increasingly large. Thus, iim InN > , | —dx — , and we 
FIGURE 6.77 say that this improper integral diverges. me i 


eeecevesesesscesesesees 


In Activities 9 through 20, find the exact value 
E of the integral by using antiderivative formu- 
practice _las if possible. If not possible, use technology 
to estimate the answer. In either case, state whether your 
answer is exact or an approximation. 





Concept 
Inventory 





@ Antiderivative formula limitations 
@ Improper integrals 


Di ; 
@ Divergence 9. [ inxae 10. | x In xdx 
1 1 


















ween >} 5 4 
Activities H. | de 12. | ae de 
» Be ha 8 
In Activities 1 through 8, find the general antiderivative 2 2 
ances i | Seino NE de 14, | In(x2 + 1) dx 
1 1 
2x 2 
ig [2< dx a, [ 2x0" ax i” 4 95 ; %y 4 4 y 
: xe a x | xX 
% [sera 4, [sanay2%a + 2*3dx : ia 
Ue 437 + 
17. 
5, [a + &dx 6. [Mi + &dx | 18 | rete 











ue oP | 
1 e a oa ol 1 
il leer Sipe ae 19. | 2) dx 20. | ae + Tas 


For Activities 21 through 31, evaluate the indicated 
improper integral. 


23. 


7a) 


2D: 


I: 


29. 


3 


ays 


D3. 


| Be adh 8: [ 5(0.36') dt 
0 15 
loon is 3 
i 3x dx 24. | 7e’*dx 
10 we 
-10 © 1 
Ax? dx 26. | —= dx 
I. » Vx 
co -2 3 
9.6x °4°? dx 28. | (3 a 1) 
0.36 pee ace 





r Sart aml x 
aa rents _ | (510.36 + 5) ax 


I ie eatlac where fix) dx = b and a, b, and 


k are constants 


The rate at which 15 grams of '4C is decaying can be 
modeled by 


r(t) = -0.027205(0.998188") grams per year 


where ¢ is the number of years since the 15 grams 

began decaying. 

a. How much of the *C will decay during the first 
1000 years? during the fourth 1000 years? 


b. How much of the '“C will eventually decay? 


An isotope of uranium, ***U, is commonly used in 
atomic weapons and nuclear power generators. 
Because of its radioactive nature, the United States 
government is concerned with safe ways of storing 
used uranium. The rate at which 100 milligrams of 
°38UJ is decaying can be modeled by 


r(t) = -1.55(0.9999999845') - 10° milligrams per year 


where t is the number of years since the 100 mil- 

ligrams began decaying. 

a. How much of the **U will decay during the first 
100 years? during the first 1000 years? 


b. How much of the **°U will eventually decay? 


The following information is used in Activities 34 and 35: 


In the study of markets, economists define con- 
sumers’ willingness and ability to spend as the maxi- 
mum amount that consumers are willing and able 
to spend for a specific quantity of goods or services. 


_ If some consumers will purchase a product or serv- 


6.6 


34. 


333), 


36. 
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ice regardless of its price, then the consumers’ will- 
ingness and ability to spend is defined by 


Came, {| D(p)dp 
Po 


where q is a specific quantity, py is the price associ- 
ated with quantity g, and D(p) is the demand for 
the commodity when the price is p. (Section 7.3 dis- 
cusses these concepts in greater detail.) 


The weekly demand for a dozen roses is given by 

D(p) = 316.765(0.949?) dozen roses, where $p is 

the price per dozen. 

a. Find the price that corresponds to a weekly 
demand of 80 dozen roses. 

b. Use the price (p)) found in part a to calculate 
how much consumers are willing and able to 
spend for 80 dozen roses per week. 


The yearly demand for a certain hardback science 
fiction novel is 


D(p) = 499.589(0.958?) thousand books 


where $p is the price per book. 


a. Find the price that corresponds to a yearly 
demand of 150,000 books. 


b. Use the price (p)) found in part a to calculate 
how much consumers are willing and able to 
spend for 150,000 books each year. 


The work required to propel a 10-ton rocket an 
unlimited distance from the surface of Earth into 
space is defined in terms of force and is given by the 
improper integral 


* 160,000,000 





W= 5 dx 
4000 os 
A | : 
The expression a a 009 5 force in tons. The vari- 


able x is the distance between the rocket and the 
center of Earth measured in miles. 


a. What are the units on work in this context? 


b. Calculate the work to propel this rocket infi- 
nitely into space. 


The following information is used in Activities 37 and 38: 


A probability density function is defined as a 
non-negative function f with the property that 


| fe) oa 
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37. Consider the function 


_ f0.1e°'* whenx = 0 
ag 0 when x < 0 


Prove that fis a probability density function. 
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38. Consider the function 


et when x = 1 
g(x) = 4% 
0 whenx<1l 


Prove that gis a probability density function. 





Approximating Results of Change 


he accumulated results of change are best under- 

stood in geometric terms: Positive accumulation is 
the area of a region between the graph of a positive rate- 
of-change function and the horizontal axis, and nega- 
tive accumulation is the signed area of a region between 
the graph of a negative rate-of-change function and the 
horizontal axis. We can approximate the areas of regions 
of interest by summing areas of rectangular regions 
using left rectangles, right rectangles, or midpoint rec- 
tangles. Of these three, midpoint rectangles usually pro- 
duce the most accurate approximations. 


Limits of Sums 


If we agree to estimate the accumulated change in a 
quantity by calculating areas of regions with sums of 
midpoint-rectangle areas, then it is evident that the esti- 
mates generally improve as we increase the number of 
approximating rectangles. If we imagine that there is no 
bound on the number of rectangles, then we see that the 
area of a region between the graph of a continuous, 
non-negative function f and the horizontal axis from a 
to b is given by a limit of sums: 


Area = lim LfkOey ata Xylem genet Ce) 


Here, the points x,, x,,...,x, are the midpoints of n rec- 


tangles of width Ax = e — between a and b. 

More generally, we consider the limit applied to an 
arbitrary continuous function f over the interval from a 
to b and call this limit the definite integral of f from a to 


b. In symbols, we write 





b 
[ fos) be = lim (fix) + fl) + > + flay) Ae 


Accumulation Functions 


An accumulation function is an integral of the form 
i. f(t) dt where the upper limit x is a variable. The value 


of this integral depends on the variable x, so the 
accumulation function is actually a function of x: 


“A(x) = ie f(t)dt. This function gives us a formula for 
calculating accumulated change in a quantity. 


The Fundamental Theorem of Calculus 


The Fundamental Theorem sets forth the fundamental 
connection between the two main concepts of calculus, 
the derivative and the integral. It tells us that for any 
continuous function f, 


£ | foddt = fx) 


In other words, the derivative of an accumulation func- 
tion of y = f(t) is precisely y = f(x). If we imagine differ- 
entiation and integration as processes, then the process 
of integration (from a fixed value a to a variable x) fol- 
lowed by the process of differentiation takes us back to 
where we began. 

If we reverse the order of these two processes and 
begin by differentiating first, then we obtain the starting 
function plus a constant. 


| Gd = heee 


Antiderivatives 
A function F is an antiderivative of f if F(x) = f(x). 


Because the derivative of y = | f(t)dt is y' = fix), we 


see that y = i fit) dt is an antiderivative of y = fix). 


a 
Each continuous function has infinitely many antideriv- 


atives, but any two differ by only a constant. The Funda- 
mental Theorem enables us to find accumulation func- 
tion formulas by finding antiderivatives. 


The Symbol i 
We use the symbol | in three ways. The definite 


b 
integral f(t) dt is a number that can be interpreted in 
a 


terms of the area(s) of the region(s) between the graph 
of f and the horizontal axis from a to b. The accumula- 


tion function A(x) = [. fit)dt is a function of x; for 


each input value, it gives the accumulated change from a 
to x in the quantity for which f(t) is a rate of change. 
Finally, the general antiderivative of a function f is 


written fix) dx; it is a set of functions whose deriva- 


tives are f and involves an arbitrary constant C. By the 
Fundamental Theorem of Calculus, the accumulation 


function A(x) = | f(t) dt is an antiderivative of f. 


Recovering Functions from Rates of Change 


The formulas for antiderivatives that were developed in 
Section 6.4 enable us to recover an unknown function f 
quickly from its rate of change f’ because 


[Pedr =f) + ¢ 


In real-life situations, the constant C must be deter- 
mined from information about a known value of f(x). 
An important aspect of recovering a function from 
its rate of change is to recover the units used to describe 
the function from the units associated with its rate of 
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change. Ordinarily, this is not difficult; f(x) is usually 
expressed in terms of (output units) per (input unit), 
where the input and output units are those of f. 


The Definite Integral 


We initially found the value of a definite integral by 
examining the trend in a sequence of sums of the form 
fix,)Ax +--+ + f(x,)Ax as m increases. But the Funda- 
mental Theorem of Calculus enabled us to show that 
when f is a smooth, continuous function, the definite 


b 
integral | fix) dx can be evaluated by 


b 
| fede = Fb) — Fa) 


where F is any antiderivative of f. 

The Fundamental Theorem of Calculus ensures that 
each continuous function does indeed have an antideriv- 
ative. Thus, to the extent that we can actually obtain an 
algebraic expression for an antiderivative, we can easily 
evaluate a definite integral. In situations where an anti- 
derivative cannot be found, we use one of the approxi- 
mation techniques discussed in Sections 6.1 and 6.2, 
allowing technology to perform the calculations. 


Improper Integrals 


Improper integrals of the forms | flx) dx, | fix) dx, and 


[ fix) dx can be evaluated by substituting a constant 


for each infinity symbol, finding an antiderivative and 
evaluating it to determine an expression in terms of x 
and the constant(s), and then determining the limit of 
the resulting expression as the constant approaches 
infinity or negative infinity. If the limit does not exist, we 
say the integral diverges. We will see further applications 
of definite integrals and improper integrals in Chapter 7. 
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Concept Check 


Accumulating Change: Limits of Sum 


s and the Definite Integral 





RODS OOO HOCOR RCO DDOOOHOOOOORUODOOOCCOCODOCOOOOUOOCUCOUOROOOOUL OOO UEKI I Die 


eeeece 


Interpret accumulated change and area? 

Approximate areas using rectangles? 

Interpret definite integrals? 

Approximate area using a limiting value? 

Sketch and interpret accumulation functions? 

Find general antiderivatives? 

Find and interpret specific antiderivatives? 

Recover a function from its rate-of-change equation? 

Use the Fundamental Theorem to evaluate definite integrals? 
Determine whether an approximation technique is necessary 
in order to estimate the value of a definite integral? 

Evaluate improper integrals? 


To practice, try 


BO COBOFOCOOODOCODDOUOUUEOOCDOUOTSID OOOO IO OOCOOCUDUL IOI a 


Section 6.1 
Section 6.1 
Section 6.2 
Section 6.2 
Section 6.3 
Section 6.4 
Section 6.4 
Section 6.4 
Section 6.5 


Section 6.6 
Section 6.6 


Activity 3 
Activities 11, 13 
Activities 3,5 
Activities 9, 11 
Activities 5, 15 
Activities 17— 27 
Activities 33, 35, 37 
Activity 43 
Activities 15, 23, 29 


Activities 13, 15 
Activities 21, 27 


Review Test 
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1. The rate at which crude oil flows through a pipe 
into a holding tank can be modeled by 


r(t) = 10(-3.2P + 93.3t + 50.7) ft?/minute 
where ft is the number of minutes the oil has been 
flowing into the tank. 


a. Sketch a graph of r for t between 0 and 25 min- 
utes. 


b. Use five midpoint rectangles to estimate the area 
of the region between the graph of r and the 
t-axis from 0 to 25 minutes. Sketch the rectan- 
gles on the graph you drew in part a. 


c. Interpret your answer to part b. 
2. A hurricane is 300 miles off the east coast of Florida 
at 1 a.m. The speed at which the hurricane is moving 


toward Florida is measured each hour. Speeds 
between | a.m. and 5 a.m. are recorded in Table 6.49. 


TABLE 6.49 


Speed (mph) 
38 





a. Find a model for the data. 


b. Use a limiting value of sums of areas of mid- 
point rectangles to estimate how far (to the near- 
est tenth of a mile) the hurricane traveled 
between 1 a.m. and 5 a.m. Begin with five rec- 
tangles, doubling the number each time until 
you are confident that you know the limiting 
value. 


3. The graph shown in Figure 6.78 depicts the rate 
of change in the weight of someone who diets for 
20 weeks. 
a. What does the area of the shaded region beneath 
the horizontal axis represent? 
b. What does the area of the shaded region above 
the horizontal axis represent? 
c. Is this person’s weight at 30 weeks more or less 
than it was at 0 weeks? How much more or less? 


Rate of change in weight 
(pounds per week) 


Weeks 





FIGURE 6.78 


d. If w is the function shown in Figure 6.78, sketch 
a graph of W(t) = | w(t)dt. Label units and 
0 
values on both axes of your graph. 


e. What does the graph in part d represent? 


Consider again the model for the flow rate of crude 
oil into a holding tank. 


r(t) = 10(-3.2 + 93.3t + 50.7) ft?/minute 


after t minutes. 


a. If the holding tank contains 5000 ft* of oil when 
t = 0, find a model for the amount of oil in the 
tank after t minutes. 


b. Use your model in part a to find how much oil 
flowed into the tank during the first 10 minutes. 


c. If the capacity of the tank is 150,000 ft*, accord- 
ing to the model, how long can the oil flow into 
the tank before the tank is full? 


Ten thousand dollars invested in a mutual fund is 
growing at a rate of 


a(x) = 840(1.08763*) dollars per year 


x years after it was invested. 
DTS) 

a. Determine the value of | a(x) dx. 
0 


b. Interpret your answer to part a. 


aul 3 
Evaluate the improper integral | aa dx. 
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Project 6.1 Acceleration, 


Velocity, and Distance 






Setting Tasks 


According to tests conducted by Road and 1. Convert the speed data to feet per second, and find a 
Track, a 1993 Joyols Supra Turbo accelerates quadratic model for velocity (in feet per second) as a 
from 0 to 30 mph in 2.2 seconds and travels function of time (in seconds). Discuss how close your 


14 miles (1920 feet) in 19.9 seconds, model comes to predicting the 107 mph reached after 
reaching a speed of 107 mph. Road and Track Cerne 


reported the data given in Table 6.50. 
2. Add the data point for 13.5 seconds, and find a quadratic 


model for velocity. 


TABLE 6.50 


3. Use four rectangles and your model from Task 2 to 

Speed reached from rest estimate the distance traveled during acceleration from 
(seconds) (mph) rest to a speed of 50 mph and the distance traveled 

Df during acceleration from a speed of 50 mph to a speed 


of 100 mph. Repeat the estimate using twice as many 


rectangles. 


4, Use nine rectangles to approximate the distance traveled 
during the first 13.5 seconds. How close is your estimate 
to the reported value? 


5. Find the distances traveled during 
a. Acceleration from rest to a speed of 50 mph 
b. Acceleration from a speed of 50 mph to a speed of 
100 mph 
c. The first 13.5 seconds of acceleration 





Compare these answers to your estimates in Tasks 3 and 
4, Explain how estimating with areas of rectangles is 
related to calculating the definite integral. 


Reporting 


Prepare a written report of your work. Include scatter plots, 
models, graphs, and discussions of each of the above tasks. 
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# 


Project 6.2 





Setting 


Table 6.51 lists the rate of growth” of a 
typical male from birth to 18 years. 


TABLE 6.51 


Rate of growth 
Age (years) (centimeters per year) 





oe Based on data collected in the Berkeley Growth 


” Study. 


— 
Estimating = 


Growth 





Tasks 


Il 


Use the data and right rectangles to approximate the 
height of a typical 18-year-old male. 


. Sketch a smooth, continuous curve over a scatter plot of 


the data. Remember that such a curve should exhibit only 
the curvature implied by the data. Find a piecewise model 
for the data. Use no more than three pieces. 


. Use your piecewise model and limits of sums to 


approximate the height of a typical 18-year-old male. 
Convert centimeters to feet and inches, and compare your 
answer to the estimate you obtained using right 
rectangles. Which is likely to be the more accurate 
approximation? Why? 


. Use your piecewise model and what you know about 


definite integrals to find the height of a typical 18-year- 
old maie in feet and inches. Compare your answer with 
the better of the approximations you obtained in Task 3. 


. Randomly choose ten 18-year-old male students, and 


determine their heights. (Include your data—names are 
not necessary, only the heights.) Discuss your selection 
process and why you feel that it is random. Find the 
average height of the 18-year-old males in your sample. 
Compare this average height with your answer to Task 4. 
Discuss your results. 


. Refer to your sketch of the rate-of-growth graph in Task 


2, and draw a possible graph of the height of a typical 18- 
year-old male from birth to age 18. 


Reporting 


Prepare a report that presents your findings in Tasks 1 
through 6. Explain the different methods that you used, 
and discuss why these methods should all give similar 
results. Attach your mathematical work as an appendix to 
your report. 
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Analyzing Accumulated 
Change: Integrals in Action 


Concept Application 


The CEO of a large corporation must concern himself 
or herself with many facets of the economy and the 

corporation’s relationship to it. For example, the CEO 
may be interested in answering questions as diverse as 


What was the total U.S. trade gap over the past 
2 years? 


What is the 5-year future value of an income 
stream that the corporation invests? 





What is the market equilibrium price for a particu- 
lar product produced by the corporation? 


Mark Richards/PhotoEdit 


Is the average level of carbon monoxide in the air 
likely to be a threat to employee health? 


In this chapter you will learn how to answer questions 
such as these. 


“lalic|_ This symbol directs you to the supplemental technology guides. The different guides contain 
AA step-by-step instructions for using graphing calculators or spreadsheet software to work the 
particular example or discussion marked by the technology symbol. 





IS 
t+ 


This symbol directs you to the Calculus Concepts web site, where you will find algebra 
(2N% ~ review, links to data updates, additional practice problems, and other helptul resource 
are material. 








Concept Objectives 


This chapter will help you understand the 
concepts of 


Differences in accumulated change 
Discrete and continuous income streams 
Present and future value 

Supply and demand 

Average value 


Probability distributions and density functions 


and you will learn to 


Calculate and interpret the area between two 
curves 


Calculate and interpret present and futures values 
for discrete and continuous income streams 


Calculate and interpret the following economic 
quantities: 
consumers’ willingness and ability to spend, 
expenditure, and surplus; suppliers’ willingness 
and ability to receive, revenue, and surplus; 
market equilibrium point; total social gain 


Calculate and interpret the average value of a 
function and average rates of change 


Calculate and interpret probabilities, means, and 
standard deviations 


Solve problems using probability density functions 


Solve problems using cumulative density functions 


Chapter 6 established that the 
accumulated results of change are 
limiting values of approximating sums, 
known as definite integrals whose 
magnitudes can be expressed as areas of 
regions between a rate-of-change 
function and the horizontal axis. The 
Fundamental Theorem of Calculus 
provides a simple method for evaluating 
definite integrals using antiderivatives. 


In Chapter 7 we present several 
applications of integration. We begin by 
considering the difference of two 
accumulated changes. We also use 
integrals to calculate present and future 
values of income streams and future 
values of biological streams. We discuss 
how integrals can be applied to economics 
topics and used to calculate economic 
quantities of interest to consumers and 
producers. We conclude by using 
integrals to calculate averages and 
probabilities. 
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Analyzing Accumulated Change: Integrals in Action 


| | | | | | | Ms 7.1. Differences of Accumulated Changes 


FIGURE 7.1 


Ve | 


The idea of accumulated change was introduced in Chapter 6. We saw that when given 
a continuous or piecewise continuous rate-of-change function, we obtain the accu- 
mulation of change over an interval by finding the limiting value of sums of areas of 
rectangles. In Section 6.2 we defined this limiting value as the definite integral 


[fes)ax = limfion) + fle) +o + flys 


We used accumulation functions to present the Fundamental Theorem of Calculus, 
which introduced the concept of an antiderivative. We saw that if F is an antideriva- 
tive of a smooth, continuous function f, then 


b 
| fl)dx = F(b) — Fla) 


As we proceeded through Chapter 6, we considered many applications of the definite 
integral. 

Now we turn our attention to the difference of two accumulated changes. This 
difference can often be thought of as the area of a region between two curves. For 
example, suppose the number of patients admitted to a large inner-city hospital is 
changing by 

a(h) = 0.0145h> — 0.549h? + 4.85h + 8.00 patients per hour 


h hours after 3 a.m. We find the approximate number of patients admitted to the 
hospital between 7 a.m. (h = 4) and 10 a.m. (h = 7) as 
7 


VE 
| a(h)dh = | (0.0145h*> — 0.549h? + 4.85h + 8.00) dh 
4 


4 
(0.003625h* — 0.183h? + 2.425h2 + 8.00h) |, 


120.760 — 60.016 ~ 61 patients 


Graphically, this value is the area of the region between the graph of a and the hori- 
zontal axis from 4 to 7. (See Figure 7.1.) 


N 


a(h) 
(patients 
per hour) 


10 Ry 


Nn 


0 h 
0 4 8 12 16 20 Hours 


(3 a.m.) (7 a.m.) (11 a.m.) (3 p.m.) (7 p.m.) (11 p.m.) 


Area of R, is the number of patients 
admitted between 7 a.m. and 10 a.m. 


Now suppose that the rate at which patients are discharged is modeled by the equation 


-0.028h? + 0.528h? + 0.056h — 1.5 patients/hour when 4 <h < 17 
0 patients/hour 


when 0 = h< 4and17 <h<24 
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where h is the number of hours after 3 a.m. The approximate number of patients dis- 
charged between 7 a.m. and 10 a.m. is calculated as 


7 Ul. 
| y(h) dh = | (-0.028h* + 0.528h? + 0.056h — 1.5)dh 
4 4 


= (-0.007h! + 0.176h? + 0.028h? — 1.5h)|; 
34.433 — 3.92 = 31 patients 


Graphically, this value is the area of the region between the graph of y and the hori- 
zontal axis from 4 to 7. (See Figure 7.2.) 


y(h) 
(patients 
per hour) 








0 4 8 12 16 20 
Area of R, is the number of patients 
discharged between 7 a.m. and 10 a.m. 


FIGURE 7.2 


The net change in the number of patients at the hospital from 7 a.m. to 10 a.m. is the 
difference between the number of patients admitted and the number discharged 
between 7 a.m. and 10 a.m. That is, 


Change in the number of patients 


2 I GUN I teal 


60.744 — 30.513 
=~ 30 patients 


from 7 a.m. to 10 a.m. 


R 


Geometrically, we represent this value as the area of the region below the graph of a 
and above the graph of y from 4 to 7. (See Figure 7.3.) 


Patients admitted 
and discharged 
(patients per hour) 


h 
° Hours 
0 4 8 12 16 20 after 3 a.m. 
Area of R; is the net change in hospital 
patients between 7 a.m. and 10 a.m. 





FIGURE 7.3 
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of total sales 
(million dollars 
per year) 








Analyzing Accumulated Change: Integrals in Action 
In general, when we want to find the area of a region that lies below one curve f 
and above another curve g from a to b (as in Figure 7.4), we calculate it as 
Area of the region between __ area beneath __ area beneath 
the graphs of fand g the graph off the graph of g 
b b 
= [ feds — | sods 
Using the Sum Rule for antiderivatives, we obtain 
b 
Area of the region between _ | [flee) — ex) dx 
the graphs of f and g : 
Note that when fand gare obtained by fitting equations to data, the input variables of 
the functions must represent the same quantity measured in the same units. 
Area Between Two Curves 
If the graph of f lies above the graph of g from a to b, then the area of the 
region between the two curves from a to b is given by 
b 
| To ~eiax 
Tire Manufacturers 
A major European tire manufacturer has seen its sales from tires skyrocket since 1989. 
A model for the rate of change of sales (in U.S. dollars) accumulated since 1989 is 
s(t) = 3.7(1.19376') million dollars per year 
where t is the number of years since the end of 1989. 
At the same time, an American tire manufacturer’s rate of change of sales accu- 
mulated since 1989 can be modeled by 
a(t) = 0.04 — 0.54¢ + 2.5t + 4.47 million dollars per year 
where t is the number of years since the end of 1989. These models 
apply through the year 2000. 
a. Assuming the patterns indicated by the models remain valid 
ate) through 2003, by how much did the amount of accumulated sales 


differ for these two companies from the end of 1995 through 2003? 
b. Interpret the answer to part a geometrically. 
Solution 


a. First, determine whether one graph lies above the other on the 


interval in the question. The two rate-of-change functions are 
graphed in Figure 7.5. 


FIGURE 7.5 
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The graph of s is above the graph of a for all input values between 6 and 14, so the 
difference in the two companies’ accumulated sales is 














Difference 7 accumulated sales for | _ / accumulated sales for 
in total sales the European company the American company 
Rate of change 4 14 
of total sales a | s(t) dt — | a(t) dt 
(million dollars a : 
per year) a(i =[ [( ~ atpjat 
6 
50 S(t) 14 
= | [3:7(1.19376')—\(0.04F 0.545 92.56 1 4.47) ae 
40 fl 6 
! 3.7(1.19376') r 
= = 0,01 0188 25) aa A7e 
= | In 1.19376 sf | : 
20 ~ 36.9660 million dollars 
10 ! The European company’s accumulated sales were approximately 
ees $37,000,000 more than the American company’s sales between 
SS eee ae 1995 and 2003. 
5 i g) 1] 3S) 
eS, b. The difference in the accumulated sales for the two companies is 
14 . 
ah he =| (s(t) — a(dldt represented as the area of the region between the s curve and the 
. a curve from t = 6 to t = 14. (See Figure 7.6.) As we saw in part a, 
FIGURE 7.6 this area is approximately $37 million. 


Ce eeeeesesessescoseseee 


If you think of finding the area between two graphs as a limit of sums of areas of 
rectangles, then you should have no problem seeing that the heights of areas of rec- 
tangles for the shaded region in Figure 7.4 are given by f(x) — g(x). But how are the 
heights of rectangles determined if one or both of the graphs lie below the horizontal 
axis? 


Consider the graphs shown in Figure 7.7. Examine the rectangle 
whose height is determined by the function values at x = 1, 
where the function value on top is positive but the function value 
on the bottom is negative. If we subtract the value of the bottom 
function from the value of the top function, we have f(x) — g(x) = 
3 — (-4) = 3 + 4 = 7. The difference of the function values is the 
height of the rectangle. 

Now consider the rectangles whose height is determined by 
the function values at x = 4. At x = 4, both function graphs 
lie below the x-axis. If we subtract the value of the bottom func- 
tion from the value of the top function, we have f(x) — g(x) = 
-1 — (-3) =-1 + 3 = 2. Again, this difference is the height of the 
rectangle. The statement in the box on page 478 concerning the 
area between two curves is true whether the functions are both 
positive, both negative, or one of each. The important thing is to 
make sure that the graph of the first function in the subtraction is 
FIGURE 7.7 always on top of the graph of the second function. Care must be 

taken whenever the two graphs intersect. 

Let us consider again the two tire companies from Example 1. Assuming that the 
models remain valid through 2009, what is the difference in the accumulated sales for 
the two companies from 1999 through 2009? As shown in Figure 7.8, the graphs of 
the two rate-of-change functions s and a cross near t = 5 and cross again near t = 14. 
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Analyzing Accumulated Change: Integrals in Action 


Rate of change 
of total sales 
(million dollars 
per year) 


160 
| a(t) s(t) 





t 





QO HS tt aa a an ereeney, 
0 6 1 16 pie ee 
FIGURE 7.8 (1989) (1995) (2000) (2005) (2010) 


If we set s(t) = 3.7(1.19376') equal to a(t) = 0.04 — 0.54t? + 2.5t + 4.47 and solve 
for t, we find that the two functions intersect when t ~ 4.657 (in 1994) and when 
t ~ 14.242 (in 2004), as well as when t ~ -0.372. Accumulated sales were greater for 
the European company than for the American company from t ~ 4.657 to tf ~ 14.242. 
After t ~ 14.242, the American company saw greater accumulated sales than the 
European company. 

From the beginning of 2000 (t = 10) through most of the first quarter of 2004 
(t ~ 14.242), the European company accumulated approximately 


14.242 
| (s(t) — a(t)|dt = 18.5383 million dollars 
10 


more in sales than the American company. This is the area of region R, in Figure 7.9. 


Rate of change 
of total sales 
(million dollars 
per year) 


160 + 
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From close to the end of the first quarter of 2004 (f ~ 14.242) through 2009 
(t = 20), the American company accumulated approximately 


20 
| [eae det 794076 milliontdollars 
14.242 


more in sales than the European company. This is the area of region R, in Figure 7.9. 

In order to calculate the estimated difference in accumulated sales between the 
two companies from 1999 through 2009, we subtract the portion where the Ameri- 
can company’s accumulated sales were greater from the portion where the European 
company’s accumulated sales were greater. That is, 


20 


is) — alae — | iG) saya 


14.242 


18.5383 million dollars — 79.4076 million dollars 
= -60.869 million dollars 


Difference in [ gine 
accumulated sales 6 


R 


The European company’s accumulated sales were nearly 61 million dollars less than 
the American company’s accumulated sales over the years considered. 

If we use the Constant Multiplier Rule and the Sum Rule for antiderivatives, we 
see that we did not need to split the interval from 10 to 20 into two intervals. 


20 


is) — ala — | Ho =e 


Difference in & { 14.242 
oO 14.242 


accumulated sales 
20 


14.242 
= | [s() — a(p)ae + | PAO) © Gee: 
10 14,242 
20 


14,242 
= | [s(t) — a(t)] dt + i [s(t) — a(t)] dt 
10 


14.242 


20 
=| [3() ~ ate) 
10 


This is true in general—whenever you wish to find the difference between accu- 
mulated change for two continuous rate-of-change functions, you can calculate the 
definite integral of the difference of the functions, regardless of where the functions 
intersect. 


Difference of Two Accumulated Changes 


If fand g are two continuous rate-of-change functions, then the difference 
between the accumulated change of f from a to b and the accumulated 
change of g from a to b is 


b 
| [flx) — g(x) ] dx 





b 
It is important to note, however, that the integral | [f(x) — g(x)]dx may not 


represent the area between the graphs of fand g from a to b. Note that in the tire sales 
example, the area of the regions between the two curves from 10 to 20 is 18.538 + 
79.408 = 97.946, whereas the difference in accumulated sales is 18.538 — 79.408 = 
-60.869. 
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If two rate-of-change functions intersect in the interval from a to b, then the 


difference between their accumulated changes is not the same as the area of 
the regions between the two curves. 





EXAMPLE 2. Area Between Two Curves 





BOWS The functions f(x) = 0.3x° — 3.3x° + 9.6x — 5.1 and g(x) = -0.15x* + 2.03x — 5.1 
IF 4 are shown in Figure 7.10. 
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FIGURE 7.10 


a. Determine the input values marked A and B. 


b. Find the areas of regions R,, R,, and R;. 
if 

c. Find the value of | [ey = 9x) doe 
1 


d. What is the area of the regions between the two functions from 1 to 7? 


e. If f(x) is the rate of change of the revenue of a small business and g(x) is the rate 
of change of the costs of the business x years after its establishment (both quanti- 
ties measured in thousands of dollars per year), interpret the areas in part b and 
the value of the definite integral in part c. 


Solution 


a. By solving the equation f(x) = g(x) for x, we find that A ~ 3.724 and B ~ 6.776. 
(The functions also intersect at x = 0). 


A 
b. Area R, = | [f(x) — g(x)]dx ~ 9.878 
- 
Area R, = | [g(x) — fix)| dx = 7.465 
A 


i 
Area R, = i [Roy — eld 01167 
B 
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Wh 
e i Rae oC) dx = 2.58 . 


d. Adding the three areas from part b, we find the total area to be approximately 
9.878 + 7.465 + 0.167 = 17.510 


e. The areas of the regions between the rate-of-change-of-revenue and the rate-of- 
change-of-cost curves represent the accumulated change in profit. The change in 
profit is positive when the rate-of-change-of-revenue curve is on top and negative 
when the rate-of-change-of-revenue curve is on the bottom. Thus, between the 
end of the first year and approximately 3.75 years (the end of the third quarter of 
the fourth year), profit increased by approximately $9.9 thousand. Profit 
decreased by approximately $7.5 thousand between x ~ 3.724 (near the end of the 
third quarter of the fourth year) and x ~ 6.776 (near the beginning of the fourth 
quarter of the seventh year). In the final quarter of the seventh year (between x ~ 
6.776 and x = 7), the profit increased by approximately $0.2 thousand. 

The definite integral in part c gives the change in profit from the end of the first 
year through the end of the seventh year. The business’s profits at the end of the sev- 
enth year was about $2.6 thousand more than its profits at the end of the first year. 


Seem e ee eeeeeseesscesees 





Concept 
Inventory 


c. Shade the region(s) between the graphs of f and 
g from ato b. 





d. Calculate the difference in the area of the region 
between the graph of f and the horizontal axis 
and the area of the region between the graph of g 
and the horizontal axis from a to b. 


@ Area(s) of region(s) between two curves 
@ Differences of accumulated changes 


e. Calculate the total area of the shaded region(s). 


Activities 
5. f(x) = e&™* a=0.5 
For Activities 1 through 4: ' o 2 ; 
x) == = 
a. Sketch graphs of the functions f and g on the é x 
Leo pos 6. fix) = 0.25x — 3 a=15 
b. Shade the region between the graphs of f and g ex) = 14(0.93*) beso 
from ato b. 
c. Calculate the area of the shaded region. Te Xian <5 =-5 
x) = 2(1.25*) b=8 
Laaflix)= 02507 + 2 a=0 st 
g(x) =-2x + 24 b=6 8. f(x) = 0.252 + 1.9x + 1.8 a= 
2. flo) = 10(0.85*) gs g(x) = -0.08x° + 0.5x” + 0.3x + 2.0 b= 10 
g(x) = 6(0.75") b= 10 9. Figure 7.1.1 shows graphs of r(x), the rate of 
3. fix) =x — 4x + 10 al change of revenue, and c’'(x), the rate of change of 
g(x) = 2x? — 12x + 14 p= 9 costs (both in thousands of dollars per thousand 


dollars of capital investment) associated with the 
production of solid wood furniture as functions of 
x, the amount (in thousands of dollars) invested in 
capital. The area of the shaded region is 13.29. 


4, f(x) =e n= 
g(x) = e* b=2 
For Activities 5 through 8: 


a. Sketch graphs of the functions f and g on the a. Interpret the area in the context of furniture 


same axes. 
___b. Find the input value(s) at which the graphs of f 
fae and g intersect. 


manufacturing. 


b. Write an equation for the area of the shaded 
region. 
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Rates of change of 
cost and revenue 
(thousand dollars per 
thousand dollars) 








Capital 
{ _ —_}__— investment 
is 515 (thousand 
dollars) 

FIGURE 7.1.1 
10. Figure 7.1.2 depicts graphs of the rate of change of 

total revenue R(x) (in billions of dollars per year) 

and the rate of change of total cost C’(x) (in billions 

of dollars per year) of a company in year x. The area 

of the shaded region is 126.5. 

Rates of change of 

revenue and cost 
(billion dollars 
per year) 
Xx 
1997 1998 1999 2000 2001 2002 *°@* 

FIGURE 7.1.2 

a. Interpret the area in context. 

b. Write an equation for the area of the shaded 

region. 

11. A country is in a state of civil war. As a consequence 


of deaths and people fleeing the country, its popula- 
tion is decreasing at a rate of D(x) people per 
month. The rate of increase of the population as a 
result of births and immigration is I(x) people per 
month. The variable x is the number of months 
since the beginning of the year. Graphs of D and I 
are shown in Figure 7.1.3. Region R, has area 3690, 
and region R, has area 9720. 


a. Interpret the area of R, in context. 


b. Interpret the area of R, in context. 


Dd 


Wey, 
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Rates of change of 
population 
(people per month) 


D(x) 
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We ce Oe ite 
FIGURE 7.1.3 


c. Find the change in population from the begin- 
ning of January through the end of April. 


d. Explain why the answer to part c is not the sum 
of the areas of the two regions. 


Figure 7.1.4 depicts graphs of c(t), the rate at which 
people contract a virus during an epidemic, and 
r(t), the rate at which people recover from the virus, 
where t is the number of days after the epidemic 
begins. 


Rates of change of 
contraction and recovery 
(people per day) 


c(t) : 
r(t) 
t 


Oe) i teh ag” LPS 
FIGURE 7.1.4 


a. Interpret the area of region R, in the context of 
the epidemic. 


b. Interpret the area of region R, in the context of 
the epidemic. 


c. Explain how you could use a definite integral to 
find the number of people who contracted the 
virus since day 0 but have not recovered by day 
20. 


Table 7.1 shows the time it takes for a Toyota Supra 
and a Porsche 911 Carerra to accelerate from 0 mph 
to the speeds given.' 


a. Find models for the speed of each car, given the 
number of seconds after starting from 0 mph. 
(Hint: Add the point (0, 0), and convert miles 
per hour to feet per second before modeling.) 


1. Road and Track. 


TABLE 7.1 





b. How much farther than a Porsche 911 Carerra 
does a Toyota Supra travel during the first 10 
seconds, assuming that both cars begin from a 
standing start? 


c. How much farther than a Porsche 911 does a 
Toyota Supra travel between 5 seconds and 
10 seconds of acceleration? 


Table 7.2 shows the approximate rates of change of rev- 
enue’ for the United States Postal Service (USPS), Federal 
Express (FedEx), and United Parcel Service (UPS). The 
information in the table is used in Activities 14 and 15. 


TABLE 7.2 


UPS 
(billions of 
dollars 
per year) 


FedEx 
(billions of 
dollars 
per year) 


USPS 
(billions of 
dollars 
per year) 


14. a. Using the data in Table 7.2, find and graph equa- 
tions for the rates of change of revenue for USPS 
and UPS. 


b. Find and interpret the area of the region 
between the graphs of the two equations in part 
a from 1993 through 1999. 


~ 2. Based on data from Hoover’s Online Company Capsules. 
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Differences of Accumulated Changes 


. Using the data in Table 7.2, find and graph equa- 
tions for the rates of change of revenue for 
FedEx and UPS. 


b. Find and interpret the areas of the two regions 
bounded by the graphs in part a between 1993 
and 1999. 


c. Find the definite integral of the difference of the 
two equations in part a between 1993 and 1999. 
Interpret your answer. 


16. The rate of change of the value of goods exported 
from the United States between 1990 and 1997 can 


be modeled? as 
Et) = 7.342t + 16.49 billion dollars per year 


t years after the end of 1990. Likewise, the rate of 
change of the value of goods imported into the 
United States during those years can be modeled? as 


I(t) = -5.23f + 45.71t — 21.75 billion dollars per year 
t years after the end of 1990. 


a. Find the difference between the accumulated 
value of imports and the accumulated value of 
exports from the end of 1990 through 1997. 


b. Is your answer from part a the same as the area 
of the region(s) between the graphs of E’ and J’? 
Explain. 


17. Based on data from the Department of Commerce 
between November 1998 and November 1999, the 
value of monthly exports of U.S. goods can be mod- 


eled by the equation 


E(m) = -0.01107m? + 0.62213m? — 10.83633m + 
137.86264 billion dollars 


Based on data from the same time period, the value 
of monthly imports can be modeled by the equation 


I(m) = -0.02637m? + 1.38031m? — 21.8869m + 
202.64835 billion dollars 


In both equations, m is the number of months since 
the beginning of 1998. The trade deficit is calculated 
as exports minus imports. 


a. Use a definite integral and the equations given to 
estimate the trade deficit in 1999. 

b. Use a definite integral and the equations given to 
estimate the trade deficit in 1998. 


c. On January 21, 2000, an Associated Press article 
titled “Trade gap widens to record $26.5 billion” 


3. Based on data from Statistical Abstract, 1995. 
4. Ibid. 
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I). 


was published in the Reno Gazette—Journal. This 
article states that “ . . [in 1999] the U.S. trade 
deficit was running at an annual rate of $266.8 
billion, far surpassing last year’s record deficit of 
$164.3 billion.”” Compare your answers to parts a 
and b with the values given in the article for the 
1998 and 1999 total trade deficits. Explain why 
one estimate is close but the other is not. 


Based on data provided by the Census Bureau for 
the years 1980 through 1988, the full-time average 
annual earnings of men and women in the United 
States can be modeled by the following equations: 


Men: m(t) = 0.0625 — 10.38t + 466.8075 
thousand dollars 


Women: w(t) = -0.03125f + 5.695t — 234.89875 
thousand dollars 


where ft is the number of years since 1900. From the 
beginning of 1980 and through the end of 1988, by 
how much did the 9-year earnings of a man who 
earned the average wage exceed those of a woman 
who earned the average wage? 


The amount of water in a reservoir is controlled by 
a dam. During a brief but severe storm, water 
begins pouring into the reservoir from streams and 
runoff at a rate given by the equation 


I(m) = (5.6972 - 10°)m* — 0.00137m? + 0.08176m? + 
0.0338m + 0.877828 thousand cubic feet per minute 


where m is the number of minutes after 6 a.m. At 
7:54 a.m., the runoff stops. At 6:30 a.m., the dam is 
opened to release 20,000 cubic feet of water per 
minute. Before 6:30 a.m., the dam releases no water. 
Figure 7.1.5 shows a graph of J, as well as a graph of 
the rate at which water flows out of the dam. 


Thousands of cubic 
feet per minute 
I(m) 
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a. Express the following quantities in terms of the 
areas of the regions labeled in Figure Fela: 
i. The excess amount of water in the reservoir 
from the storm before the dam was opened 
ii. The excess amount of water in the reservoir 
from the storm at the time the runoff ended 


iii. The amount of water drained through the 
dam from the time it was opened until the 
runoff had ended 

iv. The total amount of water that ran into the 
reservoir as a result of the storm runoff 


b. Determine the values of the quantities in part a. 


. How long did the dam need to remain open after 
the runoff ended in order to return the reservoir 
to its level before the storm began‘ 


fo) 


20. When modeling populations, biologists consider 


many factors that affect mortality. Some mortality 
factors (such as those that may be weather-related) 
are not dependent on the size of the population; 
that is, the proportion of the population killed by 
such factors remains constant regardless of the size 
of the population. Other mortality factors are 
dependent on the size of the population. In these 
cases, the proportion of a population killed by a 
certain mortality factor increases (or decreases) as 
the size of the population increases. Such factors are 
called density-dependent mortality factors. 

Varley and Gradwell studied the population size 
of a winter moth? in a wooded area between 1950 
and 1968. They found that predatory beetles repre- 
sented the only density-dependent mortality factor 
in the life cycle of the winter moth. When the popu- 
lation of moths was small, the beetles ate few 
moths, searching elsewhere for food, but when the 


m 





(6:00 a.m.) (6:30 a.m.) 
FIGURE 7.1.5 


113.8 
(7:54 a.m.) 


Minutes 
after 6 a.m. 


2M 
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population was large, the beetles assembled in large 
clusters in the area of the moth population and laid 
eggs, thus increasing the proportion of moths eaten 
by the beetles. 


Suppose the annual number of winter moth lar- 


TABLE 7.3 


Tree age (years) 


Carbon absorption 


(tons per hectare 
per year) 


vae in Varley and Gradwell’s study that survived 
winter kill and parasitism each year between 1961 
and 1968 can be modeled by the equation 


I(t) = -0.0505 + 1.516 In t hundred moths 
per square meter of tree canopy 


and that the number of pupae surviving the preda- 
tory beetles each year during the same time period 
can be modeled by the equation 


p(t) = 0.251 + 0.794 In t hundred moths 
per square meter of tree canopy 


In both equations, t is the number of years since 
1960. The area of the region below the graph of J and 
above the graph of p is referred to as the accumulated 
density-dependent mortality of pupae by predatory 
beetles. Use an integral to estimate this value between 
the years 1962 and 1965. Interpret your answer. 


In response to EPA regulations, a factory that pro- 
duces carbon emissions plants 22 hectares of forest® 
in 1990. The trees absorb carbon dioxide as they 
grow, thus reducing the carbon level in the atmo- 
sphere. The EPA requires that the trees absorb as 
much carbon in 20 years as the factory produces 
during that time. The trees absorb no carbon until 
they are 5 years old. Between 5 and 20 years of age, 
the trees absorb carbon at the rates indicated in 
Table 7.3. 





a. Find a model for the rate (in tons per year) at 
which carbon is absorbed by the 22 hectares of 
trees between 1990 and 2010. 


b. The factory produced carbon at a constant rate 
of 246 tons per year between 1990 and 1997. In 
1997, the factory made some equipment changes 
that reduced the emissions to 190 tons per year. 
Graph the rate of emissions produced by the fac- 
tory together with the model in part a between 
1990 and 2010. Find and label the time in which 
the absorption rate equals the production rate. 


c. Label the regions of the graph in part b whose 
areas correspond to the following quantities: 


i. The carbon emissions produced by the fac- 
tory but not absorbed by the trees 


ii. The carbon emissions produced by the fac- 
tory and absorbed by the trees 


ili. The carbon emissions absorbed by the trees 
from sources other than the factory 


d. Determine the values of the three quantities in 
part c. 


e. After 20 years, will the amount of carbon 
absorbed by the trees be at least as much as the 
amount produced by the factory during that 
time period, as required by the EPA? 


7.2 Streams in Business and Biology 


Picture a stream flowing into a pond. You have probably just created a mental picture 
of water that is flowing continuously into the pond. We can also imagine moneys that 
are “flowing” continuously into an investment or new individuals that are “flowing” 
continuously into an existing population. 

It is not unreasonable to consider the income of large financial institutions and 
major corporations as being received continuously over time in varying amounts. 


5. Adapted from PJ. denBoer and J. Reddingius, Regulation and Stabilization Paradigms in Population 
Ecology (London: Chapman and Hall), 1996. 
6. Adapted from A. R. Ennos and S. E. R. Bailey, Problem Solving in Environmental Biology (Harlow, Essex, 


England: Longman House), 1995. 
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Analyzing Accumulated Change: Integrals in Action 


For instance, consider utility companies that receive payments at varying times 
throughout each month. Furthermore, with electronic transfer of funds, these pay- 
ments can be made at any time during the day or night. Such a flow of money Is 
called a continuous income stream. When you make payments to a bank or to some 
other financial institution for the purpose of investing money or repaying a loan, 
your payments are usually for the same fixed amount and are made at regular times 
that are separated by a specified interval. Such a flow of money is called a discrete 
income stream. Whether continuous or discrete, an income stream is usually 
described as a rate R(t) that varies with time tf. 


Determining Income Streams 


Consider a business that currently posts a yearly profit of $4.3 million. The business 
allocates 5% of its profits in a continuous stream among several investments. There 
are several situations that could determine the flow rate into these investments. If the 
company’s profits remain constant, then the function that describes the income 
stream flowing into the investments is R(t) = 0.05($4.3 million per year) = $0.215 
million per year. 

Suppose, however, that the company’s profits increase by $0.2 million each year. 
In this case, the company’s profit is linear, beginning with $4.3 million dollars the 
first year and increasing by a constant $0.2 million each year: 4.3 + 0.2¢ million 
dollars per year after t years. The investment stream is 5% of the profit, so 
R(t) = 0.05(4.3 + 0.2t) million dollars per year t years after the company posted a 
profit of $4.3 million. 

It is also possible that the company’s profits could increase by a constant 7% each 
year. Recall that constant percentage change is modeled by an exponential equation. 
In this case, the function that describes the flow rate of the investment stream is 


R(t) = 0.05[4.3(1.07)] million dollars per year 


t years after the company posted a profit of $4.3 million. Determining the rate at 
which income flows into an investment is the first step in answering questions about 
the present and future values of the invested income stream. 


Starting a Business 


After you graduate from college, you start a small business that immediately 
becomes successful. When you establish the business, you determine that 10% of 
your profits will be invested each year. In the first year you post a profit of $579,000. 


Determine the income stream flow rate for your investments over the next several 
years if 


a. The business’s profit remains constant. 
b. The profit grows by $50,000 each year. 


c. The profit increases by 17% each year. 


d. The profits for the first six years are as shown in Table 7.4 and are expected to fol- 
low the trend indicated by the data. 


Profit 
(thousand 
dollars) 


570 


FIGURE 7.11 
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TABLE 7.4 


Profit 
(thousands of dollars) 29 


Solution 





a. Ifthe profit remains constant, then the flow rate of the investment stream is con- 
stant, calculated as 10% of $579,000. Thus R(t) = $57,900 per year. 


b. Profit increasing by a constant amount each year indicates linear growth. In 
this case, the amount of profit that is invested is described by the linear function 
R(t) = (0.10)(579,000 + 50,000) dollars per year t years after the first year. 


c. An increase in profit of 17% each year indicates exponential growth with a con- 
stant percentage change of 17%. In this case, theflow rate of the investment 


stream is described by the equation R(t) = 0.10[570,000(1.17' )] dollars per year 
t years after the first year of business. a 


d. A scatter plot of the data in Table 7.4 indicates an increasing, concave-down 
shape. (See Figure 7.11.) A quadratic model is a reasonably good fit, although 
the model indicates declining profits beyond the years given in the table. A 
better model for profit is the log model P(t) = 580.117 + 26.7 In t thousand 
dollars per year after t years of business. Thus the investment flow rate is 
R(t) = 0.10P(t) = 58.0117 + 2.67 In ¢. Note that in parts a through c, the first 
year of business corresponds to an input value of 0. In this log model, the first 
year of business corresponds to an input value of 1. 


Pere eewesesoseoeecceees 


Future Value of a Continuous Stream 


We calculated future and present values of single payments in Section 2.2. Future and 
present values of a stream of payments also have meaningful applications. 

The future value of a continuous stream is the total accumulated value of the 
income stream and its earned interest. Suppose that an income stream flows contin- 
uously into an interest-bearing account at the rate of R(t) dollars per year where t is 
measured in years and the account earns interest at the annual rate of 100r% com- 
pounded continuously. What is the future value of the account at the end of T years? 

To answer this question, we begin by imagining the time interval from 0 to T 
years as being divided into n subintervals, each of length At. 


jefe | 


0 t f+ At T = (At)(n) 


We regard At as being small—so small that over a typical subinterval [¢, t + At], 
the rate R(t) can be considered constant. Then the amount paid into the account 
during this subinterval can be approximated by 


Amount paid in ~ [R(t) dollars per year] (At years) 
=~ R(t)At dollars 
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We consider this amount as being paid in at ¢, the beginning of the interval, and 
earning interest continuously for (T — t) years. Using the continuously compounded 
interest formula (A = Pe’), we see that the amount grows to 


[Rj Ate? 9 = R(t)e At dollars 
at the end of T years. Summing over the n subintervals, we have the approximation 
Future value ~ [R(t, eV + Ripe ee a R(t,)e" ‘» |At dollars 


where t), t .-. >t, are the left endpoints of the subintervals. This sum should look 
familiar to you. If we simplify the expression by letting f(t) = R(t)e“" " and rewrite 
the sum as [f(t,) + fl) +--+ f(t,)|At then you should recognize it as the type of 
sum we used in Sections 6.1 and 6.2. 

Because we are considering the income as a continuous stream and interest as 
being compounded continuously, we let the time interval At become extremely small 
(At— 0). That is, we use an infinite number of intervals (1 4%). Thus 


Future value = lim ieee Ben f(t, ]At 


\| 
Oo > 
= | 

= 
oh 

a 

Qu. 
> 


= | R(t)e"?- dt dollars 
0 : : 


Future Value of a Continuous Income Stream 


Suppose that an income stream flows continuously into an interest-bearing 
account at the rate of R(t) dollars per year where f is measured in years and 
the account earns interest at the annual rate of 100r% compounded 
continuously. The future value of the account at the end of T years is 


T 
Future value = | Rite!” dt dollars 
0 





Using the Fundamental Theorem, we can find the rate-of-change function for 
future value: 


Rate of change of future value = f [ Riera for0=x=T 
xX Jo 


= R(x)e"’~™ dollars per year 
Thus the function f(t) = R(t)e"’” gives the rate of change after t years of the future 
value (in T years) of an income stream whose income is flowing continuously in at a 
rate of R(t) dollars per year. It is the rate-of-change function f(t) = R(t)e“’~”, not 


the flow rate of the income stream R(t), that we graph when depicting future value as 
the area of a region beneath a rate-of-change function. 


EXAMPLE 2_ Airline Expansion 





The owners of a small airline are making big plans. They hope to be able to buy out a 
larger airline 10 years from now by investing into an account returning 9.4% APR. 
Assume a continuous income stream and continuous compounding of interest. 
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a. The owners have determined that they can afford to invest $3.3 million each year. 
How much will these investments be worth 10 years from now? 


b. If the airline’s profits increase so that the amount the owners invest each 


year increases by 8% per year, how much will their investments be worth in 
10 years? 


Solution 


a. The flow rate of the income stream is R(t) = 3.3 million per year with r = 0.094 
and T= 10 years. The value of these investments in 10 years is calculated as 


10 
Future value = [ Be ae) OF 
0 


10 
| 3300-946 0.094t H+ 
0 


gees -0.094(10) _ Spee eg 
-0.094 -0.094 


= -35.106 + 89.872 
$54.8 million 


e 9:094(0) 


ut 


b. The function modeling exponential growth of 8% per year in the investment 


stream is R(t) = 3.3(1.08') million dollars per year after t years. The future value 
10 


is calculated (using technology) as | 3.3(1.08")e°°4°—9 dt ~ $77.7 million. 
0 


Coe ereresccesecserccoes 


Present Value of a Continuous Stream 


The present value of a continuous income stream is the amount P that would have to 
be invested now in an interest-bearing account in order for the amount to grow to a 
given future value. Because P dollars earning continuously compounded interest 
would grow to a future value of Pe’ dollars in T years, we have 


if T T 
Pe = i Re! dt = | R@e er di — ll R(the" dt 
0 0 0 
Solving for P, we obtain 


if 
Present value = P = | R(the"dt 
0 


Present Value of a Continuous Income Stream 


Suppose that an income stream flows continuously into an interest-bearing 
account at the rate of R(t) dollars per year where t is measured in years and 
that the account earns interest at the annual rate of 100r% compounded 
continuously. The present value of the account is 


T 
Present value = | R(t)e" dt dollars 
0 
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It is worth noting that once you have calculated future value, it is easy to calculate 
the associated present value by solving for P in the equation 


Pe" = Future value 


EXAMPLE 3 Revenue Expansion 


Last year, profit for the HiTech Corporation was $17.2 million. Assuming that 
HiTech’s profits increase continuously for the next 5 years at a rate of $1.3 million per 
year, what are the future and present values of the corporation’s 5-year profits? 
Assume an interest rate of 12% compounded continuously. 


Solution We note that the rate of the stream is R(t) = 17.2 + 1.3t million dollars 
per year in year ft. In order to calculate the future value of this stream, we evaluate 


| (072 + 1.3t)e20- dt. We have not developed a method for finding the antideriv- 


0 
ative of f(t) = (17.2 + 1.32)e""°~", so we numerically estimate the definite integral 
using a limiting value of sums or use technology to evaluate the integral. 


13) 
Future value = | (17.2 + 1.3t)e°?O>%dt ~ $137.9 million 
0 


The invested revenue will be worth approximately $138 million in 5 years. Again, 
numerically estimate a limiting value of sums or use technology to find the present 
value. 


5) 
Present value = | (17.2 + 1.3t)e°'dt ~ $75.7 million 
0 


This amount is the lump sum ($75.7 million) that would have to be invested at 12% 
compounded continuously in order to earn $137.9 million (the future value) in 5 years. 
We could also use the future value ($137.9 million) to calculate the present value: 


Pe12)5) = $137.9 million, so P ~ $75.7 million 


The integral definition of the present value is most useful in situations in which you 
do not know the future value. 


weeresereecesescesssees 


Discrete Income Streams 


The assumptions that income is flowing continuously and that interest is com- 
pounded continuously make it possible to use calculus and are often imposed by 
economists. Unfortunately, they do not generally hold in the real world of business. It 
is much more realistic to consider an income stream that flows monthly into an 
account with monthly compounding of interest or a stream flowing quarterly with 
quarterly compoundings. 

The process of finding the future value for discrete income streams begins in a 
similar way to that for continuous streams: Determine the rate-of-flow function for 
the income stream, and multiply by a term that accounts for compounding interest. 
In the discrete case, we base our interest calculations on the formula A = P( a zm 
and, instead of integrating the resulting function, we sum a series of values. : 
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Consider a small business that begins investing 7.5% of its monthly profit into an 
account that pays 10.3% annual interest compounded monthly. When the company 
begins investing, the monthly profit is $12,000 and is growing by $500 each month. 
We wish to determine the 2-year future value of the company’s investment (assuming 
that profit continues to grow in the manner described). 

The company will make a total of 24 deposits during the 2-year period. The first 
deposit is (0.075)($12,000) = $900. This deposit earns interest each month for 
24 months. The future value of this first deposit is $900(1 + 2193) = $1104.91. 

The second deposit is (0.075)($12,000 + $500) = $937.50. This deposit earns 
interest each month for 23 months. The future value of the second deposit is 
$937.50(1 + 9103)* — $1141.15. 

The third-deposit is (0.075)($12,000 + $1000) = $975. This deposit earns 
interest each month for 22 months. The future value of the third deposit is 
$975(1 + 2103) — $1176.60. 

By now you should be able to see a pattern in the future values of these successive 
monthly deposits. (See Table 7.5.) 






TABLE 7.5 
Future value of monthly deposit 
F(d) 


Time d 
(months after first deposit) 
F(1) = $937.50(1 + 2/03)? = $1141.15 


F(2) = $975.00(1 + 2493)? — $1176.60 


F(22) = $1725.00(1 + 9493)? = $1754.74 
F(23) = $1762.50(1 + 2493)" = $1777.63 


Future value = sum of 24 values = $35,204.03 







































The amount deposited each month is given by R(d) = (0.075)($12,000 + $5004), 
where d is the number of deposits after the first one. The deposit associated with 
input d accrues interest for 24 — d months. The future value of each month’s deposit 
is given by the formula 
F(d) = R(d)(1 + 2493)" = (0.075)(12,000 + 500d)(1 + 2103)*~4 

To determine the 2-year future value, we add the future values of each month’s 
deposit beginning with 0 (month 1) and ending with 23 (month 24). Using summa- 
tion notation, we write 


28 


23 
Future value = >) F(d) = 


(0.075)(12,000 + 500d)(1 + 9:103)4~¢ 
d=0 d=0 


23 
The symbol > F(a) is the notation used for the sum F(0) + F(1) + F(2) + --- + F(23). 
d=0 


In this example, the future value of the deposits is $35,204.03. 
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We generalize the definition of future value for discrete income streams as follows: 


Future Value of a Discrete Income Stream 


Suppose that a deposit is made into an interest-bearing account at n equally 
spaced times throughout a year. The value of the dth deposit is R(d) dollars 
per period, and it earns interest at an annual percentage rate of 100r% 
compounded once in each deposit period. The future value of the deposits at 
the end of D deposit periods is 


D-1 e\D=¢ 
Future value = SRA am ‘) dollars 


d=0 





Once you have determined future value, present value can be found by solving for P 
in the equation 


r D 
ae + ") = Future value 
n 


EXAMPLE 4 Saving for the Future 

When you graduate from college (say, in 3 years), you would like to purchase a car. 
You have a job and can put $75 into savings each month for this purchase. You 
choose a money market account that offers an APR of 6.2% compounded quarterly. 





a. How much money will you have deposited in 3 years? 
b. What will be the value of your savings in 3 years? 


c. How much money would you have to deposit now (in one lump sum) to achieve 
the same future value in 3 years? 


d. You are considering a second money market account that pays monthly interest of 
0.5%, Will this account result in a greater future value than that calculated in part b? 


Sclution 
a. The total amount deposited is (36)($75) = $2700. 


b. Because interest is compounded quarterly (n = 4), the monthly deposits each 
quarter do not earn interest until the end of the quarter in which they are 
deposited. We therefore consider three $75 monthly deposits equivalent to one 
$225 quarterly deposit, and this gives R(d) = $75(3) = $225 per quarter d quar- 
ters after the first one. We assume that the first deposit is made at the beginning 
of a quarter. During the 3 years, there will be 12 quarters to consider (D = 12). 
Table 7.6 shows the pattern of the future values of each quarter’s deposit. 

The 3-year future value is given by 
ve 
Future value = 


S Ra 
d=0 
S 


1 


poe 


0 
1 + 20 
12-d 
$225(1 + 9:062)""" — $9988.10 


a 


0 


7.2 Streams in Business and Biology 495 


Future value of quarterly deposit 


TABLE 7.6 
$225(1 + 2.062)" — $970.61 
( 


Time 
(quarters after first deposit) 
re eee 











1 
2 

10 $225(1 + 9-962)? — $732.03 
1 


Future value = sum of 12 values = $2988.10 


es 






c. Because we know the future value, we can solve P(1 + %%6)“ ~ 2988.10 for the 
present value P to obtain P ~ $2484.48. This is the amount that you would need 
to deposit now to have $2988.10 in 3 years. 


d. Because the account pays interest monthly, we have the values n = 12 and 
D = 3(12) = 36. Also, because interest is compounded monthly, we consider the 
deposits being made monthly, so that R(d) = $75. In this case, the interest rate is 
given in terms of a monthly rather than a yearly rate. In other words, we are given 
the term 2 = a = 0.005. Thus the 3-year future value of $75 monthly deposits 
into this money market account is 


35 
Future value = S) $75(1.005)*°-4 = $2964.96 
d=0 
This is a smaller future value than for the account that pays 6.2% interest 
quarterly. 


Coors rece eesooeereneee 


Streams in Biology 


Biology and other fields involve situations very similar to income streams. An exam- 
ple of this is the growth of populations of animals. As of 1978, there were approxi- 
mately 1.5 million sperm whales’ in the world’s oceans. Each year approximately 0.06 
million sperm whales are added to the population. Also each year, 4% of the sperm 
whale population either die of natural causes or are killed by hunters. Assuming that 
these rates (and percentage rates) have remained constant since 1978, we estimate the 
sperm whale population in 1998 using the same procedure as when determining 
future value of continuous income streams. 

There are two aspects of the population that we must consider when estimating 
the population of sperm whales in 1998. First, we must determine the number of 
whales that were living in 1978 that will still be living in 1998. Because 4% of the 


7. Delphine Haley, Marine Mammals (Seattle: Pacific Search Press, 1978). 
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sperm whales die each year, we calculate the number of whales that have survived the 
entire 20 years as 1.5(0.962°) ~ 0.663 million whales. 

The second aspect that we must consider is the impact on the population made 
by the birth of new whales. We are told that 0.06 million whales per year are added to 
the population and that 96% of those survive each year. Therefore, the growth rate of 
the population of sperm whales associated with those that were born f years after 


1978 is 
{p= 0.06(0.96)”°‘ million whales per year 


Thus the sperm whale population in 1998 is calculated as 


20 
Whale population 1.5(0.967”) +| 0.06(0.96)"° ‘dt 
0 


ut 


20 
0.663 + | 0.06(0.962)(0.96)tdt 
0 
20 


= 0,663 + 0.06(0.96°) | (0.96) dt 
0 
0.06(0.962°) (0.967)! |» 
1In(0.96') 


~ 1.48 million sperm whales 





0.663 + 





0 


Functions that model such biological streams, in which new individuals are 
added to the population and the rate of survival of the individuals is known, are 
referred to as survival and renewal functions. 


Future Value of a Biological Stream 


The future value (in b years) of a biological stream with initial population 
size P, survival rate 100s%, and renewal rate r(t), where t is the number of 
years, is 


b 
Future value ~ Ps? + | r(t)s’~ dt 
0 





In the whale example, the initial population is P = 1.5 million. The survival rate is 


96% per year, so s = 0.96. The renewal rate is r(t) = 0.06 million whales 
per year. 


Flea Population 


An example of a stream in entomology is the growth of a flea population. In cooler 
areas of the country, adult fleas die before winter, but flea eggs survive and hatch the 
following spring when temperatures again reach 70°F. Not all the eggs hatch at the 
same time, so part of the growth in the flea population is due to the hatching of the 
original eggs. Another part of the growth in the flea population is due to propaga- 
tion. Suppose fleas propagate at the rate of 134% per day and that the original set of 
fleas (from the dormant eggs) become reproducing adults at the rate of 600 fleas per 


7.2 Streams in Business and Biology 497 


day. What will the flea population be 10 days after the first 600 fleas begin reproduc- 
ing? Assume that none of the fleas die during the 10-day period and that all fleas 
become reproducing adults 24 hours after hatching and propogate every day there- 
after at the rate of 134% per day. 


Solution We first note that because we begin counting when the first 600 fleas 
have become mature adults, we consider the initial population to be P = 600 fleas. 
The renewal rate is also 600 fleas per day, so r(t) = 600. 

Because, in this case, the renewal rate function r does not account for renewal due 
to propagation, we must incorporate the propagation rate of 134% into the survival 


rate of 100%. Thus the survival/propagation rate is s = 2.34. 
Because the renewal rate and survival/propagation rate are given in days, we let t 
be the input variable measured in days. The flea population will grow over 10 days to 


Flea population ~ Ps!? + i 


10 10 
r(t)s'°~ ‘dt = 600(2.34") + | 600(2.34)!°~ ‘dt 
g 0 


=~ 2,953,315 + 3,473,166 ~ 6.4 million fleas 


PO ee eee reser ceesesssese 


Concept 
Inventory 





® Income stream 

Flow rate of a stream 

Future and present value of a continuous stream 
Future and present value of a discrete stream 
Biological stream 

Future value of a biological stream 





Activities 





1. Suppose that after you graduate, you are hired by a 
company in the San Francisco Bay area. Housing 
prices in that region are the highest in the nation; 
however, you are determined to buy a house within 
5 years of beginning your new job. Your starting 
salary is $47,000. After talking with fellow employ- 
ees, you consider three possibilities for what might 
happen to your salary over the next 5 years: 


i. Your salary remains at your starting level. 
ii. Your salary increases by $100 a month. 
iii. Your salary increases by 0.5% each month. 
You have decided to save 20% of your salary each 
month for a down payment on a house. Give the 


function describing your monthly investments for 
each of the three salary possibilities. 


2. A company is hoping to expand its facilities but 
needs capital to do so. In an effort to position itself 
for expansion in 3 years, the company will direct 
half of its profits into investments in a continuous 
manner. The company’s profits for the past 5 years 
are shown in Table 7.7. 


TABLE 7.7 


Profit 
(thousands of dollars) 890 | 930 580 | 1050 | 


The company’s current yearly profit is $1,130,000. 
Find the function that describes the flow of the 
company’s investments for each of the following 
profit scenarios: 









a. The profit for the next 3 years follows the trend 
shown in the table. 


b. The profit increases each year for the next 3 years 
by the same percentage that it increased in the 
current year. 


c. The profit remains constant at the current year’s 
level. 


d. The profit increases each year for the next 3 years 
by the same fixed amount that it increased this 
year. 


3. Consider again the situation described in Activity 1. 
You estimate that you will need $60,000 for a down 
payment, and you are unwilling to accept any 


498 


CHAPTER 7 


investment risk. You will be investing your money 
monthly in a bank savings account that pays an 
annual interest rate of 5% compounded monthly. 
For which salary possibilities will the total amount 
saved in 5 years be at least $60,000? 


. Consider again the situation described in Activity 2. 
If the company’s investments can earn 16.4% 
annual interest compounded continuously, how 
much capital will it have saved after 3 years of 
investing for each of the profit scenarios given? 


. For the year ending December 31, 1998, the revenue 
of the Sara Lee Corporation® was $20.011 billion. 
Assume that Sara Lee’s revenue will increase by 5% 
per year and that beginning on January 1, 1999; 
12.5% of the revenue is invested each year (contin- 
uously) at an APR of 9% compounded continu- 
ously. What is the future value of the investment at 
the end of the year 2006? 


. A high school student is trying to save money to 
help pay for her first-year college tuition. She plans 
to invest $300 each quarter for 3 years into an 
account that pays interest at an APR of 6% com- 
pounded quarterly. Her parents decide to lend her 
the money so that she can devote more time to her 
studies while in high school. How much should 
they lend her so that she can invest the loaned 
amount now, as one lump sum, into the account 
and accumulate the same amount as if she had 
made the quarterly deposits for 3 years? 


. The revenue of General Motors Acceptance Corpo- 
ration? (GMAC) in December 1998 was $20.165 
million. Assume that GMAC’s revenue remains con- 
stant and that 3% of the revenue is invested contin- 
uously throughout each year beginning at the end of 
December 1998 into an account that pays interest at 
a rate of 12.8% compounded continuously. 


a. Find the value of the account in December 2008. 

b. How much would GMAC have had to invest at 
the end of December 1998, in one lump sum, 
into this account in order to build the same 10- 
year future value as the one found in part a? 


. For the year ending December 31, 1998, the General 
Electric Company’s revenue’ was $99.82 billion. 
Assume that the revenue increases by 8% per year 


10. 
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and that General Electric will (continuously) invest 
10% of its profits each year at an APR of 11.5% 
compounded continuously for a period of 9 years 
beginning at the end of December of 1998. What is 
the present value of this 9-year investment? 


To save for the purchase of your first home (in 


6 years), suppose you begin investing $500 per 
month in an account with a fixed rate of return 
of 8.34%. 

a. Assuming a continuous stream, what will the 
account be worth at the end of 6 years? 

b. Assuming monthly activity (deposits and inter- 
est compounding), what will the account be 
worth at the end of 6 years? 

c. Is the answer to part a or part b more likely to be 
the actual future value of the account? Explain. 


In preparing for your retirement (in 40 years), sup- 
pose you plan to invest 14% of your salary each 


month in an annuity with a fixed rate of return of 


9.2%. You currently make $2800 per month and 
expect your income to increase by 4% per year. 


a. Assuming a continuous stream, what will the 
annuity be worth at the end of 40 years? 


b. Assuming monthly activity (deposits and inter- 
est compounding), what will the annuity be 
worth at the end of 40 years? 


c. Is the answer to part a or part b more likely 
to be the actual future value of the annuity? 
Explain. 


Compaq Computer Corporation’s 1999 third-quar- 
ter profits!’ were $2.1 billion. Assume that these 
profits will increase by 5% per quarter and that 
Compaq will invest 15% of its quarterly profits in 
an investment with a quarterly return of 13%. 


a. Write a function for the rate at which money 
flows into this investment each quarter. 


b. Write a function for the rate at which the 4-year 
future value of this investment is changing. 


c. Find the value of this investment at the end of 
the year 2003. (Assume a quarterly stream begin- 
ning on January 1, 2000 with the investment of 
4th quarter 1999 profits.) 


12. For the 1999 fiscal year, Abercrombie and Fitch 


12 
Company reported an annual net income of 


8. Hoover’s Online Company Capsules. 
9. Ibid. 
10. Ibid. 


11. Ibid. 
12. Ibid. 


13. 


14. 


13. 


$102,100,000. Assume the income can be reinvested 
continuously at an annual rate of return of 10% 
compounded continuously. Also assume that Aber- 
crombie and Fitch will maintain this annual net 
income for the next 5 years. 


a. What is the future value of its 5-year net income? 


b. What is the present value of its 5-year net 
income? 


In 1993, PepsiCo installed a new soccer scoreboard 
for Alma College in Alma, MI. The terms of the 
installation were that Pepsi would have sole vending 
rights at Alma College for the next 7 years. It is esti- 
mated that in the 3 years after the scoreboard was 
installed, Pepsi sold 36.4 thousand liters of Pepsi 
products to Alma College students, faculty, staff, 
and visitors. Suppose that the average yearly sales 
and associated revenue remained constant and that 
the revenue from Alma College sales was reinvested 
at 4.5% APR. Also assume that PepsiCo makes a 
revenue of $0.80 per liter of Pepsi. 


a. The vending of Pepsi products on campus can 
be considered a continuous process. Assuming 
that the revenue was invested in a continuous 
stream and that interest on that investment 
was compounded continuously, how much did 
Pepsi make from its 7 years of sales at Alma 
College? 


b. Still assuming a continuous stream, find how 
much Pepsi would have had to invest in 1993 to 
create the same 7-year future value. 


Refer to Activity 10. How much would you have to 
invest now, in one lump sum instead of in a contin- 
uous stream, in order to build to the same future 
(40-year) value? 


Refer to Activity 9. 


a. How much would you have to invest now, in one 
lump sum instead of in a continuous stream, in 
order to build to the same future (6-year) value? 
Assume that interest is compounded continu- 
ously. 


b. How much would you have to invest now, in one 
lump sum instead of in a monthly stream, in 
order to build to the same future (6-year) value? 
Assume monthly compounding of interest. 


c. Is the answer to part a or to part b more likely 
to be the actual present value of the annuity? 
Explain. 


ee 
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Between 1994 and 1998, the revenue of Sears, the 
second largest retailer in the United States, can be 
modeled” as 


12.574 
1 + 3.845e 





m0 + 30 billion dollars per year 


t years after 1994. Assume that the revenue can be 
reinvested at 12% compounded continuously. 


a. How much is Sears’ revenue invested since 1994 
worth in 2000? 


b. How much is this accumulated investment worth 
in 1994? 


In 1956, AT&T laid its first underwater phone line. 
By 1996, AT&T Submarine Systems, the division of 
AT&T that installs and maintains undersea com- 
munication lines, had seven cable ships and 1000 
workers. On October 5, 1996, AT&T'* announced 
that it was seeking a buyer for its Submarine Sys- 
tems division. The Submarine Systems division of 
AT&T was posting a profit of $850 million per year. 


a. If AT&T assumed that the Submarine Systems 
division’s annual profit would remain constant 
and could be reinvested at an annual return of 
15%, what would AT&T have considered to be 
the 20-year present value of its Submarine Sys- 
tems division? (Assume a continuous stream.) 


b. If prospective bidder A considered that the 
annual profits of this division would remain 
constant and could be reinvested at an annual 
return of 13%, what would bidder A consider to 
be the 20-year present value of AT&T’s Subma- 
rine Systems? (Assume a continuous stream.) 


c. If prospective bidder B considered that over a 
20-year period, profits of the division would 
grow by 10% per year (after which it would be 
obsolete) and that profits could be reinvested at 
an annual return of 14%, what would bidder B 
consider to be the 20-year present value of 
AT&T's Submarine Systems? (Assume a contin- 
uous stream.) 


On October 4, 1996, Tenet Healthcare Corporation, 
the second-largest hospital company in the United 
States at that time, announced that it would buy 
Ornda Healthcorp.!° 


Based on data from the Sears 1998 Financial Report. 

“AT&T Seeking a Buyer for Cable-Ship Business,” Wall Street Jour- 
nal, October 5, 1996. 

“Tenet to Acquire Ornda,” Wall Street Journal, October 5, 1996. 
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a. If Tenet Healthcare Corporation assumed that 
Ornda’s annual revenue of $0.273 billion would 
increase by 10% per year and that the revenues 
could be continuously reinvested at an annual 
return of 13%, what would Tenet Healthcare 
Corporation consider to be the 15-year present 
value of Ornda Healthcorp at the time of the 
buyout? 

b. If Ornda Healthcorp’s forecast for its financial 
future was that its $0.273 billion annual revenue 
would remain constant and that revenues could 
be continuously reinvested at an annual return 
of 15%, what would Ornda Healthcorp consider 
its 15-year present value to be at the time of the 
buyout? 

c. Tenet Healthcare Corporation bought Ornda 
Healthcorp for $1.82 billion in stock. If the sale 
price was the 15-year present value, did either of 
the companies have to compromise on what it 
believed to be the value of Ornda Healthcorp% 


CSX Corporation, a railway company, announced 
in October of 1996 its intention to buy Conrail Inc. 
for $8.1 billion.!° The combined company, CSX- 
Conrail, would control 29,000 miles of track and 
have an annual revenue of $14 billion the first year 
after the merger, making it one of the largest railway 
companies in the country. 


a. If Conrail assumed that its $2 billion annual rev- 
enue would decrease by 5% each year for the 
next 10 years but that the annual revenue could 
be reinvested at an annual return of 20%, what 
would Conrail consider to be its 10-year present 
value at the time of CSX’s offer? Is this more or 
less than the amount CSX offered? 


b. CSX Corporation forecast that its Conrail acqui- 
sition would add $1.2 billion to its annual rev- 
enue the first year and that this added annual 
revenue would increase by 2% each year. Sup- 
pose CSX is able to reinvest that revenue at an 
annual return of 20%. What would CSX Corpo- 
ration have considered to be the 10-year present 
value of the Conrail acquisition in October of 
1996? 


c. Why might CSX Corporation have forecast an 
increase in annual revenue when Conrail fore- 
cast a decrease? 


“Seeking Concessions from CSX-Conrail Is Seen as Most Likely 
Move by Norfolk,” Wall Street Journal, October 5, 1996. 
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Company A is attempting to negotiate a buyout of 
Company B. Company B accountants project an 
annual income of 2.8 million dollars per year. 
Accountants for Company A project that with 
Company B’s assets, Company A could*produce an 
income starting at 1.4 million dollars per year and 
growing at a rate of 5% per year. The discount rate 
(the rate at which income can be reinvested) is 8% 
for both companies. Suppose that both companies 
consider their incomes over a 10-year period. Com- 
pany A’s top offer is equal to the present value of its 
projected income, and Company B’s bottom price is 
equal to the present value of its projected income. 
Will the two companies come to an agreement for 
the buyout? Explain. 


A company involved in videotape reproduction has 
just reported $1.2 million net income during its 
first year of operation. Projections are that net 
income will grow over the next 5 years at the rate of 
6% per year. The capital value (present sales value) 
of the company has been set as its present value 
over the next 5 years. If the rate of return on rein- 
vested income can be compounded continuously 
for the next 5 years at 12% per year, what is the cap- 
ital value of this company? 


There were once more than 1 million elephants in 
West Africa.!’? Now, however, the elephant popula- 
tion has dwindled to 19,000. Each year 17.8% of 
West Africa elephants die or are killed by hunters. 
At the same time, elephant births are decreasing by 
13% per year. 


a. How many of the current population of 19,000 
elephants will still be alive 30 years from now? 


b. Considering that 47 elephants were born in the 
wild this year, write a function for the number of 
elephants that will be born t years from now and 
will still be alive 30 years from now. 


c. Estimate the elephant population of West Africa 
30 years from now. 


In 1979 there were 12 million sooty terns (a bird) in 
the world.'® Assume that the percentage of terns 
that survive from year to year has stayed constant at 


83% and that approximately 2.04 million terns 
hatch each year. 


Douglas Chawick, The Fate of the Elephant (Sierra Club Books, 
1992). 


Bryan Nelson, Seabirds: Their Biology and Ecology (New York: 
Hamlyn Publishing Group, 1979). 
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a. How many of the terns that were alive in 1979 
are still alive? 


b. Write a function for the number of terns that 
hatched t years after 1979 and are still alive. 


c. Estimate the present population of sooty terns. 
From 1936 through 1957, a population of 15,000 


muskrats in Iowa’? bred at a rate of 468 new 
muskrats per year and had a survival rate of 75%. 


a. How many of the muskrats alive in 1936 were 
still alive in 1957? 


b. Write a function for the number of muskrats 
that were born t years after 1936 and were still 
alive in 1957. 


c. Estimate the muskrat population in 1957. 
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There are approximately 200 thousand northern fur 
seals.*” Suppose the population is being renewed at 
a rate of r(t) = 60 — 0.5t thousand seals per year 
and that the survival rate is 67%. 


a. How many of the current population of 200 
thousand seals will still be alive 50 years from 
now? 


b. Write a function for the number of seals that will 
be born f years from now and will still be alive 50 
years from now. 


c. Estimate the northern fur seal population 50 
years from now. 


Explain, using related examples, the difference 
between a continuous income stream and a discrete 
income stream. 


intearals in Economics 


When you purchase an item in a store, you ordinarily have no control over the price 
that you pay. Your only choice is whether to buy or not to buy the item at the current 
price. In general, consumers hold to the view that price is a variable to which they can 
only respond. As the price per unit increases, consumers usually respond by purchas- 
ing (demanding) less. The typical relation between the price per unit (as input) and 
the quantity in demand (as output) is shown in Figure 7.12a. 


q 
Quantity demanded 


500 





20 Price per unit 


(a) 


The mathematician’s view 


FIGURE 7.12 


p 


P 
Price per unit 


q 
— Quantity 
500 demanded 
(b) 


The economist’s view 


The traditional approach to graphing in economic theory is to put the price per 
unit along the vertical axis and the quantity in demand along the horizontal axis. (See 


19. Paul L. Errington, Muskrat Population (Ames, IA: Iowa State University Press, 1963). 
20. Delphine Haley, Marine Mammals (Seattle: Pacific Search Press, 1978). 
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Figure 7.12b) We choose not to graph the economists’ way but instead use price per 
unit as input along the horizontal axis. This will help us understand price as input 
and visualize the definite integrals used later in this section. 


Demand Curves 


The graph relating quantity in demand q to price per unit p is called a demand curve. 
In economic theory, demand is actually a function that has several input variables, 
such as price per unit, consumers’ ability to buy, consumers’ need, and so on. The 
demand curve we consider here is a simplified version. We assume that all the possi- 
ble input variables are constant except price. We denote this demand function as D 
with input p. 

Even though the demand function is not a rate-of-change function, there are eco- 
nomic interpretations for the areas of certain regions lying beneath the demand 
curve. In order to interpret the area of these regions, you must understand how to 
interpret the information the demand curve represents. 

For instance, suppose the graph in Figure 7.13 represents the weekly demand for 
regular unleaded gasoline in a California city. A point on the demand curve indicates 
the quantity that consumers will purchase at a given price. For instance, at $3.39 per 
gallon, consumers will purchase 1 million gallons of gas. At $2.00 per gallon, con- 
sumers will purchase 2 million gallons of gas. 


Consumers’ Willingness and Ability to Spend 


Even though points on the demand curve tell us how much consumers will actually 
purchase at certain prices, consumers are willing and able to pay more than this 
amount for the quantity they purchase. For instance, consumers are willing and able 
to spend approximately $3.39 million for the first million gallons of regular unleaded 
gasoline, but they are willing and able to spend only approximately $2.00 million for 
the second million gallons. Thus, in total, consumers are willing and able to spend 
approximately $5.39 million for 2 million gallons of gas. 

If the price of gas is $1.19 a gallon, consumers are willing and able to buy the 
third million gallons. That is, consumers are willing and able to spend approximately 


(1 million gallons) ($3.39 per gallon) + (1 million gallons) ($2.00 per gallon) 
+ (1 million gallons)($1.19 per gallon) = $6.58 million 


for 3 million gallons of gas, even though in actuality they spend only 
(3 million gallons)($1.19 per gallon) = $3.57 million 


Consumers’ willingness and ability to spend can be approximated graphically as the 
areas of stacked horizontal rectangles. The amount that consumers actually spend is 
depicted as the area of a single vertical rectangle. (See Figures 7.14a and b.) 

You should have noticed that the amount that consumers are willing and able to 
spend for 3 million gallons was given as approximately $6.58 million. We can make 
this approximation better by considering smaller increments for price. If we were to 
approximate consumers’ willingness and ability to spend using price increments of 
$0.5 per gallon, $0.25 per gallon, $0.125 per gallon, etc., we would see that the areas 


of the stacked rectangles representing these approximations would become closer to 
being the true area depicted in Figure 7.15. 


D(p) 
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FIGURE 7.15 
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DX P) D(p) 
(million (million 
gallons) gallons) 

3 3 


wp 
i) 


Pp Pp 
0 (dollars 0 (dollars 
OQ) NW 2 aNai) per gallon) 0 1.19 per gallon) 
(a) (b) 
Consumers are willing and able Consumers pay only $3.57 
to spend about $6.58 million for for 3 million gallons of gas. 
3 million gallons of gas. 
FIGURE 7.14 


Thus consumers’ willingness and ability to 
purchase 3 million gallons of gas can be visually 
represented by the sum of the area of the rectan- 
gle with width 1.19 under the horizontal line 
D(p) = 3 and the area under the demand curve 
from 1.19 to P, where P is the price above which 
consumers cannot and will not purchase any 
gas. We calculate the consumers’ willingness and 
ability to spend as 


ip 
3(1.19) + [ D(p) dp million dollars 
1.19 


Pp 
(dollars 
per gallon) | Suppose the demand for gas can be modeled by 


D(p) = 5.43(0.607°) million gallons 


where p dollars is the price per gallon. The only piece of information we still need is P, 
the price above which no gas will be purchased. You should notice that the demand 
function approaches 0 as p becomes large; however, it will never be exactly 0 for any p. 
Hence, we let P approach . (You may wish to review the discussion of improper inte- 
grals in Section 6.6.) This is true for most demand functions in economics—some 
people will always want the product or service, regardless of the price. In this case, we 
consider the area under the demand curve as P becomes infinitely large. That is, 


oo 


3(1.19) + iE 5.43(0.607°) dp 


1.19 








= SO) lim = 343( 0.607) dp 
= 357+ jn (288080) 
po»\ 1n0.607 /|, 45 
mien (im 243(0.07) _ 5.43(0.607!") 
Pox  1n0.607 In0.607 
= 3.57 + 0 + 6.00 


=~ $9.57 million 
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Thus consumers are willing and able to spend $9.57 million in order to purchase 


3 million gallons of gas. . 
In general, we make the following definition: 


Consumers’ Willingness and Ability to Spend 


For a continuous demand function q = D(p), the maximum amount that 
consumers are willing and able to spend for a certain quantity 4p of goods or 
services is the area of the shaded region in Figure 7.16. 


q 
Quantity 


Pp 
Price 


Po per unit 


FIGURE 7.16 


where p, is the market price at which q, units are in demand and P is the 
price above which consumers will purchase none of the goods or services. 
This area is calculated as 


P 
Podo + i D(p) dp 


Po 


(Note that © is used as the upper limit on the integral if the demand function 
approaches, but does not cross, the input axis.) 





EXAMPLE 1_ Cellular Phones 





D(p) 
(phones) 


300 


p= 44.7 phone) 


FIGURE 7.17 


Suppose the average weekly demand of a certain brand of cellular phone can 
be modeled by the equation D(p) = 1952(0.959°) phones, where p is the 
wholesale price per phone in dollars. How much money are consumers will- 


ing and able to spend each week on the wholesale market for 300 such cellu- 
lar phones? 


Solution The amount that consumers are willing and able to spend on the 
wholesale market for 300 cellular telephones each week is given by the area of 
the region below the line q, = 300 and the graph of D. (See Figure 7.17.) 

We use D(p) = 300 to solve for Po ~ 44.73577 and note that D(p) is never 


0. However, it approaches 0 as p increases, so consumers are willing and able 
to spend 


P 
(dollars per 
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co 


(300) (4.73577) + [ 1952(0.959") dp 


44.73577 
Je 


| 


In 0.959 
12 
13,420.73019 + [iim 1952(0.959") 
Po» In 0,959 
13,420.73019 + 0 + 7166.026596 
== $20,587 


Poa 


= (300)(44.73577) + lim (eee) 





44.73577 


Ul 


— (-7166.026596) 


According to the demand model, consumers are willing and able to spend $20,587 
for 300 cellular phones each week. 


So ir 


Consumers’ Expenditure and Surplus 


Now that we have considered what consumers are willing and able to spend for a cer- 
tain quantity of a product, let us turn our attention to calculating what consumers 
actually spend for that quantity. We return to the discussion of gasoline demand. As 
was previously mentioned, if the market price for gas is $1.19 per gallon, consumers 
will purchase 3 million gallons. The actual amount spent by consumers is (3 million 
gallons)($1.19 per gallon) = $3.57 million, even though they are willing and able to 
spend much more. This actual amount spent is (price)(quantity), which is the area of 
the rectangular region from the vertical axis to p = 1.19 with height 3 as shown in 
Figure 7.18. This amount is known as the consumers’ expenditure. The amount that 
consumers are willing and able to spend but do not actually spend is known as the 
consumers’ surplus. 


D(p) 
(million 
gallons) 









* vv 
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FIGURE 7.18 


Earlier we found that consumers are willing and able to spend $9.57 million to 
purchase 3 million gallons of gas, so the consumers’ surplus from buying 3 million 
gallons of gas at $1.19 per gallon is 


$9.57 million — $3.57 million = $6 million 
Consumers’ surplus can also be computed as the area between the demand function 


and the horizontal axis as 


Consumers’ surplus = | 5.43(0.607?) dp ~ $6 million 
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In general, we make the following definitions: 















Consumers’ Expenditure and Surplus 


For a continuous demand function q = D(p), the amount that consumers 
spend at a certain market price is called consumers’ expenditure; it is 
represented by the rectangular area in Figure 7.19. Furthermore, the amount 
that consumers are willing and able to spend, but do not spend, for qy items 
at a market price py is called consumers’ surplus; it is represented by the area 
of the nonrectangular shaded region in Figure 7.19. The value P is the price 
above which consumers will purchase none of the goods or services. 













q 
Quantity 


P per unit 


FIGURE 7.19 


These areas are calculated as follows: 






u ’ expenditure = 
Consumers nak 


P 
Consumers’ surplus = | D(p)dp 
Po 





(Note that © is used as the upper limit on the integral if the demand function 
approaches, but does not cross, the input axis.) 


It is worth noting again that because 
economists graph with the input on the 
vertical axis, graphs showing consumers’ 
expenditure and surplus appear in econom- 
ics books with the rectangle that represents 
consumers’ expenditure lying below the 
area that represents consumers’ surplus, as 


shown in Figure 7.20. 
Consumers’ 


surplus 


Po 





Consumers’ 
expenditure 








D(p) 
qo FIGURE 7.20 The economist’s view 
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EXAMPLE 2 
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Minivans 





Suppose the demand for a certain model of minivan in the United States can be 
described as 


D(p) = 14.12(0.933") — 0.25 million minivans 


when the market price is p thousand dollars per minivan. 


a. 
1D) 


( 


At what price per minivan will consumers purchase 2.5 million minivans? 
What is the consumers’ expenditure when purchasing 2.5 million minivans? 


Does the model indicate a possible price above which consumers will purchase 
no minivans? If so, what is this price? 


When 2.5 million minivans are purchased, what is the consumers’ surplus? 


What is the total amount consumers are willing and able to spend on 2.5 million 
minivans? 


Solution 


a. 


Consumers’ 


P 


We solve D(p) = 2.5 to find the market price at which consumers will purchase 
2.5 million minivans. The equation 


14.12(0.933?) — 0.25 = 2.5 


is satisfied when p ~ 23.59033. That is, at a market price py of approximately 
$23,600 per minivan, consumers will purchase q, = 2.5 million minivans. 


When they purchase 2.5 million minivans, consumers’ expenditure will be 


Poo ~ (23.59033 thousand dollars per minivan)(2.5 million minivans) 
= $59.0 billion 


If the demand function approaches but does not cross the horizontal axis as price 
per unit increases without bound, then there is no price above which consumers 
will not purchase minivans. However, in this case, the demand function crosses 
the horizontal axis near p = 58.16701 (found by solving D(p) = 0). According to 
the model, the price above which consumers will purchase no minivans is 
approximately p = $58.2 thousand per minivan. 


Consumers’ surplus is the area of the region shaded in Figure 7.21, calculated as 


j2) 58.16701 
| D(p) dp ~ [14.12(0.933°) — 0.25] dp 
Po 


23.59033 


=~ 27.40482 


To determine the appropriate units for consumers’ surplus, remember that 
we are finding the area of a region whose width is measured in thousand dol- 
lars per minivan and whose height is measured in million minivans. Thus 
the units on consumers surplus are (thousand dollars per minivan)(million 
minivans) which simplify to billion dollars. Therefore, we estimate the con- 
sumers’ surplus when purchasing 2.5 million minivans to be $27.4 billion. 


(thousand 


dollars per 


minivan) 


e. The amount that consumers are willing and able to spend for 2.5 million 
minivans is the combined area of the two shaded regions in Figure 7.21. 
This area is approximately 59.0 + 27.4 = $86.4 billion. 


see eeeceeeresssesoseree 
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Supply Curves 


We have seen that when prices go up, consumers usually respond by demanding less. 
However, manufacturers and producers respond to higher prices by supplying more. 
Thus a typical curve that relates the quantity supplied, S, to price per unit, p, is usu- 
ally increasing and appears as shown in Figure 7.22. 

The graph that expresses the quantity supplied in terms of the price per unit is 
called a supply curve. You should note from Figure 7.22 that there is a price p, below 
which producers are not willing or able to supply any quantity of the product. The 
point (p,, S(p;)) is known in economics as the shutdown point. If the market price 
(and the corresponding quantity) fall below this point, producers will shut down 
their production. 

The supply function has an interpretation very similar to that of the demand 
function. Suppose the quantity of regular unleaded gasoline that producers will sup- 
ply is modeled as 


SNe 0 million gallons when p < 1 
0.792p? — 0.433p + 0.314 million gallons when p = 1 


where the market price of gas is p dollars per gallon. This function is graphed in blue 
in Figure 7.23. At $1.24 a gallon, producers will supply 1 million gallons of gas. At 
$1.78 per gallon, producers will supply 2 million gallons, and if the price is $2.14 a 
gallon, producers will supply.3 million gallons. 


S(p) ~ 
(million gallons) 
> 


4 
3 


2 





0 a: + (dollars per 
FICUREDIOS 0 D124 1782.14 3 gallon) 


Producers’ Willingness and Ability to Receive 


We approximate the minimum that producers are willing and able to receive for 
3 million gallons of gas by summing the amount they are willing and able to receive 


OhaNs first million gallons, for the second million gallons, and for the third million 
gallons: 


($1.24 per gallon)(first 1 million gallons) + ($1.78 per gallon)(second 
1 million gallons) + ($2.14 per gallon)(third 1 million gallons) 


= $1,240,000 + $1,780,000 + $2,140,000 = $5,160,000 


Thus the minimum that producers are willing and able to receive for 3 million gal- 
lons of gas is approximately $5,160,000. This amount can be thought of as the sum of 
the areas of the three stacked rectangles shaded in Figure 7.23. 
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S(p) As we use more intervals, the area of stacked rectangles comes 
(million closer to the true area of the region below the q = 3 line and above 
gallons) the q = S(p) curve shown in Figure 7.24. Because a portion of S(p) is 


zero, we find the total area by dividing the region into a rectangular 
region and the region below q = 3 and above q = S(p) to the right of 
the shutdown point. 

Therefore, the minimum amount that suppliers are willing and 
able to receive is calculated as 


2.14 


3(1) =| [3 — S(p)] dp 
1 


P 
(dollars 


01 2.14 per gallon) 
FIGURE 7.24 





2.14 
=3+ i (-0.792p? + 0.433p + 2.686) dp 
1 


= $4.5 million 


According to the supply model S, suppliers are willing and able to receive no less than 
$4.5 million for 3 million gallons of gas. 
We make the following general definition: 


Producers’ Willingness and Ability to Receive 


For a continuous supply function q = S(p), the minimum amount that 
producers are willing and able to receive for a certain quantity q) of goods or 
services is the area of the shaded region in Figure 7.25 


q 
Quantity 


Producers’ 
willingness 
and ability 
to receive 


P 
Price 
FIGURE 7.25 By, Po per unit 


where py is the market price at which q, units are supplied and p, is the 
shutdown price. This area is calculated as 


Po 
pido + | [ao ~ Stp)lap 


Pi 


If there is no shutdown price, then p, = 0. 





Producers’ Revenue and Surplus 


The market price that will lead to the supply of 3 million gallons of gas is p ~ $2.14 
per gallon. The producers’ revenue is (price)(quantity), which is the area of the 
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S(p) rectangle shown in Figure 7.26: ($2.14 per gallon)(3 million gallons) ~ 
(million $6.4 million. Producers will therefore receive $6.4 million ~ $4.5 
gallons) million ~ $1.9 million in excess of the minimum they are willing 

and able to receive. This excess amount is known as the producers’ 
47 surplus and is the area of the shaded region in Figure 7.26. 
We calculate the producers’ surplus from the sale of 3 million 
gallons of gas at the market price of approximately $2.14 directly 
from the supply function as follows: 






2.14 


2.14 
S(p)dp = i (0.792p* — 0.433p + 0.314) dp 
1 


Producers’ 
surplus 


1 
Pp =~ $1.9 million 

(dollars 

One 2.14 per gallon) 





The area of the rectangle is producers’ revenue. 
FIGURE 7.26 


In general, we find the producers’ total revenue and the producers’ surplus as 
follows: 

















Producers’ Revenue and Surplus 


For a continuous or piecewise continuous supply function q = S(p), 

the amount that producers receive at a certain market price is called the 
producers’ revenue and is the area of the shaded rectangle in Figure 7.27a. 
Furthermore, the amount that producers receive above the minimum 
amount they are willing and able to receive for qy items at a market price pp» 
is called the producers’ surplus and is the area of the region between the 
supply function and the horizontal axis as shown in Figure 7.27b. The value 
Pp, is the price below which production shuts down. (If there is no shutdown 
price, then p, = 0.) 
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These areas are calculated as follows: 





P j = 
roducers revenue Poo 


Po 
Producers’ surplus = | S(p) dp 
Py 
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EXAMPLE 3 __ Cellular Phone Supply 


Suppose the function for the average weekly supply of a certain brand of cellular 
phone can be modeled by the equation 


S(p) = {° phones when p < 15 
0.047p* + 9.38p + 150 phones when p = 15 
where p is the market price in dollars per phone. 
How many phones (on average) will producers supply at a market price of $45.95? 


b. What is the least amount that producers are willing and able to receive for the 
quantity of phones that corresponds to a market price of $45.95? 


What is the producers’ revenue when the market price is $45.95? 


d. What is the producers’ surplus when the market price is $45.95? 


Solution 


a. When the market price is $45.95, producers will supply an average of S(45.95) ~ 
680 phones each week. 


b. The minimum amount that producers are willing and able to receive is the area of 
the labeled region in Figure 7.28 and is calculated as 


45.95 


(15)(680.247) + | [680.247 — S(p)] dp 


15 
45.95 


= 10,203.704 + (-0.0157p* — 4.69p? + 530.247p)|;: 
~ $16,300.53 


S(p) 
(phones) 
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Producers’ willingness 
and ability to receive 


300 
Producers’ 
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P 
(dollars per 
0 15 45.95 phone) 
FIGURE 7.28 


c. When the market price is $45.95, the producers’ revenue is 
(Quantity supplied at $45.95)($45.95 per phone) 
=~ (680.247 phones) ($45.95 per phone) 
=~ $31,257.35 


Graphically, the producers’ revenue is the area of the rectangle in Figure 7.28. 
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Market equilibrium (p*, q*) occurs 
when demand is equal to supply. 


FIGURE 7.29 
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d. When the market price is $45.95, the producers’ surplus (see Figure 7.28) is 


45.95 
45.95 
| S(p) dp = (0.0157p* + 4.69p* +.150p) ~ $14,956.82 
15 15 
Note that the producers’ surplus plus the minimum amount that the producers 
are willing and able to receive is equal to the producers’ revenue. 


seer eeccsereecescseeeee 


Social Gain 


Consider the economic market for a particular item for which the demand and sup- 
ply curves are shown in Figure 7.29. The point (p*, q*) where the demand curve and 
supply curve cross is called the equilibrium point. At the equilibrium price p*, the 
quantity demanded by consumers coincides with the quantity supplied by producers. 
This quantity is q*. 

Economists consider that society is benefited whenever consumers and/or pro- 
ducers have surplus funds. When the market price of a product is the equilibrium 
price for that product, the total benefit to society is the consumers’ surplus plus the 
producers’ surplus. This amount is known as the total social gain. 
















Market Equilibrium and Social Gain 


Market equilibrium occurs when the supply of a product is equal to the 
demand for that product: If q = D(p) is the demand function and q = S(p) is 
the supply function, then the equilibrium point is the point (p*, q*), where 
p* is the price that satisfies the equation D(p) = S(p) and q* = D(p*) = Sip): 
The total social gain for a product is the sum of the producers’ surplus 
and the consumers’ surplus. When q* units are produced and sold at a 
market price of p*, the total social gain is the area of the entire shaded region 
in Figure 7.30. The value p, is the price below which production shuts down, 
and P is the price above which consumers will not purchase. 
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The combined area is calculated as 





Total social gain = producers’ surplus + consumers’ surplus 


= I “Sind 1 I Dip) dp 
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For the gasoline example, we solve D(p) = S(p) to find the price that results in 
market equilibrium. The solution to 5.43(0.607?) = 0.792p? — 0.433p + 0.314 is 
found using technology as p* ~ $1.83 per gallon; the corresponding demand and 
supply are given by q* = D(p*) = S(p*) ~ 2.2 million gallons of gas. Thus market 
equilibrium occurs at a price of $1.83 per gallon. At this price, 2.2 million gallons of 
gas will be sold and supplied. 

Recall that for the gasoline supply function, the shutdown price is $1.00 per gal- 
lon and that for the demand function, there is no value above which consumers will 
no longer purchase any gas. Using these two facts and the market equilibrium price, 
we calculate total social gain as 


co 


1.8311 
Total social gain ~ [ (0.792p? — 0.433p + 0.314)dp + 5.43(0.607°) dp 
1.00 1 


8311 


ul 


1.108 + 4.360 ~ $5.5 million 


At the market equilibrium price of $1.83 per gallon, the total social gain is approxi- 
mately $5.5 million. 


Minivans 


Suppose the demand and supply functions for a certain model of minivans are 
Demand = D(p) = 14.12(0.933?) — 0.25 million minivans 
and 


0 million minivans when p < 15 
0.25p — 3.75 million minivans when p = 15 


Supply = S(p) = 
where p is the market price in thousand dollars per minivan. 
a. Find the market equilibrium point for minivans. 
b. Find the total social gain when minivans are sold at the market equilibrium 
price. 
Solution 
a. Solving 


14012(0:933" 0.25.1 0:25p.— 3.75 


for p yields p* ~ $24.39963 thousand. At this market 
price, q* ~ 2.34991 million minivans will be purchased. 
[Note: q* can be found as either D(p*) or S(p*).] 


b. The total social gain at market equilibrium is the area 
of the shaded regions in Figure 7.31. We must find p,, 


Consumers’ the shutdown price, and P, the price beyond which 


consumers will purchase no minivans, before we can 
i proceed. 
(thousand The shutdown price is given in the statement of the 
(OS bet supply function as p, = 15. The price beyond which con- 
aupivan) sumers will not purchase can be found by solving 
D(p) = 0. In this case, P ~ 58.16701. 
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Now we proceed with our calculation of total social gain: 


24.39963 
Total social gain ~ | 
5} 


(0250s 2) 20a I 


58.16701 
[14.12(0.933") — 0.25] dp 


24.39963 


= 11.04413 + 25.44287 


= 36.487 


Hence the total social gain is approximately $36.5 billion. See Example 2, solution 
d for an explanation of these units. [Note that producers’ surplus is the area of a 
triangle and that it can be calculated as (24.39963 — 15)(2.34991) ~ 11.04.] 


Concept 
Inventory 


Market price 
Demand curve 
Consumers’ willingness and ability to spend 


Consumers’ expenditure 

Consumers surplus 

Supply curve 

Shutdown point 

Producers’ revenue 

Producers’ surplus 

Producers’ willingness and ability to receive 
Market equilibrium 

Total social gain 


Activities 


1. Give the economic name by which we call each of 


the following: 


a. The function relating the number of items the 
consumer will purchase at a certain price and the 
price per item 

b. The function relating the quantity of items the 
supplier of the items will sell at a certain price 
and the price per item 


c. The area of the region below the supply curve 
between the shutdown price and the market 
price 

d. The area of the region below the demand curve 
between the market price and the price above 
which consumers will cease to purchase 


2. For each of the following amounts: 


i. Describe the region whose area gives the 
specified amount. 


ii. Illustrate that region by sketching an example. 


a. The maximum amount that consumers are will- 
ing and able to spend 


b. The minimum amount that producers are will- 
ing and able to receive 


c. The consumers’ expenditure 


d. The total social gain at market equilibrium 


. Explain how to find each of the following: 


a. The price P above which consumers will pur- 
chase none of the goods or services 


b. The shutdown point 


c. The point of market equilibrium 


. The demand for wooden chairs can be modeled as 


D(p) = -0.01p + 5.55 million chairs 
where p is the price (in dollars) of a chair. 


a. According to the model, at what price will con- 
sumers no longer purchase chairs? Is this price 
guaranteed to be the highest price any consumer 
will pay for a wooden chair? Explain. 


b. Find the quantity of wooden chairs that con- 
sumers will purchase if the market price is 
599.95; 


c. Determine the amount that consumers are will- 
ing and able to spend to purchase 3 million 
wooden chairs. 


d. Find the consumers’ surplus when consumers 
purchase 3 million wooden chairs. 


. The demand for ceiling fans can be modeled as 


D(p) = 25.92(0.996?) thousand ceiling fans 


where p is the price (in dollars) of a ceiling fan. 


a. According to the model, is there a price above 
which consumers will no longer purchase fans? 
If so, what is it? If not, explain why not. 


b. Find the amount that consumers are willing and 


able to spend to purchase 18 thousand ceiling 
fans. 


c. Find the quantity of fans consumers will pur- 
chase if the market price is $100. 


d. Find the consumers’ surplus when the market 
price is $100. 

. The demand for a 12-ounce bottle of sparkling 

water is given in Table 7.8. 


TABLE 7.8 


Price 
(dollars per bottle) 





a. Find a model for demand as a function of price. 

b. Does your model indicate a price above which 
consumers will purchase no bottles of water? If 
so, what is it? If not, explain. 

c. Find the quantity of water that consumers will 
purchase if the market price is $2.59. 

d. Find the amount that consumers are willing and 
able to spend to purchase the quantity you 
found in part c. 

e. Find the consumers’ surplus when the market 
price is $2.59. 


. The average daily demand for a new type of 
kerosene lantern in a certain hardware store is as 
shown in Table 7.9. 


TABLE 7.9 


Average quantity 
Price demanded 
(dollars per lantern) (lanterns) 
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a. Find a model giving the average quantity 
demanded as a function of the price. 

b. How much are consumers willing and able to 
spend each day for these lanterns if the market 
price is $12.34 per lantern? 

c. Find the consumers’ surplus if the equilibrium 
price for these lanterns is $12.34 per lantern. 


. The willingness of saddle producers to supply sad- 


dles can be modeled by the following function: 


oe 0 thousand saddles if pi. 
2.194(1.295?) thousand saddles ifp = 5 


when saddles are sold for p thousand dollars. 


a. How many saddles will producers supply if the 
market price is $4000? $8000? 

b. At what price will producers supply 10 thousand 
saddles? 

c. Find the producers’ revenue if the market price 
is $7500. 


d. Find the producers’ surplus if the market price is 
$7500. 


. The willingness of answering machine producers to 


supply can be modeled by the following function: 


0 thousand answering machines if p < 20 


S(p) = 4 0.024p? — 2p + 60 thousand if p = 20 


answering machines 


when answering machines are sold for p dollars. 


a. How many answering machines will producers 
supply if the market price is $40? $150? 


b. Find the producers’ revenue and the producers’ 
surplus if the market price is $99.95. 


10. Table 7.10 shows the number of CDs that producers 


will supply at the given prices. 


TABLE 7.10 


Price per CD CDs supplied 
(dollars) (millions) 
1 


Raa 
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a. Find a model giving the quantity supplied as a 
function of the price per CD. Note: Producers 
will not supply CDs if the market price falls 
below $4.99. 


b. How many CDs will producers supply if the 
market price is $15.98? 

c. At what price will producers supply 2.3 million 
CDs? 


d. Find the producers’ revenue and producers’ sur- 
plus if the market price is $19.99. 








11. Table 7.11 shows the average number of prints of a 
famous painting that producers will supply at the 
given prices. 

TABLE 7.11 
Price per print Prints supplied 
(hundred dollars) (hundreds) 
es |) ee 
Pee eae 
ean 29 bly bwiven6'3 Savy 
wn Ee 
a. Find a model giving the quantity supplied as a 
function of the price per print. Note: Producers 
will not supply prints if the market price falls 
below $500. 
b. At what price will producers supply 5 hundred 
prints? 
c. Find the producers’ revenue and producers’ sur- 
plus if the market price is $630. 
12. The daily demand for beef can be modeled by 
40.007 aa 
D(p) = I 0033202838 million pounds 
when the price for beef is p dollars per pound. Like- 
wise, the supply for beef can be modeled by 
0 million pounds ifp < 0.5 
S(p) = 51 





1 + 53,99603949° million pounds ifp = 0.5 


when the price for beef is p dollars per pound. 


a. How much beef is supplied when the price is 
$1.50 per pound? Will supply exceed demand at 
this quantity? 


b. Find the point of market equilibrium. 


33 
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The average quantity of sculptures that consumers 
will demand can be modeled as D(p) = -1.003p* — 
20.689p + 850.375 sculptures, and the average quan- 
tity that producers will supply can be modeled as 


when p < 4.5 
when p = 4.5 


0 sculptures 
0.256p? + 8.132p 
+ 250.097 sculptures 


where the market price is p hundred dollars per 

sculpture. 

a. How much are consumers willing and able to 
spend for 20 sculptures? 

b. How many sculptures will producers supply at 
$500 per sculpture? Will supply exceed demand 
at this quantity? 

c. Determine the total social gain when sculptures 
are sold at the equilibrium price. 


A florist constructs Table 7.12 on the basis of sales 
data for roses. 


TABLE 7.12 





a. Find a model for the quantity demanded. 


b. Determine how much money consumers will be 
willing and able to spend for 80 dozen roses each 
week. 


c. If the actual market price of the roses is $22 per 
dozen, find the consumers’ surplus. 


Suppose the suppliers of roses collect the data 
shown in Table 7.13. 


d. Find an equation that models the supply data. 
Suppliers will supply no roses for prices below 
$5.00 per dozen. 


e. What is the producers’ surplus when the market 
price is $17 per dozen? 

f. For what price will roses be sold at the equilib- 
rium point? 


g. What is the total social gain from the sale of 
roses at market equilibrium? 
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TABLE 7.13 


d. Find the total social gain from the sale of a hard- 
back science fiction novel at the market equilib- 
rium price. 


Dozens supplied 
per week 





16. Table 7.15 shows both the number of a certain type 
of graphing calculator in demand and the number 
supplied at certain prices. 

a. Find a model for demand given the price per cal- 
culator. 





b. Find a model for supply given the price per cal- 
culator. Note: Producers are not willing to supply 
any of these graphing calculators when the mar- 


15. Table 7.14 gives both number of copies of a hard- ket price is less than $47.50. 

back science fiction novel in demand and the num- c. At what price will market equilibrium occur? 

ber supplied at certain prices. How many calculators will be supplied and 

a. Find an exponential model for demand given the demanded at this price? 
price per book. d. Find the producers’ surplus at market equilib- 

b. Find a model for supply given the price per book. rium. 

Note: Producers are not willing to supply any e. Estimate the consumers’ surplus at market equi- 
books when the market price is less than $18.97. librium. 

c. At what price will market equilibrium occur? f. Estimate the total social gain from the sale of this 
How many books will be supplied and type of graphing calculator at the market equi- 
demanded at this price? librium price. 

TABLE 7.14 


Price (dollars per book) 


Books demanded 
(thousands) 





Books supplied 
(thousands) 


TABLE 7.15 
Price (dollars per calculator) 


Calculators demanded 
(millions) 





Calculators supplied 
(millions) 


7.4 __Average Value and Average Rate of Change 


Several times throughout our consideration of calculus concepts, we have discussed 
the differences between discrete and continuous situations. Generally, we can answer 
mathematical questions about discrete situations without the use of calculus, but we 
often need calculus to describe continuous situations accurately. In this section we 
consider averages—another mathematical description that requires simple arith- 
metic in discrete cases and calculus in continuous cases. 
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Analyzing Accumulated Change: Integrals in Action 


As a student, you are intimately acquainted with grade averages and the method 
of calculating averages by adding grades and dividing by the number of them. Grades 
are discrete data. Let us consider a situation in which it may be important to know an 
average but discrete averaging is not practical. 

Suppose that a student in your calculus class has a medical condition that 
exhibits itself in a racing heartbeat. His doctor has warned this student that his aver- 
age resting heart rate over any given hour should not be allowed to exceed 101 beats 
per minute. The student has a history of math anxiety and is certain that during 
math tests, his heart rate averages over 101 beats per minute. If he can prove that his 
average heart rate during a test is greater than 101 beats per minute, he will be 
allowed to test with methods other than traditional in-class tests. 

In order to determine his average heart rate during a math test, a nurse accompa- 
nies the student to one of the tests with a machine that automatically measures his 
heart rate every 10 minutes. The nurse records each measurement. The data are 
shown in Table 7.16. 


TABLE 7.16 


(minutes) (beats per minute) 
RIA. |. ae 
mk ee 


The nurse averages the 6 heart rate values (by adding and dividing by 6) to determine 
that his average heart rate is 100.8 beats per minute. The student argues that this 
average is not accurate because his heart rate is constantly changing and hence the 6 
measurements are not a complete picture of his heart rate during the test time. 

The student convinces the doctor to obtain a more accurate estimate of his heart 
rate by having the nurse record the heart rate every 5 minutes. Averaging the result- 
ing 11 heart rates should provide a more accurate estimate. This is done as he takes 
the next test, and the results are shown in Table 7.17. 

TABLE 7.17 


Time into test Heart rate Time into test Heart rate 
(minutes) (beats per aa — (beats per minute) 


EE 
a Ser 


Convinced that these data will prove that his average heart rate during a math test is 
above 101, he calculates the average by summing the heart rates and dividing by 11. 
The result is an average of 100.73 beats per minute. 
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The student again argues that this average is not accurate because it uses a dis- 
crete number of heart rates, whereas he knows his heart rate is constantly changing. 
He requests that his heart rate be measured every minute, but the doctor refuses, say- 
ing that he is convinced that the patient’s heart rate is averaging below 101. Frus- 
trated but not defeated, the student turns to mathematics for help. He realizes that 
his actual heart rate is calculated as the number of times his heart beats during the 
test divided by the time. He also realizes that it is impractical to count the number of 
heartbeats during a 50-minute period. 

Having learned (despite his math anxiety!) about integrals, he reasons that if he 
could model with a continuous function his heart rate during a test and integrate 
that function over the 50-minute interval, then he would have a close approximation 
for the total number of times his heart beat during the test. Dividing this value by 50 
minutes would give a more accurate average heart rate than the method of summing 
discrete data values. 

Applying this reasoning, he models the data in Table 7.17. The result is the equa- 
tion 


A(t) = (-4.80186-10°)¢* + 0.005998 — 0.229476 + 2.813403t + 
94.370629 beats per minute 


where ¢ is the number of minutes since the test began. Integrating from 0 to 50 min- 


50 

utes gives the result | H(t)dt ~ 5033 beats. Dividing this total number of beats by 
0 

50 minutes, the student obtains an average heart rate of 100.66 beats per minute. 


Defeated, this time by his own reasoning, he goes to see his math instructor to find 
out whether there was a flaw in his logic. With amazement in her voice, she informs 
him that his reasoning is essentially correct. She reminds him that using a continuous 
model for a discrete situation must be done with care but that in this case, there are 
so many beats during the 50-minute interval (nearly 2 per second) that it is reason- 
able to model the heart rate with a continuous function. She is so impressed by his 
solution to the problem that she exempts him from taking the final exam! 


Average Value of a Function 


If y = f(x) is a continuous function, then we can approximate the average value (or 
average) of the function over an interval from x = a to x = b by dividing the interval 
into n equally spaced subintervals, evaluating the function at a point in each subin- 
terval, summing the function values, and dividing by n. 


f(x,) He f(X>) pmo mal ey) sPaikee) 


nN 





Average value ~ 


We denote the length of each subinterval by Ax and calculate the length as 
Ax = 2—*. Rewrite the average value estimate by multiplying the top and bottom 


terms by Ax: 





UC stant (OG) ae opty (ery ata ccs | Ace 
nAx 


Wil oq) areal ey) gta oe ued) eRe 
eo) 





Average value ~ 
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As in the heart rate example, the estimate improves as the number of intervals 
increases. Thus we obtain the exact average value by finding the limit of the estimate 
as n approaches infinity: 


ae K 
Average value = lim [floa) + flea) + : — see ea ¢ 





which can be written as 


Average value = — 


Thus we have 


Average Value 


If y = f(x) is a smooth, continuous function from a to b, then the average 
value of f(x) from a to b is 


b 
Average value of _ | Te) 


— 14 


f(x) from a to b = @ 





The average value of a function over an interval can be graphically interpreted as 
the height (or signed height) of a rectangle whose area equals the area between the 
function and the horizontal axis over the interval. In Figure 7.32, the heart rate func- 
tion is shown together with the rectangle whose height is the average value. (Note 
that we do not show the vertical axis to zero; however, it is true that the area of the 
rectangle and the area between the graph and the line representing the horizontal 
axis shown in Figure 7.32 are equal. You will have an opportunity to justify this state- 
ment in the Activities. ) 


H(t) 


(beats per minute) 


110 


100.7 





90 ' 
0 50 (minutes) 


FIGURE 7.32 
EXAMPLE 1 Jemperature 


Suppose that the hourly temperatures shown in Table 7.18 were recorded from 7 a.m. 
to 7 p.m. one day in September. 
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Temperature 
Time (°F) 


TABLE 7.18 


Temperature 
Time (°F) 


a al 
ice Sa 
fi sam [a sen a] 
iro | a ce 
ee 
Elie 




















11 a.m. 


Find a cubic model for this set of data. 





b. Calculate the average temperature between 9 a.m. and 6 p.m. 


c. Graph the equation together with the rectangle whose upper edge is determined 
by the average value. 


d. Calculate the average rate of change of temperature from 9 a.m. to 6 p.m. 


Solution 
a. The temperature on this particular day can be modeled as 
t(h) = -0.03526h? + 0.71816h? + 1.584h + 13.689 degrees Fahrenheit 


h hours after midnight. This model applies only from h = 7 (7 a.m.) to 
h = 19(7 p.m.). 


b. The average temperature between 9 a.m. (h = 9) and 6 p.m. (h = 18) is 


18 
[ t(h) dh 
9 
io 


Average temperature = =~ 74,4 °F 


c. 


60 








40 (hours after 


midnight) 
FIGURE 7.33 


d. Recall from Section 3.1 that the average rate of change of a function on an inter- 
val is the change in output divided by the change in input. The average rate of 
change of temperature from 9 a.m. to 6 p.m. is 

13) = 49 
Average rate of change as t(18) (9) PORE per hour 
of temperature iso 


Powe serorsesseeeesesses 
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EXAMPLE 2 





Analyzing Accumulated Change: Integrals in Action 


Average Rate of Change 


The preceding example asked for an average rate of change. We know from Section 
3.1 that the average rate of change of a continuous function y = f(x) from x = a to 


fib) — fla) 


x = bis calculated as ~—~, —. However, consider what happens when you have a 
function that describes the rate of change of a quantity (that is, you have y = f'(x)) 
and you need to find the average rate of change of the quantity f(x). In this case, you 
do not use the average rate-of-change formula but should instead use an integral to 
find the average value of the rate-of-change function. Note that we use the terms 
average rate of change and average value of the rate of change interchangeably. 


The Average Value of the Rate of Change 


If y = f'(x) is a smooth, continuous rate-of-change function from a to b, 
then the average value of f'(x) from a to b is 


| "p(x dx 


Average value of the rate of _ 
change of f(x) from a to b bia 


(b) — fla) 


bea 


where f(x) is an andere of fe): 


Population Growth 


The growth rate of the population of South Carolina can be modeled’! as 
p'(t) = 0.1552t + 0.223 thousand people per year 


where ft is the number of years since 1790. The population of South Carolina in 1990 
was 3486 thousand people. 


a. What was the average rate of change in population from 1995 through 2000? 


b. What was the average size of the population from 1995 through 2000? 


Solution 


a. The average rate of change in population between 1995 and 2000 is calculated 
directly from the rate-of-change function as 
210 


p’(t) dt (thousand people/year) (years) 


205 





210 — 205 years ~ 32.4 thousand people per year 


b. In order to calculate the average population, we must have a function for popula- 
tion. That is, we need an antiderivative of the rate-of-change function: 


po = [pat 
= 0.0776t* + 0.223t + C thousand people 


21. Based on data from Statistical Abstract, 1998. 
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We know that the population in 1990 was 3486 thousand people. Using this fact, 
we solve for C, so the function for population is 


p(t) = 0.0776r + 0.223t + 337.4 thousand people 


where f is the number of years since 1790. Now we calculate the average popula- 
tion between 1995 and 2000 as 


210 


p(t) dt 


205 


71 e205 


Peo ores eseseseseeesece 


~ 3725 thousand people 


Note in Example 2 that the average value of the population was found by inte- 
grating the population function, whereas the average rate of change was found by 


integrating the population rate-of-change function. This example illustrates an 
important principle: 


In using integrals to find average values, integrate the function whose output 


is the quantity you wish to average. 





Note also that in part a of Example 2, we could have calculated the average rate of 
change by using the population function and the formula 


p(210) — p(205) _ 162.135 thousand people 
Z10 5205 5 years 








~ 32.4 thousand people per year 


We summarize this discussion as follows: 


Average Values and Average Rates of Change 


If y = f(x) is a continuous or piecewise continuous function describing a 
quantity from x = a to x = b, then the average value of the quantity from a 
to b is calculated by using the quantity function and the formula 


i one 


Average value of f(x) = poe 


The average value has units the same as the output of the function f. 
The average rate of change of the quantity, also called the average value 
of the rate of change, can be calculated from the quantity function as 


f(b) — fla) 
ba 


Average rate of change = 


or from the rate-of-change function as 


b 
f(x) dx 
Da 


Average rate of change = ~4 


The average rate of change has the same units as the rate of change of f. 
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Carbon-14 


Scientists estimate that 100 milligrams of the isotope '*C used in carbon dating 
methods decay at a rate of 


r(t) = -0.0121(0.999879") milligrams per year 


where t is the number of years since the 100 milligrams of isotope began to decay. 
The amount of the 100 milligrams remaining after t years of decay is 


a(t) = 100(0.999879") milligrams 
a. What is the average amount of the remaining isotope during the first 1000 years? 
b. What is the average rate of decay during the first 1000 years? 


c. Graphically illustrate the answers to parts a and b. 


Solution 


a. We calculate the average amount remaining during the first thousand years as 


1000 
| a(t) dt 
0 


Tin — = 94.2 milligrams 


b. We find the average rate of decay during the first 1000 years as 


1000 
[ r(t) dt : 
: ~ -0.0114 milligram per year 


1000 — 0 
In other words, the amount of '*C decreased by an average of 0.0114 milligram 
per year during the first 1000 years. Note that this average rate of change can also 
be calculated by using the amount function: 


a(1000) — a(0) _ 88.6 — 100 milligrams 
LODO == +0 1000 years 





= -0.0114 milligram per year 


c. The average amount determines the top of the rectangle shown in Figure 7.34a. 
The average rate of decay determines the bottom of the rectangle shown in Figure 
7.34b. The average decay rate also can be graphically illustrated as the slope of a 
secant line through two points on the amount function. 


r(t) 
a(t) (mg/year) 
(mg) 0 1000 t 
100 -0.0105 







Average amount = 
94.2 milligrams 





-0.0114 





Average rate of 
change = -0.0114 mg/year 


1 t -0.012 
0 1000 (years) 


(a) (b) 





FIGURE 7.34 


COO re rary 
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Concept 
Inventory 





@ Average value of a function 

©@ Graphical illustration of average value 

@ Average rate of change of a function 

@ Average value of a rate-of-change function 





Activities 


1. The Highway Department is concerned about the 
high speed of traffic during the weekday afternoon 
rush hours from 4 p.m. to 7 p.m. on a newly 
widened stretch of interstate highway that is just 
inside the city limits of a certain city. The Office of 
Traffic Studies has collected the data given in Table 
7.19, which show typical weekday speeds during the 
4 p.m. to 7 p.m. rush hours. 


TABLE 7.19 





a. Find a model for the data. 


b. Use the equation to approximate the average 
weekday rush-hour speed from 4 p.m. to 7 p.m. 
c. Use the equation to approximate the average 
weekday rush-hour speed from 5 p.m. to 7 p.m. 


2. US. factory sales of electronics from 1990 through 
1996 can be modeled” by the equation 


Sales = -0.23x° + 2.257x2 — 1.51x + 42.8 billion dollars 


where x is the number of years since 1990. 


a. Use a definite integral to approximate the average 
annual value of U.S. factory sales of electronics 
over the 6-year period from 1990 through 1996. 


22. Based on data from Statistical Abstract, 1998. 


b. Sketch the graph of sales from 1990 through 
1996, and draw the horizontal line representing 
the average value. 


3. The most expensive rates (in dollars per minute) for 


a 2-minute telephone call using a long-distance car- 
rier are listed in Table 7.20. 


TABLE 7.20 


Rate 
(dollars per minute) 


=| eos 
1984 
Ti9es | 








1989 0.65 


a. Find a model for the data. 






b. Use a definite integral to estimate the average of 
the most expensive rates from 1982 through 1990. 


c. Use a definite integral to estimate the average of 
the most expensive rates from 1982 through 2000. 


. Table 7.21 gives the price (in dollars) of a round- 


trip flight from Denver to Chicago on a certain air- 
line and the corresponding monthly profit (in mil- 
lions of dollars) for that airline for that route. 


TABLE 7.21 


Profit (millions 
of dollars) 





a. Find a model for the data. 


b. Determine the average profit for ticket prices 
from $325 to $450. 
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c. Determine the average rate of change of profit 
when the ticket price rises from $325 to $450. 


d. Graphically illustrate the answers to parts b and c. 


5. The population of Mexico between 1921 and 1997 
is given by the model” 


Population = 7.391(1.02695") million people 


where t is number of years since the end of 1900. 


a. What was the average population of Mexico 
from the beginning of 1980 through the end of 
1989? 


b. In what year was the population of Mexico equal 
to its 1980s average? 


c. What was the average rate of change of the pop- 
ulation of Mexico during the 1980s? 


tion 1921 through 1990 as reported by Pick and Butler, The Mex- 
ico Handbook (Boulder, CO: Westview Press, 1994) and Statistical 
Abstract, 1998. 


8. 
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c. Graphically illustrate the answers to parts a and b. 


During a summer thunderstorm, the temperature 
drops and then rises again. The rate of change of 
the temperature during the hour and a half after the 
storm began is given by : 


T(h) = 9.48h? — 15.49h? + 17.38h — 9.87 °F per hour 


where h is the number of hours since the storm 

began. 

a. Calculate the average rate of change of tempera- 
ture from 0 to 1.5 hours after the storm began. 

b. If the temperature was 85°F at the time the 
storm began, find the average temperature dur- 
ing the first 1.5 hours of the storm. 


9. The acceleration of a race car during the first 35 
. The number of AIDS cases diagnosed from 1994 seconds of a road test is modeled by 
through 1997 can be modeled” by 
a(t) = 0.0242 — 1.72t + 22.58 ft/sec? 
C(x) = -x? + 16.1x? — 90.7x + 247.5 thousand cases 
where x is the number of years since the end of pbctesgs pe eset e os ae See pa 
1990 began. Assume that velocity and distance were both 
; 0 at the beginning of the road test. 

a. Use a definite integral to estimate the average : : 
pe erect cabetyech a. Calculate the average acceleration during the 
the end of 1994 and the end of 1997 first95 scconds/ot the Toad tt 

ORE n ere eon rare caces diag: b. Calculate the average velocity during the first 35 
nosed from the end of 1994 through 1997. SE Spare Ae tao 

ME cy eas he nimneroreces diag: c. Calculate the distance traveled during the first 35 

‘ < 8 seconds of the road test. 
nosed closest to the average number of cases 
diagnosed from the end of 1994 through 1997? d. If the car had been traveling at its average veloc- 
ae ; ity throughout the 35 seconds, how far would 
: pate aa of Perret en 2 eee the car have traveled during that 35 seconds? 
rom rou can be modeled* : 
6 Y e. Graphically illustrate the answers to parts a and 
Number of __ 100.6118% + 3967.5572 accidents b. Explain how the answer to part c relates to the 
accidents graphical illustration of the part b answer. 
where x is the number of years since 1975. 10. On the basis of data obtained from a preliminary 
a. Calculate the average rate of change in the yearl report by a geological survey team, it is estimated 
8 8g yearly Mf 
number of accidents from 1976 through 1997. that for the first 10 years of production, a certain oil 

b. Use a definite integral to estimate the average well in Texas can be Sxpertectoepicducs oil at the 
number of accidents that occurred each year rate of r(t) = 3.935461" thousand barrels 
from 1976 through 1997. per year, ¢ years after production begins. Estimate 

the average annual yield from this oil well during 
the first 10 years of production. 
‘ 23. Based on data from SPP and INEGI, Mexican Censuses of Popula- 11. An article in the May 23, 1996, issue of Nature 


addresses the interest some physicists have in study- 
ing cracks in order to answer the question “How 


24. Based on data from Statistical Abstract, 1998. 
25. Based on data from Statistical Abstract, 1994 and 1998. 


fast do things break, and why?” Data estimated 
from a graph in this article showing velocity of a 


12. 


13. 


14. 
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crack during a 60-microsecond experiment are 
shown in Table 7.22. 


TABLE 7.22 


Time 
~ (microseconds) 


Be i in oreo 
ean 





189.8 
200.0 


a. Find a model for the data. 





b. Determine the average speed at which a crack 
travels between 10 and 60 microseconds. 


The amount” of poultry produced in the United 
States annually from 1960 through 1993 can be 
modeled as p(x) = 6.178983e°79* million pounds 
per year x years after 1960. 


a. Estimate the average amount of poultry pro- 
duced annually from 1960 through 1990. 


b. In what year was poultry production closest to 
the average annual production from 1960 
through 1990? 


c. Graphically illustrate the answer to part a. 


Blood pressure varies for individuals throughout 
the course of a day, typically being lowest at night 
and highest from late morning to early afternoon. 
The estimated rate of change in diastolic blood 
pressure for a patient with untreated hypertension 
is shown in Table 7.23 in the next column. 


a. Find a model for the data. 


b. Estimate the average rate of change in diastolic 
blood pressure from 8 a.m. to 8 p.m. 


c. Assuming that diastolic blood pressure was 
95mm Hg at 12 p.m., estimate the average dias- 
tolic blood pressure between 8 a.m. and 8 p.m. 


The air speed of a small airplane during the first 25 
seconds of takeoff and flight can be modeled by 


v(t) = -940,602?° + 19,269.3t — 0.3 mph 


t hours after takeoff. 


26. Based on data from National Agricultural Statistics Service. 


15). 


16. 
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TABLE 7.23 


Diastolic BP 
Time (mm Hg per hour) 


8 a.m 3 
| 8am. | 
1 







| 
ite aE 
al 







2 p.m. -0.1 







ae ae a 
[4am | os | 
[eae neon 


a. Find the average air speed during the first 25 sec- 
onds of takeoff and flight. 

b. Find the average acceleration during the first 25 
seconds of takeoff and flight. 






From data taken from the 1994 Statistical Abstract, 
we model the rate of change of the percentage of 
the population of the United States living in the 
Great Lakes region from 1960 through 1990 as 


P(t) = (9.371 - 10%)? — 0.141t + 5.083 
percentage points per year 


where t is the number of years since 1900. Find the 
average rate of change of the percentage of the pop- 
ulation of the United States living in the Great 
Lakes region from 1960 through 1990. 


The federal government sets standards for toxic 
substances in the air. Often these standards are 
stated in the form of average pollutant levels over a 
period of time on the basis of the reasoning that 
exposure to high levels of toxic substances is harm- 
ful, but prolonged exposure to moderate levels is 
equally harmful.” For example, carbon monoxide 
(CO) levels may not exceed 35 ppm (parts per mil- 
lion) at any time, but they also must not exceed 9 
ppm averaged over any 8-hour period. 


27. Douglas J. Crawford-Brown, Theoretical and Mathematical Foun- 


dations of Human Health Risk Analysis (Boston: Kluwer Academic 
Publishers, 1997). 
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The concentration of carbon monoxide in the 
air in a certain metropolitan area is measured and 
modeled as 


ci) = 0,004" + 0.05) — 0.277 2.05h -- 3.1 ppm 


h hours after 7 a.m. 


a. Did the city exceed the 35-ppm maximum in the 
8 hours between 7 a.m. and 3 p.m.? 


b. Did the city exceed the 9-ppm maximum aver- 
age between 7 a.m. and 3 p.m.? 


17. Refer to the discussion in Activity 16. Table 7.24 
shows measured concentrations of carbon monox- 
ide in the air of a city on a certain day between 6 
a.m. and 10 p.m. 


TABLE 7.24 


Time CO concentration 
(hours since 6 a.m.) (ppm) 





a. Sketch a scatter plot of the data and determine 
(by examination of the data) over which 8-hour 
period the average CO concentration was greatest. 


b. Model the data. Use the equation to calculate the 
average CO concentration during the 8-hour 
period determined in part a. 


c. Use the equation in part b to estimate the aver- 
age CO concentration in this city between 6 a.m. 
and 10 p.m. The city issues air quality warnings 
based on the daily average CO concentration of 
the previous day between 6 a.m. and 10 p.m. The 
warnings are as follows: 


Average 

concentration Warning 

OSCO'=9 None 

ie AON YI Moderate pollution. People with 


asthma and other respiratory 
problems should remain 
indoors if possible. 
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12<CO<=16 Serious pollution. Ban on all 
single-passenger vehicles. 
Everyone is encouraged to 
stay indoors. 

COr a6 Severe pollution. Mandatory 


school and business closures. 


Judging on the basis of the data in Table 7.24 and 
your answer to part c, which warning do you believe 
should be posted? 


18. Aurora, Nevada, was a mining boom town in the 
1860s and 1870s. Its population can be modeled”* 
by the function 


-7,.91 + 120.96f2 + when 
7 193.92t — 123.21 people 0.7 =t<13 
Pa 45,544(0.8474') people when 
13<t<55 


with rate-of-change function 


IES vom OY NIE SPE RSE when 


Oe 193.92 people per year OW FSi 3 
P -7541.287(0.8474') when 
people per year 13, =f S55 


In both functions, t is the number of years since 
1860. 


a. What was the average population of Aurora 
between 1861 and 1871? between 1871 and 
1881? 


b. Demonstrate two methods for calculating the 
average rate of change of the population of 
Aurora between 1861 and 1871. 


19. We know that the area of the region between the 
graph of a function and the horizontal axis from 
x = b to x = cis equal to the area of the rectangle 
whose height is the average value of the function 
from x = b to x = cand whose width is c — b. The 
graphs presented in this section show only a por- 
tion of the vertical axis. That is, in each graph, the 
vertical axis does not extend all the way to zero. 
Instead, the vertical axis is shown above (or below) 
a line y = k. However, on the interval from x = b to 
x = c, the area of the region between the graph and 
the line y = k and the area of the rectangle between 
the average value and y = k are equal. Explain, illus- 
trating with graphs, why this is true. 


28. Based on data from Don Ashbaugh, Nevada’s Turbulent Yesterday: 


A Study in Ghost Towns (Los Angeles: Westernlore Press, 1963). 
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Probability Distributions and Density Functions 


We have used derivatives to measure rates of change and integrals to measure accu- 
mulation of change. This section discusses another application of integrals—to 
measure the likelihood that certain events will occur in situations that involve some 
degree of chance or uncertainty. 

Most of the applications in this text contain numerical values studied in a partic- 
ular context; that is, they incorporate situations involving data. As we saw in previous 
chapters, understanding how data change is important in making decisions and giv- 
ing predictions about the variable being studied. When all outcomes of a particular 
situation are considered, the pattern indicated by the variability in data is called the 
distribution of the quantity being studied. Consider, for instance, the variability in 
scores on the SAT I: Reasoning Test. Table 7.25 gives a distribution of scores for 1996 
college-bound seniors” on the mathematics portion of the SAT I. This table shows 
the proportion of the 1,084,725 students taking the test whose math scores fell in 
each indicated interval. Scores are based on the recentered scale. (See Activity 15 at 


the end of this section.) 
TABLE 7.25 
(points) score interval in score interval 






This distribution of the SAT math scores can be viewed with a graph called a his- 
togram that is composed of rectangles. We choose to construct the histogram so that 
the area of each rectangle is the proportion of students in the corresponding score 
interval. The intervals must be such that no score is in more than one interval and all 
possible scores are included. The height of each rectangle is calculated by dividing the 
area of the rectangle by the width of the score interval. 












TABLE 7.26 











Height of rectangle 
Math SAT score x Width of rectangle Area of rectangle (proportion of students 
(points) (points) (proportion of students) per point of score) 


200 <x < 300 0.02486 0.00025 
300 =x < 400 0.13474 0.00135 
400 =< x < 500 0.31092 0.00311 




























500 <x < 600 0.30232 0.00302 
600 <x < 700 0.17334 0.00173 
700 = x = 800 0.05381 0.00054 


29. “SAT/SAT I Scores for College-Bound Seniors, 1996,” College Entrance Examination Board and 
Educational Testing Service. 
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A histogram based on the SAT score groupings in Table 7.26 is shown in Figure 7.35. 


Proportion of students 
per point of score 


0.0040 
0.0030 
0.0020 


0.0010 


Math 


score 
200 300 400 500 600 700 800 





FIGURE 7.35 
Using Histograms 


Refer to Table 7.26 and the histogram of math SAT scores in Figure 7.35. 
a. Describe the distribution of the scores. 
b. Find the total area enclosed by the rectangles in the histogram. 


c. What proportion of scores is between 300 and 600? 


Solution 


a. The distribution peaks near 500, and most students taking the test had math 
scores that ranged between 300 and 700. 


b. The total area enclosed by the rectangles in the histogram equals 1: 
Area = 0.02486 + 0.13474 + 0.31092 + 0.30232 + 0.17334 + 0.05381 = 1 


c. From the third column in Table 7.26, we find that the proportion of scores 
between 300 and 600 is 0.13474 + 0.31092 + 0.30232 ~ 0.75. 


Area as Probability 


The probability of an event is a measure of how likely it is to happen. Because there 
is NO uncertainty associated with a known outcome, we assume that all variables for 
which probabilities are determined are random variables—that is, variables whose 
numerical values are determined by the results of an experiment involving chance. 
We intuitively consider the probability of an event to be the proportion of times the 
event occurs when the experiment associated with the event is repeated under similar 
conditions a large number of times. 

To illustrate this concept, we return to the distribution of SAT math scores given 
numerically in Table 7.26 and graphically in the histogram in Figure 7.35. What is the 
probability that a 1996 college-bound senior made a score between 400 and 600 on 
the mathematics portion of the SAT? To answer this question, we first need to under- 
stand the terms involved and how they are related to probability. 


@ ‘Taking the math portion of the SAT is the experiment that was repeated, under 
similar conditions, a large number of times (1,084,725 students took the test). 
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© Assuming that the 1996 college-bound senior in the question is any of those tak- 
ing the test and that we do not know any student’s individual score, the random 
variable is the SAT math score. 


© The event being considered is the value of the SAT math score lying in the inter- 
val of values between 400 and 600. 


We can now compute the probability that a student’s math score is between 400 and 
600 by finding the proportion of scores that are in that score interval. From the infor- 
mation in Table 7.26, the proportion of students whose scores are between 400 and 
600 is 0.61324, so the probability that a student’s math score is between 400 and 600 
is 0.61324. 

Probabilities are proportions, so they are real numbers between 0 and 1. Suppose 
we want to know the probability that a student makes a math score between 200 and 
800. Because all SAT math scores lie between 200 and 800, this event is known as a 
certain or sure event, so its probability should be 1. This was verified in part b of 
Example 1. 

What is the likelihood that a student makes an SAT math score of 950? The high- 
est score is 800, so the probability that a student makes an SAT math score of 950 is 0. 
An event that has a probability of zero is known as an impossible event. 

The histograms used in this section have been designed so that all rectangle 
heights are non-negative values, and the total area enclosed by the rectangles in each 
histogram is 1. When expressed as a proportion, the area of each rectangle in the his- 
togram gives the probability that the value of the random variable under discussion 
is in the interval that forms the base of the rectangle. For that reason, we also call 
these histograms probability histograms. 

The above discussions suggest the following statements: 


Probability 


The probability that any event occurs is a real number between 0 and 1. The 
probability of a certain or sure event is 1, and the probability of an 
impossible event is 0. Even though probabilities are real numbers between 0 
and 1, they are often referred to as percentages between 0% and 100%. 

When the distribution of a random variable is represented by a 
probability histogram, the probability that the value of the variable lies in 
certain intervals is given by the sum of the areas of the rectangles whose 
bases are those intervals. 





If there are a large number of values very close together, then it often simplifies 
matters to approximate their behavior with a continuous function. Such an approxi- 
mating function, shown in Figure 7.36, is overdrawn on a more deailed SAT math 
scores histogram. This continuous function is the familiar bell-shaped curve com- 
monly called the normal distribution. 

Instead of summing areas of rectangles in a histogram to find probabilities, we 
can either compute or estimate probabilities by finding areas under curves like the 
one shown in Figure 7.36. Such functions are called probability density functions. 
We do not discuss the interpretation of output values of probability density func- 
tions. Instead, we focus on the interpretation of areas of regions beneath these func- 
tions. The remainder of this section discusses probability density functions and the 
computation of probabilities for random variables whose distributions are described 
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Proportion of students 
per point of score 


0.0040 
0.0030 
0.0020 


0.0010 








by these functions. Because probability density functions determine how probabili- 
ties are distributed over various intervals associated with random variables, they are 
also called probability distributions. 


Probability Density Function 


A probability density function is a continuous function or a piecewise 
continuous function with input consisting of some interval of real numbers 
and with output satisfying the following two conditions: 


1. Each output value is greater than or equal to 0. 


2. The area of the region between the function and the horizontal axis is 1. 





Before proceeding further, we introduce a notation to simplify writing statements 
involving probability. We write the statement “the probability that the value of x is 
between a and b” using the notation P(a = x S b). For instance, if x is the SAT 
math score, then P(500 = x = 800) is read “the probability that the value of the 
SAT math score is between 500 and 800.” We also consider “the probability that 
the SAT math score is between 500 and 800” to have the same meaning. Using these 
notations, we restate the definition of a probability density function and define prob- 
ability for random variables having such density functions: 


Probability and Probability Density Functions 


A probability density function y = f(x) for a random variable x is a 
continuous function or a piecewise continuous function such that 


1. f(x) = 0 for each real number x, and 
2. | fixddx = 1 


The probability that a value of x lies in an interval with endpoints a and 
b, where a = b, is given by 


b 
Plasx=b)=| fix)dx 


It is possible for the interval from a through b to be the entire set of real 
numbers. 





0 
FIGURE 7.37 


EXAMPLE 2 


Hours 
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Probability density functions are constructed from experimental data and/or sta- 
tistical theory using techniques you will probably study if you take a course in statis- 
tics. This section is not intended to discuss those statistical techniques. Rather, we are 
illustrating another use of integrals to find area under a curve. 


Recovery Times 


Suppose that the proportion of patients who recover from mild dehydration x hours 
after receiving treatment is given by 


(Ole 12a el 2eewhen Os = 
0 when x < Oorx > 1 
What is the random variable in this situation? 
b. Verify that fis a probability density function for this random variable. 


c. Find the probability that the recovery time is between 42 minutes and 48 min- 
utes. Interpret your answer. 


d. Find the probability that recovery takes at least half an hour. 


Solution 


a. The random variable x is the number of hours until recovery. After 1 hour all 
patients will have recovered. 


b. To verify that fis a probability density function for this random variable, we must 
show that the two properties of a probability density function are true. 
1. As the graph in Figure 7.37 shows, all values of f(x) are non-negative. 
2. The area under the graph of fis 1 because 


[ fooae = [ox oe [ a2 =. (Pb [ous 


=0+ (4° - 3x*)| 5 +0 
sh) 013051 
c. Because 42 minutes is 0.7 hours and 48 minutes is 0.8 hours, we find the proba- 
bility that recovery time is between 42 minutes and 48 minutes by computing 


0.8 
RO Ft 3103 = (12x? — 12x*) dx 
0.7 
= (4x° — 3x") ne 
= 2.048)" 1-2288)e lea 7 0.7203) 
= 0.1675 


There is a 16.75% chance that the recovery time for a patient will be between 42 
minutes and 48 minutes. (Note that 0.1675 is the area between the graph of f and 
the horizontal axis from x = 0.7 to x = 0.8.) 


fo'e) 1 fee) 
do Px= o5y= | fxdde= [ (1oxt SH axed + | Odx 
0.5 0.5 ] 


= (4° — 3x") | 55 
= 0.6875 


There is a 68.75% chance that recovery takes at least a half hour. 


Se eceeseeeasesescserere 
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It is important that you note the difference between the meanings of f(x) and 
P(a <x <b). To see more clearly that the output of a probability density function is 
not a probability, look again at the graph of the density function in Figure 7.37. There 
are values of f(x) that are obviously larger than 1, and we know that probabilities can 
never be greater than 1. Always keep in mind that whereas f is a function that shows 
how the probabilities associated with values of a random variable x are distributed 
over the input interval, P(a = x < b) is a real number between 0 and 1. Figure 7.38 
illustrates these ideas for the probability density function f. 


f(x) f(x) FIGURE 7.38 











The area of R is 1. The area of the shaded region is the 
probability that x is between a and b. 


The Uniform Probability Distribution 


Even though probability density functions have a variety of shapes, some naturally 
occur so often that they have names. Perhaps the simplest density function is one that 
assumes a constant value between two specified inputs and is zero elsewhere. This 
probability distribution is called the uniform density function and has the equation 


1 


uo bo = @ 


0 when x < aorx >b 





whenaSx <b 


A graph of this piecewise continuous function is shown in Figure 7.39. 


u(x) 





b-a 


a b 
A uniform density function 


FIGURE 7.39 


The uniform density function provides a good model for random variables that are 
evenly distributed over an interval. For instance, the distribution of winning num- 
bers picked since the beginning of a state lottery is approximated by a uniform den- 
sity function. The probability distribution describing how tires wear (in terms of the 


remaining tread) on a properly aligned and balanced set of wheels is a uniform den- 
sity function. 


u(t) 


al 


EXAMPLE 3 
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Campus Transportation 


Buses that transport students from one location to another on a large campus arrive 
at the student parking lot every 15 minutes between 7:30 a.m. and 4:30 p.m. If tis the 
number of minutes before the next bus arrives at the lot, then the distribution of 
waiting times is modeled by the density function 


1 

— when0=t<15 
u(t) = ¢ 15 

0 whent> l5o0rt<0 


a. Explain, in the context of this situation, why it makes sense for u(t) to equal 0 
when t > 15 ort< 0. 


b. Represent on a graph of u the probability that a student arriving at the parking 
lot will have to wait more than 5 minutes for the next bus. 


c. Find P(t = 5). Interpret the result. 


Solution 


a. If buses arrive every 15 minutes at the parking lot, no one will have to wait more 
than 15 minutes for a bus. Because time cannot be negative, the waiting time dis- 
tribution is zero for t < 0. It therefore makes sense that u(t) = 0 when fis not in 
the interval with endpoints 0 and 15. 


b. P(t > 5) is the area of the region between the graph of u and the 
t-axis to the right of t = 5. This region is shaded on the graph 
shown in Figure 7.40. 


c. Because P(t = 5) = 0, P(t =5) = P(t > 5). This probability is rep- 
resented by the area of the rectangle with height 7: and width 10. 


— 1 (See Figure 7.40.) Thus 
5 10 15 10 
P(t > 5) is the area of the shaded region. P(t=5)= 5 = 0.667 
FIGURE 7.40 


Of course, this probability could have also been found using integrals: 


Fi a 4 1 10 
Hie 5) = ae = | saat + Odt = —(15 — 5) = — = 0.667 
(t= 5) [moa Pee | as ea 
When a student arrives at the parking lot between 7:30 a.m. and 4:30 p.m., there 
is about a 66.7% chance that he or she will have to wait at least 5 minutes for a 


bus to arrive. 


Pewee eeeeeeesesesereeces 


Measures of Center and Variability 


One important characteristic of a density function is its central value. Familiar exam- 
ples of such central values include the average life span of a light bulb, the expected 
waiting time at a grocery store checkout counter, and the typical income of American 
families. The measure of central value that we consider is the mean*” (commonly 
referred to as the average). The mean is also called the expected value and is geomet- 
rically associated with the “balance point” of the region between the density function 
and the horizontal axis. The Greek letter jz is used to denote the mean. 


30. Another common measure of the center of a distribution is the median. The median is the input value 
such that half of the area under the density function lies to the left and half to the right of it. 
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Distributions can have the same mean but a completely different spread, or vari- 
ability, about that center. One measure of how closely the values of the distribution 
cluster about its mean is the standard deviation. If most of the values of the input 
variable are close to the mean, then the standard deviation is small. On the other 
hand, if it is likely that the input values are widely scattered about the mean, the stan- 
dard deviation is large. The Greek letter o is used to denote the standard deviation. 


Mean and Standard Deviation of SAT Math Scores 


Refer to the continuous function overdrawn on the histogram of the 1996 college- 
bound seniors’ SAT math scores in Figure 7.36. The mean math SAT score is 507.95 
points, and the standard deviation is 112.356 points.*! Locate the mean and standard 
deviation on the graph of this continuous function that approximates the distribu- 
tion of the SAT math scores. 


Solution Because the mean is an input value for this continuous function, p is 
located on the horizontal axis. (See Figure 7.41.) The standard deviation tells us how 
the math scores are spread out around the mean. For instance, one standard deviation 
to the right of the mean would be w + o = 507.950 + 112.356 = 620.306 points. 
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per point of score 
0.0040 + 
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0.0020 
0.0010 + 
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FIGURE 7.41 


See eeerscseecssessosece 


The mean and standard deviation of a known density function are determined 
using the following definitions: 


Mean and Standard Deviation 


For the density function y = f(x) with x defined on the interval of real 
numbers, 


O the mean is p =| xf(x) dx 





O the standard deviation is o = ‘¢ i ie Pa) Tx doe 


provided the integrals exist. 





31. “SAT/SAT I Scores for College-Bound Seniors, 1996,” College Entrance Examination Board and 
Educational Testing Service. 
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Computing a Mean and Standard Deviation 
Refer to the distribution of waiting times for campus transportation in Example 3: 


1 
Sa woen i= 15 
WG) = < IS 


0 when t= 15 or #0 
where t is the time in minutes until the next bus arrives. 
a. Find the mean waiting time. 


b. Find the standard deviation of the waiting times. 


Solution 
a 0 iS) cr) 

a. =| ru(e dr = | ru(de + | ular + | t-u(t) dt 
bys es 0 


15 
0 IS] oa) 
= [ r-odr + | satat + | t-Odt 
=00 9 I 15 
15 
ar @ 
0 


iy 
0+—? 
30 


seg 


30 


(2255.0) 2=" 7.5 





The average waiting time for a bus is 7.5 minutes. 


i ot lf CS ROGr 
i 15 1 © 
= Uf (Ge 55)5 0 damian fae V7) dt (7) Ode 
Ly 0 15 15 
‘ 1 15 : 
OF area (t— 7.5)2dt + 0 


pot 7 & Se) en On 23) 
~ V5 3 3 


0 











II 








le eee) 
re 
= V18.75 ~ 4.33 


The standard deviation of waiting times is about 4.33 minutes. 


Peer er eeeresesesessese 








As illustrated in Example 5, a definite integral involving a density function f has a 
value of 0 if the height of the density function is 0. In these cases, we are finding the 
area of a rectangle with height 0 and width determined by the upper and lower limits 
on the integral: 


Whenever f(x) = 0, area = (height)(width) = (0)(width) = 0 


Therefore, from this point on, we do not show the integrals involved in probability, 
mean, or standard deviation calculations for the portions of the horizontal axis 
where the value of a density function is 0. 


The Exponential Probability Distribution 


The amount of time it takes to learn a task, the duration of a phone call, the time you 
wait for service at a bank teller’s window, and the time between arrivals at the drive- 
through station of a fast-food restaurant are examples of random variables that are 
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mote likely to be small than large. With events such as these, we are interested in the 
time elapsed or space between any two occurrences of an event rather than in the 
number of times the event happens. The likelihood of encountering certain intervals 
of time or space between consecutive occurrences of an event can be modeled by an 
exponential density function. The general formula for the exponential probability 
distribution is ; 


eis ke™* whenx = 0 
aK 0 when x < 0 


where k is some positive constant. The graph of the general exponential density func- 
tion is shown in Figure 7.42. 

An exponential distribution is appropriate in situa- 
tions that involve the waiting time between successive 
events where that waiting time is more likely to be small 
than large. The mean of the exponential distribution is 
1/k, which can be interpreted in these situations as the 
mean time interval between consecutive events. When, on 
average, an event occurs at a rate of k arrivals per unit of 
time, the average gap between consecutive arrivals is 1/k 





time units. 
For instance, suppose that you arrive at your local 


An exponential density function Burger King sometime between 11:30 a.m. and 12:30 p.m. 


EXAMPLE 6 


and that the time you have to wait for service while in line 

at the drive-through window is an exponential random 
variable with a mean of 2.5 minutes. This means that there are 2.5 minutes between 
cars coming into the line, with cars arriving at the rate of 0.4 car per minute (that is, 
4 cars every 10 minutes). When applying this distribution, remember that the values 
of the random variable x and the value of k must be in the same time units. 


Emergency Room Arrivals 


The distribution of the time between successive arrivals at an emergency room of a 
large city hospital on Saturday nights can be approximated by an exponential density 
function. Two patients arrive at the emergency room every 10 minutes. 


a. What is the equation for this exponential density function? 

b. What is the probability that the time between successive arrivals will be more 
than 1 minute? Interpret this result. 

Solution 


a. The mean of the distribution is the time between consecutive events. Thus the 
: 1 A . 5 ‘ 

mean is », = ; = ~ = 5 minutes per arrival. The reciprocal of the mean gives 

the average number of arrivals per minute, thus k = foThe equation of the expo- 


nential density function with k = $ is 
ll 
et) = rae = 0.2e°* whent = 0 


where ¢ is the time, in minutes, between successive arrivals. (In the context of 
time, it is assumed that e(t) = 0 when t < 0.) 
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% i 
De 1) = | 026°" di = lim | 0.2e°" dt 
1 


T>% 1 


lim [-e02F aa (-e2)))] 
Tox 


0+ €°? = 0.819 


There is an 81.9% chance that the time between successive arrivals will be more 
than 1 minute. This event is likely to occur. 


Pees ereseseseeseseseves 


The Normal Distribution 


We now turn our attention to the single most important density function in statis- 
tics, the normal density function, which is also called the normal distribution. The 
equation of the normal density function with mean wp and standard deviation o is 


ACS: 
202 





1 
iS) =e where -0 <x < © 
oV 27 
The graph of a normal distribution is called a normal curve. The mean controls the 
location of a normal curve, and the standard deviation controls its spread. Figure 
7.43 gives us a good idea of some of the features of any normal distribution. 











A normal curve 


FIGURE 7.43 


Note these important properties of any normal curve: 

@ The curve is bell-shaped with the absolute maximum occurring at the mean w. 
@ The curve is symmetric about a vertical line through w. 

@ The curve approaches the horizontal axis but never touches or crosses it. 

® 


The inflection points occur at » — oandwto. 


EXAMPLE 7 Comparing Normal Curves 


Consider the two normal curves shown in Figure 7.44. 
a. Compare the means of the two normal distributions. 


b. One of the curves has 0 = 3, and the other curve has an inflection 
point at x = 10. Compare the spreads of the two curves. 


c. What percentage of the total area under each normal curve lies to the 
right of 8? 


3 IO 12 ie ANG FIGURE 7.44 
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Solution 


a. The means of the two density functions are the same, because each curve has a 
maximum at x = 8. 


b. From Figure 7.44, we see that the rightmost inflection point on normal curve A 
occurs around 10. Thus 8 + o = 10, and the standard deviation of curve A is 
approximately 2. Curve B is more spread out from its center than curve A, so it 
has the larger standard deviation, o = 3. 


c. Because a normal curve is the graph of a density function, the area between 
each normal curve and the horizontal axis must be 1. Each normal curve is 
symmetric about its mean, so 50% of the total area is to the right of for each 
normal curve. 


Ce osevcsesecsesecsesees 


The normal curve rises gradually to an absolute maximum and then decreases in 
a symmetric manner. Although it is not unique in exhibiting this form, it has been 
found to provide a reasonable approximation to certain other distributions that 
occur in many real-life situations. Also, many naturally occurring phenomena, as 
well as various mental and physical characteristics of human beings, can be described 
by normal distributions. 


Life of Light Bulbs 


A manufacturer of light bulbs advertises that the average life of these bulbs is 900 
hours with a standard deviation of 100 hours. Suppose the distribution of the length 
of life of these light bulbs, with the life span measured in hundreds of hours, is mod- 
eled by a normal density function. 


a. Write the definite integral that represents the probability that a light bulb lasts 
between 900 and 1000 hours. 


b. Approximate the value of the integral in part a, and interpret the result in con- 
text. 


Solution 


a. Note that the input for the normal density function is measured in hundreds of 
10 


hours. The integral that gives P(9 = x < 10) is f(x) dx, where fis the normal 
) 


density function with 1 = 9 and = 1. That is, 


10 1 =(x=9)? 


2 





P9110) — dx 


e 
9 27 
b. There is no antiderivative formula that can be used to find the exact value of an 
integral of the normal density function. However the value of the definite inte- 
gral can be numerically approximated using technology: 





cool : 
[ COO dx 034 
9 27 


Thus the chance that any one of these light bulbs will last between 900 and 1000 
hours is about 34%. 


¥ 
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TABLE 7.27 


‘FIGURE 7.46 
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Cumulative Density Functions 


Suppose that the length of time a student waits for a computer terminal with which 
to preregister for next term’s classes is described by the uniform density function 


1 
= wheni0i="4 = 25 


f(x) = 425 


OM Wineniae=—25 


where the value of the random variable x is measured in minutes. The probability 
that the waiting time is less than or equal to 5 minutes is found by computing the 
area of the shaded region in Figure 7.45. 

Because the event that the waiting time is more than 25 minutes is 
impossible by the definition of this density function, P(x > 25) = 0. 
Also, P(0 = x = a), when a is a waiting time between 0 and 25 min- 
utes, is computed by finding the area of a rectangle with height 3: 
and width a. Table 7.27 gives the results of some of these probability 
computations. 


x 


25 Minutes 


P(O = x = 20.38) = 0.8152 
PO =x <= 25) =1 
P( OR=Xa=955) be (Ol G5) a 2 eS) a Oa 


Between 0 and 40.2 minutes P(O =x = 40.2) = P(O =x = 25) + P(25 <x =40.2)=1+0=1 





AO S36 Sh) 
1 


0.8 
0.6 
0.4 


0.2 : 


Note that when the waiting time x is between 0 and 25 minutes, the probability that a 
student waits between 0 minutes and ¢ minutes seems to be a function of the upper 
endpoint of the interval. Also, the probability that a student waits between 0 minutes 
and t minutes, where t > 25, is 1 because 25 minutes is the maximum waiting time. 
A scatterplot of the points (t, P(0 = x S ¢)) that appear in Table 7.27 is shown in 
Figure 7.46a. 


POSw=pi=1 
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If all probabilities P(O < x < t), where 0 < t < ~, were computed and plotted, then 
the graph shown in Figure 7.46b would result. 

A function that shows how probabilities accumulate as the value of the random 
variable increases is called a cumulative density function. For instance, if y = F(x) is 
a cumulative density function for waiting times where x is measured in minutes, then 
the output F(5) = 0.2 represents the probability that the waiting time is less than or 
equal to 5 minutes. That is, F(5) = P(x = 5). Similarly, F(12.5) = P(x S 12.5), and so 
forth. In general, for a random variable x with probability density function f, where c 
is some constant, the cumulative density function of fat c is 


a) = Re Sep | fee 


The left end behavior of any cumulative density function will be 0, corresponding to 
impossible events, and the right end behavior of any cumulative density function will 
be 1, corresponding to sure events. Cumulative density functions are always nonde- 
creasing. Outputs of cumulative density functions are the areas between the corre- 
sponding probability density functions and the horizontal axis. 

Does the link between probability density functions and cumulative density 
functions sound familiar? It should—it is the same as the relationship between func- 
tions and their accumulation functions, which we discussed in Chapter 6. 


Cumulative Density Function 


The cumulative density function for a random variable x defined on the 
interval of real numbers with probability density function f is 


Fe) = | f(t)dt for all real numbers x 
For any value of the random variable x, say c, F(c) = P(x < c). The cumulative 


density function F is an accumulation function of the probability density 
function f. 





Graphing a Cumulative Density Function 


The graph in Figure 7.47 shows the probability density function for a random vari- 
able x. 


F(x) 





FIGURE 7.47 


EXAMPLE 10 
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a. Sketch the graph of the cumulative density function for x. 
b. Express P(2 = x < 3.4) using the probability density function f. 


c. Express P(2 = x < 3.4) using the cumulative density function. 


Solution 


a. Because f(x) = 0 for x < 1, no area is accumulated when x < 1. Thus F(x) = 0 
when x < 1. Note too that the accumulation of nonzero area under the graph of f 
begins at x = 1. Also, ail accumulated area is positive because the graph of f is 
above the horizontal axis. As x moves to the right of the starting point (x = 1), 
area is accumulating faster and faster. Thus the cumulative density function is 
increasing and concave up until x = 4. At this point, no more area is accumu- 
lated, because the value of the density function is once again 0. Because f is a 
probability density function, the total accumulated area must be 1. Thus 


4 
F(4) = | fix) dx = 1. No area is added or subtracted past x = 4, so F(x) = 1 for 


x > 4. Combining all of this information, we can draw a possible graph of the 
cumulative density function F. (See Figure 7.48.) 
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FIGURE 7.48 
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The Fundamental Theorem guarantees the equivalence of the results of parts b 
and c of Example 9. It also tells us that the derivative of a cumulative density function 
is the corresponding probability density function at all points where the derivative 
exists. That is, 4[F(x)] = f(x). 


A Temperature Distribution 


The graph in Figure 7.49 shows the cumulative density function for the distribution 
of temperatures in a Southwestern city during a 24-hour period in May. The random 
variable x measures the temperature recorded in degrees Fahrenheit (beginning at 
midnight), and the output T(x) is the proportion of the time that the temperature is 
less than or equal to x°F. 


a. What proportion of the time do you expect the temperature to be at most 80°F? 
Interpret this result in a probability context. 
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FIGURE 7.49 


b. Estimate the high and low temperatures. 
c. Estimate the probability that the temperature will be above 90°F. 


d. Sketch a graph of the probability density function for the distribution of May 
temperatures in this location. 


Solution 


a. The proportion of the time that the temperature will be at most (less than or 
equal to) 80°F is P(x S 80) = T(80) ~ 0.41. In a Southwestern city during any 
24-hour period in May, the temperature will be less than or equal to 80°F about 
41% of the time. 


b. T(x) appears to be 0 at approximately 74°F. Because T(x) is a proportion, it can- 
not be negative. Thus, the cumulative proportion to the left of 74°F must also be 
0, and the minimum temperature is 74°F. The cumulative probability has a max- 
imum of | at a temperature of about 98°F, so the maximum temperature is 
approximately 98°F. 


c. The temperature on any day must be either less than 90°F or greater than or 
equal to 90°F. Thus the probability that the temperature is less than 90°F added 
to the probability that the temperature is 90°F or greater must equal 1. 


TSO) ie (sc = 90) ei 
P(x = 90) = 1 — T(90) 
18065 
i037, 


d. We know that the probability density function is the slope function of the cumu- 
lative density function. Note that because the graph of T is always increasing for 
temperatures between 74°F and 98°F, its slope graph is positive over this interval. 
(Recall that no output of a density function can be negative.) Also, the graph of T 
appears to have an inflection point (point of least slope) located at approximately 
87°F, so there is a minimum on the slope graph at this temperature. 

Using 74°F as the minimum and 98°F as the maximum temperatures, we 
know that P(x < 74) and P(x > 98) are both 0. Thus the value of the probability 
density function for temperatures less than 74°F and greater than 98°F is 0. 

A possible graph of the probability density function is shown in Figure 7.50. 
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The connection between probability density functions and cumulative density 
functions lies at the very heart of calculus, for it is the relationship between a func- 
tion and its accumulation function. 


Concept 2. Figure 7.5.1a through Figure 7.5.1d show the shapes 
Inventory of some probability distributions. Match each given 
situation to a possible graph of its density function. 
e@ Probability Give reasons for each of your choices. 





Histogram 


Random variable 
Notation, computation, and interpretation 
@ Probability density function 
0 15 16.6 


e@ Probability distribution 


Uniform FIGURE 7.5.1a FIGURE 7.5.1b 
Exponential 
Normal re 
Mean and standard deviation 2 eee = 

0 1 10 1) 


@ Cumulative density function 
FIGURE 7.5.1¢ FIGURE 7.5.1d 


a. The amount of cereal put into a box is normally 
distributed with ~ = 15 ounces and o = 1.6 
ounces. 


Activities 


1. Interpret each of the following probability state- 


ments in the context of the given situation. b. The height of a certain species of plant is nor- 


mally distributed with a mean of 15 inches and a 


a. Suppose the random variable x is the length, Bt ates aa tt Baoe famcles 


in minutes, of a telephone call made on a com- 
puter software technical support line. Interpret 
P(x = 5) = 0.46. 

b. Suppose the random variable x is the distance in 
feet between cars on a certain two-lane high- 
way. Interpret P(x < 7) ~ 0.25. 

c. The probability that New Orleans will receive 
between 2 and 4 inches of rain during the month 3. Which of the following could be probability density 
of March is 0.15. functions? Explain. 


c. You use a random number generator to choose a 
number between 0 and 1. The random variable x 
is the number that is chosen. 


d. The time, in minutes, that a customer waits to 
pay for items at a department store is exponen- 
tially distributed. 


By ite (laa, ee when Oia 11 
G3) = 0 when x < Oorx > 1 
6(x — x”) when0S=x=1 
Ve 
yea {° when x < Oorx > 1 
G r(t) 
ee, 


: 1 


. Which of the following could be probability density 


functions? Give reasons. 


(x) = 3x(1 — x*) when0=x=1 
panes inet 10 when x < Oorx > 1 
_ {0.625e!"” wheny > 0 

ees) -{? when y = 0 


os g(t) 





0 40 80 


. Let x represent the amount of frozen yogurt (in 
hundreds of gallons) sold by the G&T restaurant 
on any day during the summer. Storage limitations 
dictate that the maximum amount of frozen yogurt 
that can be kept at G&T on any given day is 
250 gallons. Records of past sales indicate that the 
probability density function for x is approximated 
by y(x) = 0.32x for0 = x = 2.5. 


a. What is the probability that, on some summer day, 
G&T will sell less than 100 gallons of frozen yogurt? 
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b. What is the mean number of gallons of frozen 
yogurt that G&T expects to sell on a summer 
day? 

c. Sketch a graph of y, and locate the mean on the 
graph. Also, shade the region that the answer to 
part a represents. 


. Suppose that a traffic light on your campus remains 


red for 30 seconds at a time. You arrive at that light 

and find it red. Assume that your waiting time ¢ (in 

seconds) at the light follows a uniform density 

function y = u(t). 

a. Why does it make sense that u(t) = 0 fort < 0 
and t > 30? 


b. Sketch a graph of u. 


c. Find your chances of waiting at least 10 seconds 
at the red light. What does this value represent 
on the graph of u? 


d. Find the probability of waiting no more than 
20 seconds at the red light. 


e. What is the average time you would expect to 
wait at the light? 


. Explain, using the definition of a density function, 


why the definite integral calculation of a probability 
must result in a value between 0 and 1. 


. At a certain grocery checkout counter, the average 


waiting time is 2.5 minutes. Suppose the waiting 
times follow an exponential density function. 


a. Why would customers prefer the waiting times 
at the grocery checkout to follow an exponential 
distribution rather than a uniform distribution 
with the same mean? 


b. Write the equation for the exponential distribu- 
tion of waiting times. Graph the equation and 
locate the mean waiting time on the graph. Does 
. = 2.5 seem reasonable for the graph? 


c. What is the likelihood that a customer waits less 
than 2 minutes to check out? 


d. What is the probability of waiting between 2 and 
4 minutes to check out? 


e. What is the probability of waiting more than 
5 minutes to check out? 


- Consider the exponential density function dis- 


cussed in Example 6: 


e(t) = 0.2e° when t= 0 
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where t is the time in minutes between successive 

arrivals at an emergency room ina large hospital on 

Saturday nights. 

a. Find the probability that successive arrivals are 
between 20 and 30 minutes apart. 

b. Find the probability that 10 minutes or less 
elapses between successive arrivals. 


c. Find the probability that successive arrivals will 
be more than 15 minutes apart. 


10. a. Graph the exponential density function for k = 
0.5515 1.5, 2, and 4. 
b. Comment on how changing the value of k affects 
the shape of the graph. 


c. How does the mean of the exponential density 
function change as k increases? 


11. The manufacturer of a new board game believes 
that the time it takes a child between the ages of 8 
and 10 to learn the rules of its new board game has 
the probability density function 


3} 2 

ap (4h—= ) swhen0 St s4 
Pan 

0 when t > 4 


where ¢ is time measured in minutes. 

a. Find the mean time that it takes a child age 8 to 
10 to learn the rules of the game. 

b. Find the standard deviation of the learning 
times. 

c. Find P(0 S t S 1.5). Interpret this result. 

d. Find P(t = 3). Interpret this result. 


12. Suppose the weight of pieces of passenger luggage 
for domestic airline flights follows a normal distri- 
bution with » = 40 pounds and o = 10.63 pounds. 


a. Find the probability that a piece of luggage weighs 
less than 45 pounds. 
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male students 
per point of score 
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b. Find the probability that the total weight of the 
luggage for 80 passengers on a particular flight is 
between 1200 and 2400 pounds. (Assume each 
passenger has one piece of luggage.) 


c. Find the probability that the total weight of the 
luggage for 125 passengers on a particular flight 
is more than 5600 pounds. (Assume each pas- 
senger has one piece of luggage.) 


d. Find where the probability density function for 
the weight of passenger luggage is decreasing 
most rapidly. 


13. The number of customers served daily by the ATM 
machines for a certain bank follows a normal distri- 
bution with a mean of 167 customers and a stan- 
dard deviation of 30 customers. 


a. Find where the probability density function for 
the number of customers who require daily 
ATM service at this bank is increasing the fastest. 


b. Give two specific reasons why it would benefit a 
bank to know the probability distribution of its 
customers who are served daily by the ATM 
machines. 

c. Sketch a graph of this normal distribution. In 
parts 1, 1, and iti, shade on the graph the area 
representing the probability. Remembering that 
the area to the left (or right) of the mean of any 
normal distribution is 0.5, find the likelihood 
that, on a particular day, 

i. between 150 and 200 customers require serv- 
ice at the ATM machines. 


il. fewer than 220 customers require service. 


ili. more than 235 customers require service. 


14. Figure 7.5.2a is a probability histogram of math 
SAT scores for male 1996 college-bound seniors, 
and Figure 7.5.2b is a probability histogram for 
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FIGURE 7.5.2b 
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math SAT scores for female 1996 college-bound 
seniors. All scores are based on the recentered scale. 
(See Activity 15.) Overdraw, on the histograms, 
continuous curves representing normal density 
functions that approximate the distributions of 
scores. Discuss any similarities and/or differences 
between the two normal distributions. 


For all test dates on or after April 1, 1995, SAT I: 
Reasoning Test scores have been reported on a new, 
“recentered” scale. Over the years, the average score 
on the math portion of the SAT I moved away from 
500, the midpoint of the original 200-to-800 scale. 
This change reestablished the average score near the 
midpoint of the scale and realigned the verbal and 
math scores so that a student with a score of 450 on 
each test can conclude that his or her math and ver- 
bal scores are equal. The previous scales showed the 
average verbal score to be about 425 and the average 
math score to be about 475, which made compari- 
son between the two difficult.” 


a. If the interval between 200 and 800 included all 
scores within three standard deviations of the 
mean score on the original scale, what was the 
standard deviation of the original math SAT I 
distribution? 


b. Is the realigned mean score for verbal scores 
more or less than 425? Is the realigned mean 
score for math scores more or less than 475? 
Explain. 


c. Most standardized test scores follow a normal 
distribution. Using the fact that the probability 
of a score falling in a particular interval is the 
same as the percentage of students expected to 
score in that interval, determine what percentage 
of students were expected to make a math score 
of at least 475 under the “old” score scale. 


d. Assuming that the SAT I math and verbal scores 
follow a normal distribution, do you have 
enough information to draw a graph of the den- 
sity function for either of the recentered SAT I 
scores? 


e. Do you think that recentering the SAT scores 
moved only the mean of the distribution or did 


Used by permission from Peterson’s Guide to Four-Year Colleges, 
1997, 27th edition (Princeton, NJ: Peterson’s Guides, Inc., 1996). 
© 1996 by Peterson’s, Princeton, NJ. 
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it also change the standard deviation? Give rea- 
sons for your answer. 


f, Why do the recentered “higher” scores not trans- 
late into improved performance? 


As we have previously noted, a quick approxima- 
tion is sometimes useful when an exact answer 1s 
not required. For a distribution that is symmetric 
and bell-shaped (in particular, for a normal distri- 
bution), the Empirical Rule states that 


@ Approximately 68% of the data values lie 
between p — og and pt o. 

@ Approximately 95% of the data values lie 
between p — 20 and p + 20. 


@ Approximately 99.7% of the data values lie 
between p — 30 and p + 3o. 


a. Verify the statements in the Empirical Rule for 
the normal probability density function with 
pe = 5.3 and o = 8.372. 

b. Estimate P(-11.444 < x = 13.672) using the 
Empirical Rule if x has a normal probability dis- 
tribution with p = 5.3 and o = 8.372. 


c. Use the normal probability density function to 
find the probability in part b. 


Scores on a final exam administered to all calculus 
classes at a large university are normally distributed 
with a mean of 72.3 and a standard deviation of 


28.65. What percentage of students taking the test 
made 


a. a score between 60 and 80? 
b. a score of at least 90? 


c. a score that was more than one standard devia- 
tion away from the mean? 
d. At what score was the rate of change of the prob- 


ability density function for the scores a maxi- 
mum? 


Another measure of the center of a probability dis- 
tribution is the median. The median is the value 


m b 
m such that | f(x)dx = | fx) dx. 


a. Refer to the distribution of waiting times in 
Example 5: 


1 
n= es when 0 S$ t < 15 
0 


when t > 15 


19: 


20. 
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where t is the time until the next bus. Find the 
median time to wait for the next bus. 


b. How does the median compare to the mean for a 
probability distribution that is symmetric about 
a vertical line drawn through its mean? 


c. For the density function y = f(x) witha <x < b, 
explain why the statement 
“The median is the value m such that 


I “feo dx = : 


is equivalent to saying 


“The median is the value m such that 


i re bee = [ fe dx” 


d. Verify that the median of the general exponential 


density function is x = “[*. 











Verify the following statements for the uniform 
density function 
55 whenaS=x<b 
u(x) = 
0 when x < aorx > b 
: — @se 
a. The mean is ~ = “———. ' 
Sere _b-a 
b. The standard deviation is o = Veer 
c. The cumulative density function is 
0 when x < 0 
Fix) = eae whena=x<b 
1 when x > b 


The graph of a cumulative density function is 
shown in Figure 7.5.3. Sketch the graph of the cor- 
responding probability density function if the input 
set for both functions is all real numbers. 
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FIGURE 7.5.3 
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The graph in Figure 7.5.4 shows a probability distri- 
bution of the United States population at the time 
of the 1990 census. 
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a. Sketch the graph of the corresponding cumula- 
tive density function. 


b. Locate, on the graph of the cumulative density 
function you sketched in part a and on the graph 
of the probability density function in Figure 
7.5.4, the probability that a person is between 20 
and 40 years old. 


Suppose y = f(x) is the exponential density func- 
tion with k = 2. 


a. Find F, the corresponding cumulative density 
function. 


b. Use both f and F to find the probability that 
X=10%30: 


c. Use F to find the probability that x > 0.86. 
d. Sketch graphs of fand F. 
fis the density function 
Fae 1 when0 =x <1 
0 whenx < Oandx=1 


a. Find F, the corresponding cumulative density 
function. 


b. Use both f and F to find the probability that 
Oe 


c. Use F to find the probability that x > 0.25. 
d. Sketch graphs of fand F. 


Based on data from the U.S. Bureau of the Census. 
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x 
(years) 











Pea 


24. In mid-1992 the U.S. resident population was about 
255 million, with only approximately 45,000 persons 
aged 100 or older. Table 7.28 gives the distribution of 
ages* of those persons less than 100 years old. F(x) is 
the percentage of U.S. residents of age less than x years. 
(Assume that no one is more than 100 years old.)*° 


a. Fill in the value for F(0). 


b. If possible, give the units of the corresponding 
probability density function. Use symmetric dif- 
ference quotients to estimate F(x) at x = 10, 25, 
30, 35, 45, 50, 70, and 90 years of age. 


c. The plot in Figure 7.5.5 shows some approxi- 
mate values of the continuous density function. 
Label the axes and draw a smooth curve through 
the points so that there are no more concavity 
changes in your curve than those indicated by 
the given points. What is the demographic sig- 
nificance of the large bump on the graph? 
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d. Use the cumulative density function F to find the 
percentage and number of 1992 U.S. residents 
who were age 20 or more but under age 50. 


34. Ibid. 

35. The authors wish to express their appreciation to Dr. Dan Lewis 
of Texas A&M University for his contributions to Example 10 and 
Activities 24-26. 
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e. Use the density function F’ to write an integral 
expression for the percentage of residents who 
were age 20 or more but under age 50. 


f. Use three midpoint rectangles and the appropri- 
ate F(x) estimates from part b to estimate the 
value of the integral in part e. Sketch the rectan- 
gles you use on the plot in Figure 7.5.5. 


g. Use the appropriate F(x) estimates calculated in 
part b and five midpoint rectangles to estimate 


100 
[ xF'(x) dx. What does this integral represent, 
0 
and what are its units? 


25. Table 7.29 shows income intervals (in thousands of 
dollars) and the percentage of Texas households*® 
with 1990 income in each interval. For instance, 
9.6% of Texas households had income greater than 
or equal to $5000 but less than $10,000 in 1990. 


TABLE 7.29 





36. U.S. Bureau of the Census. 


7.5 Probability Distributions and Density Functions 


a. Complete Table 7.30, which shows the cumula- 


tive percent F(x) of households with incomes 
less than x thousand dollars. 


TABLE 7.30 





Comment on the value F(100). Why is it not 
100%? 

b. Use symmetric difference quotients to estimate 
the values of the density function f at the mid- 
point of each income interval. Record your 
results in Table 7.31. 


TABLE 7.31 





c. Examine a plot of the data in part b. Does it 
appear that the continuous density function f 
would have an inflection point or limiting value? 


d. An approximate model for the density function is 


f(x) = 0.85403395 x0: ¢0.0437980796x 
percentage points per thousand dollars 


where x is household income in thousands of 
dollars. Examine a graph of this model on the 
plot of density function estimates that you con- 
structed in part c. Comment on the fit. 

e. Use the equation for f(x) to estimate the percent- 
age of households with 1990 annual income less 
than $100,000. Compare your result with F(100) 
from part a. 

f. Use the equation for f(x) to estimate the mean 
1990 income for Texas households with incomes 
less than $100,000. 


26. 


Dye 


Sys 


38. 
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A study of serious accidents in British coal mines”” 
focused on the time interval between successive 
accidents. If, for example, successive accidents 
were observed on August 2 and August 5, then the 
time interval between these accidents was recorded 
as 3 days. During the study period, there were 34 
serious accidents separated by 33 time intervals. 
Table 7.32 gives some of the data. A(x) is the num- 
ber of time intervals that were greater than or equal 
to x days. 


TABLE 7.32 





a. Find A(0). Was there a day on which two acci- 
dents occurred? Was there a day on which more 


than three accidents occurred? 
b. Explain why F(x) = 1 — e) is the distribution 


of the time intervals observed between succes- 
sive accidents. 


c. Find an exponential model for A(x). 


d. Use the model from part c to write a model for 
the distribution F, and then write a model for 
the density function F’. 


e. What does the integral i x F'(x)dx represent, 


and what are its units? 


In Michael Crichton’s novel Jurassic Park,?8 
dinosaur clones are alive and roaming about a 
remote jungle island intended to be a theme park. 
All the dinosaurs have been cloned female so that 
the populations can be controlled in Jurassic Park. 
Ian Malcolm, a cynical mathematician who is 
invited to the island, finds one of the first clues that 
all is not well when he examines one of the graphs 
given in Figure 7.5.6. Both graphs show height dis- 
tributions of the compy (Procompsognathid). (The 
park’s computer that produced the graphs con- 
structed them with straight lines connecting the 
data rather than using smooth curves.) 


B. A. Maguire, E. S. Person, and A. W. Wynn, “The Time Interval 
Between Industrial Accidents,” Biometrika 39 (1952), 168-180. 
Michael Crichton, Jurassic Park (New York: Knopf, 1990). 
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Height distribution (Procompsognathids) 


FIGURE 7.5.6 


a. Malcolm claims that one of the graphs in Figure 
7.5.6 is characteristic of a breeding population 
and that the other graph is what would be 
expected from a controlled population in which 
the compys were introduced in three batches at 
six-month intervals. Which distribution corre- 
sponds to which population? 


Summary 


b. Which graph did Malcolm first see that indi- 
cated something was amiss? 

c. Are the height distribution graphs in Figure 
7.5.6 graphs of probability density functions? 
Explain. 





Differences of Accumulated Changes 


n this chapter, we investigated situations that lend 
themselves to analysis by examination of the area 
between two curves. To compute the area between two 
curves, we used the fact that if the graph of f lies 
above the graph of g from a to b, then the integral 


b 
| [flx) — g(x)] dx is the area of the region between the 


two graphs from a to b. 

We observed that when f and g are two continuous 
rate-of-change functions, then the difference between 
the accumulated change of f from a to b and the 
accumulated change of g from a to b is also given by 


b 
| [f(x) — 9(x)] dx. However, if the two functions inter- 


sect between a and b, then the difference between the 
accumulated changes of the functions is not the same as 
the total area of the regions between the two rate-of- 
change curves. 


Streams in Business and Biology 


An income stream is a flow of money into an interest- 
bearing account over a period of time. If the stream flows 
continuously into an account at a rate of R(t) dollars per 
year and the account earns annual interest at the rate of 
100r% compounded continuously, then the future value 
of the account at the end of T years is given by 


T 
Future value = i R(t)e“?— dt dollars 
0 


The present value of an income stream is the 
amount that would have to be invested now in order for 
the account to grow to a given future value. The present 
value of a continuous income stream whose future 
value is given by the above equation is 


vp 
Present value = | R(t)e" dt dollars 
0 


Although it may be feasible to consider money flow- 
ing as a continuous stream in very large corporations, 
there are many business applications for income 
streams that have quarterly or monthly activity. We call 
such a stream a discrete income stream and determine 
future value by summing rather than integrating: 


D=1 IDG! 
Future value = sy Ra( ats ") dollars 
d=0 
where n is the number of deposits made each year, R(d) 
is the value of the dth deposit, 100r% is the annual 
interest rate, and D is the total number of deposits 
made. Once the future value of a discrete income stream 
is calculated, the present value is determined by solving 
for P in the formula 


PAS 
ae + 4 = Future value 


Streams also have applications in biology and 
related fields. The future value (in b years) of a biologi- 
cal stream with initial population size P, survival rate s 
(in decimals), and renewal rate r(t), where t is the num- 
ber of years of the stream, is 


b 


Future value ~ Ps? + | r(t)s?~ ‘dt 


0 
Integrals in Economics 


A demand curve for a commodity is determined by eco- 
nomic factors. Points on the demand curve tell us how 


q FIGURE 7.51 


Quantity 
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Area of Rj = consumers’ expenditure 








Area of R2 = consumers’ surplus 


Area of Rj + area of Ro = consumers’ willingness 
and ability to spend 
D(p) 





P 


Price 
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much consumers will purchase at the associated prices. 
However, consumers are usually willing and able to pay 
more for the quantity they purchase. Once a market 
price (the price at which the item is sold) is set, the 
actual amount consumers spend for a certain quantity 
of items is the consumers’ expenditure. The amount 
that consumers are willing and able to spend but do not 
actually spend is known as the consumers’ surplus. We 
use areas of regions under the demand curve to repre- 
sent these quantities. (See Figure 7.51.) 

The interaction between supply and demand usually 
determines the quantity of an item that is available. The 
producers’ supply curve gives the number of units that a 
producer is willing and able to supply as a function of 
the price per unit of the item. When prices increase, 
consumers usually respond by demanding less, but pro- 
ducers ordinarily respond by supplying more. Com- 
modities may have a price, called the shutdown price, 
under which producers are not willing or able to supply 
any of the product, so the supply curve has output 0 to 
the left of this price. Thus a supply curve is often the 
graph of a piecewise continuous function. 

Points on the supply curve tell us how much pro- 
ducers will supply at the associated prices. However, 
producers are often willing and able to supply more of 
the commodity they produce. The amount that produc- 
ers receive for supplying a certain quantity of items at a 
certain market price is the producers’ total revenue. The 
amount that producers receive above the minimum 
amount they are willing and able to receive is the pro- 
ducers’ surplus. (See Figure 7.52.) 


q 
Quantity 





Area of Rj = producers’ willingness and 
ability to receive 






Area of R2 = producers’ surplus 





Area of Rj + area of Ro = producers’ 
revenue 





qo 
Pp 
Price 
La Po per unit 
FIGURE 7.52 
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The point (p*, q*) where the supply and demand 
curves for a particular item cross is called the equilib- 
rium point. At the equilibrium price p*, the quantity 
demanded by consumers coincides with the quantity 
supplied by producers, which is g*. When the market 
price of a commodity is the equilibrium price for that 
product, the total social gain is the sum of the con- 
sumers’ surplus and the producers’ surplus. 


Average Values and Average Rates of Change 


We use definite integrals to calculate the average value 
of a continuous function for a quantity: 


b 
d 
Average value of _ J, ste 
fix) from a to b i= @ 


When we are given a rate-of-change function y = ff), 
the average rate of change of f(t) from t = a to t = bis 


b 
(t) dt 
Average rate of change _ [1 @) 


of f(t) from a to b = @ 


The average rate of change of f can also be calculated by 
using the quantity function y = f(t): 


Average rate of change (Da) 
b 


of f(t) from a to b iG ag 


Probability Distributions and Density Functions 


The probability P(a S x S b) is a measure of the likeli- 
hood that an outcome of an experiment involving a 
random quantity will lie between a and b. Functions 
that describe how the probabilities associated with a 
random variable are distributed over various intervals 
of numbers are called probability density functions (or 
probability distributions). 

A probability density function f is a continuous or 
piecewise continuous function that has two conditions 
on its output: The graph of f must lie above or on the 
horizontal axis, and the area between the graph of fand 
the horizontal axis must be 1. The input of fis the inter- 
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val of real numbers. We present no interpretation of the 
outputs of probability density functions. Instead, we 
give meaning to integrals of a probability density func- 
tion f, provided, of course, that the integrals exist. 


@ The likelihood that x is between a and b is 


b 
Plasx=sb)= | fooax 


@ A measure of the center of the distribution is the 
mean: 


= [ =floas 


@ A measure of the spread of the distribution is the 
standard deviation: 





G= | (ey x) asc 

In real-world applications, some situations are 
described by known probability distributions. Two of 
these are the uniform density function and the expo- 


. hential density function. The uniform distribution has a 


constant value on a specified interval and is zero else- 
where. It is a good model for random variables that are 
evenly distributed on a specified interval. The exponen- 
tial density function is often called the waiting time dis- 
tribution and has applications for random variables that 
are more likely to be small than large. 

A density function with numerous applications in 
the behavioral and social sciences is the normal distri- 
bution. A normal curve is symmetric about a vertical 
line through its mean, is bell-shaped, and has inflection 
points that are located one standard deviation on either 
side of the mean. 

A cumulative density function is an accumulation 
function of a probability density function. Outputs of 
cumulative density functions are the areas between the 
corresponding probability density functions and the 
horizontal axis. Probabilities can be determined by 
using either probability density functions or cumulative 
density functions. 
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Find and interpret areas between two curves? 
Determine income flow rate functions? 


Calculate and interpret present and future values of discrete 


and continuous income streams? 


Find various quantities related to a demand function? 


Find various quantities related to a supply function? 


Find the market equilibrium point and total social gain? 


Find average value and average rates of change? 


Find and interpret probability, mean, and standard deviation? 


Understand and use probability density functions? 
Work with cumulative density functions? 


Review Test 


. In preparing to start your own business (in 6 years), 


you plan to invest 10% of your salary each month in 
an account with a fixed rate of return of 8.3%. You 
currently make $3000 per month and expect your 
income to increase by $500 per year. 


a. Find a function for the yearly rate at which you 
will invest money in the account. 


b. If you start investing now, to what amount will 
your account grow in 6 years? (Consider a con- 
tinuous stream. ) 

c. How much would you have to invest now in one 
lump sum, instead of in a continuous stream, in 
order to build to the same 6-year future value? 


. A teacher is planning to retire in 8 years. To supple- 


ment her state retirement income, she plans to 
invest 7% of her salary each month until retirement 
in an annuity with a fixed rate of return of 8.2% 


_. compounded monthly. She currently makes $3100 


To practice, try 


POOP ee eee eee eae ETO E HOSE HERES EEE EO SESE SEES ESSE HOSES SEES 


Section 7.1 Activity 17 
Section 7.2 Activity 1 
Section 7.2 Activities 9, 15 
Section 7.3 Activity 5 
Section 7.3 Activity 9 
Section 7.3 Activity 13 
Section 7.4 Activity 7 
Section 7.5 Activity 11 
Section 7.5 Activities 3, 5 


Section 7.5 Activity 23 





per month and expects her income to increase, due 
to consulting work, by 0.4% per month. 


a. How much will be in the annuity at the end of 8 
years? 


b. How much would she have to invest now, in one 
lump sum, to accumulate the same amount as 
the 8-year future value found in part a? 


. Suppose a 1990 population of 10,000 foxes breeds 


at a rate of 500 pups per year and has a survival rate 
of 63%. 


a. Assuming that the survival and renewal rates 
remain constant, determine how many of the 
foxes alive in 1990 will still be alive in 2010. 


b. Write a function for the number of foxes that 
were born ft years after 1990 and will still be alive 
in 2010. 


c. Estimate the fox population in the year 2010. 


4. The average quantity of marble fountains that con- 


sumers will demand can be modeled as 
D(p) = -1.0p* — 20.6p + 900 fountains 


and the average quantity that producers will supply 
can be modeled as 


Joys 0 fountains ip 
0.3p* + 8.1p + 300 fountains if p = 2 


when the market price is p hundred dollars per 

fountain. 

a. How much are consumers willing to spend for 
30 fountains? 

b. How many fountains will producers supply at 
$1000 per fountain? Will supply exceed demand 
at this quantity? 

c. Determine the total social gain when fountains 
are sold at the equilibrium price. 


5. The projected number of households shopping 


online’ between 1999 and 2004 can be modeled by 
the equation 


39. Based on data from Forrester Research, Inc. 
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h(y) = 15.936 + 18.753 In y million 


y years after 1998. 

a. Find the average projected number of house- 
holds shopping online between 1999 and 2004. 

b. Find the average rate of change in the projected 
number of households shopping online between 
1999 and 2004. 


. The density function for a random variable x is 


fey 0.125x when0=x=4 

5 0 when x < O0orx >4 

a. Find the probability that x is less than 3.8. Inter- 
pret this result. 

b. Find the probability that x is between 1.3 and 5. 
Indicate, on a graph of f, what this answer repre- 
sents. 

c. Find the mean value of x. Locate the mean on 
the graph you drew in part b. 


- d. Find-and graph y = F(x), the cumulative density 


function for x. 


e. Use F to find the answer to part b. Show all work 
involved in your calculation. 






Project 7.1 
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Arch Art 


Setting 3. Estimate the area between the arch and the hill. 

A popular historical site in Missouri is the 4. The artist plans to use strips of mylar 60 inches wide. 
Gateway Arch. Designed by Eero Saarinen, it What is the minimum number of yards of mylar that the 
is located on the original riverfront town site artist will need to purchase? 


of St. Louis and symbolizes the city’s role as 


gateway to the West. The stainless steel 5. Repeat Task 4 for strips 30 inches wide. 


Gateway Arch (also called the St. Louis Arch) 6. If the 30-inch strips cost half as much as the 60-inch 
is 630 feet (192 meters) high and has an strips, is there any cost benefit to using one width instead 
equal span. of the other? If so, which width? Explain. 


In honor of the 200th anniversary of the 
Louisiana Purchase, which made St. Louis a 


part of the United States, the city has Reporting 

commissioned an es design a work of Write a memo telling the artist the minimum amount of 

art at the Jeffer son National Expansion _ mylar necessary. Explain how you came to your conclusions. 
Memorial National Historic Site. The artist Include your mathematical work as an attachment. 


plans to construct a hill beneath the Gateway 
Arch, located at the Historic Site, and hang 
strips of mylar from the arch to the 
hill so as to completely fill the space. 
(See Figure 7.53.) The artist has 
asked for your help in determining 
the amount of mylar needed. 


Tasks 


1. If the hill is to be 30 feet tall at its 
highest point, find an equation 
for the height of the cross section 
of the hill at its peak. Refer to 
Figure 7.53. 


2. Estimate the height of the arch in 
at least ten different places. Use 
the estimated heights to construct 
a model for the height of the 
arch. (You need not consider only 
the models presented in this text.) 





0 60 120 180 240 300 360 420 480 540 600 


FIGURE 7.53 The Gateway Arch in St. Louis 
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Concept Objectives 


This chapter will help you understand the 
concepts of 


Sine and cosine functions in terms of the unit 
circle 


Amplitude, reflection, frequency, period, and 
shifts of sine functions 


Derivatives and integrals of sine and cosine 
functions 


Expected value of a cyclic function 


and you will learn to 


Calculate and interpret sine and cosine values 


Identify the amplitude, reflection, period, fre- 
quency, horizontal shift, and vertical shift of a 
sine function 


Use data to construct and graph a sine model 
without the aid of technology 


Use technology to construct a sine model 


Calculate and interpret derivatives of sine and 
cosine functions 


Find extrema and inflection points of sine and 
cosine functions 


Calculate and interpret definite integrals of sine 
and cosine functions 


Many things change and then return to 
repeat the same change. This creates a 
repetitive pattern and forms a cycle. 
Patterns of repeating cycles occur in 
nature as well as in business applications. 


Many cycles are best described with the 
functions from an area of mathematics 
called trigonometry. This term has its 
roots in the Greek word for “triangle 
measurement.” Most of early 
trigonometry was centered on using 
ratios in similar triangles to determine 
indirect measurements. However, the 
trigonometric functions are now widely 
used to describe cyclic patterns of change. 


Understanding the repetitive process in 
cycles and the mathematical models used 
to describe such cycles is the goal of the 
first part of this chapter. The second part 
of the chapter shows how calculus 
concepts can be applied to cyclic 
functions. 
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8.1 


FIGURE 8.1 





An angle drawn in standard 
position on a unit circle 


FIGURE 8.2 


2 


The radian measure of an angle is the 
ratio of the arc length to the radius. 


e=+ 
ip 
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Functions of Angles: Sine and Cosine 


A study of functions would not be complete without an examination of functions 
that repeat a pattern. If a function repeats itself and the length between the repetitions 
is constant, then we say the function is periodic. The shortest interval over which the 
function repeats itself is called the period. Furthermore, when a function is periodic 
and varies continuously between two extremes, we say the function is cyclic. 


Cyclic Function 


A cyclic function is a periodic, continuous function that varies between two 
extremes. 





The most common periodic functions are the trigonometric (or trig) functions. 
There are six trig functions, all of them periodic. However, only two of the trig func- 
tions are cyclic, and we restrict our study to those: the sine function (abbreviated sin) 
and the cosine function (abbreviated cos). Before we define these functions, we 
briefly discuss the angle measurement that we use in calculus. 


Radian Measure 


We place an angle on the coordinate axes so that the vertex of the angle is at the 
origin and so that one side, called the initial side, is along the positive x-axis. 
The other side of the angle is called the terminal side. An angle drawn in this 
position is referred to as being in standard position. The size of the angle is 
determined by the measure of the rotation of the initial side into the terminal 
side. A positive angle represents counterclockwise rotation, and a negative angle 
represents clockwise rotation. The trig functions are defined in terms of a unit 
circle, so we draw angles in standard position on a unit circle—that is, a circle 
centered at the origin with radius 1 unit. (See Figure 8.1.) 

You are accustomed to measuring angles in degrees; however, it is common 
in a study of calculus to measure angles in radians. We define the radian meas- 
ure of an angle to be the ratio of the length of the arc s cut out of the circumfer- 
ence of a circle by the angle 6 to the radius r of the circle. (See Figure 8.2.) 
Because the total arc length (that is, the circumference) of a circle is 271 times its 
radius, a full revolution has radian measure of 2"” = 27. Note that 27 is a real 
number approximately equal to 6.283. When we are using a unit circle, the 


radius is 1, so the radian measure is simply the corresponding arc length: 
) = 8 = & =s5 
i? 1 ; 


It is important to recognize that the radian measure of an angle is a real 
number with no units attached. In the definition of radian measure, both s and r 
measure length and must have the same units, which causes @ to be a unitless 
quantity. At first this might seem to be a strange way to measure angles, but we 


later find that radian measure of angles gives simple calculus results for the 
trigonometric functions with which we will be dealing. 
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Radian Measurement 


27m radians = 1 complete counterclockwise rotation 


; 1 
1 radian = Ae counterclockwise rotation (a little less than 4 revolution) 


6 = | radian 


FIGURE 8.3 





Figure 8.4 shows some common radian measures on a circle. 


0, 27 


a 
The angle @ corresponds to g of a complete 
rotation, or 3 (2a) = 3F units around the 
circle. Thus its radian measure is 27. 





FIGURE 8.4 


EXAMPLE 1. Radian Measurement 





3 i =5 ah 930 
a. Draw angles with radian measure ~~ and 5 on a unit circle. 


b. Estimate the radian measure of the two angles shown in Figures 8.5a and b. 


ee 


FIGURE 8.5 (a) (b) 
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Solution 
a. An angle of =m =-7 -7= -[} (2m) + + }(2n)| is half of a clockwise rotation 
plus another ; ie a clockwise rotation. See Figure 8.6a. An angle of 5 is between 3 
of a counterclockwise rotation (32 ~ 4, 7) and a complete rotation (27 = 6.3). 
See Figure 8.6b. 
SN es 
V 
FIGURE 8.6 (a) (b) 


b. The angle in Figure 8.5a appears to be approximately ;5 of a rotation, or 5 ~ 0.5 
radian. The angle in Figure 8.5b is—377: one complete clockwise rotation (-277) 
plus a half of a clockwise rotation (-7). 


eee oeresorevescesescces 


Sine and Cosine Functions 


Having explained radian measure, we now define sine and cosine functions of angles 
in standard position on a unit circle. It is also possible to define these functions in 
terms of the sides of a right triangle. More information on this approach to the sine 
and cosine functions is found in the Trigonometry Appendix at the Calculus Concepts 
web site. 


Trigonometric Values for a General Angle 


Consider an angle 0 in standard \ 
position. The terminal side of the 
angle intercepts the unit circle at a 
point (x, y). The sine and cosine 
functions are defined as follows: 


(x, y) = (cos 8, sin 8) 


f(®) = sin @ is the function 
whose output is the 
y-coordinate 
2(8) = cos @ is the function 
whose output is the FIGURE 8.7 
x-coordinate 





Because the equanoD of the unit circle shown in Figure 8.7 is x* + y* = 1, it follows 
that cos* @ + sin? 0 = 1 for any angle 0. 


EXAMPLE 2 





ae 


(-0.92388, -0.38268) 


_ FIGURE 8.9 


8.1 Functions of Angles: Sine and Cosine 563 


Figure 8.8 shows the four points where the unit circle intersects the axes, the 
corresponding angles in radians, and the values of the sine and cosine functions. 


, cos£=0, sinzE=1 
pi 2 


(Ele) (1, 0) 


0=7, cost=-l, sinn=0 0= 0) cos = 1. sin'O'=0 


FIGURE 8.8 


Any point on the unit circle has multiple corresponding angles with the same initial 
and terminal sides. For example, an angle of *¥ is 1 complete revolution plus a 


quarter of a revolution (20 + =), resulting in the same point on the unit circle as the 


angle 5. Hence cos 2? = cos} = 0. 

The values of the sine and cosine functions are not obvious for points other than 
those shown in Figure 8.8. You can use a calculator or computer to find other sine and 
cosine values, as illustrated in Example 2. Be sure your technology is set in radian mode. 


circle. 


Sine and Cosine Values 


. . 9 9 
a. Find sin 4 and cos =. 


b. Interpret your answer to part a in terms of the coordinates of a point on the unit 


c. Find two other angles whose sine and cosine are the same as those in part a. 


Solution 


on 


a. Using a calculator or computer you should find that sin = ~ -0.38268 and 
cos * ~ -0,92388. 


i 


b. 


2 


The cosine and sine values are the x- and y-coordinates of the 
point where the terminal side of the angle ** intersects the unit 
circle. This angle and the corresponding point are shown in 
Figure 8.9. Note that because the x- and y-coordinates of the 
point are negative, both the cosine and the sine of this angle are 
negative. 


We seek two other angles corresponding to the point where the 
terminal side of the angle shown in Figure 8.9 intersects the unit 


circle. One such angle is obtained by a clockwise rotation from 
the positive x-axis. This angle is 27 — °* = and is expressed 


as a negative number to denote the direction. Thus the angle is 
=F 5 = . 9 -7 = 
2 and sin(-2) = sin and cos( =") = cos 
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Points on the graph of (9) = sin 0 
FIGURE 8.10 


Repetitive Change: Cycles and Trigonometry 


It is also possible to reach the point under consideration by going around the 
circle 1 full boftion counterclockwise and alee an additional “¥ radians. This 
angle is 27 + = 2°" Thus sin “3 = sing 2t and cos “g = cos 27 There are 
infinitely more boative and negative angles eres to the BDInt indicated 
in Figure 8.9, all with a sine value of approximately -0.38268 and a cosine value of 
approximately -0.92388. 


eee e eee eee eeeeesereeeesesesessseeeereeesese 





So far we have referred to f(0) = sin 8 and g(8) = cos @ as functions, but we have 
not verified that this is the case. Recall that a function is a rule that assigns to each 
input exactly one output. To verify that f(0) = sin @ is a function, we must ask, “Can 
sin @ have more than one value for a particular angle 0?” Because the terminal side of 
the angle @ intersects the unit circle at a single point, there will be only one output 
(9) = sin 8 corresponding to each angle @. Thus f() = sin @ is indeed a function. 
Similar reasoning confirms that g(8) = cos @ is also a function. 

You should be careful not to confuse inputs of these functions. Even though angles 
such as 2 and +2 have the sane sive and terminal sides ale (eee the same 
trigonometric function outputs, = is 75 of a revolution, whereas *=" represents 1 com- 
plete revolution plus ;5 additional revolution. The two angles are Pe not the same. 
For cyclic functions, infinitely many distinct inputs correspond to the same output. 

To graph the cosine function, we put angle measures on the horizontal axis and 
put the corresponding x-coordinate on the unit circle on the vertical axis. In a graph 
of the sine function, the vertical axis represents the y-coordinates on the unit circle. 
We graph the sine function here and leave the cosine function graph for the activities. 

Refer to Figure 8.8. If we plot the angles shown in that figure and the corre- 
sponding y-coordinates, we obtain the graph shown in Figure 8.10. We also add 
the point (27, 0) corresponding to 1 complete revolution. 

By means of technology, more points can be added to this graph. Table 8.1 
shows selected angles between 0 and 27 (corresponding to sixteenths of a revo- 
lution) and the associated y-coordinates (to five decimal places) on a unit circle. 


TABLE 8.1 











y-coordinate on y-coordinate on 















unit circle Angle unit circle 
EE i) 8 sin 0 





0.38268 -0.38268 


on 
8 
‘Bs Su E 
ji 0.70711 0.70711 
0.92388 -0.92388 
30 
Os 
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0.92388 a -0.92388 
0.70711 | -0.70711 
5 
0.38268 2 ee -0.38268 


iets i 
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Figure 8.11 shows the points in Table 8.1 added to the graph in Figure 8.10. 














ey, 


FIGURE 8.11 FIGURE 8.12 


Because the y-coordinates increase, decrease, and increase again and take on all real 
number values between -1 and 1 as we move around the circle, we expect the sine 
function graph to increase and decrease in a smooth, continuous manner, taking on 
all values between -1 and 1. We therefore connect these points with a smooth curve to 
obtain the graph of the sine function shown in Figure 8.12. 

Once the angle exceeds 277, we begin retracing the unit circle, and the sine func- 
tion begins repeating itself. Figure 8.13 shows a sine graph with more of the repeti- 
tions. This graph extends infinitely far in both directions. 








paw = 





FIGURE 8.13 


The sine function is periodic because it repeats itself every 27 input units. 
The period of the sine function is 27. The sine function is also cyclic, because it 
varies continuously, alternating between -1 and 1. The portion of the sine function 
over one period—that is, the part that keeps repeating itself—is called a cycle of 
the function. 

Although we have viewed the sine and cosine functions as having angle measure 
as input, we are not restricted to this interpretation. In fact, we can consider the sine 
and cosine functions as having any real number as the input. Because most applica- 
tions to which we will apply a sine model have input that is not an angle measure, we 
will no longer use 6 to denote the input. Instead we use the notation y = sin x and 
y = cos x. Do not confuse x and y here with points on the unit circle. The variable x 
is simply the input, which can be interpreted as an angle measured in radians, and 
the variable y is the output, which can be interpreted as the x- or y-coordinate on the 
unit circle, depending on whether we are considering a cosine function or a sine 
function. 
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y =sinx 
FIGURE 8.15 
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Variations of the Sine Function 


The sine function can be modified to vary between extremes other than -1 and 1, to 
shift up or down, to repeat itself more or less often than 277, and to shift right or left. 
The ability to modify the sine function in these ways will be valuable when we use a 
sine function to model data. 

Multiplying the function y = sin x by a constant changes the extremes between 
which the output values of the function vary. In particular, the function y = a sin x 
varies between -a and a. The parameter a is called the amplitude (unless a is nega- 
tive, in which case the amplitude is |a|), and its effect is illustrated in Figure 8.14. A 
negative value of a indicates that the graph is reflected across the horizontal axis. 


y 
Z 





y =-4sinx 


~ amplitude = 4 
y =sinx P 2 


amplitude = 1 





\ 
ie) 
I 


y =2sinx 
amplitude = 2 
FIGURE 8.14 


Adding a constant to, or subtracting a constant from, the sine function shifts the 
graph vertically up or down. This constant can be thought of as the average or 
expected value of one cycle. It is the midpoint between the high and low values of the 
function. Figure 8.15 illustrates the effect of adding or subtracting a constant to or 
from a sine function. 
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The frequency of a sine or cosine function is the number of cycles of the graph 
on an interval of length 27. Thus the frequency of the function y = sin x is 1. Multi- 
plying the input by a constant changes the frequency to that constant. In other words, 
if you want the function to cycle twice every 27 units, multiply x by 2. If you want to 
elongate the function so that one cycle stretches over 2 periods (47), multiply by 5. 


8.1 Functions of Angles: Sine and Cosine 567 


The frequency is } because only half of a cycle would cover an interval of length 27. 
These examples illustrate the fact that the function y = sin bx has frequency b. (We 
assume that b > 0.) To find the period of y = sin bx, we simply divide 27 by b: 


27 
Period = — 
erlo b 


Similarly, if we know the period, then we can find b by using the equation 


27 





Fr period 


Figure 8.16 illustrates several functions of the form y = sin bx. 
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y =sinx y = sin 2x y =sin 7x 

cnatees =1 frequency = 2 frequency = 7 

period = 27 period = 7 period = 2 





y =sin}x 
frequency = 3 
period = 67 


FIGURE 8.16 


Finally, we can shift a sine function horizontally by adding a constant to the 
input. Specifically, for y = sin(bx + h), the graph is shifted horizontally by li! units. 
If h is negative, the shift is to the right. If h is positive, the shift is to the left. One way 
to identify the horizontal shift of a graph is to find the location of an inflection point 
at which the function is increasing. Because the function is cyclic, an inflection point 
at which the function is increasing is not unique. One such inflection point occurs at 
x = 0 for y = sin x, and one occurs at x = # for y = sin(bx + h). Figure 8.17 illus- 
trates several functions with horizontal shifts. 
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FIGURE 8.17 


There is one final variation of the sine function to consider. The functions 
y = sin(-x) and y = -sin x are equivalent functions. That is, sin(-x) = -sin x. The 
graph of each of these functions is the reflection of the graph of y = sin x across the 
horizontal axis. See Figure 8.18. 





v y 
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y =sinx y =~sin x or y = sin(-x) 
FIGURE 8.18 


We earlier stated that we assume b is positive. This restriction does not limit the func- 
tions we consider because a negative value for either a or b in y = a sin(bx + h) + k 
indicates reflection. If we encounter a function in which D is negative, we simply fac- 
tor the negative one out of the (bx + h) term and use the fact that sin(-x) = -sin x to 


rewrite the function with a positive b. For example, y = -2 sin(-3x + 4) — 6 can be 
rewritten as 


y = -2 sin[-(3x — 4)] — 6 = -[-2 sin(3x — 4)] — 6 =2 sin(3x 4 )i=6 
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Consider the cycle of the graph y = a sin(bx + h) + k that begins at x = 7 The 
output value is always k at the point with this input. If a is positive, this cycle will first 
increase and then decrease. If a is negative, this cycle is reflected across the line y = k, 


so it will first decrease and then increase. 


We summarize the effects of these parameters: 


Variations of the Sine Function 


The parameters of the sine function! 


fix) = asin(bx + h) +k 


are interpreted as follows (we assume b > 0): 
|a| is the amplitude where a < 0 denotes reflection across the horizontal axis 
b is the frequency, and 2m is the period 


[A] 


~, is the horizontal shift, right if h < 0 and left if h > 0 
k is the vertical shift, up if k > 0 and down if k < 0 





EXAMPLE 3 Variations of the Sine Function 


For each of the following sine functions, specify the amplitude, frequency, period, 


horizontal shift, and vertical shift. Graph one cycle of each function. 


a. y=3sinx—4 b. y = sin(-2x — 6) c. ¥ = 0.5 sin(0.2«— 1) + 2.5 
Solution 
a. The parameters of y = 3 sinx — 4 area = 3,b = 1,h = 0, and k = -4. Thus the 


amplitude of this function is 3, and the graph is shifted down 4 units. Without the 
shift down, the function would vary between -3 and 3. Subtracting 4 from each of 
these values, we see that the graph of y = 3 sin x — 4 varies between -7 and -1. 
The period is 27, and the frequency is 1. We choose to graph the cycle that begins 
at 0 and ends at 277. Because a is positive, this cycle begins with the graph increas- 


ing. The graph is shown in Figure 8.19. 


y=3sinx-4 


0 2 ‘ 
21 7 TT 
= 
—7 
FIGURE 8.19 


. Instead of the equation y = a sin(bx + h) + k, some technologies use y = a sin b(x — h) + k. The 
advantage in this alternative form is that the quantities influenced by the parameter have direct read- 
outs. That is, in the equation y = a sin b(x — h) + k, his precisely the horizontal shift. In the first for- 


mulation, the one used in the text, |; | is the horizontal shift. 
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b. Because b is negative in this function, we factor out the negative one and use the 
property that sin(-x) = -sin x: 


sin(-2x — 6) = sin[-(2x + 6)] = -sin(2x + 6) 


Thus we consider the function in the form y = -sin(2x + 6). For’this function 
a =-1,b = 2,h = 6,and k = 0. The amplitude of y = -sin(2x + 6) is 1. There is 
no vertical shift, so the function varies between -1 and 1. The frequency is 2, and 
the period is = a. The graph is shifted horizontally {sl = 3 units, and the shift 
is to the left because 6 is positive. Without the horizontal shift, one cycle would 
begin at 0 and end at 7. With a horizontal shift of 3 units to the left, one cycle 
begins at -3 and ends at 7 — 3. Because a is negative, this cycle begins by declining 
rather than rising because it is reflected across the horizontal axis. (See Figure 8.20.) 








y = sin(-2x — 6) 








FIGURE 8.20 


c. For the function y = 0.5 sin(0.2x — 1) + 2.5, the parameters are a = 0.5, b = 0.2, 
h =~-1, and k = 2.5. The graph has amplitude 0.5 and is shifted up 2.5 units. Thus 
the function varies between -0.5 + 2.5 = 2 and 0.5 + 2.5 = 3. The frequency of 
the function is 0.2, and the period is aa = 10m. The graph is shifted horizontally 


[1 


02 — > units, and the shift is to the right because -1 is negative. Without the 


horizontal shift, one cycle begins at 0 and ends at 107. With the horizontal shift 
5 units to the right, one cycle begins at 5 and ends at 107 + 5. Because a is positive, 
this cycle begins with the graph increasing. The graph is shown in Figure 8.21. 


y =0.5 sin(0.2x — 1) + 2.5 
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Now that we have seen the basic form of the sine function fix) = asin(bx + h) +k 
and understand how the parameters are related to the shape of a graph of the function, 
we can consider the usefulness of the sine function when modeling cyclic data. In the 
next section, we look at modeling various sets of cyclic data with sine functions. 









Concept 
Inventory 


Periodic function 

Cyclic function 

Radian measure of angles 

Unit-circle definition of the sine and cosine of an angle 
Sine and cosine functions 

Sine function graph 

Sine function variations: y = asin(bx + h) +k 


Amplitude Horizontal shift 
Frequency Vertical shift 
Period Expected value 
Cycle Reflection 


Activities 


1. a. Use the graph in Figure 8.1.1 to estimate sin 4, 


cos 4, sin(= , and cos(= 3 
b. Mark the estimated locations of the angles 
§ = -land@ = “42 on Figure 8.1.1, and use the 
grid to estimate the values of sin(-1), cos(-1), 


. 144qr 1440 
sin 7,» and cos 4, - 


y 





FIGURE 8.1.1 


. a. Use the graph in Figure 8.1.2 to estimate sin 2.5, 


a= -15 
cos 2.5, sin(3), and cos(3). 
b. Mark the estimated locations of the angles 


§ =F and 0 = 7 on Figure 8.1.2, and use the 


ve a 
grid to estimate the values of sin(2), cos(#), 


age be Som 
sin(=2), and cos (==). 
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FIGURE 8.1.2 
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a2 2 
Find the values of sin = and cos >. 


= 


b. Interpret each answer to part a in terms of the 
coordinates of a point on the unit circle. 


c. Give two other angles whose sine and cosine val- 
2 
ues are the same as those for @ = >. 


. a. Find the values of sin 15 and cos 15. 


b. Interpret each answer to part a in terms of the 
coordinates of a point on the unit circle. 


c. Give two other angles whose sine and cosine val- 
ues are the same as those for 8 = 15. 


. a. Find the values of sin = and cos 34. 


b. Interpret the answers to part a in terms of the 
unit circle. 

c. Give three other angles whose sine and cosine 
values are the same as those for @ = 3. 


4 
. a. Find the values of sin and cos *. 


b. Interpret the answers to part a in terms of the 
unit circle. 


c. Give three other angles whose sine and cosine 


values are the same as those for @ = =. 


. Is it possible for the trigonometric functions of an 


angle @ to be cos 8 = 0.5 and sin 9 = -0.5? Explain. 


. Is it possible for the trigonometric functions of an 


angle 8 to be cos 8 = 0.35 and sin 8 = 0.82? 
Explain. 


. a, Without using technology, tell whether each of 


the following values is positive, negative, or zero 
by using its interpretation as the y-coordinate of 
a point on the unit circle. 
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b. Use your calculator or computer to complete the 
following table. Compare the signs of the values 
to your results from part a. 


Tr +. 31 ‘| 
SIN 5 SIN 4 SIN 
oe Tis ; 

















. . Sar 
Trig value sin] 





c. Plot the values you obtained in part b as a func- 
tion of the angle. How is this plot related to the 
graph of the function f(x) = sin x? 


10. a. Without using technology, tell whether each of 
the following values is positive, negative, or zero 
by using its interpretation as the x-coordinate of 
a point on the unit circle. 


Trig value | cos0O cos > cos = cos2= | cosa 
4 2 4 
. Sa 3m 7a 
Trig value | cos? | cos | cos | cos 27 | 


b. Use technology to complete the following table. 












Compare the signs of the values to your results 
from part a. 
















oo): i a 
Prigvene [cont [coo [or [rae] 
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11. Construct an input/output diagram for the func- 
tion s(x) = sin x. 








12. a. Construct an input/output diagram for the 
function c(x) = cos x. 


b. On axes like those in Figure 8.10, plot the four 
cosine values for the points labeled in Figure 8.8. 

c. Make a table of values for the cosine function for 
the angles shown in Table 8.1. 

d. Add the points in part c to the plot in part b. 
Sketch a smooth curve through the points. 

e. Use technology to verify that the graph in part d 
is a graph of the cosine function. 


f. Sketch a graph of c(8) = cos 0 for 6 between -277 
and 677. 
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g. What could you do to the cosine graph in order 
to obtain the sine graph? State your answer in 
words and as an equation. 


13. a. For x-values from 0 to 27, what is the largest 
value that s(x) = sin x achieves? Also find the 
value(s) of x at which the maximum occurs. 


b. For any real number x, what is the largest value 
that s(x) = sin x achieves? Also find the value(s) 
of x at which the maximum occurs. 


c. For x-values from 0 to 27, what is the smallest 
value that s(x) = sin x achieves? Also find the 
value(s) of x at which the minimum occurs. 


d. For any real number x, what is the smallest value 
that s(x) = sin x achieves? Also find the value(s) 
of x at which the minimum occurs. 


e. Relate the results of parts a—d to the nature of 
the circle on which the trigonometric function 
s(8) = sin 8 achieves its values. 


14. Repeat Activity 13 for the cosine function. 


15. a. Graph c(x) = cos x and s(x) = sin x on the same 


axes for0 =x S27. 
b. Find where c(x) = s(x). 


c. On the basis of your answer to part b, what are 
the x-coordinates of all the points of intersection 
for the sine and cosine functions over all real 
numbers? 


For each of the functions in Activities 16 through 20, 
state the amplitude, frequency, period, vertical shift, and 
horizontal shift. Also state whether the function is 
reflected across the horizontal axis and whether the 
graph is increasing or decreasing at x = chi 


16. f(x) = 0.1 sin(2x — 4) — 0.5 

17. g(x) = -sin(x — 1) 

18. g(x) = 3.62 sin(0.22x + 4.81) + 7.32 
19. p(x) = 235 sin(-300x + 100) — 65 
20. p(x) = sin(-x + 4) + 0.7 


21. Match functions a-f with graphs i-vi in Figure 
8-103: 
a. y= 3sinx + 8 b. y = 3 sinx — 3 
d. y=4Asinx +8 


iO sini 2 


Cy — SiS ee 


CW yaaa Si ieees 


8.2 Cyclic Functions as Models 573 


y 22. a. What is the distance between two consecutive 
i repeating maxima of the function f(x) = sin(2x)? 
the function g(x) = sin(0.5x)? 

b. For the function h(x) = sin( 4x +4) and the 
function j(x) = sin( $x a 3), estimate the loca- 
tions of the points of greatest slope closest to 
x= 0. 





c. Match the four functions given in this Activity 
with graphs i-iv in Figure 8.1.4. 


i Without the aid of technology, graph one cycle of each 
of the functions in Activities 23 through 28. 


5 23 fx) = “sin 2x a3 24. f(x) = -2 sinx + 3 





25. fix) = 2 sin(x + 3) 26.j(%)s= SIn(G2% 3) 


DIE A C8) <SPAN IR ES ed) 
(iii) (iv) 
285° fix) = —2 sin(-2x + 3) 3 
y y 29. Compare the graph of y = -2 sin x with the graph 
12 of y = 2 sin(x — 7). Also compare the graphs of 
y =~-0.5 sin x and y = 0.5 sin(x + 377). What gener- 
alization can you make from your observations? 


(v) (vi) 
FIGURE 8.1.3 





(iv) 


FIGURE 8.1.4 





8.2 Cyclic Functions as Models 


The world is full of cyclic data that repeatedly return to the same maximum and min- 
imum. Our ability to analyze such data is helpful. If we learn to model these data, 
then we can use calculus and the model to obtain special insight into the changing 
nature of the data. The sine and cosine functions are cyclic, and they are useful in 
modeling data that exhibit cyclic behavior. Because these two functions are similar 
(one can be obtained from the other by a horizontal shift), they are equally useful in 
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modeling. However, the technologies that include a cyclic function in their regression 
library use the sine, rather than the cosine function. Therefore, we choose to use only 
the sine function when modeling cyclic data. 


The Sine Model 


In Section 8.1 we examined the sine function of the form y = a sin(bx + h) + k. We 
saw that the parameter a determines the height and reflection of the curve, the 
parameter b is the frequency that determines the period, the parameter h influences 
the horizontal shift, and the parameter k is the vertical shift. We now consider using 
this function to model data in real-life situations. 

The monthly amount’ of ultraviolet (UV) radiation (in watts per square cen- 
timeter) received by a horizontal surface of area 1 cm* in Auckland, New Zealand, is 
given in Table 8.2, and a scatter plot of these data is shown in Figure 8.22. 


TABLE 8.2 
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FIGURE 8.22 





We see from the data and scatter plot that the data have a minimum and a maxi- 
mum. We assume that the amount of UV radiation reaches this same maximum and 
minimum each year; hence the data are cyclic. Because the repetitions occur on a 
yearly basis, the period is 12 months. Thus it makes sense to fit a sine function to the 
data. Before using technology to fit the function fix) = a sin(bx + h) + k, let us 
inspect the data more carefully to see if we can estimate the parameters a, b, h, and k. 

We begin our inspection by looking for k. The parameter k is the vertical shift of 
the sine function. It tells us how high (or low) the middle value of the output range 
is. This is the average (or expected) value of the cycle. In order to determine k, we 
must know the maximum and the minimum output. The maximum of the data 
occurs in December at 58 watts per cm’, and the minimum occurs in June at 7 watts 
per cm”. To find the middle value of the output, we average the maximum and mini- 
mum values. 


2. W. Rudloff, World-Climates, (Stuttgart: Wissenschaftliche Verlagsgesellschaft, 1981). 
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maxi min 58+ 7 
2 y, 


k= 





= 32.5 watts per cm? 


In other words, if we did not take into account the cyclic fluctuations in the amount 
of UV radiation, we would expect the average amount to be 32.5 watts per cm’ for 
any given month. However, there are monthly variations in the amount. The ampli- 
tude tells us by how much the amount may vary from the expected (or average) 
value. 

We find the amplitude a of the sine model by calculating half the difference 
between the maximum and minimum values. 


Dy Maxie min. 58507 
2 ) 








= 25.5 watts per cm? 


That is, UV radiation varies by + 25.5 watts per cm’ away from the expected value of 
32.5 watts per cm’. 

Because the data are periodic with a cycle that we assume to repeat each year, the 
period is 12 months. We calculate the parameter b (the frequency) using the equation 


2 
Period = — 
er1o b 


Thus 12 = or b= 20.52: 

Finally, we look for the parameter h, which is an indication of the horizontal shift 
of the sine function. When looking for the horizontal shift of a sine function of the 
form f(x) = a sin(bx + h) + k, we seek an input value x, at which the sine function f 
behaves the same way g(x) = sin x behaves at x = 0. At x = 0, a graph of g(x) = sinx 
is increasing and has an inflection point, so we are looking for an input value x, at 
which the graph of f(x) = a sin(bx + h) + kis increasing and has an inflection point. 
More specifically, we seek a value for x, such that 


1. f(x) = k = the average value of the cycle 
2. The graph of fis increasing at x, 


3. The graph of f has an inflection point at x); that is, the graph of f changes from 
concave up to concave down at Xp.” 


On a function of the form f(x) = a sin(bx + h) + k, such an input value x, occurs 
exactly halfway between the x-value at which f(x) is lowest and the x-value at which 
fix) is highest. Thus for the UV-radiation data in Table 8.2 we find that a candidate 
for the horizontal shift x) is halfway between June and December. If we align so that 
x = ] in January and x = 6 in June, then x = 12 in December, and x, = “$+ = 9 
(September). This shift is to the right, indicating that h is negative. To calculate h 
from Xp, we use the equation 


[h| 


X) = horizontal shift = —— 


b 
h| 


with b = @ as previously calculated. Thus 9 = ul orh = -(2)(9) ~ -4.71. 
Now we can write a model to approximate the amount of ultraviolet radiation 
received in Auckland, New Zealand, as 


3. For a function of the form f(x) = a sin(bx + h) + k, if conditions 1 and 2 are satisfied, then condition 
3 is automatically satisfied. If conditions 2 and 3 are satisfied, then condition 1 is also satisfied. How- 
ever, conditions | and 3 being satisfied does not guarantee that condition 2 is true. 
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Repetitive Change: Cycles and Trigonometry 


r(m) = 25.5 sin(0.52m — 4.71) + 32.5 watts per cm? 


when m = 1 in January, m = 2 in February, and so on. Figure 8.23 shows this equa- 
tion graphed on the scatter plot of the data. 


r(m) 
UV radiation 
(watts per cm?) 





m 
Month 
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As we have seen, the context of a real-life situation often indicates reasonable esti- 
mates for the parameters of a sine model. Knowing the interpretation of the parame- 
ters a, b, h, and k in the general sine model f(x) = a sin(bx + h) + k allows us to cal- 
culate an equation by hand. We again illustrate these ideas in Example | by using the 
sine function to model the number of daylight hours at a location on the Arctic Circle. 


Hours of Daylight on the Arctic Circle 


On the Arctic Circle there are 24 hours of daylight on the summer solstice, June 21, and 
24 hours of darkness on the winter solstice, December 21. We use this information, 
along with the fact that there are 12 hours of daylight and of darkness midway between 
the summer and winter solstices, to construct a model that approximates the number 
of hours of daylight throughout the year on the Arctic Circle. We use as input the num- 
ber of days since the beginning of the year and show just over 2 years of data so that the 
pattern in the data can be easily seen. Note that if January 1 is day 1, then December 21 
of the previous year is day -10 and December 21 of the current year is day 355. The 
data are given in Table 8.3, and a scatter plot of the data is shown in Figure 8.24. 


TABLE 8.3 










Day of the year 


Hours of daylight 





81.5| 173 | 264] 355 | 446.5 | 538 | 629| 720 
refwtelo[atalepe | 2 


Daylight 
hours 
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Use the data in Table 8.3 to calculate the parameters a, b, h, and k of a model of the 
form f(x) = a sin(bx + h) + k. 


Solution The scatter plot suggests that a sine model is appropriate. The output 
values of the data range from 0 to 24 hours; therefore, we expect the amplitude of our 
model to be 4 = 12 hours. However, without a vertical shift, the output of a sine 
model with amplitude 12 is between -12 and +12 hours. Because the data are 
between 0 and 24, we expect a vertical shift upward of 12 hours. We also expect the 
model to repeat itself every 365 days. To find the horizontal shift, we need to locate 
where the number of hours of daylight is the average value of the cycle (12 hours) 
and is first increasing. This occurs at 81.5 days, so 81.5 is the horizontal shift to the 
right. Thus inthe sine function f(x) = a sin(bx + h) + k, we expect 


Amplitude = a = 12 
; iT, 
Period = tae 365, so frequency = b ~ 0.01721 


Horizontal shift to the right = Ith = 81.5,soh ~ -1.40296 


Vertical shift = k = 12 
A model for the number of hours of daylight on the Arctic Circle is 
h(t) = 12 sin(0.01721t — 1.40296) + 12 hours 


where t is the number of days since December 31 of the previous year. Figure 8.25 
shows this model graphed on the scatter plot. 


h(t) 
Daylight 
hours 








FIGURE 8.25 
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It may be the case that the data or information provided are not sufficient to pre- 
dict accurately the maximum, minimum, or period of the cycle, or you may wish to 
find a model quickly. In such cases, you can use a calculator or computer to fit a sine 
function to the data. Keep in mind that it is still important to understand the role of 
the parameters a, b, h, and k of the equation so that you can interpret what the model 
is telling you. 

At the beginning of this section we calculated a model of the data for the amount 
of ultraviolet radiation in Auckland, New Zealand. However, our estimates of the 
maximum and minimum of the function were not exact. The minimum of the 
function probably occurs somewhere between the June and the July data, and 
the maximum probably occurs somewhere between the December and the January 
data. A sine function fitted by technology* to the data in Table 8.2 is 


4, In this text, all sine models found using technology were constructed on a TI-83. If you use a different 
technology, your model parameters may vary. 
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UV radiation 


(watts per cm’) 


Repetitive Change: Cycles and Trigonometry 


A(m) = 27.1 sin(0.485m + 1.707) + 32.9 watts per cm? 


when m = 1 in January, m = 2 in February, and so on. 

Let us examine this model and compare the parameters to those we calculated 
earlier. The function A gives the average value of UV radiation as approximately 32.9 
watts per cm? instead of the 32.5 watts per cm” previously calculated from the data. 
Ultraviolet radiation fluctuates as much as + 27.1 watts per cm’ above and below 


this average, according to the function A, giving a slightly larger amplitude than that 


calculated earlier. The period of the function A is on ad wi ~ 13.0. Thus the equa- 


tion that technology fit has a period of more than 12 months. 


h 1.707 ; 
Finally, the horizontal shift of A is tl a us] = 3.5 to the left. Because this 


value is outside the data interval, we add one period (approximately 13) to it in order 
to interpret it correctly. In this case, adding the period to the horizontal shift gives 
approximately 9.4. This number is within the range of our data and can be interpreted 
as halfway between the September data and the October data. Thus UV radiation hits 
its average value and has an inflection point at which the function is increasing halfway 
between the September data and the October data. (The horizontal shift calculated 
earlier was 9, or September.) This supports our analysis that the minimum probably 
occurs halfway between the June and the July data and that the maximum 
probably occurs halfway between the December and the January data. 

When we compare the two models, we see that the graph of the model calculated 
via technology is a better fit to the data (see Figure 8.26a). However, because the 
period of the technology-generated model is more than 1 year (the period we expect 
from the context), the two models will begin to differ by more and more after the first 
cycle (see Figure 8.26b). Thus the technology-generated model should be used only 
for inputs between 0 and 12. 


UV radiation 
(watts per cm?) 


60 A(m) 
50 r(m) 
40 Technology- 
30 generated 
20 function 
10 
Month Month 
2d 4S © 7 & O Moi 0 12 24 36 
(a) (Jan) (Mar) (May) (Jul) (Sep) (Nov) (b) 
EXAMPLE 2 __ Hours of Daylight on the Arctic Circle (Revisited) 





Use technology to find a sine model for the Arctic Circle hours-of-daylight data. 
Compare the equation with the one calculated in Example 1. 


Solution A technology-determined model is 
y = 12.00011 sin(0.01721x — 1.40296) + 12 hours 


where x is the number of days since December 31 of the previous year. We see that the 
amplitude coefficient of this equation agrees to three decimal places with that of the 


equation found in Example 1. The other coefficients agree to at least the number of 
decimal places shown here. 


Seer eeeoeseroesoseseseos 
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We now have the ability to use a sine function to model data that exhibit a wave 
pattern. A sine model may also be used if the data do not show more than one com- 
plete cycle but the context indicates that the situation is cyclic in nature. It is also pos- 
sible to use a sine model if a situation is not cyclic but the curvature of the data 
matches that of a sine function. In such cases the model would be useless for extrap- 
olation, but it could be used for interpolation. 





Concept 
Inventory 


@ The sine function: f(x) = asin(bx + h) + k 
© Determining sine function parameters from data 
without the aid of technology 


© Finding a sine function using technology 





Activities 


1. Table 8.4 shows the average number of gas thermal 
units per day used by a residential gas customer in 
Reno, Nevada. 


TABLE 8.4 


Gas use 
(therms per day) 


| 
| 


Jan 2002 2.9 


a. Find a sine function to fit the data in Table 8.4. 
State the amplitude, period, frequency, and hori- 
zontal and verticai shifts of the equation. 
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b. According to the function, what is the average 
value (or expected value) of the number of 
therms per day? 


c. Assuming that a billing period has 30 days and 
that the cost per therm is $0.5632, estimate the 
average gas bill for this customer. 


2. In order to smooth out seasonal work loads, the 
Campbell Soup Company produces both canned 
soup and powdered drink mix.’ Estimated sales for 
1992 are shown in Table 8.5. The table values are in 
millions of reconstituted pints or millions of 16- 
ounce cans sold in a four-week period beginning on 
the date indicated. 


TABLE 8.5 


Soup 
(millions of 
16-0z cans) 











(millions 
of pints) 


Soup 
120 110 100 110 130 










(millions of 
16-0z cans) 


Drink 
(millions 
of pints) 





Soup 
(millions of 


16-0z cans) 


Drink 
(millions 
of pints) 





5. Wall Street Journal, July 7, 1993. p. B1. 
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a. Find a model for the soup sales. 
b. Find a model for the drink sales. 


c. Compare and contrast the amplitudes, periods, 
frequencies, and vertical and horizontal shifts of 
the equations in parts a and b. 


d. How do you suppose management would use 
the two models that you have found in their pro- 
duction scheduling? 


3. Table 8.6 gives the normal daily mean tempera- 
tures,° based on the 30-year period 1961 through 
1990, for Omaha, Nebraska. 


TABLE 8.6 










a. Plot these daily mean temperatures. Explain why 
the data should be cyclic. 


b. Use the data to determine the amplitude and the 
vertical shift. 


c. Approximate the period and horizontal shift 
from the data. 


d. Construct, without the aid of technology, a 
model of the form 

Mean daily temperature = a sin(bx + h) + k °F 
during the xth month of the year. 


e. Graph your function on the plot of the data. Is 
the fit reasonable? 


f. Use your function to predict the mean daily tem- 
perature in Omaha in July of this year. Discuss 
the reasonableness of the prediction. 


6. U.S. National Oceanic and Atmospheric Administration, Climatog- 
raphy of the United States, No. 81. 
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4. Use your calculator or computer to find a sine func- 
tion that fits the data in Activity 3. Write the model. 
Compare and contrast the equation found in Activ- 
ity 3 with the one found with technology in this 
activity. ; 


5. Some populations of animals exhibit periodic 
behavior over time. During the 1960s and 1970s, 
two scientists carefully studied the population of 
the Carabid beetle in a region of the Netherlands.’ 
Table 8.7 shows data from their study. The output 
data are log (base 10) data for the number of beetles 
not surviving in a given year. These values are 
referred to as the reduction in the number of bee- 
tles. The number of beetles not surviving in a given 
year is found by raising 10 to the reduction value in 
the table corresponding to that year. 


TABLE 8.7 

a Sear 
Year ~ reduction Year reduction 

a. Renumber the input data as years since 1965. 


Using only the data in Table 8.7, estimate the 
amplitude and vertical shift. 















b. Using only the data in Table 8.7, estimate the 
period, frequency, and horizontal shift. 


c. On the basis of the values calculated in parts a 
and b, give a sine model for the reduction data. 
Sketch a graph of the function on a scatter plot 
of the data. 


d. Use the equation in part c to construct a model 
for the number of beetles not surviving in a 
given year. Sketch a graph of this function, and 
compare it with the graph in part c. 


6. a. Use technology to find a sine equation that fits 
the data in Activity 5. Write the model. Compare 
and contrast the parameters of the equation you 
constructed in part c of Activity 5 with those of 
the technology-obtained equation. 


7. P. J. denBoer and J. Reddingius, Regulation and Stabilization Para- 
digms in Population Ecology (Chapman & Hall: London, 1996). 
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b. Compare the graph of the technology-obtained 
equation in part a with the graph in part c of 
Activity 5. Judging on the basis of these graphs, 
which model do you believe is the more appro- 
priate one? 


TABLE 8.9 


7. Table 8.8 shows the normal daily low temperatures,® a3 


based on the 30-year period 1961 through 1990, for 
Omaha, Nebraska. 


TABLE 8.8 


Jan 





a. Examine a scatter plot, and describe the curva- 
ture of the data. Which of the models that we 
have studied could be used to model these data? 


b. Find a sine model for the data. 


c. What does the equation give as the number of 
large, civil-transport aircraft produced in the 
United States in 1964? 


d. Do you think the periodic nature of a sine model 
is a good description of aircraft production 
beyond 1963? Explain. 


San 





a. How would you expect the scatter plot and 
model for the normal daily low temperatures in 
Omaha to be related to the scatter plot and 
model for the normal daily mean temperatures 10 


in Omaha? 


b. Use the data for the normal daily low tempera- 
tures to determine the amplitude and the verti- 
cal shift. Plot the daily low temperatures, and use 


. An exclusive fishing club on the Restigouche River 


in Canada kept detailed records on the numbers of 
fish caught by its members between 1880 and 1930. 
Approximate data'® for the number of salmon 
caught per rod per day are given in Table 8.10. 


the plot to approximate the period and horizon- 
tal shift. Compare these results with those found 
for the daily mean temperature in Activity 3. Are 
the findings what you expected? 


TABLE 8.10 


c. On the basis of your answers to parts a and b, write 
a model for the normal daily low temperatures. 


. Use your calculator or computer to find a sine 
equation that fits the Omaha daily low-tempera- 
ture data in Activity 7. Write the model. Graph 
this equation and the one found in Activity 7 on 
a plot of the data, and examine the plot and the 
graphs. Discuss any differences you observe. 


b. What, if any, are the advantages of using tech- 
nology to find this equation? 


9. Table 8.9 shows the approximate numbers of large, 
civil-transport aircraft produced in the United 
States? from 1949 through 1963. 





8. U.S. National Oceanic and Atmospheric Adininistration, Climatog- 
raphy of the United States, No. 81. 

9. Data estimated from J. J. Van Duijn, The Long Wave in Economic 
‘Life (London: George Alien & Unwin, 1983). 


10. Data estimated from E. R. Dewey and E. F. Dakin, Cycles: The Sci- 
ence of Prediction (New York: Holt, 1947). 
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In Cycles: The Science of Prediction, Dewey and 
Dakin assert that the salmon data are periodic with 
period 9% years. Find a sine model for the salmon 
data. Does your equation agree with the assertion 
that the period is 9§ years? 


Utility needs are dynamic, and electric companies 
have to plan for base and peak loads carefully. Fore- 
casting is fundamental to their management opera- 
tions. A regular pattern of supply from the coal and 
nuclear plants is pre-planned, and hydroelectric 
units are on standby to pick up the slack. The rea- 
son for this program is that coal and nuclear plants 
are slow to react, and their efficiency is lost without 
a regular, consistent pattern of operation. Hydro- 
electric facilities can come on line immediately, but 
their resources are limited and must be used spar- 
ingly. Pump storage may be used to restore hydro- 
electric resources during times of excess. 

In the summer, high temperatures affect air con- 
ditioning energy requirements; in the winter, low 
temperatures affect heat requirements. The weather 
bureau’s forecast for the high and low temperatures 
for the next 5 days will be used as the information 
base for a temperature model from which the plan- 
ners can anticipate power load requirements. A 5- 
day forecast is shown in Figure 8.2.1. 


Wednesday 


Thursday 





Pall aM) 56/42 


Saturday 





56/34 


54/37 


FIGURE 8.2.1 


a. Construct a table using as input the number of 
hours since midnight on Wednesday, assuming 
that the high temperatures occur at 5 p.m. and 
the low temperatures occur at 5 a.m. Also 


IA, 


13). 


14. 


ND. 


16. 


Repetitive Change: Cycles and Trigonometry 


assume that the midrange temperatures between 
the highs and lows occur at 11 a.m. and 11 p.m. 
b. Find a sine model for the data. What is the 
period of the function? 
c. What are the high and low temperatures given 
by the equation? 
Figure 8.2.1 shows a 5-day forecast for temperatures. 
The actual highs and lows are given in Table 8.11. 


TABLE 8.11 





Weekday 





ee ears 
eee [es 


‘Compare the actual high and low temperatures to 


the highest and lowest temperatures predicted by the 
equation in Activity 11. Assuming that the coal and 
nuclear power generators can supply enough energy 
for the highs and lows predicted by the model, when 
will the hydroelectric plant’s energy be needed? 


a. Why do electric production facilities have to 
operate in sync with power demands? 


b. Note your local temperature forecast, and build 
a power demand model for your area. During 
the next several days, keep a record of the daily 
highs and lows, and comment on how well your 
model forecasts the demand. 


c. Imagine limits on your hydroelectric facilities 
that would make them inadequate to meet the 
residual demands. Explain how increasing the 
amplitude parameters on the model could 
reduce the calls on the hydroelectric facilities. 


Find local information, and build a mathematical 
model for the hours of daylight in the town or city 
where your school is located. 


Use two different methods to build a sine model for 
the hours of darkness in Anchorage, Alaska, using 
the data in Table 8.12. 


Locate appropriate data, and build a mathematical 
model for the hours of daylight at 
a. the Tropic of Capricorn 

b. the Equator 





We 


TABLE 8.12 


Hours of 
darkness 





To study the rhythmic synchronization of neurons, 
a team of scientists exposed locusts to odors and 
measured the firing patterns of pairs of neurons in 
response to those odors. Table 8.13 gives the num- 
ber of times per millisecond that the pair of neu- 
rons simultaneously fired during the experiment 
when exposed to cherry odor, apple odor, and a 
combination of the two." 


TABLE 8.13 





pal: 


i 


Time Cherry Apple Cherry/Apple 
(ms) (firings/ms) (firings/ms) (firings/ms) 
4 : 


Data estimated from M. Wier and G. Laurent: “Odour Encoding 
by Temporal Sequences of Firing in Oscillating Neural Assem- 
blies,” Nature, vol. 384 (November 14, 1996), pp. 162-165. 


18. 


LO: 


20. 


1 
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The scientists claim that the period of neuron 
activity is not influenced by a particular odor. Find 
models for the data for cherry odor, apple odor, and 
combined odor, and report the period of each 
model. Do your models seem to support the scien- 
tists’ claim? Explain. 

The data in Table 8.14 describe the monthly sales 
for an ice cream company. 
a. Find the change in sales between January and 

June and between July and December. 


TABLE 8.14 





b. Find a model for the ice cream data, and use it to 
estimate the changes in part a. Compare your 
answers with those in part a. 


A model”? fit to the normal mean air temperature at 
Fairbanks, Alaska, is 


fix) = 37 sin[0.0172(« — 101)] + 25 
degrees Fahrenheit 


where x is the number of days since the last day of 
the previous year. 


a. Estimate the highest and lowest mean daily tem- 
peratures. 


b. Find the average of the highest and lowest mean 
daily temperatures. Relate this value to the verti- 
cal shift of the graph of f. 


Table 8.15 gives a patient’s temperature during a 
6-day illness, as recorded at noon each day. 


B. Lando and C. Lando, “Is the Curve of Temperature Variation a 
Sine Curve?” The Mathematics Teacher, vol. 7, no. 6 (September, 
1977), p. 535. 
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TABLE 8.15 





a. Use the data to find the average rate of change of 
the temperature between day 2 and day 5. 


b. Find a sine model for these data. 

c. Judging by the graph of the model, what is your 
prognosis for this patient? Discuss the implica- 
tions of extrapolating in this situation. 


Answer the questions in Activities 21 and 22 on the basis 
of the data in Table 8.16 of the normal daily high tem- 
peratures’? for the 30-year period 1961 through 1990 in 
New Orleans, Louisiana, and Boston, Massachusetts. 















New Orleans Boston 


TABLE 8.16 

ee daily high daily high 
temperature (°F) temperature (°F) 

PM |e 

Emenee | 


Poeember [aa |e 


21. a. Would you expect these normal daily high tem- 
perature data to be cyclic? Explain. 


b. Use the data to find the difference between high 
temperatures in January and July for these two 













13. U.S. National Oceanic and Atmospheric Administration, 
Climatography of the United States, No. 81. 
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cities. What do these differences tell you about 
how the climates of the cities compare? 


22. a. Discuss: any differences and similarities you 
would expect in the models for the normal daily 
high temperature on the basis of the 30-year 
period 1961 through 1990 for New Orleans and 
Boston. 


b. Find sine models for each set of data. Compare 
the amplitude, vertical shift, horizontal shift, and 
period of these functions. What do these values 
indicate about the climates of the two cities? 


c. Use the models to estimate the differences in 
normal maximum daily temperatures for the 
cities between April 15 and May 1. What do these 
values indicate about the climates of the two 
cities during the last half of April? 


23. In desert areas of the western United States, lizards 
and other reptiles are harvested for sale as pets. 
Because reptiles hibernate during the winter months, 

_the number of reptiles gathered is periodic. Table 
8.17 shows the number of lizards gathered during 
two consecutive years in a certain western state.’ 


TABLE 8.17 
Lizards 


gathered 
(thousands) 


Lizards 
gathered 
Year 1 (thousands) Year 2 


a. From an examination of the data, estimate the 
amplitude, period, and vertical shift. 


i4. Based on information from the Nevada Division of Wildlife. 


b. Use technology to find a sine function that fits 
the 2-year data. Compare the amplitude, period, 
and vertical shift of the equation with those esti- 
mated in part a. 


. Examine a graph of the equation on a scatter 
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d. Remove the months in which no lizards were har- 


vested, and renumber the remaining months 
from 1 to 16. Find a sine model for the modified 
data. Compare the amplitude, period, and vertical 
shift of this equation with those of the equation 


plot of the data. Discuss how well the graph fits in part b. Does the graph of this equation fit the 
the data. data significantly better than the one in part b? 


8.3. Rates of Change and Derivatives 





As something moves through a cycle, we are often interested in following the change 
that takes place. Derivatives are one of the tools that can be used to measure how rap- 
idly change occurs. 


Derivative Formulas 


As we seek a function to describe the rate of change of the sine function, we note that 
because the sine curve is periodic, we would expect the rate-of-change function to be 
periodic as well. We know that the rate of change of a sine graph is zero at the high 
and low points on the graph. The values in the sine curve repeat in a regular manner, 
so the zero slopes occur repeatedly. Thus the rate-of-change function of y = sin x has 
a sequence of repeating x-intercepts at , 5, =, >, etc. 

Consider the slopes between the high and low points of y = sin x. Figure 8.27 
indicates where the slopes are positive and where they are negative. In addition, the 
blue dots in the figure mark the location of the inflection points. These are points of 
greatest or least slope and correspond to high or low points on the derivative graph. 


y=sinx 


Slope = 0 Slope = 0 








Slope = 0 Slope = 0 
FIGURE 8.27 


Sketching the slope graph results in the graph shown in Figure 8.28a. 
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= for y=sin x 
X 


y= COSx 








rly ~ 





FIGURE 8.28 


(a) 


3n 
a 





(b) 


The rate-of-change graph of y = sin x is periodic with period 27 and amplitude 
1. A careful numerical investigation reveals that the output is | at x = 0,-1 atx = 7, 
= 32 


and 0 atx = = and at x = *. In the Section 8.1 Activities, you were asked to graph 
the cosine function. This graph is shown in Figure 8.28b. Note that it has the same 


tion, y = sin x, is the cosine function, y’ = cos x 


characteristics as those previously stated for the rate-of-change graph of the sine 
function. In fact, it can be shown mathematically that the derivative of the sine func- 


Derivative of the Sine Function 
cosine function 





When x is measured in radians, the rate of change of the sine function is the 


If f(x) = sin x, then 


ee COSLN, 
dx 
Derivative Rules 


mulas for functions of the form f(x) = a sin(bx + h) + k 
TABLE 8.18 


Now that we have a derivative formula for y = sin x, we can apply the Constant Mul- 
tiplier Rule, the Chain Rule, and the Sum Rule given in Chapter 4 to find slope for- 
) 


on August 27, 1993, as shown in Table 8.18 


To illustrate the use of these rules, we consider the temperatures'* in Philadelphia 





15. Philadelphia Inquirer, August 28, 1993 


EXAMPLE 1 
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The data in Table 8.18 can be modeled as 
t(x) = 9.6 sin(0.285x — DOB) se ED OP 


x hours after midnight on August 26, 1993. Using the Constant Multiplier Rule (with 
9.6 as the constant multiplier) and the Sum Rule (with the derivative of 84.2 being 
zero), we find that a rate-of-change formula for this function is 


d 
t'(x) = 9.6 el Sin(0.285x e193 O 


Now, consider u = 0.285x — 2.93 to be an inside function with the sine function 
being the outside function. Using the Chain Rule, we have 





nel n a. d 
t (x) = 9.6 dyn uy (O28 5icteet 9 3) 


= 9.6(cos u)(0.285) 
2,730 COS(0,285x = 2.93) F per hour 


t 


x hours after midnight. 
According to the model and its rate-of-change formula, the temperature at noon 
on August 27, 1993, was t(12) ~ 89°F, and it was increasing by t'(12) ~ 2.4°F per hour. 


Calls for Service 

The calls for service made to a county sheriff’s department in a certain rural/subur- 

ban county can be modeled as 
c(t) = 2.8 sin(0.262t + 2.5) + 5.38 calls 

during the tth hour after midnight. 

a. What is the average number of calls the department receives each hour? 

b. Find a formula for c’(t). 

c. How quickly is the number of calls received each hour changing at noon? at mid- 
night? 

Solution 


a. The parameter k of a sine model f(x) = a sin(bx + h) + k tells us the average (or 
expected) value of the cycle. Thus the department receives an average of 5.38 calls 
each hour during a day. 


b. A rate-of-change model for calls received each hour can be found by using the 


Constant Multiplier Rule, the Chain Rule, and the Sum Rule: 
c(t) = 2.8 {sin( 0.2621 ae ON Gel) 
Now, let u = 0.262t + 2.5, and proceed using the Chain Rule. 
(ft) = 2 fee yee (0.262t + 2.5) 
c(t) = 2.857 (sin wu) (0. ‘ 


= 2.8(cos u)(0.262) 
= 0.7336 cos(0.262t + 2.5) calls per hour 


t hours after midnight. 
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c. At noon the number of calls received each hour is changing by c’(12) ~ 0.6 
call per hour. At midnight the number of calls received each hour is changing by 
c'(0) ~ -0.6 call per hour. [Note: You could use t = 24 for midnight. If the cycle has 
close to a 24-hour period, then c(0) should be approximately the same as c’'(24).] 


eee erecerescssccroeeess 


The Sum Rule is useful when we are finding the derivative of a sine function that 
is added to another function. This type of function occurs when a phenomenon cre- 
ates cycles of the same period and amplitude but the expected value of each cycle 
changes according to some other function. For example, the amount of soup sold 
each week is cyclic over a year and has approximately the same amplitude from year 
to year. However, we expect that overall, the amount of soup sold each year will 
increase. Example 2 illustrates this type of model in the context of atmospheric car- 
bon dioxide. 


Atmospheric Carbon Dioxide 


Figure 8.29 appeared in a Scientific American'® article in July of 1990. 


330 
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' Fluctuations reflect seasonal variation. 
- Summertime low is caused by uptake of | 
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Carbon dioxide concentration (parts per million) 


Year 


FIGURE 8.29 


This figure illustrates the rise in the amount of atmospheric carbon dioxide (CO,) 
along with the seasonal fluctuations. We wish to find a model for the CO, concentra- 
tion. An examination of the data from 1959 to the present (readily available on the 
es) reveals that the data are cyclic with period 1 year. Using the equation 
> = 1, we find that b ~ 6.283. The data show that the approximate location of the 
increasing inflection point of each cycle is the beginning of each year; thus there is no 
horizontal shift for each cycle. On the basis of these approximations, a model for the 
yearly fluctuation in the amount of atmospheric CO, is f(x) = a sin(6.283x) + d 


16. Figure 8.29 from R. M. White, “The Great Climate Debate,” Scientific American, vol. 263, no. 1 (1990), pp. 
36-43. Copyright © 1990 by Scientific American, Inc. All rights reserved. Reprinted with permission. 
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parts per million, where x is the time in years measured from the beginning of any 
year,'’ a is the amplitude, and d is the vertical shift. 

The amplitude of each cycle is slightly different, but using the data to estimate 
amplitudes for the years between 1959 and 1999, we observe that there is a general 
rise in amplitudes. Modeling the amplitudes gives the equation 


a = 0.010345x + 2.105676 parts per million 


x years after the beginning of 1900. 

We also notice that the average amount of carbon dioxide (the parameter d) is 
increasing each year. The average value of a cycle of a sine function that is not shifted 
horizontally occurs at an input of zero. By fitting a quadratic model to the CO, con- 
centration in January of each year for the years between 1959 and 1999, we find that 
the average amount of CO, can be described by the equation 


d(x) = 0.013783x° — 0.844566x + 316.913080 parts per million 


x years after the beginning of 1900. Adding this equation to the fluctuation cycle as 
the expected value and substituting the amplitude function for the parameter a give 
the model for atmospheric CO, concentration as 


c(x) = (0.010345x + 2.105676) sin(6.283x) + 0.013783x? — 0.844566x + 
316.913080 parts per million 


x years after the beginning of 1900. The model applies for years between 1959 and 
19993 


a. Use the model to estimate the amount of atmospheric CO, in July of 1989. 

b. Write a formula for the rate of change of the amount of atmospheric CO,. 

c. Use the formula trom pait b to estimate the rate of change of the amount of 
atmospheric CO, in July of 1989. 

Solution 


a. There were approximately c(89.5) ~ 351.8 parts per million of CO, in the atmos- 
phere in July of 1989. 


b. The derivative of c is 


c'(x) = (0.010345x + 2.105676) (6.283) cos(6.283x) + 0.010345 sin(6.283x) 
+ 2(0.013783)x — 0.844566 parts per million per year 


x years after the beginning of 1900. 


c. c'(89.5) ~ -17.4 parts per million per year. The amount of atmospheric CO, was 
decreasing by approximately 17.4 parts per million per year in July of 1989. 


Poe eee eeereceesvseeses 


Finally, let us consider finding a formula for the derivative of a rate-of-change 
formula for the sine model. This is the second derivative of the sine model. Because 
the derivative of y = sin xis y’ = cos x, we must know the derivative of cos x in order 
to find the second derivative of y = sin x. 


17. Because we are considering the general shape of each cycle over a 40-year period rather than modeling 
each individual cycle, the input variable is not a particular year but, rather, applies to all years between 
1959 and 1999. 
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If we were to sketch the slope graph of the cosine function, the result would be 
the solid graph shown in Figure 8.30. 








FIGURE 8.30 


This solid graph appears to be a reflection of y = sin x across the horizontal axis. That 
is, the slope graph of y = cos x appears to be y’ = -sin x. In fact, using more rigorous 
mathematics, it can be proven that if f(x) = cos x, then its derivative is f’(x) = ~sin x. 


Derivative of the Cosine Function 


When x is measured in radians, the rate of change of the cosine function is 


the negative of the sine function. 


If g(x) = cos x, then ag = =Ginl se. 


dx 





We use this fact when writing the second derivative of a sine function. For example, 
the model for Philadelphia temperatures x hours after midnight, 


t(x) = 9.6 sin(0.285x — 2.93) + 84.2 °F 
has the derivative 
t'(x) = 2.736 cos(0.285x — 2.93) °F per hour 
and its second derivative is 
t"(x) = -0.77976 sin(0.285x — 2.93) °F per hour per hour 


Note that in the first and second derivatives of t, the period and horizontal shift are 
the same as for t, whereas the amplitude and vertical shift are different. 


Atmospheric Carbon Dioxide 


Recall from Example 2 that a model for the amount of atmospheric carbon dioxide is 
c(x) = (0.010345x + 2.105676) sin(6.283x) + 0.013783x" — 0.844566x 
+ 316.913080 parts per million 


x years after the beginning of 1900. The model applies for years between 1959 and 
1999: 


a. Write a formula for the second derivative of this function. 


b. Find and interpret c”(80). 
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Solution 
a. The derivative of c was found in Example 2 to be 


c'(x) = (0.010345x + 2.105676) (6.283) cos(6.283x) + 0.010345 sin(6.283x) 
+ 2(0.013783)x — 0.844566 parts per million per year 
x years after the beginning of 1900. This derivative was found using the Product 
Rule, and the Product Rule is also required for the second derivative. 
c"(x) = (0.010345x + 2.105676) (6.283)(6.283) [- sin(6.283x) | 
+ (0.010345)(6.283) cos(6.283x) 
+ 0.010345(6.283) cos(6.283x) + 2(0.013783) 
= (0.010345x + 2.105676) (6.283) (6.283) [- sin(6.283x) | 
+ 2(0.010345) (6.283) cos(6.283x) 
+ 2(0.013783) parts per million per year per year 


x years after the beginning of 1900. 


b. c"(80) ~ 1.87 parts per million per year per year. At the beginning of 1980 the 
rate of change of the amount of atmospheric carbon dioxide was increasing by 
about 1.9 parts per million per year per year. 


Poe eeerercscoeeseseeses 


Even though in this section we have illustrated only some of the general derivative 
rules, any previously developed rule for derivatives of functions applies to the sine 
and cosine functions. Recall also that if you have a graph and not a function formula, 
then you can estimate rates of change by sketching tangent lines. This is illustrated in 
Example 4. 


EXAMPLE 4 Nebraska Mean Temperatures 


Figure 8.31 shows the graph of a function m giving the normal daily mean tempera- 
ture,'® based on the 30 year period 1961 through 1990, for Omaha, Nebraska. 


m(Xx) 
CEy 


5 
Month 





1 3 6 9 12 


FIGURE 8.31 (Jan) (Mar) (Jun) (Sep) (Dec) 


18. Based on data from U.S. National Oceanic and Atmospheric Administration, Climatography of the 
United States, No. 81. 
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a. Estimate the maximum difference in daily mean temperature. Estimate the aver- 
age rate of change between the lowest daily mean temperature and the highest 


daily mean temperature. 
b. Estimate where the daily mean temperature is increasing most rapidly. 


c. Estimate the rate of change of the daily mean temperature at the point where the 
temperature is increasing most rapidly. 


d. Interpret each of the following: 


i. m(9) — m(2) = 38.1 
ii. m'(8) = -7.3 


Solution 


a. The maximum difference in daily mean temperature is the difference between 
the highest daily mean temperature and the lowest daily mean temperature. 
According to Figure 8.31, the highest temperature is approximately 77°F (in 
July), and the lowest temperature is approximately 21°F (in January). The maxi- 
mum difference is approximately 56°F. The average rate of change in daily mean 


temperature between January and July is 77 —*l ~ 9,3°F per month. 





b. The daily mean temperature is increasing most rapidly at the inflection point of 
this graph. This (according to Figure 8.31) occurs near x = 4, which corresponds 
to April. 


c. We estimate the rate of change of daily mean temperature in April by carefully 
drawing the tangent line to the graph at x = 4 and approximating its slope. (See 
Figure 8.32.) 











Run = 2 months 
10 
SSS SS SS * 
ne ee 6 9 ip 
FIGURE 8.32 (Jan) (Mar) (Jun) (Sep) (Dec) 


Dacca mean temperature during April was increasing by approximately 


a imonths te) | Per month. 


d. i. The change in the daily mean temperature between February and September 
was 38.1°F. 


ii. In August, the daily mean temperature was decreasing by 7.3°F per month. 


wee eersceoeeesescereees 
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We now have the tools we need not only to find rates of change of a sine model 
but also to use rates of change to locate maxima, minima, and inflection points on 
sine models. This is the topic of the next section. 


Concept 
Inventory 





@ Derivatives: If y = sin x, then y’ = cos x. 


If y = cos x, then y’ = -sin x. 
@ Second derivatives: If y = sin x, then y” = -sin x. 
If y = cos x, then y” = -cos x. 





Activities 


In Activities 1 through 6, find formulas for the indicated 
rates of change. 


1. f(x) = sin 3x + 10.456, f’(x) 


dg 
dx 





2. g(x) = cos 0.45x — 3.763, 


dt 
3. t(r) = 5.2 cos(0.45r + a) + 80r — 6.34, 7 


A. fit) = 3 sin(-0.45t + 3a) — 12.8f + 4.6t, f(t) 


5. h(x) = 2.08 sin(-0.16x + 12.3) + 
P58 COs 163 5\ 2x. 6) | 4.79: 
h'(x) and h’(x) 


62(~) = 0.023, sin(2x-45 7) +4.cos[3(0-5 = x)], 
y (x) and y"(x) 


7. In order to smooth out seasonal work loads, the 
Campbell Soup Company produces both canned 
soup and powdered drink mix. The 1992 daily sales 
can be modeled”” by 


c(x) = 1.8961 sin(0.0186x + 1.1801) + 5.4660 
million cans (16 ounce) of soup 


p(x) = 7.3026 cos(0.0197x — 3.7526) + 20.3728 
million (reconstituted) pints of drink mix 


where x is the day of the year. Assume that soup is 
sold at an average price of $0.70 per can and drink 
mix is sold at $0.20 per pint. 


19, Based on information in Wall Street Journal, July 7, 1993, p. B1. 


10. 


a. Find a function giving the revenue from the 
combined 1992 daily sales as a function of the 
day of the year on which soup and powdered 
drink mix are produced. 


b. Give a function that models the rate of change of 
revenue from combined 1992 sales. 

c. How quickly was revenue changing on February 
ID, ISDE 

d. At what other times during 1992 was revenue 
decreasing at the same rate as that found in part c? 

e. Give one time during 1992 at which revenue was 
increasing at the same rate at which it was 
decreasing in part c. 


. A model” for the normal mean air temperature in 


Fairbanks, Alaska, is 
fs) = 37sin 0.0072 (Xisal 01) ae OR 


where x is the number of days since the last day of 
last year. Estimate how rapidly the normal mean 
temperature in Fairbanks is changing on March 15 
and on December 31. 


. The normal daily high temperature in Boston can 


be modeled’! by 
B(m) = 22.926 sin(0.510m — 2.151) + 58.502 °F 


at the end of the mth month of the year. Estimate 
how rapidly the normal daily high temperature in 
Boston is changing at the end of November and in 
the middle of May. 


Ice cream cones are sold at a county fair. The total 
number of cones sold since the booth opened at 8 
a.m. is approximated by 


c(t) = 80.153 sin(0.511t — 1.680) + 87.564 cones 


where t is the number of hours since 8 a.m. Esti- 
mate how rapidly the number of cones sold is 
changing at 12 p.m. and 8 p.m. 


20. B. Lando and C. Lando, “Is the Curve of Temperature Variation a 


Sine Curve?” The Mathematics Teacher, vol. 7, no. 6 (September, 
LOZ paooo. 


21. Based on data from U.S. National Oceanic and Atmospheric 


Administration, Climatography of the United States, No. 81. 
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11. The graph in Figure 8.3.1 shows a model of the dis- 
tance in kilometers that a weather satellite is north 
or south of the equator at time x minutes since the 
satellite was launched. 





by, 

(kilometers) 

3050 
North of 2050 
equator 

1050 

50. ey 
O ; 
18 60.78 eee UM 
South of le) 
equator -2050 
-3050 

FIGURE 8.3.1 


a. How long does it take the satellite to complete 
one orbit of the Earth? 


b. What is the greatest distance south of the equa- 
tor that the satellite ever reaches? 

c. Carefully draw the tangent line at the time the 
satellite has been in orbit for 1 hour. 


d. Use your tangent line to estimate the rate of 
change of the satellite’s distance from the equa- 
tor after it has been in orbit for 1 hour. 


e. Is your answer to part d the speed of the satellite 
after it has been in orbit for 1 hour? Explain. 


12. Figure 8.3.2 shows the power output” of a diesel 
engine in an irrigation pumping system that can be 
supplemented by a wind turbine when the wind 
speeds are sufficient. 


Power 
output 
(kW) 
50 
40 


. Wind speed 
Bian teah Ol oly 13) lanl sce) 


FIGURE 8.3.2 


22. B. A. Stout, Handbook of Energy for World Agriculture (London: 
Elsevier Applied Science, 1990). 


3g 


a. Estimate the change in power output when the 
wind speed changes from 5 m/sec to 10 m/sec 
and from 10 m/sec to 15 m/sec. 


b. Report the estimates in part a as percentage 
changes and average rates of change. 


c. Estimate the instantaneous rate of change in 
power output for wind speeds of 5, 10, and 15 
m/sec. Convert your answers to percentage rates 
of change. Interpret your answers. 


d. Why are the rates of change negative? What 
would you expect the rates of change to be for 
the power output of the wind turbine as a func- 
tion of wind speed? 


e. The graph in Figure 8.3.2 was generated from a 
sine function, which is an excellent fit for the 
power output data. Comment on the appropri- 
ateness and limitations of using a sine model in 
this context. 


The power output of a diesel engine in an irrigation 


pumping system that can be supplemented by a 


wind turbine can be modeled” by 


P(s) = 20.204 sin(0.258s + 0.570) + 28.119 kilowatts 


14. 


when the wind speed is s meters per second. 


a. Find the change in power output when the wind 
speed changes from 6 m/sec to 10 m/sec, from 10 
m/sec to 14 m/sec, and from 14 m/sec to 18 
m/sec. 


b. Report the answers to part a as percentage 
changes and average rates of change. 


c. Find a formula for P'(s). 


d. Find P’(s) for s = 6,5 = 10,s = 14, ands = 18. 
Interpret your answers. 

e. Convert the answers to part d to percentage rates 
of change. 


Figure 8.3.3 shows a temperature graph” for a loca- 
tion in the south Gobi Desert over a period of 2 
years. 


a. Estimate average rates of change in temperature 
from 


i. July through July 
ii. February through February 
ili. July through December of the first year 


23. Ibid. 
24. Neil E. West, ed., Ecosystems of the World: Temperate Deserts and 


Semi-Deserts (Amsterdam: Elsevier Scientific Publishing Com- 
pany, 1983). 
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FIGURE 8.3.3 4-29 


b. Estimate during which month the temperature 
i. increased most rapidly 
li. decreased most rapidly 
iii. increased most slowly 
iv. decreased most slowly 
15. A graph of the average amount of extraterrestrial 
radiation” in Amarillo, Texas, for each month of 
the year is shown in Figure 8.3.4. The amount is 
measured in equivalent millimeters of water evapo- 


ration per day. Month 1 corresponds to January, 
month 12 to December. 


Radiation 
(mm/day) 


Ie7 
11) 
13 
11 
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Month 
1 3 5 7 9 11 
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FIGURE 8.3.4 


a. Use the graph to estimate the change in the 
amount of radiation from June through Novem- 
ber. 


b. Report the change in part a as a percentage 
change and an average rate of change. 

c. Use the graph to estimate the rate of change in 
March. 


d. Convert the rate of change in part c to a percent- 
age rate of change. 


25. A. A. Hanson, ed., Practical Handbook of Agricultural Science 
(Boca Raton, FL: CRC Press, 1990). 
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16. The average amount of extraterrestrial radiation in 
Amarillo, Texas, can be modeled”® by 


R(t) = 5.059 sin(0.461t — 1.287) + 12.151 
equivalent mm of water evaporation per day 
where t = 1 in January and t = 12 in December. 


a. By how much does the amount of extraterres- 
trial radiation change between April and Octo- 
ber? What is the percentage change? 

b. How quickly (on average) is the amount of 
extraterrestrial radiation changing from April 
through October? Is this value an accurate repre- 
sentation of how extraterrestrial radiation 
changed during these months? Explain. 


c. Find R'(t) for t= 4 and t = 10. Also express your 
answers as percentage rates of change. Interpret 
your answers. 


17. Table 8.19 shows the weekly pneumonia death 
rate’ (number of deaths per 100,000 people per 
week) in the United States from 1923 through 1925. 


TABLE 8.19 


Jan. 1, 1923 death rate | Jan. 1, 1923 death rate 
Tie Ear ee Eee 
aa ome loMtsDies|t st sh Mh wa 
ine Ba 
ecm 

















Paced a 
aia Kai Sea 





26. From data in A. A. Hanson, ed., Practical Handbook of Agricultural 
Science (Boca Raton, FL: CRC Press, 1990). 

27. Estimated from E. R. Dewey and E. F. Dakin, Cycles: The Science of 
Prediction (New York: Holt, 1947). 
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a. Find a sine model for the pneumonia death rate TABLE 8.20 
data. Why would such data be periodic? 


b. Use the sine model to estimate the rate of change 
of the pneumonia death rate in the middle of 
1924 and at the end of 1924. 


Sales Sales 
(thousands _ (thousands 
of dollars) of dollars) 


18. The sales (in thousands of dollars) for a retail 
women’s clothing store’*® for 2 years are given in 
Table 8.20. 


a. Why have the December data been omitted from 
Table 8.20? 


b. Find a model for the 2-year data set. 


c. Use the model to estimate the rate of change of 
sales in April of both years. 


19. The February 1995 tide chart for the Savannah 
River entrance notes the times of high and low 
tides.’ A portion of the tide chart is shown in Table 
8.21. Assume that the tidal variation is 4 feet; that is, 
it varies from -2 to +2 feet around mean sea level. 





TABLE 8.21 


HI 0522 LO 0003 | LO 0056 | LO0145 | LO 0231 MOWENS |) (UO: 
LO 1146 HI 0619 HI 0708 HI 0753 HI 0835 HI 0915 HI 0955 
HIMW7s9 VOM 2385s LO 13265 (501411 LO 1453 |) LO 15325) 5LO 1609 

HI 1833 HI 1922 HI 2006 HI 2047 HI 2128 HI 2209 


LO 0431 LO 0509 | LO 0549 HI 0024 HI0115 HI 0208 HI 0304 
HI 1036 HI 1120 HI 1206 LO 0634 | LO0728 | LO 0831 LO 0934 
LO 1646 | LO1724 | LO 1805 HI 1255 HI 1347 HI 1442 HI 1539 
HI 2251 HI 2336 1O°1853 ye LO 1950) (LO 20535) LO 2154 





a. On the basis of the data with mean sea level at 0 e. If a boat needs at least 1 foot of water above 
feet, what would you expect the period, ampli- mean sea level in order to float away from being 
tude, and average water height to be if the data grounded at low tide, at what times is it possible 
are modeled by a sine function? for this boat to float away on March 3? 


b. Use the data for March 2 through March 4 to 
find a sine model for the height of the water as a 
function of time. 


20. Table 8.22 shows the monthly sales (in thousands of 
dollars) for an ice cream company for a 4-year time 
period. 


: ; ; 
c. How fast is the water falling at noon on March 23 Ay Finda sinesmodel for therdatas Commentcn 


d. How fast is the water falling at noon on March 4? how well it fits the data. 


b. Use the data in the table to find the average of 
the high and low sales each year. 


Peaster manera cllinghans c. Find a model for the average sales found in part 
29. Sea Island Scene of Beaufort (Beaufort, SC: Sands Publishing Co., b. Use as input the first month of each year in 
1995). which sales would be expected to reach the aver- 


age value. 


TABLE 8.22 


pe Ts 
January 


January 


eso) 
[February | 60 
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ak 5, 





Year 4 









WA 
120 


106 





d. Replace the parameter d in the function in part a 
with the function for average value found in part 
c. Comment on how well this new function fits 
the data in Table 8.22 compared with the func- 
tion in part a. 





e. Use the model in part d to estimate the rate of 
change of sales in September of the third year 
and January of the fourth year. Interpret your 
answers. 


21. The declination of the sun is the angle of the sun as 
measured from the equator. Table 8.23 shows the 
angle of declination”? of the sun in Greenwich, Eng- 
land, for selected days throughout the year. These 
values vary slightly from year to year. 
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TABLE 8.23 


Day of | Declination 
the year of sun 


Day of | Declination 
the year of sun 





a. Considering southern declinations to be nega- 
tive and northern declinations positive, find a 
sine model for the data. State and interpret the 
amplitude and period of the function. 


b. Use the equation to find the rate of change of the 
declination of the sun at the two equinoxes 
(when the sun is directly on the equator). 


c. What is the relationship between the rate of 
change of the declination of the sun and the 
summer and winter solstices? 


The functions in Activities 22 through 27 are composite 
functions. For each function, determine the inside and 
outside function, and give the formula for the derivative. 


22uiVie 2A e 

23. y = sin(2.4*) 

24. y = Vsin(2x + 3) 

25. y = A(sin x — 7)? + 8(sin x — 7)-+ 13 
26. y = sin(3x? + 19x) 

27. y = In(sin x) 


Extrema and Points of Inflection 


When describing a cycle, we must note the height of its peaks and the depth of its val- 
leys. The height and depth between which a cycle oscillates determine its amplitude. 
How often the maximum values and minimum values repeat depends on how often 


the cycle repeats. 


We might also want to find the points at which the concavity of a cycle changes, 
because inflection points often have interesting interpretations in context. For exam- 
ple, suppose the economy is in an inflationary cycle with costs increasing by 3% per 


30. 1996 Old Farmer’s Almanac. 
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year in January. Economists would be interested in finding the rate of change of costs 
in February, rather than just the change in costs, to determine whether inflation is 
getting better or worse. 

Inflection points are also important to product managers in business. A manager 
must constantly watch sales figures and try to anticipate consumer interest. If con- 
sumer interest is increasing and is continuing to exhibit an ever larger increase, then 
demand for the product is accelerating, and the manager should pay close attention 
to production so that there will be adequate product available to meet the sales needs. 
If customer interest is increasing but at a declining rate, then the manager may con- 
clude that the market is maturing and that serious attention needs to be given to cre- 
ating more interest in the product by discounts, advertising, and so on. Because such 
fundamental shifts take place at inflection points, they are important in these types of 
applications. 


Determining Extreme Points 


It is often important to know the location of, and output values for, maxima and 
minima of cyclic functions. Recall from Section 5.2 that if a function has a relative 
maximum or a relative minimum at an input c, then either f(c) = 0 or f(c) does not 
exist but f(c) does exist. We also know that if the derivative is zero and the slope graph 
crosses (not just touches) the horizontal axis at a certain input, then a relative maxi- 
mum or a relative minimum exists at that input. When we are using sine or cosine 
functions of the forms discussed in this chapter, the derivative exists at all input val- 
ues, so in our search for extreme points, we need consider only the inputs where the 
derivative of the function crosses the input axis. 


Heating Oil Sales 
Weekly sales of heating oil are cyclic with a winter peak and a summer lull. A model 
for the weekly heating oil sales for a certain company is 
fit) = 2000 sin(0.1208t + 1.5707) + 3000 gallons 
t weeks after the beginning of the year. 
a. Find the period of the heating oil sales model. 


b. Sketch a graph of one cycle of f, and mark the locations of maximum and mini- 
mum heating oil sales. 


c. Use derivatives to find the maximum and minimum of a cycle. 


Solution 
a. The period of the heating oil sales model is 57353 ~ 52 weeks. 
b. A graph of the weekly heating oil sales for a 1-year period is shown in Figure 8.33. 
c. The derivative of fis 
f'(t) = 241.6 cos(0.1208t + 1.5707) gallons per week 


t weeks after the beginning of the year. By setting the derivative equal to zero and 
solving for t, we find that f'(t) = 0 when t ~ 0 and again when t ~ 26. The graph 


EXAMPLE 2 
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f(t) 
(gallons) 


Maximum 
(0, 5000) 











500! 
4000 
3000 
2000 
1000 


Minimum 
(26, 1000) 


t 





FIGURE 8.33 10 20 30 40 59 (weeks) 


in Figure 8.33 shows that the second solution gives the minimum. Heating oil 
sales reach a maximum of f(0) ~ 5000 gallons at the beginning of January and 
reach a minimum of f(26) ~ 1000 gallons at the beginning of July. Sales again 
reach the maximum at 52 weeks. 


Cote rere esessesesessces 


Being able to solve for the values at which the first derivative of a sine or cosine 
function is zero helps us locate maxima and minima. We use a similar technique 
when we are looking for inflection points. 


Inflection Points 


The opening paragraphs in this section discussed some situations that illustrate the 
importance of finding the inflection points of a cyclic model. Recall from Section 5.4 
that at a point of inflection on the graph of a function, the second derivative is zero 
or does not exist. If the second derivative graph crosses the horizontal axis, then an 
inflection point occurs on the graph of the function at that input value. Let us again 
consider the model for heating oil sales. 


Heating Oil Sales 


A model for weekly heating oil sales is 
fit) = 2000 sin(0.1208t + 1.5707) + 3000 gallons 


t weeks after the beginning of the year. A graph of fis shown in Figure 8.33 in Exam- 
ples 


a. Use the graph in Figure 8.33 to estimate the locations of the inflection points. 

b. Use derivatives to find the inflection points. 

c. What would be the best course of action for the sales manager during the time 
before and after each of the inflection points? 

Soiution 


a. The graph of weekly heating oil sales appears to be concave down from week 0 
through week 13, concave up from week 13 through week 39, and concave down 
from week 39 through week 52. Thus we estimate that inflection points occur at 
the beginning of April (week 13) and the beginning of October (week 39). 
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b. In order for inflection points to occur on a sine or cosine graph of the forms used 
in this chapter, the second derivative of the function must be zero. The second 
derivative of the heating oil function is 


f"(t) = -29.18528 sin(0.1208¢ + 1.5707) gallons per week per week 


t weeks after the beginning of the year. By setting f(t) = 0 and solving for t, we 
find that inflection points occur at t ~ 13.0 and t ~ 39.0. In both cases, 3000 gal- 
lons of heating oil are sold, so the inflection points are (13, 3000) and (39, 3000). 
The point of most rapid decrease occurs at the 13th week, and the point of most 
rapid increase occurs at the 39th week. (See Figure 8.33.) 


c. Between January 1 and April 1, the oil manager should be concentrating on 
maintaining supply, making timely deliveries, and advertising the product. From 
April 1 until October 1, heating fuel demand is in the summer doldrums, and the 
company should be running promotion specials to move the product. Between 
October 1 and December 31, the manager should focus on ensuring that there is 
enough heating oil available to meet the demand. 


Pec eeccrcsessecesessoes 


Of course, in the real world there are not such idealized models as that in the pre- 
vious example, but managers routinely talk about changes in the rate of increase or 
rate of decrease. Through those observations, they try to determine when fundamen- 
tal shifts in demand occur. In mathematical terms, they are looking for the inflection 
points. 

The connection between relative maxima and minima and inflection points of a 
function and the zero values of the first and second derivatives is what makes the use 
of calculus concepts so powerful in the analysis of cycles. 


Inventory Month | Daily mean temperature (°F) 













@ Maxima and minima of sine and cosine models 
@ Inflection points of sine and cosine models 






Activities 


1. Table 8.24 gives the normal daily mean tempera- 
tures*', based on the 30-year period 1961 through 
1990, for Omaha, Nebraska. 





a. Use only the data to estimate the maximum and 
minimum daily mean temperatures for Omaha. 


b. Find a sine model for the data, and determine 
the highest and lowest points on the graph. 
Interpret these points in the context of Omaha’s 





weather. 
c. How do the answers obtained with the equation d ee ; 
compare with those found using the data? What relationship y there between the maximum and 
minimum daily mean temperatures for Omaha 
31. U.S. National Oceanic and Atmospheric Administration, Cli- found in parts a and b and the actual yearly high 


matography of the United States, No. 81. and low temperatures in a given year? 


ae An exclusive fishing club on the Restigouche River 
in Canada kept detailed records of the number of 
fish caught by its members. A model? for the num- 


ber of salmon caught per rod per day between 1880 
and 1905 is 


s(y) = 0.327 sin(0.675y — 2.122) + 1.267 
salmon per rod per day 


y years after 1880. 


a. Find the nearest year after 1905 in which, 
according to the model, the number of salmon is 
expected to peak. 


b. Find the nearest year after 1905 in which, 
according to the model, the number of salmon is 
expected to be at a minimum. 


c. How might the manager of the fishing club have 


used the information in parts a and b to benefit 
the club? 


. The number of males per 100 females in the United 
States can be modeled*? by 


m(t) = 5.3365 sin(0.0425t + 1.268) + 99.938 
males per 100 females 


t years after 1900. 


a. Find the maximum and minimum values of the 
function and the years between 1900 to 1990 in 
which they occur. Interpret your answers. 


b. Determine when the graph is decreasing most 
rapidly and how rapidly it is decreasing at that 
time. Interpret your answers. 


. The average amount of extraterrestrial radiation™ 
in Amarillo, Texas, for each month of the year is 
given in Table 8.25. The amount is measured in 
equivalent millimeters of water evaporation per 
day. 

a. Use only the data to estimate the maximum and 
minimum radiation levels and when those levels 
occur. 

b. Find a sine model for the data, and determine 


the highest and lowest points on the graph. 
Interpret these points in the context of radiation. 
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TABLE 8.25 


Radiation Radiation 
(mm of (mm of 
H,0 per day) 


H,O per day) 


c. How might knowledge of high and low radiation 
levels be useful to someone living in Amarillo? 


. On December 15, 1995, a team of astronomers dis- 


covered X-ray pulses emitting from what they 
believe io be a neutron star. The speed of the pulses 
(in counts per second) can be modeled”? by 


p(s) = 40.5 sin(0.01345s — 157/08) Meelio Or 
counts per second 
after s milliseconds. 
a. What is the period of the pulsations? 


b. Determine two times when the pulse speed was 
highest and two times when it was lowest. What 
were the pulse speeds at those times? 


c. Find and interpret one inflection point where 
the function is increasing and one inflection 
point where the function is decreasing. 


. The combined power output of a diesel engine and 


wind turbine in an irrigation pumping system can 
be modeled* by 


P(s) = 20.204 sin(0.258s + 0.570) + 


19.026 sin(0.247s — 2.549) + 44.952 kilowatts 


when the wind speed is s meters per second. The 
model should be used for wind speeds between 6 
and 18 meters per second, because the wind turbine 
produces power only if wind speeds exceed 6 meters 
per second. 


35. Based on information in M. H. Finger et al., “Discovery of Hard 
X-ray Pulsations from the Transient Source GRO J1744 - 28,” 
Nature, vol. 381 (May 23, 1996), pp. 291-292. 

36. Based on information in B. A. Stout, Handbook of Energy for 
World Agriculture (London: Elsevier Applied Science, 1990). 


32. Based on data estimated from E. R. Dewey and E. F. Dakin, Cycles: 
The Science of Prediction (New York: Holt, 1947). 

33. Based on data from the U.S. Bureau of the Census. 

34, A. A. Hanson, ed., Practical Handbook of Agricultural Science 
(Boca Raton, FL: CRC Press, 1990). 
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a. Find the wind speeds associated with the greatest 
and the least power output for this pumping 
system. 


b. On the basis of your answer to part a, what do 
you believe is the benefit of having a wind tur- 
bine in this pumping system? 

c. Find all inflection points of P between s = 6 and 
s = 18. Interpret your answers. 


7. Table 8.26 shows the weekly pneumonia death 
rate’ (number of deaths per 100,000 people per 
week) in the United States from 1923 through 1925. 


TABLE 8.26 





a. Find a sine function to fit the pneumonia death 
rate data. 


b. Use the sine equation to predict the next peak in 
the pneumonia death rate beyond the data given. 
How might this information have been useful to 
health care providers in 1926? What factors 
might cause the actual peak to differ from the 
one found by the equation? 


c. Find and interpret the first inflection point 
located beyond the data given. 


8. Explain how you could determine without using 
derivatives the maximum, minimum, and inflec- 
tion points (both output and input) on a graph of 
fix) = asin(bx + h) + k. 


9. Figure 8.4.1 shows graphs of w, the indexed price of 
wheat in the United Kingdom, and a sine function, 
i, for the index.*® 


37. Estimated from E. R. Dewey and E. F. Dakin, Cycles: The Science of 
Prediction (New York: Holt, 1947). 

38. Figure 8.4.1 from H. L. Moore, Generating Economic Cycles (New 
York: The Macmillan Co., 1923; repr. 1967, Augustus M. Kelley 
Publishers), p. 75. Reprinted by permission. 





Eight-year cycle in Poynting’s 
index numbers of the price of wheat 
(scale inverted) 


FIGURE 8.4.1 


10. 


Wh. 


a. How many of the maxima of the sine graph are 
within 1 year of a relative maxima in the wheat 
price index? Note that the vertical axis is inverted. 

b. How many of the minima of the sine graph are 
within 1 year of a relative minima point in the 
wheat price index? 


“c. An equation for the sine graph shown in Figure 


8.4.1 is y = 100.2 + 4.4 sin( Zt + $2) where f is 
the number of years since 1761. Use this equa- 
tion to find when the next maximum and mini- 
mum occur after 1874. 


d. On the basis of the graph in Figure 8.4.1 and 
your answers to parts a and b, how accurately do 
you think the years you found in part c predict 
when the next maximum and minimum wheat 
price indices occurred? Do you think the sine 
model should be used to predict the next maxi- 
mum and minimum price index? 


A model”? for the Suaerbeck index of general whole- 
sale prices in England between 1818 and 1914 is 
a) Zs 
=) 3.1 Sin| ==—* 4a 
p(x) sin( 558 | 100 

x years after 1818. Use the model to estimate when 
the next high and low wholesale prices occurred 
after 1914. 


The Anchorage Daily News in Anchorage, Alaska, 
includes a chart of the hours of daylight in its 
weather section. Apparently the amount of daylight 
is as much a topic of conversation in Alaska as the 
temperature is in the other 49 states! A copy of the 
newspaper chart is shown in Figure 8.4.2.*° 


39. Ibid. 
40. Figure 8.4.2 used with the permission of the Anchorage Daily News. 
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WEATHER 13. The Campbell Soup Company produces both 
Daylight Hours canned soup and powdered drink mix. The 1992 
daily sales can be modeled*! by 
June 21 c(x) = 1.8961 sin(0.0186x + 1.1801) + 5.4660 
Summer million cans (16 ounce) of soup 
Solstice 
p(x) = 7.3026 cos(0.0197x — 3.7526) + 20.3728 
Dec. 21 million (reconstituted) pints of drink mix 
Wint 
[inst where x is the day of the year. Assume that soup sold 
—— ; i 
ae at an average price of 70 cents per can and that 
drink mix sold at an average price of 20 cents per 
FIGURE 8.4.2 pint. 
a. Write a function giving the revenue from the 
combined 1992 daily sales as a function of the 
a. There are two graphs shown in Figure 8.4.2. ei ws a Si rer NION YS OTE 
; : drink mix are produced. 
Which graph represents daylight hours, and : 
what does the other graph represent? b. Write a function that models the rate of change 
f ; 
b. On the basis of the graph of daylight hours, esti- ORS esate peut yi i 
mate the period, amplitude, and vertical shift. c. Use the model and derivative to estimate the 
: : highest revenue and the day(s) on which this 
c. Reading carefully from the chart, estimate the 
: gue maximum occurred. 
hours of daylight at the beginning of each ex. 
month, and create a scatter plot of these data. d. Use the model and derivative to estimate the 
Explain why it makes sense to use a sine model lowest revenue and the day(s) on which this 
onthe data cet. minimum occurred. 

d, Find a sine function to fit the data. Compare the 14. A sine model for the amount of carbon dioxide in 
period, amplitude, and vertical shift of the func- the atmosphere” was given in Section 8.3. We could 
tion to your estimates in part b. also have used the following cosine model: 

e. The amount of daylight determines one’s T 
moods. In particular, less daylight has been c(x) = (0.010345x + 2.105676) cos| 6.283x — 2 
known to cause “winter blues.” Also important 4 0.013783 — 0.844566x + 316.913080 
to mood is a person’s perception of future parts per million 
change. For example, when the number of hours 
of daylight is increasing rapidly, some people x years after the beginning of 1900. The model 
may develop an optimistic outlook, whereas a applies for years between 1959 and 1999. 
pessimistic outlook may result when the number a. Graph the sine function given in Section 8.3 in 
of hours of daylight is declining rapidly. Use the Example 3 and the cosine function here. Are 
sine model to find when the number of hours of there any differences between these two graphs? 
daylight is increasing most rapidly and when it is Why can either a sine function or a cosine func- 
decreasing most rapidly in Anchorage. tion be used? 

f. If you were directing a public campaign, you b. Write a formula for the derivative of the cosine 
would not want to introduce the campaign when function. 
the public was in a pessimistic winter mood. Use c. Use c and its derivative to find the maximum 
your answers to part e to estimate when politi- and minimum carbon dioxide levels in 1960, 
cians in Alaska should begin a new campaign. 

12. Find a function (or find data and create a function) 
A for the number of daylight hours in your 41. Wall Street Journal, July 7, 1993, p. B1. 
/ Db hometown. Repeat Activity 11 parts e and ile 42. R.M. White, “The Great Climate Debate,” Scientific American, vol. 


data for your hometown. 263, no. 1 (1990), pp. 36-43. 


604 


>: 


16. 


We 


CHAPTER 8 


1970, 1980, and 1990. In what months do these 
maximum and minimum levels occur? 


d. Why are the maxima different for each year? 


Refer to the cosine model for the amount of carbon 
dioxide in the atmosphere given in Activity 14 to 
answer the following questions. 

a. Write a formula for c”. 

b. Determine in what months of 1960, 1970, 1980, 
and 1990 the carbon dioxide level was increasing 
most rapidly. 

c. According to the function c, what was the carbon 
dioxide level at the time of most rapid increase 
in 1960, 1970, 1980, and 1990? Explain why these 
values are increasing from 1960 through 1990. 


A model of the data for the amount of ultraviolet 
radiation® in Auckland, New Zealand, is 


a(m) = 27.1 sin(0.485m — 1.707) + 32.9 
watts per cm? 
when m = 1 in January, m = 2 in February, and so on. 


a. Write a function for the rate of change of the 
amount of ultraviolet radiation. 


b. Estimate the time when ultraviolet radiation is at 
its highest level and the time when it is at its low- 
est level. 


c. How much ultraviolet radiation is received at the 
times found in part b? 


Refer to the model for the amount of ultraviolet 
radiation in Auckland, New Zealand, given in Activ- 
ity 16 to answer the following questions. 


8.5 


18. 
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4. Write a function for the second derivative of the 
ultraviolet radiation model. 


b. Estimate the time when ultraviolet radiation is 
increasing most rapidly and the time when it is 
decreasing most rapidly. 

c. How much ultraviolet radiation is received at the 
times found in part b? 


The declination of the sun in Greenwich, England, 
can be described by the equation” 


D(d) = 23.677 sin(0.0168x — 1.312) — 0.292 degrees 


1 


on the xth day of the year. Negative output values 
correspond to southern declinations, and positive 
output values correspond to northern declinations. 


a. Use calculus to find the inflection points and 
extrema over one period of the function. Inter- 
pret your answers. 


b. Relate your answers in part a to the earth’s 
equinoxes and solstices. 


Based on data for 1965 through 1976, the reduction 
in the number of beetles in a certain geographical 
area in the Netherlands can be modeled by the 
equation® 


sa ia = Oso 
R(x) = 10%? sinS=—"3") #3. beetles 
x years after 1960. 


a. What is the period of this function? 


b. Use calculus to find the extrema of this function 
over one period. Interpret your answers. 


Accumulation in Cycles 


The first four sections of this chapter discussed sine and cosine functions and rates of 
change of sine and cosine functions. We now consider the accumulated change in 
sine and cosine functions and also investigate applications of integration using these 


functions. 


We begin by stating general antiderivative formulas for the sine and cosine func- 


tions. Because 7,(-cos x) = -1 -£(cos x) 


= -l(-sinx) = sinx, the Fundamental 


Theorem of Calculus tells us that a general antiderivative of the sine function is the 
negative of the cosine function. Also, because 4 (sin x) = cos x, a general antideriva- 
tive of the cosine function is the sine function. 


43. Based on data from W. Rudloff, World-Climates (Stuttgart: Wissenschaftliche Verlagsgesellschaft, 1981). 

44. Based on data from the 1996 Old Farmer’s Almanac. 

45. Based on data from P. J. denBoer and R. Reddingius, Regulation and Stabilization Paradigms in Popula- 
tion Ecology (Chapman & Hall: London, 1996). 
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Antiderivatives of Sine and Cosine Functions 


When x is measured in radians, 


[sin x ax = scone 4a C 


[cos.xde = sinx + C 





To find the general antiderivative of the sine function f(x) = a sin(bx + h) + k, 
we need only apply the antiderivative rules we used in Chapter 6. We begin by apply- 
ing the Constant Multiplier Rule and the Constant Rule for antiderivatives: 


[lasin(ox + h) + Kldx = afsin(be + Wd + | 


= a| sin(bx TAX tikX een, 


Now we need to find the general antiderivative of y = sin(bx + h). Recall that the 
antiderivative process reverses the derivative process. In using the Chain Rule to find 
the derivative of y = sin(bx + h), we would multiply by b, the derivative of the inside 
function, to obtain y’ = b cos(bx + h). For the antiderivative, we divide by b: 


ate ~ 2 
b 





[[asin(bx + h) + Kldx = a FO fs, 


= + cos(bx + ly ASS SE IG 
Similarly, we have 


sin(bx + h) 


[tacostox +h) + Klax = af : 


|e etiet © 


=; sin(bx + h) + kx + C 


Antiderivatives of Trigonometric Models 


When x is measured in radians, 


[lasin(ox +h) + kldx = cos(bx + h) + ke + C 


| {a cos(ox +h) + k)dx = 7 sin(bx +h) + kx + C 





With these formulas, we can find accumulated change for sine models. For exam- 
ple, tides in 1995 for the Savannah River entrance changed according to the rate-of- 
change model*® 


46. Based on data in Sea Island Scene of Beaufort (Beaufort, SC: Sands Publishing Co., 1995). 
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t(x) = 1.00934 sin(0.50467x + 2.5633) feet per hour 


x hours after midnight February 7, 1995. The height of the water x hours after mid- 
night is the accumulated change in the rate of change from 0 to x. Thus we can find a 
function for the height of the water x hours after midnight on February 7 by writing 
the general antiderivative T of the rate-of-change function f: 


_ -1.00934 
~ 0.50467 


Suppose we know that midtide occurs at 4:16 a.m. That is, T(4.26667) ~ 0. Using this 
fact, we solve for C and obtain C ~ 0.008. Thus the height of the water x hours after 
midnight on February 7 can be modeled as 


T(x) ~ -2 cos(0.50467x + 2.5633) + 0.008 feet above sea level 


ING) cos(0.50467x + 2.5633) + C feet above sea level 


(Note: Negative values of T(x) denote tides that are lower than the average sea level.) 

As illustrated in the tide example, when we have functions for rates of change, we 
find the accumulation of that rate of change by using the antiderivative of the func- 
tion. Example 1 again illustrates this principle. 


Temperatures in Philadelphia 
Earlier in this chapter, we saw that the rate of change of the temperature in Philadel- 
phia on August 27, 1993, can be modeled as 
t(x) = 2.733 cos(0.285x — 2.93) °F per hour 
x hours after midnight. Use this rate-of-change model for temperature to find the 


accumulated change in the temperature between 9 a.m. and 3 p.m. on August 27, 1993. 


Solution The accumulated change in the temperature between 9 a.m. and 3 p.m. is 
given by the definite integral 


15 
[ 2/33 GOs(0.285x% — 2-93 idx 
9 


15 





3 
sin(0.285x — 2.93) 








0.285 
2a 2.733 

= 0285 (Sine wO3 hea sin 0, ae 
bes ST 931) (a sin[0.285(9) 2931] 

=~ 9.34606 — (-3.42296) 

= 12.769°F 


That is, the temperature increased by approximately 13°F between 9 a.m. and 3 p.m. 


Pewee sere eeesecoseseese 


Average Values and Sine Models 


Throughout this chapter, we have referred to the parameter k of the function 
f(x) = asin(bx + h) + kas the average (or expected) value of a cycle. This is the value 
we would expect the function to take on if it were not for the fluctuations that occur. 
In Chapter 7 we defined the average value of a function f from c to d as 


| ear: 


Average value = —_——— 
dime 
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Example 2 illustrates that the parameter k of a sine function is its average value over 
one cycle, according to the definition in Chapter 7. 


EXAMPLE 2 _ Ultraviolet Radiation 


A model for the amount of ultraviolet radiation received in Auckland, New Zealand, is 
rim) — 25.5 sin(0:521mj— 1.57) + 32.5 watts per cm- 

during the mth month of the year. 

a. Calculate the average value for one cycle of this model beginning at m = 1. 


b. Calculate the average value for one cycle of this model between two successive 
minima. Interpret the result. 


Solution 


a. The function r has period 73; ~ 12.083 months. Thus the cycle beginning at 
m = 1 ends at m ~ 13.083, so the average value of the cycle can be calculated as 


13.083 
I (25.5:sin( O21 7 a O2e5| ami 
1 














IDA0'33) = Il 
13.083 
Seo) 
: — 1.57) + 32. 
P Fe COs(OS2 = 157) 42 32 sm] . 
7 12.083 
400.798 — (8.100) 





12.083 


=~ 32.5 watts per cm? 


That is, discounting seasonal fluctuation, we expect the UV radiation over a 
period of approximately 1 year in Auckland to be 32.5 watts per cm’. Note that 
this average value is the parameter k in the function r. 


b. The cycle between the first two consecutive minima starts at m ~ -0.002 and ends 
at m ~ 12.081. The average value of the cycle is calculated as 


12.081 
[ [25-5 /sin( 0.5271 leo? Wee 205 Oftt 
J-0,002 





12.081 —=(0:002 } 








12.081 
-25.5 
(322 cos(0.52m — 1.57) + 32.5m] 
~ 4052 yee 
12.083 
1 392.6457 — (-0.0531) 





12.083 


=~ 32.5 watts per cm? 


That is, discounting seasonal fluctuation, we expect the UV radiation in Auck- 
land to be 32.5 watts per cm’. This is, again, the parameter k of the function r. 


eee eereresesesserossees 


No matter which cycle you use to compute the average value of a sine function, 
the average value of that cycle will always be the parameter k of that sine function. 


CHAPTER 8 


Concept 
. Inventory 






@ The antiderivative of the sine function 


@ The antiderivative of the cosine function 
@ Average value of a sine or cosine function 





For Activities 1 and 2, sketch the indicated accumula- 
tion function graphs using the graph in Figure 8.5.1. 


fF 





FIGURE 8.5.1 


t [ Koa 2. [ Koa 


For Activities 3 through 6, find the indicated general 
antiderivative. 


3, [as enone ary [73 aI COLEMAN: 
5. [ sin7.3x ap ID) abs 


a [vs ail ae & 1) Ae 


7. Find the general antiderivative of 
fix) = 4.67 sin(0.024x + 3.211) + 14.63 


8. Find the general antiderivative of 
fit) = 49.88 cos(3.54t — 4.86) + 7.02 


9. The rate of change of sales for a store specializing in 
swimming pools in the summer and ski gear in the 
winter can be modeled by 


S(t) = 23.944 cos(0.987t + 1.276) thousand dollars 
per month 
where t = 1 in January, t = 2 in February, and so on. 


a. Find a model for sales in month t if sales in Jan- 
uary are $54,000. 
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b. Use the model to estimate when peak sales occur 
each year. Also estimate when sales will be low- 
est. 


10. The rate of change of the average temperature in 


i. 


New York from 1873 through 1923 can be modeled 
by 


T(x) = 42.059 cos(0.524x — 2.27) °F per month 


where x = 1 in January, x = 2 in February, etc. 


a. Find a model for the average temperature in 
New York. The average temperature in July is 
73.3 E 


b. What does the model give as the average temper- 
ature in December? 


The function f in Figure 8.5.2 is cyclic. The area of 
the shaded region is 2. Using the symmetry indi- 
cated by the graph, find each of the following: 








FIGURE 8.5.2 


2 i foes b. i : ox de 


& [the EP ds ee. [31a lax 


12. The rate of change of the number of hours of day- 


light in Honolulu, Hawaii, can be modeled by 


d'(m) = 1.18 cos(0.514m — 1.616) hours per month 


m months after the beginning of each year. 


a. Find the area beneath the graph of d’ that lies 
above the m-axis between m = 0 and m = 12. 
Interpret your answer. 


b. Find the area above the graph of d’ that lies 
below the m-axis between m = 0 and m = 12. 
Interpret your answer. 


13. On December 15, 1995, a team of astronomers dis- 


covered X-ray pulses emitting from what they 


14, 


15. 


16. 


believe to be a neutron star. The speed of the pulses 
can be modeled’ by 


p(s) = 40.5 sin(0.01345s — 1.5708) + 186.5 
counts per second 


after s milliseconds. 


a. What will the units be on the heights and widths 
of midpoint rectangles constructed between the 
graph of p and the s-axis? What will the units be 
on the area of such midpoint rectangles? 


b. Using the fact that there are 1000 milliseconds 
in one second, convert p(s) to counts per mil- 
lisecond. 


c. Find and interpret the area between the graph of 
p and the s-axis for one period of the function, 
beginning at s = 0. 


a. Referring to the model in Activity 10, find and 
interpret the value of [re dx. 

b. Find the area of the sata between the graph of 
T’ and the x-axis from x = 2 tox = 8. 

a. Referring to the model in Activity 9, find and 


6 
interpret the value of [ S(t) dt. 


J] 


b. Find the area of the region between the graph of 
S’ and the t-axis from t = 1 tot = 6. 


c. Find the average sales between January and June. 
The rate of change of the ratio of males to females 


in the United States from 1900 through 1990 can be 
modeled** by 


r(t) = 0.2268 sin(0.0425t + 2.839) males per 100 


47. 


48. 


females per year 


Based on information in M. H. Finger et al., “Discovery of Hard 
X-ray Pulsations from the Transient Source GRO J1744 - 28, 
Nature, vol. 381 (May 23, 1996), pp. 291-292. 

Based on data from the U.S. Bureau of the Census. 


We 


18. 
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8.5 Accumulation in Cycles 


t years after 1900. Find and interpret the values of 


40 90 90 

[ rods | rede and | rat, 
0 50 0 

The number of lizards legally gathered from a west- 

ern state for selected months during a 2-year time 

period can be modeled by the equation” 


L(x) = 15.388 sin(0.787x — 1.667) + 16.346 
thousand lizards per month 


where x is a number assigned to each month. The 
numbers | through 8 represent each of the 8 con- 
secutive months in which lizards are harvested in 
the first year, and the numbers 9 through 16 repre- 
sent each of the 8 consecutive harvesting months of 
the second year. In the months during the 2-year 
period not defined by the model, there were no 
lizards gathered. 


a. Use a definite integral to estimate the number 
of lizards harvested during the 2-year harvesting 
period. 


b. Because this model was formed from count data, 
you could also estimate the number of lizards 
harvested during the 2-year time period by sum- 
ming each of the output values for the 16 
months. Calculate this sum, and compare it to 
the estimate in part a. 


c. Which method (the one in part a or the one in 
part b) do you prefer? 


The rate of change of the declination of the sun for 
Greenwich, England, can be described by the equa- 
tion” 


S(d) = 0.398 sin(0.0168d + 0.259) degrees per day 


on the dth day of the year. Use a definite integra! to 
determine by how many degrees the declination 
changes between January 1 and March 1. 


49. Based on information from the Nevada Division of Wildlife. 
50. Based on data from the 1996 Old Farmer’s Almanac. 
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Repetitive Change: Cycles and Trigonometry 





summary 


rigonometry has been an important topic in mathe- 

matics for centuries. We consider two trigonometric 
functions in terms of a unit circle. The x- and y-coordi- 
nates, cos 8 and sin 9, respectively, are at the point where 
the terminal side of the angle 0 intersects the unit circle. 
We saw that the angle 8 can be measured in radians. 
Measuring angles in radians leads to a wider range of 
applications and is convenient in calculus. When we use 
sine functions to model data, we no longer consider the 
input as an angle measurement. Instead, the input is 
simply a real number with an interpretation determined 
by the context. 


The Sine Model 


Many types of data exhibit a cyclic pattern. Such cyclic 
data can be modeled by a sine function of the form 
fix) = a sin(bx + h) + k. The parameters of the sine 
function correspond to certain physical properties of 
the data. The parameter k is the average value of a cycle 
and is the function’s vertical shift. The parameter a is the 
amplitude of the fluctuation away from that average 
value. A negative value of a denotes reflection across the 
horizontal axis. The parameter b (considered positive) is 
associated with the period of the cycle by the equation 


2 
1 d = -_ 
perio b 


The parameter h is associated with the horizontal shift 
of the function by the equation 


ake 

b 
where the shift is to the left if h > 0 and to the right if 
h < 0. Understanding these parameters and their inter- 


pretations in the context of the model helps us to 
understand the model itself. 


horizontal shift = 


Rates of Change 


As with all the other functions that we have seen in this 
text, we are able to use calculus to analyze the change 
that is occurring in a sine or cosine model. Derivatives 
answer the question “How rapidly is the quantity 
changing?” and help us locate the maxima and minima 
of a sine or cosine function. Second derivatives help us 
locate the inflection points of these functions. 

The derivative of the sine function is simply the 
cosine function, and using derivative rules developed in 
Chapter 4, we have 


“ [a sin(bx + h) + k] = ab cos(bx + h) 


We also saw that the derivative of the cosine function is 
the negative of the sine function, which enables us to 
find second derivatives for sine models. 


Accumulation of Change 


The antiderivative formulas for sine and cosine models 
are 


[ (a sin(ox + Ne vee + cos(bx + h) leat C 


[ la cos(bx + h) +k] dx = j sin(bx a) Hale eC 


We use these antiderivatives to answer questions about 
cyclic models such as “How much change has accumu- 
lated?” We also used definite integrals to show that the 
parameter k of a sine model is indeed the average value 
of its cycle. 


Concept Check 
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@ Find and interpret sine and cosine values in terms of a unit circle? 
@ Identify the amplitude, reflection, frequency, period, vertical 
shift, and horizontal shift of a sine function? 

Graph a sine function? 

Construct a sine model with and without the use of technology? 
Calculate and interpret derivatives of sine and cosine functions? 
Use derivatives to find extrema and inflection points of sine and 
cosine functions? 


@ Find and interpret definite integrals of sine and cosine functions? 
@ Find the expected (average) value of a cyclic function? 


Review Test 


To practice, try 


COP eer errr weer esse see sre esse eseseseeesSSEETESHSEEEEEOE® 


Section 8.1 Activity 3 
Section 8.1 Activity 17 
Section 8.1 Activity 25 
Section 8.2 Activities 3, 4 
Section 8.3 Activity 13 
Section 8.4 Activity 3 
Section 8.5 Activity 13 
Section 8.5 Activity 15 





1. Lawn mower sales for a certain manufacturer are b. 
cyclic, with a low in the winter months, an increase 
in the spring, and a decline in the fall. Orders at this 
company for a 1-year period are shown in Table 
hil 


TABLE 8.27 





Use your calculator or computer to find a sine 
function for the number of lawn mowers 
ordered in terms of the month of the year. How 
do the function parameters compare to those 
you gave in part a? 


. Use the equation to predict lawn mower orders 


in April of the following year. Under what condi- 
tions should this estimate be used as a predic- 
tion? 


. Use the equation to determine when lawn 


mower orders are greatest. 


. When is the number of lawn mowers ordered 


increasing most rapidly? 


2. The graph in Figure 8.34 shows the Sauerbeck 
Index”! of general wholesale prices between 1818 
and 1913. 
a. Use the data to determine the amplitude, vertical 
shift, period, and horizontal shift for the lawn 51. H.L. Moore, Generating Economic Cycles (New York: Augustus M. 


mower orders. Kelley, 1967). 
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Price index 


105 


Year 
1818 1860 1890 1913 


FIGURE 8.34 


a. Estimate the average rate of change of the price 
index between 1860 and 1890. 


b. Estimate how quickly the price index was chang- 
ing in 1860. 


3. The equation for the graph in Figure 8.34 is 


S(t) = 88.6 + 11.2 sin( Se + 27)+ 


13.8 sin( Zt ae in) stare! sin( et ae Be 


t years after 1818. 


Repetitive Change: Cycles and Trigonometry 


a. Use the equation to estimate the average rate of 
change of the price index between 1860 and 


1890. 
b. Find and interpret S'(42). 
c. Find the average price index between 1860 and 
1890. 
4. The rate of change of the daily sales of powdered 


drink mix produced in 1992 by the Campbell Soup 
Company can be modeled by 


r(t) = -0.1439 sin(0.0197t — 3.7526) 
million (reconstituted) pints per day 


t days after January 1, 1992. 

a. Determine when the rate of change of the sales 
model was greatest in 1992. 

b. Find a model for the sales if the sales were 14.4 
million pints on January 1, 1992. 

c. How is the answer to part a related to the graph 
of the function in part b? 


61 
5. Find and interpret the value of | r(t) dt, where r is 
32 
rate-of-change function in Question 4. 





Project 8.1 


Some companies sell products or offer 
services that are seasonal in nature. Summer 
or winter sports equipment is one example 
of a seasonal product, and swimming pool 
cleaning is an example of a seasonal service. 
Sometimes companies specialize in two 
different products or services for which the 
demand peaks in different seasons. For 
example, a snow ski shop may sell patio 
furniture in the summer. 


Tasks 


Find a company that specializes in a seasonal 
product or service and that is willing to 
release sales data. Obtain data from the 
company. The data should span at least 1 
year. If the company specializes in two 
different seasonal products, you may need to 
consider sales for the two products 
separately. 


1. Find a sine function for the data. Do you 
believe a sine model is the most 
appropriate model for the data you 
found? Give the period, frequency, 
amplitude, and vertical shift of the sine 
model. Interpret these values in the 
context of the company’s sales. 





- Seasonal 
Sales 





2. Find the maximum and minimum sales for the 
model. When do these sales occur? Compare the 
extreme points of the sine function with the highest 
and lowest data values and corresponding times. 
According to the function, when are sales increasing 
and decreasing most rapidly? 


3. If a sine function is not a good fit for the data, find a 
more appropriate function. Explain your reasons for 
choosing a different function. 


Reporting 


1. Write a letter to the company from which you 
obtained data. If the company sells only one 
product or offers only one service, suggest another 
product or service to offset the minimum sales 
created by the current product or service. Suggest 
when the company should begin advertising each 
product or service. 

If the company already sells two products or 
offers two services, analyze whether the peak sales of 
one offset the low sales of the other. If you believe 
the company might benefit from offering a third 
product or service or from increasing advertising at 
particular times during the year, offer suggestions in 
your letter. 


2. Write a report for your files containing all the 
mathematics used in performing Tasks 1 through 3 
to use as reference should the sales manager for the 
company call to ask you questions. 
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Project 8.2 





Setting 


Lake Tahoe lies on the California—Nevada 
border. Its level is regulated by a 17-gate 
concrete dam at the lake’s outlet. By federal 
court decree, the lake level must never be 
higher than 6229.1 feet above sea level. The 
lake level is monitored every midnight. The 
United States Department of the Interior 
reports (8/2/96 ADAPS report) that the lake 
level on the first day of each month from 
October 1995 through September 1996 was 
as shown in Table 8.28. 


TABLE 8.28 


Lake level 
(feet above 
6220 feet above sea level) 





614 


Lake Tahoe 


Levels 


Tasks 


1 


we, 


3: 


4, 


O: 


6. 


Th. 


Examine a scatter plot of this set of data. Discuss why a 
sine function might be appropriate. If a sine function 
were used to describe these data, estimate what would 
be its period, amplitude, and vertical shift. Find a sine 
model to fit the data. What are the function’s period, 
amplitude, and vertical shift? Compare these answers to 
your expectations, and discuss any discrepancies. Rewrite 
your model so that its output is in feet above sea level. 


Carefully sketch a graph of the function for the lake 

level. Use the sketch to estimate the lake level in 

January 1996 and the rate at which the level of the lake 
~was changing at that time. 


Use the model to estimate the lake level in January 
1996 and to estimate numerically how quickly the level 
of the lake was changing at that time. 


Use the derivative of the function to find the rate at 
which the level of the lake was changing in January 
1996. 


According to the data, when was the lake at its lowest 
level? When was it at its highest level? On a sketch of 
the function for lake level, draw lines that are tangent 
to the graph of the model at the model’s minimum and 
maximum points. What is important about the tangent 
lines at these points? 


Use the derivative of the function to estimate the 
month and day between October 1, 1995 and 
September 1, 1996 when the lake was at its lowest level. 
Also determine when the lake was at its highest level. 
According to the model, did the lake remain below the 
federally mandated level between October 1, 1995 and 
September 1, 1996? 


When (between October 1, 1995 and September 1, 
1996) was the level of the lake changing most rapidly? 
At that time, what was the level of the lake and how 
quickly was it changing? 





8. Discuss any other types of models that could be used for 
these data. Find any such models for the data. Discuss 
how well they fit the data, and use them to perform 
Tasks 6 and 7. 


Reporting 


1. Write a report addressed to the Department of the 
Interior with your findings on Lake Tahoe levels. Keep 
in mind that this should be a nonmathematical report 
of your conclusions. Use graphs in your report as 
appropriate. Include mathematical support for your 
conclusions as an appendix. Refer to your appendix in 
the body of your report as appropriate. 


2. Prepare a 10-minute presentation of your conclusions 
to be given to the Department of the Interior. You 
should be prepared to discuss the mathematics if 
questioned, but keep in mind that your target audience 
is not expecting a math talk. Use overhead transparencies 
and/or other visual aids to enhance your presentation. 


3. Prepare a poster of your conclusions. The poster 
should be self-explanatory, attractive, and easily 
readable from 3 feet away. Show enough mathematics 
on the poster to support your conclusions. 
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Ingredients of Multivariable 
Change: Models, Graphs, Rates 


Concept Application 


Competition is a fundamental element of a free-market society. 
We are accustomed to seeing companies compete for sales and 
customer loyalty. Although many factors (such as economic 
indicators, advertising budgets, and even the weather) affect sales 
of competing products, the most obvious factor is the price of 
the product itself. If side-by-side vending machines sell 
competitive products, then the price of each product is a 
primary determiner of sales. If sales data are collected and 
modeled as a function of the two prices, then we can use the data 
and model to answer questions such as 


© If one of the competitors lowers the price, what change can 





Rober: Brenner Photon dn the other company expect in sales? 
How quickly are sales changing for two given prices? 


If one company lowers its price, how should the other com- 
pany respond in order to maintain its current sales level? 


You will be given the opportunity to answer questions such as 
these in Activity 24 of Section 9.3 and Activity 23 of Section 9.4. 


[lalc|_ This symbol directs you to the supplemental technology guides. The different guides contain 
Li AN step-by-step instructions for using graphing calculators or spreadsheet software to work the 
ee particular example or discussion marked by the technology symbol. 


This symbol directs you to the Calculus Concepts web site, where you will find algebra 
review, links to data updates, additional practice problems, and other helpful resource 
material. 








Concept Objectives 


This chapter will help you understand the 
concepts of 


Multivariable functions 
Cross-sectional models 
Contour curves and graphs 
Partial rates of change 


Compensating for change 


and you will learn to 


Construct input/output diagrams for multivariable 
functions 


Interpret multivariable function inputs and outputs 


Find and interpret cross-sectional models given 
data or a function 


Draw contour graphs and answer questions using 
them 


Find and interpret first and second partial deriva- 
tives 


Estimate partial derivatives using tables and cross- 
sectional models 


Calculate the slope at a point on a contour curve 


Estimate the change needed in one variable to 
compensate for a change in another variable in 
order that the output remains constant 


The first eight chapters of this text 
discussed the mathematics of change for 
functions of a single input variable. 
Chapters 9 and 10 discuss change for 
multivariable functions—that is, 
functions with two or more input 
variables. 


Graphs of functions with two input 
variables are three-dimensional and 
represent surfaces in space. We consider 
associated two-dimensional contour 
graphs and how they relate to the 
three-dimensional surfaces. Our 
understanding of any function and how 
it changes is greatly enhanced by a visual 
presentation. 


We investigate change in a multivariable 
function by considering rates of change 
in two directions. We also discuss 
compensating for change in the context 
of an important consideration in any 
manufacturing process, the allocation 

of available resources to produce a 

fixed level of output. 
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Ingredients of Multivariable Change: Models, Graphs, Rates 


Cross-Sectional Models and Multivariable Functions 





In Chapters 1 through 8 we considered functions with which we analyzed change. In 
each case, the function had only one input variable and one output variable. We now 
turn our attention to data and functions that have two or more input variables and 
one output variable. We call such functions multivariable functions. In fact, many of 
the functions we encounter in everyday situations are multivariable functions that 
depend on two or more input variables. A manufacturer’s profit depends on sales, 
variable costs, fixed costs, and perhaps other input variables that are related to inven- 
tory costs, equipment failures, labor strikes, and so on. In forestry, the volume of a 
tree is a function of its height and diameter. Crop yield is a function of temperature, 
rainfall, amount of fertilizer, and so forth. 

Recall that a single-variable equation is a function when each input has only one 
corresponding output. The input of a multivariable function is written as an n-tuple, 
denoted (x,, x,, 3)... ,)- For each input (x,, x2, X3,...,,,) of a multivariable func- 
tion there is only one output. For instance, a packaging container in the shape of a 
box will hold a volume equal to the length times the width times the height of the 
box. Inputing (J, w, h) = (2 inches, 4 inches, 7 inches) into a function giving volume 
produces a single output volume of 56 cubic inches. 

Let us now consider another example of a multivariable function—the elevation 
of land above sea level. Elevation is a function whose output (distance above sea 
level) relies on two inputs- (longitude and latitude). At one time or another, we have 
all seen a topographical map with elevation curves indicated. Let us consider the ele- 
vation function for a fenced tract of farmland in Missouri. For ease of calculation, 
instead of using the actual latitude and longitude of locations on this tract, we con- 
sider the southwest corner of the tract to be our origin of reference. We measure dis- 
tance from this point in miles from the southern fence and miles from the western 
fence. The two input variables are e and n, where e is the distance in miles east of the 
western fence and n is the distance in miles north of the southern fence. The output 
of the elevation function is E(e, 1), the elevation of the tract in feet above sea level at 
position (e, 1). Figure 9.1 shows an input/output diagram for this function. 





e miles n miles 
Inputs Si Z i 
Rule E 
| Output 
E(e, n) 
Feet above 
FIGURE 9.1 sea level 


This function can be represented as a two-dimensional contour graph (Figure 9.2) or 
a three-dimensional graph (Figure 9.3). 

Maps like the one in Figure 9.2 are drawn from data that surveyors gather. Data 
for this map are given in Table 9.1. From the table, we read the elevation at a position 
0.3 mile east and 1 mile north of the southwest corner as E(0.3, 1) = 799.7 feet above 
sea level. Note that e = 0.3 because the position is 0.3 mile east of the western fence. 
Likewise, m = 1 because the position is 1 mile north of the southern fence. 
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Southern Fence 
Contour graph for elevation in feet above sea level 
FIGURE 9.2 


TABLE 9.1 Elevation E(e, n) in feet above sea level on a tract of Missouri farmland 
measured e miles east of the western fence and n miles north of the southern fence 


798.1 93.7 

794.1 

e016 2.4) 799.5) 799.1 | 7943 
795.1 

795.3 


0.8) 802.6 | 801.4} 800.6 | 800.1 | 799.8 | 799.7 | 799.7 | 799.8 | 799.9 | 799.9 | 799.9 | 799.6 | 799.1 UD 


0.7 799.9 800.0 0 | 799.2 | 798.4 | 797.2 | 795.6 


il \| PANES) || TASE)3} || TAYE) || 7027/28} || TIE. 7/ 
00.1 WI] 


/ 802.8 | 801.6 | 800. | 7 99.8 | 799.3 | 798.5 797.3 | 795.7 
2 ; 800.0 9.2 795.6 
1| 798.3 | 797.1 | 795.5 
799.9 | 799.6 | 799.5 | 799.5 | 799. 8.9 | 798.1 | 796.9 | 795.3 
799.9 | 799.6 | 799.5 | 799.5 | 798.1 | 
| 795.1 
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Cross-Sectional Models from Data 


Although the technology exists to model multivariable data, we have chosen not to 
make multivariable modeling the focus of our discussion. Instead, we will partially 
model the data by holding one input variable constant and finding an equation in 
terms of the other input variable. For example, we can model the elevation along a 
line parallel to the western fence at a distance of e = 0.8 mile east of that fence by 
looking at only that one column of elevations. (You may wish to highlight this col- 
umn in Table 9.1.) The equality e = 0.8 mile east of the western fence is depicted on 
the contour graph as a line (Figure 9.4) and on the three-dimensional graph as a 
cross-sectional plane (Figure 9.5). The curve resulting from the intersection of the 
plane e = 0.8 and the elevation function E is called a cross section of E and has out- 
put denoted by E(0.8, 1). For a function with two input variables, a cross section is 
the curve that results when the three-dimensional graph of the function is inter- 
sected with a plane. A cross section of a function will always have one less dimension 
(variable) than the function itself. For a three-dimensional function, a cross section 


will always be two-dimensional. 
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By holding the input variable e constant at 0.8 mile, we have the data shown in 
Table 9.2. Because the distance east of the western fence can no longer vary, the only 


input is n, the number of miles north of the southern fence. We can now model 
E(0.8, 1), the elevation in feet above sea level on the farmland measured at e = 0.8 


mile east of the western fence. 


E(0.8, n) = -2.5n* + 2.497n + 799.490 feet above sea level 


n miles north of the southern fence and 0.8 mile east of the western fence. Remem- 
ber, this model is only a partial description of all of the data. It tells us nothing about 
the elevations when the distance east of the western fence is 0.2 mile or 0.5 mile or 1.5 
miles. It gives us elevation information for only the cross section at 0.8 mile east of 
the western fence of the tract. For this reason, we call it a cross-sectional model. Fig- 


ure 9.6 shows a graph of this cross section of E with output E(0.8, 7). 


As shown in Example 1, we can also find a cross-sectional model for the elevation 


when distance north of the southern fence is held constant. 


OF 


TABLE 9.2 





EXAMPLE 1 





Cross-Sectional Models and Multivariable Functions 


E(0.8, n) 
Elevation 
(feet) 


802 + 
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Missouri Farmland 


Consider the elevation of the tract of Missouri farmland as described in Table 9.1. 


a. Interpret the notation E(e, 0.6), where E(e, n) is the elevation in feet above sea 


level of the land e miles east of the western fence and n miles north of the south- 


ern fence. 


b. Use Table 9.1 to find a model for the cross section in part a. 


Solution 


a. The notation E(e, 0.6) represents the output of the cross-sectional function for 
elevation where distance north of the southern fence is held constant at 0.6 mile 
and distance e miles east of the western fence is the input. Figure 9.7 shows the 
line n = 0.6 mile north of the southern fence on the contour graph, and Figure 
9.8 illustrates the cross section formed by the intersection of the three-dimen- 
sional graph and the cross-sectional plane. 
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b. We consider the row in Table 9.1 for n = 0.6 mile to obtain the data shown in 
Table 9.3. 


TABLE 9.3 

gos [oe to de te 
A model for E(e, 0.6), the elevation in feet above sea level of the land measured at 
n = 0.6 mile north of the southern fence, is 










E(e, 0.6) = -10.124e? + 21.347e” — 13.972e + 802.809 feet above sea level 


e miles east of the western fence and 0.6 mile north of the southern fence. Figure 
9.9 shows a graph of this cross section of E with output Ee, 0.6). 
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Elevation 
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Cross-Sectional Models from Equations 


Another example of a multivariable function is the value of an investment. There are 

several factors that play a role in the accumulated value of a bank account: the prin- 

cipal P (in dollars), the annual interest rate 100r%, the number n of compoundings 

r, per year, and the time f (in years) since the principal was 

P compoundings tf deposited. The formula for the accumulated value as a 
dollars r each year —_-years function of these four input variables is 


Inputs | . | . 
| | | | A(P, 1, n, t) = (i os *) dollars 


An input/output diagram of this function is shown in Fig- 





Rule A 
bie aE: 
The notation A(P, 0.06, 4, t) represents the accumu- 
i) \ Outpt lated value if the annual interest rate is 6% compounded 
AG eee) quarterly. For simplicity, we write A(P, f). 


dollars 


4 
FIGURE 9.10 A(P, t) = P(1 + 292)" ~ P(1.061364") dollars 


EXAMPLE 2 
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where P dollars are initially invested and left untouched, except for accumulating 
interest, for t years. A(B, t) is the output of a function with two input variables P and 
t. Table 9.4 can be generated from this formula. 


TABLE 9.4 Accumulated value (in dollars) of a bank account paying 6% interest 
compounded quarterly on an initial investment of P dollars after t years 





As with the elevation data, we can form a cross-sectional function by holding one 
of the input variables constant. For example, if we keep the principal investment con- 
stant at P = $5000, then the cross-sectional model for the accumulated value is given 
in terms of time t by 


A(5000, t) ~ 5000(1.061364") dollars 


when t years have elapsed since the deposit was made. Because this function is expo- 
nential, we know that for a principal of $5000 (or any principal, for that matter), the 
accumulated value has a constant percentage increase of about 6.14% per year. If we 
did not have a formula for A(B, t), we could have approximated the cross-sectional 
function for a principal investment of $5000 by modeling the column corresponding 
to P = $5000 in Table 9.4. 


Value of an Investment 
a. Find a cross-sectional model for the accumulated value A(P, t) of an investment 
of P dollars over 10 years with annual interest rate of 6% compounded quarterly. 


b. Find a model for the data in the row in Table 9.4 that corresponds to 10 years. 
Compare the cross-sectional function in part a to this function. 


c. Use the answer to part a to find the accumulated value of an initial investment of 
$5300 after 10 years. 
Solution 


a. We substitute 10 for tin A(P, t) = Pil + one 


40 
A(P, 10) = P(1 + 298)" ~ 1.814018? dollars 


Because this cross-sectional function is linear, we see that the accumulated value 
after 10 years is a constant multiple of the amount invested. 


b. The row in Table 9.4 associated with 10 years can be modeled by the equation 
A(P, 10) = 1.81402P — 0.01 dollars 


624 





CHAPTER 9 


Ingredients of Multivariable Change: Models, Graphs, Rates 


when P dollars is invested at 6% compounded quarterly. The function has a 
slightly different slope than and is shifted down from the one in part a because 
the values in the table are rounded to the nearest cent. 


c. The accumulated value for a principal investment of $5300 is calculated as 


A(5300, 10) = 5300( 


ee eceeeesercoecseesecee 


40 
1 + O96)" ~ $9614.30 


As we have seen with both the elevation example and the accumulated value 
example, we can use cross-sectional functions to help us understand the behavior of 
a multivariable function. As illustrated in this section, equations for cross sections 
can be found by using tables of data or multivariable equations. 


Concept 
Inventory 


Multivariable function 

Cross-sectional model from data and from a multi- 
variable function 

Input/output diagram 


9.1 Activities 


Assume that the rules in Activities 1 through 6 are func- 
tions. Draw an input/output diagram for each of the 
multivariable functions. 


ie 


W(a, h) is the average weight (in pounds) of a per- 
son who is a years old and h inches tall. 


. T(i, d) is the federal income tax (in dollars) owed by 
a person who made i dollars and can claim d 
dependents in a given year, assuming that the per- 
son has no other deductions. 


. T(g, t) is the average temperature (in °F) at longitude 
g degrees and latitude t degrees on a particular day. 


. P(k, c) is the price (in thousands of dollars) of a dia- 
mond that weighs k karats and is of color code c. 


. R(b, c) is the revenue (in hundreds of dollars) a 
farmer makes from the sale of b bulls and c cows. 


. G(h, s) is the expected grade-point average of a typ- 


ical freshman college student who had a GPA of h in 
high school and made a combined score of s points 
on the SAT. 


10. 


ie 


. Let P(c s) be the profit in dollars from the sale of 1 


yard of fabric when c dollars is the production cost 
per yard and s dollars is the selling price per yard. 
Write a sentence interpreting each of the following 
mathematical notations. 


aeePal 24s) b. P(c, 4.5) Gu (e245) 510 


. Let T(i, d) dollars be the amount of income tax 


owed by a household claiming d dependents with 
adjusted income i dollars. Write a sentence inter- 
preting each of the following notations. 

a. T(36,000, d) b. T(i, 4) 

c. T(36,000, 4) = 10,000 


. Let P(l, m) be the probability that a certain senator 


votes in favor of a tobacco-ban bill when the sena- 
tor receives / letters supporting the bill and m mil- 
lion dollars is invested by the tobacco industry lob- 
bying against the bill. Write a sentence interpreting 
each of the following mathematical notations. 


a. P(100,000, 1) Be P(LS3) 


Let N(p, s) be the number of skiers on a Saturday at 
a ski resort in Utah when p dollars is the price of an 
all-day lift ticket and s is the number of inches of 
fresh snow that fell since the previous Saturday. 
Write a sentence interpreting each of the following 
mathematical notations. 


a. N(25,s) b. N(p, 6) 


Your comfort in summer depends on the combined 
effects of air temperature and humidity. Table 9.5 
shows how hot it feels' (the apparent temperature 
in degrees Fahrenheit) for a given air temperature 
and relative humidity. 


1. National Oceanic and Atmospheric Administration. 
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TABLE 9.5 Apparent temperature (°F) 


Relative “ms (%) 
bce 
ae | 


Air temperature (°F) 


Peet ats 


+f 


sae. 
83 eee 


oe 


Mean 
live weight (kg) 


a. Find a cross-sectional model for the apparent 
temperature as a function of the relative humid- 
ity when the air temperature is 96°F. 


b. Find an appropriate cross-sectional model, and 
use it to estimate the apparent temperature 
when the air temperature is 89°F and the relative 
humidity is 70%. 


12. Table 9.6 gives W(t, w), the average daily weight 
gain/loss of a pig’ in kilograms per day as a function 
of its weight and the air temperature. 





93 9 


gsc 
ene) 
SL Ea) 


. What is the average daily weight gain/loss for a 


91-kg pig when the temperature is 37.8°C? 


. Find and interpret a model for W(t, 68). 
. Graph the model in part b, and describe its 


behavior. What does the behavior of the graph 
tell you about the weight gain of a pig? 


. Find and interpret a model for W(26.7, w). 
. Repeat part c for the model in part d. 


2. A. A. Hanson, ed., Practical Hiandbook of Agricultural Science (Boca Raton, FL: CRC Press, 1990). 
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TABLE.9.7 Frequency of cloud cover over Minneapolis in January 


Fraction Hour of the day - 


covered Midnight 6:00 a.m. 9:00 a.m. 
052m ln 0,62 0h | 0,600 eeO87 


0.59 


roe [a6 | 





13. Table 9.7 shows the frequency of cloud cover’ over a. Find an appropriate cross-sectional model, and 
Minneapolis in January given the fraction of the sky use it to estimate the monthly payments for a 
covered by clouds and the hour of the day. The fre- 52-month loan at 9%. 
quency may be interpreted as the percentage of b. Find an appropriate cross-sectional model, and 
time that a certain situation occurs. use it to estimate the monthly payments for a 
a. What percentage of time is at least 7 of the sky 42-month loan at 10.5%. 


2 
COCLW Clause MOOT: 15. Table 9.9 shows selected values of the average yearly 


consumption of peaches per person, based on the 
price of peaches and the yearly income of the per- 


b. Find a cross-sectional model for the frequency of 
cloud cover at 9 a.m. 


14. Table 9.8, taken from a magazine advertisement, son's family. 
shows monthly payments* on a $1000 loan at dif- a. Find a cross-sectional model for a yearly income 
ferent interest rates over different loan periods. of $40,000. Use the model to estimate the con- 
3. I. I. Gringorten, “Modelling Conditional Probability,’ Journal of sumption for someone in a family with a yearly 
Applied Meteorology, vol. 10, no. 4 (August 1971), pp. 646-657. income of $40,000 when the price of peaches is 


4. Automobile, vol. 9, no. 4 (July 1994), p. 72. $1.55 per pound. 
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TABLE 9.9 Per capita consumption of peaches (pounds 


per person per year) 


Price per pound above $1.50 


Yearly income 


(tens of thousands 


of dollars) 


b. Find a cross-sectional model for a price of $1.80 
per pound. Use the model to estimate consump- 
tion for a person in a family with yearly income 
of $35,000 when the price is $1.80 per pound. 


c. The data in Table 9.9 can be modeled by the 
equation 


C(p, 1) = 2 Ini + 2.7183 ? + 4 pounds 
per person per year 
where the price of peaches is $(1.50 + p) per 
pound and the person lives in a family with 
annual income $10,0007. Use this equation to 
repeat parts a and b. What might account for the 
discrepancies in the cross-sectional functions 
found by fitting equations to data and those 
derived from the multivariable equation? 


16. Two vending machines sit side by side in a college 


dorm. One machine sells Coke products, and the 

other sells Pepsi products. Daily sales of Coke prod- 

ucts, based on the prices of the products in the two 

machines, are as shown in Table 9.10. 

a. Find an appropriate cross-sectional model, and 
use it to estimate sales of Coke products when 
the price of Coke products is $1.00 and the price 
of Pepsi products is $0.90. 

b. Find an appropriate cross-sectional model, and 
use it to estimate sales of Coke products when 
the price of Coke products is $1.40 and the price 
of Pepsi products is $0.50. 

c. The data in Table 9.10 can be modeled by the 
equation 


S(c p) = 196.42p — 50.22 + 9.6c + 66.4 — 1.04cp 
cans of Coke products per day 
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TABLE 9.10 Daily sales {number of cans) of Coke 


Pepsi products 





Wi 


products from a vending machine 


Cost of 
Coke products 


$0.50 | $0.75 | $1.00 ag $1.50 


Cost of 


when each Coke product costs $c and each Pepsi 
product costs $p. Find and interpret S(1.30, 1.10). 


d. Repeat parts a and b using the equation in part c. 
Compare the answers you find by using this 
equation to those you found by using the data. 


The carrying capacity’ of a particular farm system 
is defined as the number of animals or people that 
can be supported by the crop production from a 
given land area. Carrying capacity is defined as 


K(k, ka G, Ps A) = ees 





animals per hectare 


where k, = fraction of the crop consumed, k,; = 
fraction of the amount consumed that is digested as 
useful nutrients, G = gross energy content of the 
crop (in megajoules per kilogram), P = net crop 
production (in kilograms per hectare per year), and 
A = annual energy requirement of the animal (in 
megajoules per animal). 


a. Rye grass is an important grazing crop in cool 
climates. Annual rye grass production of 15,000 
kg per hectare is common, and the gross energy 
of rye grass is 17 megajoules per kilogram. The 
annual energy requirement of a milking cow is 
approximately 64,000 megajoules. If a of the 
crop is available for consumption (the remain- 
der is used as seed) and a of the amount con- 
sumed is digestible, how many milk cows can be 
supported by 1 hectare? How many milk cows 
can be supported by 1 acre? 


5. R.S. Loomis and D. J. Connor, Crop Ecology: Productivity and Man- 


agement in Agricultural Systems (Cambridge, England: Cambridge 
University Press, 1992). 
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b. Write the cross-sectional model for k, = 0.8 and 
k, = 0.85. 


c. Find and interpret K(0.7, 0.8, 17, B A). 


The amount of organic matter that one beef cow 
grazing on the Northern Great Plains rangeland 
eats each day can be modeled® by 


I(s, m) = 8.61967 — 1.244s + 0.08975" — 
0.20988m + 0.035947m? + 0.21491sm 


kilograms per day, where the cow produces m kilo- 
grams of milk per day and s is a number between ~4 
and 4 describing the size of the cow. 


a. Find and interpret the values I(4, 8) and I(0, 4). 
b. Find and interpret 1(4, m) and I(s, 4). 


Before applying for a loan, you should carefully 
consider how much debt you can afford. Three fac- 
tors that affect the amount of the loan you can 
afford are the interest rate, the period of the loan, 
and the size of the monthly payments. The follow- 
ing equation gives the amount of a loan A (in dol- 
lars) given the annual interest rate 100r%, the 
period n (in months), and the monthly payments m 
(in dollars). 


A(r, n,m) = aap [ + ry" 


a. What is the loan amount when the APR is 10% 
and $532.98 is paid monthly for 30 years? 





b. Write the cross-sectional function for the loan 
amount for a fixed interest rate of 7.5%. 


c. Interpret A(r, 36, m). 
d. Write the cross-sectional function for the loan 


amount for a 3-year loan with a fixed interest 
rate of 6%. 


The monthly payment on a loan carrying 9% inter- 
est can be calculated by using the function 


9.0075A 
m(A, t) = i dollars 


— 0.914238" 
when the loan is for A dollars and is to be repaid 
over t years. 


a. How much is the monthly payment on a loan of 
$6000 for 15 years? 


6. E. E. Grings et al., “Efficiency of Production in Cattle of Two 


Growth Potentials on Northern Great Plains Rangelands During 
Spring-Summer Grazing,” Journal of Food Science, vol. 74, no. 10 
(1996), pp. 2317-2326. 


Jide 


Ze. 
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b. Find and interpret (76,000, 30). 


c. If you are able to pay $250 per month for 4 years, 
what loan amount can be financed? 


Siple and Passel were two explorers, who accompa- 
nied Admiral Byrd to the Antarctic and were among 
the first researchers to measure loss of body heat 
due to the wind. From their data, they obtained the 
equation’ 


Hy, the=" (10.45 4 10 Wan v3 =) 


which gives the body’s heat loss in kilogram-calo- 
ries per square meter of body surface area per hour 
for wind speed v in meters per second when the air 
temperature is f°C. 


a. What is the body’s heat loss at -15°C when the 
wind speed is 15 meters per second? 


b. Siple and Passel found that unprotected areas of 
a person’s face will freeze in about 1 minute 
when the heat loss is 2000 kilogram-calories per 
square meter of body surface area per hour. If 
the wind is blowing at 10 meters per second, at 
what temperature will exposed areas of the face 
freeze? 


The amount of the monthly payments on a $1000 
loan can be modeled by the equation 


1000r 
fa - (1+ 5) 
12 


where 100r% is the interest rate and the period of 
the loan is m months. 


dollars 





m(r, n) = 


a. Find m(0.09, n) and compare it to the equation 
found in part a of Activity 14. 


b. Find m(r, 42) and compare it to the equation 
found in part b of Activity 14. 


The apparent temperature data in Table 9.5 was 
constructed from the equation® 


A(h, t) = -42.379 + 2.049t + 10.1433h — 0.2248ht — 


(6.8378 - 10°)t? — (5.4817 - 107)h? + 
(1.2287 - 10°)t?h + (8.5282 - 10%)th? — 
(1.99 - 10°)t?h? °F 


for an air temperature of f°F and a relative humid- 
ity of h%. 


7. W. Bosch and L. G. Cobb, “Windchill?” UMAP Module 658, The 


UMAP Journal, vol. 5, no. 4 (Winter 1984), pp. 477-492. 


8. Australia Bureau of Meteorology. 
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a. How hot does it feel when the relative humidity c. Find an equation for A(h, 96). Compare it to the 
is 85% and the air temperature is 90°F? one in part a of Activity 11. 

b. If the apparent temperature is 100°F and the d. Find an equation for A(70, t). Compare it to the 
actual air temperature is 95°F, what is the relative one in part b of Activity 11. 
humidity? 





Contour Graphs 








Let us return to the example of the tract of farmland in Missouri. A topographical 
map of this tract shows the contour of the terrain by outlining different elevations. 
The curves that outline the land at different but constant elevations are known as 
contour curves. In general, a contour curve for a three-dimensional function is the 
collection of all points (x, y) for which f(x, y) = K, where K is a constant. That is, a 
contour curve is a two-dimensional outline of a three-dimensional graph at a given 
output level. For a specific value of K, we sometimes call the contour curve the K con- 
tour curve. 

Topographical maps are constructed from data that surveyors have gathered. 
Table 9.1 shows data for the elevation of the Missouri tract. We can draw contour 
curves on the table of data. The blue contour curves shown in Figure 9.11 outline the 
shape of the land at an elevation of 800 feet above sea level. The contour curves we 
will sketch and the ones you will be asked to sketch should be as smooth as possi- 
ble—that is, with as few concavity changes as possible. 
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Note that there are two portions of the 800-feet contour curve. To the left of the 
contour curve and also inside the egg-shaped region, the elevations are higher than 
800 feet. Elsewhere the elevations are lower than 800 feet. Figure 9.12 shows the 
800-feet contour as it occurs on a plane at E = 800 feet cutting through the three- 


dimensional graph of the land. 
Figure 9.13 shows the contour curves at elevations of 796, 797, 798, 








N ; 

Western Ww r E 799, 800, 801, and 802 feet above sea level. The contour curves at vari- 

fence S ous elevations form the topographical map, or contour graph, of the 

Bien) tract shown in Figure 9.14a. Figure 9.14b shows the contour curves 

bern drawn on the three-dimensional graph. Because each contour curve 
Sea leve 


y represents all the points on the surface that correspond to a particular 
level of output, we sometimes call contour curves level curves. 

In general, a contour graph is a graph of contour curves f(x, y) = K for 
more than one value of K. Usually, the values of K are equally spaced. For 
example, a contour graph may contain contour curves for K = 0.25, 0.5, 
0.75, and 1 or for K = 1000, 1020, 1040, 1060, and 1080. When the values 
of K are evenly spaced, we can tell something about the steepness of the 
underlying three-dimensional surface by noting how close together the 
FIGURE 9.12 contour curves are. The closer the contour curves, the steeper the graph. 

Contour graphs help us understand and interpret the interactions between the 
different input variables in a multivariable model. For instance, topographical maps 
may guide a hiker in finding a path that is less steep than another or help a farmer 
determine a pattern for plowing fields in such a way that erosion is minimized. Of 
course, contour graphs are also helpful in applications other than land elevation, as 
illustrated in Example 1. 
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EXAMPLE 1 Contour Graphs and Monthly Payments on a Mortgage 


The data in the table shown in Figure 9.15 represent the monthly payments M(t, A) 
required to pay off a mortgage of A thousand dollars over a period of t years when 
interest is paid on the loan at a rate of 7%. 





Period of loan (years) 


ie oe eee ee 
40 | 464.43 400.86 | 359.53 | 330.88 | 310.12 
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Amount borrowed (thousand dollars) 


F 


751.62 581.47 | 552.37 | 53808 Sea | 498.98 
620.24 546.89 


Contour curve for $520 payment 
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FIGURE 9.1/5 


632 


CHAPTER 9 





Ingredients of Multivariable Change: Models, Graphs, Rates 


a. Ifa prospective house buyer can afford to pay only $520 each month, what are the 
options? 


b. Explain how increasing the period of the loan affects the mortgage amount if the 
monthly payment remains constant. 


Solution 


a. We answer this question by sketching a contour curve at the $520 level (as 
depicted in Figure 9.15) and identifying points on that curve. There are many 
available options. For instance, a buyer who wants to pay off the mortgage within 
12 years can apply for a loan of around $50,000. If a buyer wants a 20-year mort- 
gage, then the amount borrowed can be between $65,000 and $70,000. However, 
if the buyer is willing to pay on the mortgage for 30 years, a $75,000 mortgage can 
be obtained. 


b. If the loan period increases and the buyer wishes to remain on the contour curve 
(thus keeping the monthly payment constant), then the mortgage amount also 
increases. 


woes eerceresscesesccese 


Data tables do not show every possible value for the input and output variables. 
For instance, in Example 1, you cannot determine from the data table the exact loan 
amount that can be obtained for a 20-year mortgage at 7% interest paid off with 
monthly payments of $520. If, however, there is a multivariable function given for the 
data table, then exact valties on a particular contour curve can be determined. 


Sketching Contour Curves 


When a formula for a multivariable function is known, we draw contour graphs for 
functions with two input variables by plotting points that correspond to certain ley- 
els of output. The function for the monthly payment table in Example 1 is 


5.833333A 
MCA =———.-_ doll 
NO rears  e 
where A thousand dollars is the mortgage amount and tf is the number of years the 
mortgage is held. We graph the $520 contour curve by setting the function equal to 
$520, picking values for one variable, solving for values of the other variable, and 
plotting the points generated. This three-step process is illustrated below: 


Step 1. Set M(t, A) = 520. 


5.833333A 


ata SOTRRE TT Ee Oe 
W093 2585: “ 
Step 2. Let t = 12, and solve for A. 


5.833333A 
I="0-932583 





= 320 7S0R i=) 01560 


Thus one point on the $520 contour curve is (12, 50.565). With t = 16, we have 


5.833333A 


1 — 0.932583 ~ 520; S0.Al =,59.963 


EXAMPLE 2 
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Therefore, another point on the $520 contour curve is (16, 59.963). If we repeat Step 
2 a few more times with different values for t (we choose t = 20, 24, 28, and 30), then 
we obtain the following points on the contour curve: 


(20, 67.071), (24, 72.448), (28, 76.515), (30, 78.160) 
Step 3. Plot the points, and sketch’ the curve (see Figure 9.16). 


A 
Mortgage amount 
(thousands of dollars) 
80 
1B) 
70 
65 
60 
55 
50 


45 + + SSS SSS 
10 15 20 25 30 


FIGURE 9.16 





Why does this $520 contour curve appear to differ from the one drawn on the 
data in Figure 9.15? Note that in the table, the mortgage amount is increasing from 
the top of the table to the bottom of the table. When we graph, it is customary to have 
the units on the vertical axis increase from the bottom of the graph to the top of the 
graph. In other words, if we flip the table over so that the mortgage amount is 
decreasing from the top of the table to the bottom of the table, then the curve on the 
table will appear to be the same as the one graphed in Figure 9.16. 


Windchill and Heat Loss 


Siple and Passel were two explorers who accompanied Admiral Byrd to the Antarctic 
and were among the first researchers to measure loss of body heat due to the wind. 
From their data, they obtained the equation”? 


H(v, t) = (10.45 + 10Vv — v)(33 — 2) 


which gives the body’s heat loss in kilogram-calories per square meter of body sur- 
face area per hour for wind speed v in meters per second when the air temperature 
is °C. Table 9.11 shows data generated from the model. 


a. On the table, sketch a contour curve for a heat loss of 2000 kilogram-calories per 
square meter of body surface area per hour. 


9. The sketch of the curve should not be done by fitting a model to the points. Often, the model that 
should be used is not available in your calculator or computer. 
10. W. Bosch and L. G. Cobb, “Windchill,” UMAP Module 658, The UMAP Journal, vol. 5, no. 4 (Winter 
1984), pp. 477-492. 
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TABLE 9.11 A body’s heat loss in kilogram-calories per square meter of 
body surface area per hour 


indeed meter persecond) | 
armours fe Pew | os | = | 
soe | 1613 [1860 | 1962 | 2000 | 2056 


2030 | 2341 | 2495 | 2568 | 2588 


b. Use the equation to sketch this contour curve more accurately for wind speed val- 
ues between 5 and 25 meters per second. 










Solution 


a. The 2000 contour curve is shown on the table in Figure 9.17. 


Wind pee net persecond) 
Taiviensesiweh | 0 [5 | w | = | mw | B 
oa 
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sts | 1860 | 3982 poa0 | 2056 
ese | 752 [20h | zis | zai6 | 2233 | 
sto 6880 [33a 2085 | 2508 | 2588 


FIGURE 9.17 
t b. To obtain a more accurate graph of this contour curve, we choose values, v, for 
EC) wind speed and solve the function 2000 = (10.45 + 10Vv — v)(33 — f) for the 
0 5 10 15 20 25 temperature t. Let v = 5. Solving 
Vv 
nat (m/sec) 2000 = (10.45 + 10V5 — 5)(33 — 2) 
— for t yields t ~ -38.9°C. We repeat this process for v = 10, 15, 20, and 25 and 
bsp obtain the points (5, -38.9), (10, -29.4), (15, -25.5), (20, -23.9), (25, -23.4). When 
we plot these points and sketch a curve through them, we obtain the contour 
-35 curve shown in Figure 9.18. This curve has a similar increasing, concave-down 
shape to the one in Figure 9.17 but is more accurate. We can also use the equation 
= to sketch contour curves for inputs other than those shown in the table. 
FIGURE 9.18 


Formulas for Contour Curves 


We have seen how we can plot points and sketch a contour curve. Often it is helpful 
to be able to sketch a contour graph showing several contours. In this case, it is bene- 
ficial to find a formula to use to graph each contour curve. 
Consider again the monthly payment function 
D.SI9DI IA 


M(t, A) = Jomo dollars 





EXAMPLE 3 
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Because contour curves are generated by choosing a constant value for output, we 
replace M(t, A) with K, which denotes a constant: 


_ _ 5.833333A 
1 — 0.932583! 





Then we solve for one of the variables (whichever is easier—in this case, A). 


K(1 — 0.932583") = 5.833333A 
_ K(Q — 0.932583") 
5.833333 





Now we have a general formula that we can use to graph contour curves by replacing 
K with appropriate constants. 
Graphing the function for A with K = 520: 


= 520 (1=10.932963:) 
D039 3932 


A 





gives the contour curve shown in Figure 9.16. Graphing additional contour curves 
for the equally spaced values K = 360, 440, 600, 680, 760, and 840 gives the contour 
graph in Figure 9.19. 


A 
Mortgage amount 
(thousands of dollars) 
80 
75 
70 
65 
60 
35) 
50 
45 





FIGURE 9.19 


Heat Loss 


Using the Siple and Passel heat-loss equation described in Example 2, 
H(v, t) = (10.45 + 10Vv — v)(33 — 2) 


find a general formula for the H(y, t) contour curves, and use it to sketch a contour 
graph for heat-loss levels of 500, 1000, 1500, 2000, and 2500 kilogram-calories per 
square meter per hour. 


Solution Replacing H(v, t) with K and solving for t give 


7 ate 
10.45 + 10Vv — v 





t = 33 
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Substituting 500, 1000, 1500, 2000, and 2500 for K and graphing give the contour 
graph shown in Figure 9.20. 


t 
(°C) 
20 


500 








1000 


Vy 
(m/sec) 
1500 


2000 


2500 


__ 
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Estimating Output and Change in Output Using Contour Graphs 


Figures 9.21 and 9.22 show a three-dimensional representation and a contour graph 
of the function z = M(t, A), which gives the amount of the monthly payments neces- 
sary to pay off a loan of A thousand dollars over t years at a 7% interest rate. 


M(t, A) A 
Monthly Mortgage amount 
payment (thousand dollars) 
(dollars) 

800 
600 
400 a 
10 Mortgage 
amount 
(thousand 
dollars) 





FIGURE 9.21 
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FIGURE 9.22 


Note that in Figure 9.21, it is not difficult to estimate that the input values corre- 
sponding to the point C are t = 15 years and A = 75 thousand dollars. However, 
because of the orientation of the graph, it is difficult to estimate the output at point 
C. Looking at a contour graph may help us estimate this output. Use the contour 
graph and the input values t = 15 and A = 75 to locate the point C on the contour 
graph (see Figure 9.22). Because C is located slightly below the $680 contour curve 
on the side closer to the $600 contour curve rather than on the side closer to the $760 
contour curve, we estimate that the output at C is slightly less than $680. 

Similarly, we can use the contour graph to estimate the monthly payment corre- 
sponding to a mortgage amount of $55,000 over 25 years. The corresponding point 
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on the contour curve is labeled B. The monthly payment amount is between $360 
and $440 but is closer to $360. [The actual output is M(25, 55) ~ $389.] 

Consider the question “By how much does the payment on a $55,000 mortgage 
change when the time is increased from 15 years to 25 years?” To use the contour graph 
to answer this question, first locate the points (15,55) and (25, 55). (See Figure 9.23.) 


A 
Mortgage amount 
(thousand dollars) 








FIGURE 9.23 10 125 15 175 20 225 25 275 30 Yeats 


Next estimate the output of these two points on the basis of their location between 
particular contours. We estimate that the output corresponding to (15, 55) is $490 
and the output corresponding to (25, 55) is $390. Therefore, when the term of a 
$55,000 mortgage is increased from 15 years to 25 years, the output (payment) 
decreases by approximately $490 — $390 = $100. 

It is important to understand that when estimating the change in a multivariable 
function from a contour graph, you are concerned with estimating output values on 
the basis of nearby contour curves. Consider a $75,000, 15-year mortgage and the 
question “Does the monthly payment change more when the amount of the mort- 
gage is increased by $5000 or when the term of the mortgage is increased by 10 
years?” To answer this question, first locate the point (15, 75) on the contour graph 
and estimate its output. One possible estimate is $675. (See Figure 9.24.) 


A 
Mortgage amount 
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Ingredients of Multivariable Change: Models, Graphs, Rates 


Increasing the amount by $5000 corresponds to moving to the point (15, 80). Again, 
estimate the output on the basis of nearby contour curves. A possible estimate is 
$720. Thus increasing the amount of the mortgage by $5000 increases the monthly 
payments by approximately $720 — $675 = $45. 

Next locate the point (25, 75), which corresponds to an increase of.10 years in the 
term of the mortgage. The output at this point is approximately $530, so the decrease 
is $675 — $530 = $145, representing a change of -$145. In determining which change 
is greater, we consider the magnitude (absolute value) of the changes and conclude 
that a decrease of $145 is a greater change than an increase of $45. Thus increasing 
the term of the mortgage by 10 years has a greater effect on the monthly payment 
than increasing the amount of the mortgage by $5000. 

Note that the vertical arrow in Figure 9.24 has length $5000, whereas the hori- 
zontal arrow has length 10 years. These two lengths are not what we consider when 
determining which change is greater. Indeed, because these lengths have different 
units (thousands of dollars and years), it makes no sense to compare their lengths. 
The function outputs, estimated from the contours, are what we compare. 


Missouri Farmland 


Once again consider the elevation of the tract of Missouri farmland with graphs 
shown in Figures 9.25 and 9.26. 











E(e, n) 
(feet above 
sea level) 
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FIGURE 9.26 


0.8 1.0 1.2 1.4 (miles) 


Southern Fence 


a. Estimate the input and output values associated with point A in Figure 9.25. 
b. Estimate the input and output values associated with point B in Figure 9.26. 


c. If you are standing at (¢, 1) = (0.4, 1.0), will you be headed downhill or uphill if 
you walk 0.4 mile north? south? east? west? 


d. Ifa tractor is at (1.0, 0.6), which direction results in the steeper descent: east 0.4 
mile or north 0.4 mile? 


FIGURE 9.27 
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Solution 


a. 


Western Fence 


(@ 


Point A is approximately 0.8 mile north of the southern fence (n ~ 0.8) and 
approximately 0.2 mile east of the western fence (e ~ 0.2). Because A lies between 
the 800-feet and 801-feet contour curves but closer to the 801 curve, we estimate 
the elevation to be E(0.2, 0.8) ~ 800.6 feet. 


Looking at the three-dimensional graph, we find the input values to be e ~ 1.4 
and 1 ~ 1.0. Transferring this point to the contour graph (see Figure 9.27), we see 
that it lies approximately midway between the 796-feet and 797-feet contour 
curves, so we estimate the elevation to be E(1.4, 1.0) ~ 796.5 feet. 


aes we 
= S ax 796 * 


797 
12 Downhill 
: Location of 
to A Uphill Approximately level Na point B 
800 _. ‘ 799 “4 
Slightly Less than 
0.8 phil 1 foot descent 
801 \ 300 
0.6 
802 3 foot descent 
0.4 
0.2 
, e 
0 0.2-oh 0:4 apie 6a 0 gh et ee aang memnles) 


Southern Fence 


The point (0.4, 1.0) corresponds to an elevation of about 799.5 feet above sea 
level. Walking 0.4 mile north takes you to (0.4, 1.4) with elevation of approxi- 
mately 798 feet above sea level. Therefore, you have walked downhill. 

Walking 0.4 mile south from (0.4, 1.0) takes you to (0.4, 0.6) with elevation 
close to 800 feet above sea level, so you have walked uphill. However, if you walk 
farther south, you will walk uphill for approximately another 0.1 mile and then 
begin walking downhill. 

It is not clear whether you would be walking slightly uphill, slightly down- 
hill, or basically level when walking east from (0.4, 1.0) to (0.8, 1.0); you remain 
between the 799 and 800 contour curves, and this level is ambiguous. Walking 
west, you will walk uphill to just over 802 feet above sea level. (See Figure 9.27.) 


Moving 0.4 mile east from (1.0, 0.6) to (1.4, 0.6) results in an approximately 3- 
foot descent from about 800 feet to about 797 feet, whereas moving north 0.4 
mile results in less than a 1-foot descent. (See Figure 9.27.) Therefore, movement 
0.4 mile to the east results in a steeper descent. 


eee eeceesseseseoere 


We have seen in this section how to draw contour curves and how to estimate 


inputs and outputs at points on contour graphs and three-dimensional graphs. Being 
able to visualize a multivariable function often helps us better understand the func- 
tion and the relationships between the variables in the function. 
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@ Contour graph 

@ Three-dimensional graph 

@ Sketching contour curves 

@ Finding equations of contour curves 

@ Estimating output and change in output from a 
contour graph 

@ Estimating steeper direction 


L 






Activities 


1. Your comfort in summer depends on the combined 
effects of air temperature and humidity. Table 9.12 
shows how hot it feels!’ (the apparent temperature) 
for a given air temperature and relative humidity. 

The National Weather Service has established 
the following guidelines for the health threat on the 
basis of the apparent temperature: 


TABLE 9.12 Apparent temperature (°F) 
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11. National Oceanic and Atmospheric Administration. 
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Apparent 

temperature Health risk 

80-90°F Fatigue possible with prolonged 
exposure and/or physical activity 

90-104°F Heat exhaustion or heat cramps 
possible 

105—130°F Heat exhaustion or heat cramps 
likely 

above 130°F Heat exhaustion or heat cramps 
highly likely 


Draw contour curves on Table 9.12 for apparent 
temperatures of 90°F, 105°F, and 130°F. Shade in 
the region on the table corresponding to apparent 
temperatures that are likely to cause heat exhaus- 
tion or heat cramps. 


. Table 9.13 shows the mean monthly temperature 


for Halley Bay, Antarctica, at noon Greenwich Mean 
Time at heights where the air pressure was meas- 
ured at the given value during the particular 
month. These data were collected during balloon 
ascents and reported in Report of the Royal Society, 
IGY Antarctic Expedition to Halley Bay. (Tempera- 
tures have been converted to °F.) 
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TABLE 9.13 Mean monthly temperature at noon (°F) 


Pressure 
(millibars) 


a. Draw contour curves on the data from -10°F to 
20°F in increments of 10. 


b. Interpret these contours in the context of the 
mean monthly temperature. 


c. Why are the temperatures in December and Jan- 
uary warmer than the temperatures in June and 
July? 

d. In general, are temperatures higher at 30 mil- 
libars or 850 millibars? Which air pressure repre- 
sents elevation closer to the Earth’s surface? 


. Table 9.14 on page 642 gives the number of hours of 
daylight’? for a given month at a given latitude 
(measured in degrees away from the equator) for 
the northern and southern hemispheres. 


a. How many hours of daylight will there be at a 


location at latitude 25° north in March? 


b. How many hours of daylight will there be at a 
location at latitude 25° south in September? 


c. How many hours of daylight will there be in Jan- 
uary in the region where you attend school? 


d. Draw contour curves representing 13, 14, 15, 16, 
17, and 18 hours of daylight. In a different color, 
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draw contour curves representing 12, 11, 10, and 
9 hours of daylight. , 


4. The Hutterite Brethren live on communal farms in 


parts of Canada and the United States. They are a 
religious group that migrated from Europe to 
North America in the 1870s. Practically all mar- 
riages are within the group, and the data’? in Table 
9.15 on page 642 give the number of the 1236 mar- 
ried Dariusleut or Lehrerleut Hutterite women 
born between 1879 and 1936 who had s sons and d 
daughters. For example, there were 28 women who 
had no sons and 1 daughter and 39 women with 4 
sons and 4 daughters. 


a. How many women had 2 daughters and 2 sons? 
b. How many women had 5 children? 


c. Draw contour curves at 34, 25, 16, and 7 women. 


. Your body-mass index (BMI) is a measure of how 


thin you are compared to your height. It is calcu- 
lated as your weight (in kilograms) divided by your 
height (in meters) squared. Table 9.16 on page 643 
shows BMI" values for people between 5 and 6 feet 
tall who weigh between 90 and 200 pounds. 


13. P. Guttorp, Statistical Inference for Branching Processes (New York: 
Wiley, 1991), p. 194. 
12. A. A. Hanson, ed., Practical Handbook of Agricultural Science 14. Based on information obtained from shapeup.org (accessed on 
(Boca Raton, FL: CRC Press, 1990). 6/27/00). ; 
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TABLE 9.14 Hours of daylight for a given month and latitude 
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TABLE 9.15 Number of women with s sons and d daughters 








For input units in inches and pounds, the body- where h is the person’s height in inches and w is the 
mass index is calculated by the equation person’s weight in pounds. 

ai _ 0.4536w : a. Estimate your BMI from Table 9.16. Calculate 

(h, w) = 0.00064516hR2 Pots your BMI using the equation. Use the chart that 


follows to assess your health risk on the basis of 
your BMI. 
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TABLE 9.16 Body-mass index 


cae 


20.6 





BMI Health risk based solely on BMI tion. Table 9.17 on page 644 shows selected values 
19-24 Minimal of this function. 

25-26 Low a. On the table, sketch contour curves for demand 
27-29 Moderate values of 3000, 6000, 9000, 12,000, 15,000, 
30-34 High 18,000, 21,000, and 24,000 thousand passengers. 
Brae Weryien b. Find a general equation for the contour curves 
above 40 Extremely high ; 6 d 


b. On the table, sketch contour curves for index 
values of 15, 20, 25, 30, and 35 points. 


c. Find a general equation for the contour curves 
of the function B. 


d. Use the equation in part c to sketch a contour 


of the function D. 


c. Use the equation in part b to sketch a contour 
graph for demand values of 3000, 6000, 9000, 
12,000, 15,000, 18,000, 21,000, and 24,000 thou- 
sand passengers. Compare this graph with the 
one sketched on the table. 


graph for index values of 15, 20, 25; 30, and 35 7. Draw the contour curves g(s, k) = 200, g(s, k) = 
points. Compare this graph with the one 400, and g(s, k) = 600 for the multivariable func- 
sketched on the table. tion g(s, k) = 100k(1.093*) for 0 S s S 60. 

. The demand for air travel between the United States 8. Draw the contour curves f(L, K) = 50, f(L, K) = 55, 
and Europe between 1965 and 1978 can be mod- and f(L, K) = 60 for the multivariable function 
eled”? by the function fUL, RK) = 38.954195K°> for 0.25 <L <1. 

1,905 
D(g, p) = sere Ne thousand passengers 9. Draw the contour curves P(s, 1) < 40, P(s, u) = 60, 
‘pe and P(s, u) = 100 for the multivariable function 
oh 2 2 
where p is the yearly average airfare (in dollars) a0 Bh 38.5675 — 2.155su + 12.874 + 0.987u' for 
between New York City and London, adjusted for eet 
inflation, and g is the U.S. yearly gross national 10. The function M(t, A) = kaa gives the 


product (in billions of dollars), adjusted for infla- 


15. J. M. Cigliano, “Price and Income Elasticities for Airline Travel: 


The North Atlantic Market,” Business Economics, September 1980, 
pp. 17-21. 


amount (in dollars) of the monthly payments nec- 
essary to pay off a loan of A thousand dollars at 7% 
annual interest over t years. Draw the $400 monthly 
payment contour curve for M for loans between 
0 and 30 years. 
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TABLE 9.17. Demand (thousands of passengers) for air travel between the 
United States and Europe between 1965 and 1978 









D300 [ata | 
reas 


In 1986, Cotterill’® developed a model for measur- 
ing the performance of supermarkets by consider- 
ing their price index level. The price index level was 
an aggregate of 121 representative prices. The low- 
est-price supermarket was assigned a price index of 
100. According to the Cotterill study, the price 
index level of an independent supermarket can be 
modeled by the function 





P(G d, p, s) = 109.168 — 0.730s + 0.0275" 
0.002d — 0.041p + 0.175c 


where the supermarket has s thousand square feet 
of sales space and is d miles from the warehouse, 
and the consumer base grew by p thousand people 
in 10 years and had a per capita income of c thou- 
sand dollars. Assume that the distance from a 
supermarket to its distribution warehouse is 100 
miles and that the consumer base grew by 10,000 
people in 10 years. 


a. Write an equation for P(c, s) = P(c, 100, 10, s). 


b. Draw the 110 contour curve for P(c s) for super- 
markets between 5000 and 25,000 square feet. 


In the timber industry, being able to predict the vol- 
ume of wood in a tree stem is important, especially 
when one is trying to determine the number of 
boards a tree will yield. Several multivariable mod- 
els for total-stem volume for different varieties of 


P. G. Helmberger and J. P.. Chavas, The Economics of Agricultural 
Prices (Upper Saddle River, NJ: Prentice-Hall, 1996). 


Average yearly Yearly U.S. gross national product (billions of dollars) 
airfare (dollars) 2000 | 2300 | 2600 2900 | . 
17,075 22,284 28,146 34,655 


400 | 1700 | 
ra6ss_ 204 | 28 


Ps00 esse | 900s 
oes 
Pio zest | aaa [anne | ora | 7972 | 9816 









trees have been developed. In 1973, Bracket 
developed the following model for predicting the 
total-stem (inside bark) volume for Douglas fir 
trees in British Columbia: 


Vid, h) = 0.002198d"e79 11 *}** cabiestect 





+17 


where d is the diameter of the tree at breast height 
(4.5 feet above the ground), which is denoted by 
dbh and measured in inches, and h is the height of 
the tree in feet. 


a. Find the stem volume of a Douglas fir with a dbh 
of 1 foot and a height of 32 feet. 


b. Draw a contour curve representing the volume 
you found in part a for diameters between 8 dbh 
and 18 dbh. 


c. Explain how a change in dbh affects height if 
volume remains constant. 


13. The percentage cooking loss in sausage can be mod- 


eled'® by 


P(w, s) = 10.65 + 1.13w + 1.04s — 5.83ws percent 


when w and s represent the proportions of whey 
protein and skim milk powder, respectively, used in 
the sausage. 


17. J. L. Clutter et al., Timber Management: A Quantitative Approach 


(New York: Wiley, 1983). 


18. M. R. Ellekjaer, T. Naes, and P. Baardseth, “Milk Proteins Affect 


Yield and Sensory Quality of Cooked Sausages,” Journal of Food 
Science, vol. 61, no. 3 (1996), pp. 660-666. 
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FIGURE 9.2.1 


a. Find a general formula for contour curves for P. 


b. Sketch a contour graph for percentages of 10.6, 
10.7, 10.8, 10.9, and 11.0. Note that because w 
and s are proportions, they should be graphed 
from 0 to 1. 


The carrying capacity of a particular farm system is 
defined as the number of animals or people that 
can be supported by the crop production from a 
given land area. The carrying capacity of a wheat 
crop can be modeled” by 


11.56P 


K(P, D) = D 





people per hectare 


where P is the number of kilograms of wheat pro- 
duced per hectare per year and D is the yearly 
energy requirement for one person measured in 
megajoules per person. Sketch a contour graph for 
carrying capacities of 13, 15, 17, and 19 people per 
hectare. 


For the contour graph and its associated three- 
dimensional graph in Figures 9.2.la and 9.2.1b, 
answer the questions by analyzing the graphs. 
Explain in sentences why you answered as you did. 


a. At (1.5, 2), does f(x, y) increase when y increases 
or when y decreases? 


b. At (2.5, 2.5), will f(x, y) decrease more quickly as 
x decreases or as y decreases? 


R. S. Loomis and D. J. Connor, Crop Ecology: Productivity and 
Management in Agricultural Systems (Cambridge, England: Cam- 
bridge University Press, 1992). 


16. 


We 


18. 
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c. Will the change in f(x, y) be greater when (2, 2) 
shifts to (1, 2.5) or when (1, 0) shifts to (4, 1)? 


For each of the following questions, refer to the 
graphs in Figures 9.2.2a and 9.2.2b on page 646, 
and answer the questions by analyzing the graphs. 
Explain in sentences why you answered as you did. 


a. At (10, 10), is K(s, w) increasing when w increases 
or when s decreases? 


b. At (15, 2.5), will K(s, w) be decreasing more rap- 
idly when w increases or when s decreases? 


c. Will the change in K(s, w) be greater when the 
position is changed from (5, 5) to (6, 3) or from 
(5, 5) to (6, 7)? 


Answer each of the following questions by analyz- 
ing the contour graph in Figure 9.2.3 on page 646. 


a. Describe in as much detail as possible the three- 
dimensional graph that this contour graph rep- 
resents. 


b. Is the descent greater when the position changes 
from (0.7, 0.1) to (0.4, 0.4) or when it changes 
from (0.7, 0.1) to (0, 0.3)? 

c. At (0, 0.1), does the function output increase as x 


increases or as y increases? 


d. Locate a point with output approximately 0.15 
units greater than the output at (-0.2, -0.3). 


Answer each of the following questions by analyz- 
ing the contour graph in Figure 9.2.4 on page 646. 
a. Consider any point (x, y) on the graph. What 


happens to the function output when x remains 
constant and y increases? 
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FIGURE 9.2.2 (Graphs for Activity 16) 


FIGURE 9.2.3 (Graph for Activity 17) 


19. 


b. Consider the point (-1, 5). When x is decreased 
by 1, by what amount must y change in order for 
the point to remain on the same contour curve? 


c. Consider the point (-2, -2). When y is increased 
by 1.5, by what amount must x change in order 
for the output to remain constant? 


The contour graph in Figure 9.2.5a and the three- 
dimensional graph in Figure 9.2.5b represent the 
revenue R(c, r) in thousands of guilders when c 
thousand tons of 40% fat cheese and r thousand 
tons of regular cheese are produced. 


a. Use the contour graph to approximate the pro- 
duction levels that will maximize revenue. Why 
did you pick the production levels you chose? 


ny. 
10 
=) 
ZING 
ee eN 5 
‘0 
e 
Sy 
3 —2 -1 
0 
25 
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SS 
\° a 
7D 
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-10 


FIGURE 9.2.4 (Graphs for Activity 18) 


Gs 


. Use the contour graph and the three-dimen- 


sional graph to approximate the maximum rev- 
enue. Explain how you arrived at this conclu- 
sion. 


The function for revenue is 


R(c, r) = -52.196r? + 5935.497r — 59.128cr + 


10,299.325c — 384.386c? 


. 
Regular 
cheese 
(thousand tons) 





34,000 
G 


0 5 10 15 20 Di) 30 


40% fat 
cheese 
(thousand 


tons) 


(a) 


FIGURE 9.2.5 


Pigment 
= Pea 





if 
Minutes 


Milliliters 


(a) 


FIGURE 9.2.6 (Graphs for Activity 20) 

thousand guilders where c thousand tons of 40% 
fat cheese and r thousand tons of regular cheese 
are produced. Use the revenue function to find 
the revenue that corresponds to the production 
levels from part a. Compare this answer with 
your answer to part b. 


20. A process to extract pectin and pigment from sun- 


flower heads involves washing the sunflower heads 
in heated water. Figures 9.2.6a and 9.2.6b show a 
three-dimensional graph and the associated con- 
tour graph of the percentage of pigment”? that can 


20. X. Q. Shi et al., “Optimizing Water Washing Process for Sunflower 


Heads Before Pectin Extraction,” Journal of Food Science, vol. 61, 
no. 3 (1996), pp. 608-612. 


Minutes 
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(Gam) 
Revenue 
(thousand 
guilders) 







Regular cheese 
(thousand tons) 


40% fat cheese 
(thousand tons) 


(b) 





- 
Milliliters 


25 30 35 40 


(b) 


be removed from a sunflower head by washing for t 
minutes in r milliliters of water per gram of sun- 
flower heads when the water temperature is 75°C. 


a. Find and interpret the input and output values 
for point A. 


b. Estimate the percentage of pigment removed 
from 15 grams of sunflower heads if the sun- 
flower heads are washed for 10 minutes in 37.5 
milliliters of 75°C water. 


c. Estimate how much water would be necessary to 
remove 36% of the pigment from 9 grams of 
sunflower heads if they are washed for 15 min- 
utes in 75°C water. Discuss why there are two 
answers. 
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FIGURE 9.2.7 
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FIGURE 9.2.8 (b) 
21. Boll weevils have long presented a threat to cotton a. Estimate and interpret the input and output val- 
crops in the southern United States. Research has ues at point B. 


been done to determine the optimal conditions for 
reproduction of Catolaccus grandis, a parasitoid that 
attaches to boll weevils and kills them. Figures 9.2.7a 


b. Estimate and interpret the input and output val- 
ues at point A. 


and 9.2.7b show a three-dimensional graph and an 22. The ability of honey to attach to a surface on which 
associated contour graph of the developmental it is spread is known as its adhesiveness. The adhe- 
time?! (in days) of C. grandis as a function of the rel- siveness of honey relies on several factors: the per- 
ative humidity and the number of hours of light. centage of glucose and maltose (two sugars), the 


percentage of moisture, the percentage of crystal- 

lization in i i 
21. J. A. Morales-Ramos, S. M. Greenberg, and E. G. King, “Selection a _ is honey before ws begins to set, and ths 
of Optimal Physical Conditions for Mass Propagation of Catolac- ae et OReays the honey is allowed to Bc at 12°C. 
cus grandis,” Environmental Entomology, vol. 25, no. 1 (February Figures 9.2.8a and 9.2.8b show a three-dimensional 
1996), pp. 165-173. graph and a contour graph of a measure of the 


2S: 


24. 


FIGURE 9.2.10 


Pip. 


Mes 


L 


adhesiveness of honey” given the percentage of 
moisture and the number of days the honey is 
allowed to set when 40.9% of the honey is glucose 
and maltose and 12.5% of the honey was crystal- 
lized before setting began. 


a. Estimate and interpret the input and output val- 
ues at point A. 


b. Estimate and interpret the input and output val- 
ues at point B. 


In meteorology, temperature contours are known as 
isotherms. Figure 9.2.9 shows surface temperature 
isotherms” (in °F) on February 15, 1990. The 
shaded regions indicate the areas of precipitation. 
Label the regions most likely to have received snow, 
ice pellets, freezing rain, and rain. 


Wind turbines can be used to harness the power of 
the wind and generate electricity. An optimally 
placed wind machine is located where wind power 
will generate the most electricity. Figure 9.2.10 
shows a contour map of average available wind 


300 300 








150 A 


J.M. Shinn and S. L. Wang, “Textural Analysis of Crystallized Honey 
Using Response Surface Methodology,” Canadian Institute of Food 
Science Technology Journal, vol. 23, nos. 4/5 (1990), pp. 178-182. 
Figure 9.2.9 from R. R. Czys and R. W. Scott, “Forecasting Tech- 
niques: A Physically Based, Nondimensional Parameter for Dis- 
criminating Between Locations of Freezing Rain and Ice Pellets,” 


‘Surface Temperature, °F 
| 14 | 
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FIGURE 9.2.9 


power”* (measured in watts per square meter) over 
the contiguous United States. Estimate four optimal 
wind machine placement sites in (or near the shore 
of) the United States. 


Weather and Forecasting, vol. II (1996), pp. 591-598. Used by per- 
mission of the American Meteorological Society. 


. Figure 9.2.10 from D. M. Gates, Energy and Ecology (Sunderland, 


MA: Sinauer Associates, 1985). Copyright © 1985. Reprinted with 
permission of Sinauer Associates, Inc. 
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Partial Rates of Change 


Calculus is the study of change. As we saw in Chapters 3 and 4, one of the aspects of 
calculus is the study of rates of change. In those chapters, we considered functions 
with a single input variable. We now apply the concepts of calculus to analyze change 
in multivariable functions. 

Let us look at a model”® for the revenue generated by the sale of cheeses in the 
Netherlands: 


RG f) = -52.196r + 5935.497r — 59.128er + 10,299.325¢ — 384.386 


thousand guilders (a guilder is a Dutch monetary unit) when c thousand tons of 40% 
fat cheese and r thousand tons of regular cheese are sold. Suppose that sales of 40% 
fat cheese are 17,000 tons. Figures 9.28 and 9.29 show the graph of the cross section 
with output R(17, r) in two and three dimensions, respectively. 





RG?) R(c, r) 
Revenue 
200,000 (thousand 
guilders) 





200,000 
100,000 80 
0 r WZ Ee 
: 2 e Regular cheese 
FIGURE 9.28 






(thousand tons) 


40% fat cheese 
(thousand tons) 


FIGURE 9.29 


It would be interesting to know how quickly revenue is changing if we remain on the 
c = 17 cross section but let r (the amount of regular cheese sold) vary. In order to do 
this, we must find a rate-of-change formula for this cross section. To do so, we will 
first write a formula for the cross-sectional model. The cross-sectional model for rev- 
enue is 


R(17, r) = -52.196r° + 4930.321r + 64,000.971 thousand guilders 


when 17 thousand tons of 40% fat cheese and r thousand tons of regular cheese are 
sold. Because this is a function of one input variable, we can find its derivative with 
respect to r: 


ATE 1043997 + 1930201 
a 10453927 
dr thousand tons of regular cheese 


thousand guilders per 


Evaluating this derivative at different values of r gives us the slopes of tangent 


dR(17, r) 
d 


lines on the cross section. For instance, evaluating ~ 7, ~ at r = 40 gives the slope of 
the tangent line shown in Figures 9.30a and 9.30b as 754.6 thousand guilders per 
thousand tons of regular cheese. 


25. S. Louwes, J. Boot, and S. Wage, “A Quadratic-Programming Approach to the Problem of the Optimal 
Use of Milk in the Netherlands,” Journal of Farm Economics, vol. 45, no. 2 (May 1963), pp. 309-317. 
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(thousand tons) 


40% fat cheese 
(thousand tons) 
(a) (b) 
E 9.30 


Note in Figure 9.30a that the tangent line is drawn on a plane cutting through the 
three-dimensional revenue graph at c = 17. The tangent line at r = 40 is more easily 
seen in Figure 9.30b on a graph of the cross-sectional function with output R(17, r). 
This tangent line runs in the r direction, not the c direction. Thus we interpret the 
slope as follows: 


When 17,000 tons of 40% fat cheese is sold and 40 thousand tons of regular 
cheese is sold, if additional regular cheese is sold, then the revenue is increas- 
ing by 754.6 thousand guilders per thousand tons of regular cheese. 


We could also determine the rates of change of sales on the R(17, r) cross section 
at other values of r, say when 20,000 and 63,000 tons of regular cheese are sold. Note 
in Figure 9.30b that a tangent line drawn at r = 20 will be steeper than the one shown 
at r = 40. Thus we expect the derivative of R(17, r) at r = 20 to be greater than the 
derivative at r = 40. Evaluating Ru D at r = 20 gives 2842.5 thousand guilders per 
thousand tons of regular cheese. 

Thus, when the sale of 40% fat cheese is held constant at a level of 17 thousand 
tons and 20 thousand tons of regular cheese is sold, revenue is increasing at a rate of 
2842.5 thousand guilders per thousand tons of regular cheese. That is, when the sale 
of 40% fat cheese is constant at a level of 17 thousand tons, if sales of regular cheese 
increase from 20 to 21 thousand tons, then revenue will increase by approximately 
2842.5 thousand guilders. 

Look again at Figure 9.30b. We expect the tangent line at r = 63 to be negative. If 
we evaluate UTD at r = 63, we find that revenue is decreasing by 1646.4 thousand 
guilders per thousand tons of regular cheese when 63 thousand tons of regular cheese 
and 17 thousand tons of 40% fat cheese are sold. 

Figure 9.31a depicts the tangent lines at (17, 20) and (17, 63) on a cross section 
of a three-dimensional graph of R(c r). Figure 9.31b shows the same tangent 
lines on the cross-sectional function with output R(17, r). The partial rates of 
change ae -) for r = 20 and r = 63 are the slopes of the tangent lines shown in 
Figure 9.31. 

Keep in mind that these rates of change tell us only part of the story 
about the rate of change in revenue, because they are restricted by a sales level of 
17 thousand tons of 40% fat cheese. They do not give us any information about 
what is happening when the sales level of 40% fat cheese is something other than 
17,000 tons. 
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Partial Derivatives 


Because rates of change of a cross-sectional function give us only part of the picture, 
we refer to them as partial rates of change or partial derivatives, and we use the 
notation on instead of & to remind ourselves that there is more than one input vari- 
able in the underlying function R. Another common notation for the partial deriva- 
tive of R with respect to ris R.. 

When finding partial derivatives using a cross-sectional function, we limit our- 
selves to considering points on that particular cross section. In the cheese example, 
we are limited to the cross section that corresponds to 17 thousand tons of 40% fat 
cheese (c = 17). A more useful approach is to find a general formula for the partial 
derivative of revenue with respect to regular cheese sales that will enable us to choose 
a particular cross section and then to choose a particular point on that cross section. 
In this way, one formula can be used to find any partial derivative of revenue with 
respect to sales of regular cheese. 

To find oR we treat ras a variable and c as a constant. We highlight r to help us 
remember that it is the variable that is changing and is not held at a constant value. 


R(c r) = -52.196r? + 5935.497r — 59.128cr + 10,299.325c — 384.386c7 


so that 


R 
Rep 5) 19627) a9 5).497 eee 28c(l) a0 ad 


Ce ae ee 
thousand tons of regular cheese 
Note that the derivatives of the first and second terms are straightforward. In the 
third term, c acts as a constant multiple of r, so the derivative follows the Constant 
Multiplier Rule. Because c acts as a constant, the last two terms are both constants, 
and the derivative of any constant is 0. 
The partial derivative of R with respect to r (R, or 2R) is a function of both rand c. 


If we evaluate an at a particular value of c—say c = 17—we obtain a single-variable 
function with input r. This function gives the slope of any line tangent to the cross 
section shown in Figures 9.30b and 9.31b. We use the notation aK 717 tO represent 
this slope function. The end result of finding the cross-sectional function of R when 
c = 17 and then taking its derivative with respect to ris the same as that of finding the 
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partial derivative ak and then evaluating it at c = 17. In mathematical notation,” we 


AR( a 
say that ae = & c<17 Lhe advantage of the second method is that the formula 


for the ea derivative can be used to find rates of change at points on any cross 
section. The first method restricts us to points on one particular cross section. 

We now use this partial derivative an to estimate the partial rate of change of rev- 
enue with respect to regular cheese sales when 40 thousand tons of 40% fat cheese and 
30 thousand tons of regular cheese are sold. Using c = 40 and r = 30, we find that 


OR 
= = -104.392(30) + 5935.497 — 59.128(40) 


(c, r) = (40, 30) 
~ 438.6 thousand guilders per thousand tons of regular cheese 


That is, when 40% fat cheese sales remain constant at 40 thousand tons and regular 
cheese sales increase from 30 to 31 thousand tons, revenue increases by approxi- 
mately 438.6 thousand guilders. This partial rate of change is the slope of the tangent 
line at r = 30 on the graph of the cross section with output R(40, r). 

Note that we use the notation oR (e030) = Rs (cr) =(40,30) When finding the 
partial derivative of the two-variable function R with respect to r, treating c as a con- 
stant, and then substituting c = 40 and r = 30. If we had substituted only c = 40 into 
the partial derivative of R with Gees: to r, then the resulting one-variable function 
would have been denoted by 2 GRY yg = R,| 49. This one-variable function could 
also be found by first substituting c = 40 into the formula for R(c, r) and then find- 
ing the derivative with respect to r. 

What would happen if the regular cheese sales were held constant and the 40% 
fat cheese sales were varied? In this case, we could find a general formula for the par- 
tial rate of change of revenue with respect to the quantity of 40% fat cheese sold: 


ar) = -52.196r? + 5935.497r — 59.128cr + 10,299.325¢ — 384.3862 
so that 


OR 
R, = - = 0 + 0 — 59.128(1)r + 10,299.325(1) — 384.386(2c) 
Cc 
= -59.128r + 10,299.325 — 768.772c 


thousand guilders per thousand tons of 40% fat cheese when sales of regular cheese 
are held constant. 

We now use this partial derivative dk to estimate the partial rate of change of rev- 
enue with respect to regular cheese sales when 40 thousand tons of 40% fat cheese 
and 30 thousand tons of regular cheese are sold. When c = 40 and r = 30, 


OR 
Oc 


il 


=392128(30)¥10,099'3255— 7 085772(40) 
(cr) = (40, 30) 


Ul 


-22,225.4 thousand guilders per thousand tons of 40% fat cheese 


26. When writing the Aig rate of change of a function z = f (x, y) with respect to one variable, say x, we 
use ae notation 5. gf or f,. The partial derivative of f with respect to x and evaluated at y = b is denoted 
by 5. Z| , or f.| y=: This partial derivative gives the slope of a line tangent to the cross-sectional 
Seas for which y = b. The partial derivative of f with respect to y and evaluated at x = ais denoted 


by ay of) a orf, 
function for which x = a. We write a ay or fliey =(a,p) When evaluating the partial deriv- 





x=: Lhis partial derivative gives the slope of a line tangent to the cross-sectional 


ative es at the point where x = a and y = b, where a and bare constants. 
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That is, when regular cheese sales remain constant at 30 thousand tons and 40% fat 
cheese sales increase from 40 to 41 thousand tons, revenue decreases by approxi- 
mately 22,225.4 thousand guilders. Again, this partial rate of change is the slope of 
the tangent line at c = 40 on the graph of the cross section with output R(c, 30). 

In general, we find the partial derivative of a multivariable function with respect 
to one input variable by treating all other input variables as constants and proceeding 
to take derivatives as functions of a single input variable. For a two-variable function, 
a partial rate of change can be visualized graphically as the slope of a line tangent to 
a cross section. 


Value of an Investment 
The formula for the accumulated value of an investment of P dollars over t years is 
r nt 
A(P, r, , t) = ae ae " dollars 


If the annual interest rate is 6% compounded quarterly, then the accumulated value 
formula is 


A(P, t) = P(1 + 298)" ~ P(1.061363551') dollars 


a. Find the cross-sectional models for P = 1000, P = 7500, and P = 190,000. Using 
appropriate notation, write the partial derivatives of these functions with respect 
to f. 


b. Write a general formula for oA What notation is used to represent this general 
formula evaluated at P = 1000 and t = 102 


c. Find the cross-sectional models for t = 2, t = 10, and t = 37. Also find the partial 
derivatives of these functions with respect to P. 


d. Write a general formula for 3A Find and interpret Ap| (P, 1) =(7500, 10) 


Solution 


a. When P = 1000, A(1000, t) = 1000(1.061363551') dollars, 

and A,| p= 1000 = | p=1000 = 1000(In 1.061363551)(1.061363551') 
dollars per year. 

When P = 7500, A(7500, t) = 7500(1.061363551') dollars, 

and A,| p=7500 = | p=7500 = 7500(In 1.061363551)(1.061363551') 
dollars per year. 

When P = 190,000, A(190,000, t) = 190,000(1.061363551") dollars, 

and A,| p= 190,000 = 22 | p= 190,000 = 190,000(In 1.061363551)(1.061363551*) 

dollars per year. 


b. Note that for each choice of principal P, 


0A 


Ste A, = P(In 1.061363551)(1.061363551') dollars per year 


This result should not surprise you, because it follows the Constant Multiplier Rule 
for derivatives: When f(x) = kg(x), then f(x) = kg‘(x). In this case, P is the constant 


E(0.8, n) 
Elevation 
(feet) 
802 
800 
798 


796 


n 


02 06 1 14 (miles) 


Line tangent to E(0.8, n) at n = 0.6 
FIGURE 9.32 
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in the Constant Multiplier Rule. The general formula for oA evaluated at P = 1000 
and t = 10 is denoted by 


0A 


ale sweet or Alte rete 10) 
3b) = 5 


@ Meigs t = 2, A(P, 2) = P(1.06136551*) = 1.126492587P dollars, 
and $5|,-. = 1.126492587 = 1.061365512 dollars per dollar invested. 
When t = 10, A(P, 10) = P(1.06136551'°) = 1.814018409P dollars, 
and $5|,—1) = 1814018409 = 1.06136551"° dollar per dollar invested. 
When t = 37, A(P, 37) = P(1.06136551°”) = 9.056789062P dollars, 
and $4| _,, = 9.056789062 = 1.06136551°” dollars per dollar invested. 


d. For any number of years t, 


aA _ 

oP 
Ap| (1) <(7500, 10) = 1-061363551!° ~ $1.81 per dollar invested when $7500 is 
invested for 10 years at 6% compounded quarterly. The accumulated value of the 


investment will increase by approximately $1.81 if an additional dollar is 
invested. 


Sewer ererevsesesecseses 


Ap = 1.061363551' dollars per dollar invested 


When we are given a table of two-variable data rather than a model, we approxi- 
mate partial rates of change by finding rates of change of cross-sectional functions. 
Consider again the elevation of a tract of Missouri farmland. We use cross-sectional 
models to help answer questions about the elevation and the steepness (that is, the 
magnitude of the rate of change of elevation) of the tract. When we are 0.8 mile east 
of the western fence and 0.6 mile north of the southern fence, how steep is the land? 
In other words, how rapidly is elevation changing, or what is the rate of change of 
elevation? To answer this question we must first know in which direction to look: 
from south to north, from west to east, or possibly in some particular northeasterly 
direction. 

Let us first look to the north. The question is “At e = 0.8 mile and n = 0.6 mile, 
what is the rate of change of elevation with respect to the distance north of the southern 
fence?” This partial rate of change is the slope of the tangent line that runs in the 
north-south direction at (0.8, 0.6). This tangent line is depicted in Figure 9.32 on the 
graph of the E(0.8, 1) cross section. 

The cross-sectional model for e = 0.8 was found in Section 9.1 to be 


E(0.8, n) = -2.5n* + 2.497n + 799.490 feet above sea level 


where n is the number of miles north of the southern fence. To estimate the partial 
rate of change E,(0.8, 1), we first find the derivative of the cross-sectional function 
with output E(0.8, 1) with respect to n: 


OE dE(0.8, n) : 
—| eo = -5n + 24 
7 he 5n 97 feet per mile 


e=0.8 
We now evaluate aro ” at n = 0.6 to find that at 0.6 mile north of the southern 
fence and 0.8 mile east of the western fence, elevation is decreasing by 0.503 foot 
per mile toward the north. This also means that elevation is increasing by 0.503 foot per 
mile toward the south. 
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Keep in mind that this rate of change tells us only part of the story about the rate 
of change in elevation on the tract, because it is restricted to the north-south direc- 
tion at a particular point. It does not tell us what is happening toward the east or 
west. In order to find the steepness in the east-west direction, we must look at the 
derivative of a cross-sectional function with respect to distance e miles east of the 
western fence. 


EXAMPLE 2. Missouri Farmland 





Estimate and interpret the rate of change of elevation with respect to distance from 
the western fence 0.8 mile east of the western fence and 0.6 mile north of the south- 





ern fence. 
E(e, 0.6) Solution We use the cross-sectional model that has distance e east of the western 
Elevation fence as input with the distance 0.6 mile north of the southern fence held constant. 
(feet) That is, we use the model 

802 E(e, 0.6) = -10.124e? + 21.347e — 13.972e + 802.809 feet 
800 The rate of change of E(e, 0.6) with respect to distance e east of the western fence is 

, 0. 
798 “Bete = -30.372e* + 42.694e — 13.972 feet per mile east 

e 
796 dE(e, 0.6) 





We now evaluate — 7 at e = 0.8 to estimate ge | .-o«> the partial rate of change of 
elevation with respect to distance east of the western fence, at 0.6 mile north of the 
southern fence and 0.8 mile east of the western fence. At that point on the land, ele- 
vation is increasing toward the east by 0.745 foot per mile. Figure 9.33 shows the line 


Line tangent to E(e 0.6,) ate = 0.8 
tangent to a graph of E(e, 0.6) at e = 0.8. 
FL GUIR ESSE 3 3 ieee enna NE MRlcra S eelalotaterlelctetetetliers ol 


€ 


0.2 06 1 14 (miles) 


Being able to calculate partial rates of change and evaluate these partial deriva- 
tives at various input values is important for the applications we will consider in sub- 
sequent sections. 


Second Partial Derivatives 


In Chapter 5 we considered the second derivative of a single-variable function and 
used the second derivative to locate inflection points. With multivariable functions, 
we can consider the second partial derivatives—that is, partial derivatives of partial 
derivatives. As we shall see in Chapter 10, these second partial derivatives are useful 
in identifying extrema and other interesting points on three-dimensional graphs. 
They also indicate how the partial rates of change of the function are changing. 

Consider again the Example 1 investment function A(P, t) = P(1.06136551') giv- 
ing the accumulated value (in dollars) of an investment of P dollars over t years when 
the interest rate is 6% compounded quarterly. The two partial derivatives are 


Ap = 1.06136551' dollars per dollar invested 
A, = P(In 1.0613551)(1.06136551') dollars per year 


What is happening to the rate of change of A with respect to t as t increases? Let 
us first look at this question graphically on one cross-sectional model, say A(1000, t). 
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Figure 9.34 depicts A(1000, t) = 1000(1.06136551') along with tangent lines drawn 
att='2,t= 10;t = 18, and t= 26. 


A(1000, t) 
(dollars) 


6700 + 








1000 


2 10 18 26 Years 


FIGURE 9.34 


As t increases, the slope becomes larger. Thus the rate of change with respect to ft, 
A,| p=1000 is increasing as t increases, so the second derivative must be positive. We 
can verify this by finding the derivative of A,| p— jo9) With respect to t. 


£ (A,| paso - & [1000(In 1.0613551)(1.06136551')] 


= 1000(In 1.0613551)7(1.06136551‘) dollars per year per year 


This second partial derivative is positive for all values of t, as Figure 9.34 suggests. 
Note also that because this partial derivative of the partial derivative A,| p— ,o99 is pos- 
itive, the graph of the cross-sectional model with output A(1000, t) is concave up. 
Before continuing with our interpretation of second partial derivatives, we find all 
second partial derivatives for A. 

The partial derivative A, is a function with two input variables P and t. The partial 
derivatives of A, are A,» (the partial derivative of A, with respect to P) and A,, (the par- 
tial derivative of A, with respect to t). Even though the partial derivative of Ap is a 
function of only one input variable, it is derived from a function with two input vari- 
ables. For this reason, Ap also has two second partial derivatives: App (the partial deriv- 
ative of Ap with respect to P) and Ap, (the partial derivative of Ap with respect to t).7” 

The second partial derivatives for A are 


App = 0 dollars per dollar invested per dollar invested 

Ap, = (In 1.0613551)(1.06136551') dollars per dollar invested per year 
A,p = (In 1.0613551)(1.06136551') dollars per year per dollar invested 
A, = P(In 1.0613551)*(1.06136551') dollars per year per year 





at ue . ‘ — &A FA = GA 
Dy. oe epone partial derivative notation may also be written App = 552, Ap, = 3,9 Aww = apap and 
Perr Or: 
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You may have noticed that Ap, = A,p. We refer to Ap, and A,p as mixed second par- 
tial derivatives. The mixed second partial derivatives of a multivariable function are 
equal whenever the function and its first and second partial derivatives are continu- 
ous. This is the case for all the multivariable functions in this book. 

We now further consider the interpretation of the second partial derivatives of 
A(B, 2). First, App = 0 tells us that the rate of change of A with respect to P does not 
change when P changes. This can be seen by looking at the cross-sectional models of 
A for different values of t. Figure 9.35 shows graphs of the linear cross-sectional func- 
tions A(P, 2), A(P, 12), A(P, 18), and A(P, 26). In App we consider P to be changing 
but consider t to be constant; that is, we look at what happens to the slope of each 
cross section as P changes. The cross sections are all lines, and as P increases, the slope 
of any cross section remains constant. Thus App = 0, because the slopes do not 
change as P changes. 

Now let us consider Ap, = (In 1.0613551)(1.06136551'). No matter what tis, Ap, is 
positive. This tells us that the rate of change (slope) of A in the P direction increases 
as we move in the t direction. To see this graphically, refer again to the cross sections 
in Figure 9.35. Now, however, instead of considering the effect on the slope of each 
cross section as P increases, we consider what happens at a particular value of P as 
t increases—that is, as we move from one cross section to another. Figure 9.36 depicts 
the cross-sectional models shown in Figure 9.35 with the slopes of each cross section 
labeled at P = 3000. Note that as t increases, the slopes of the cross sections also 
increase. Hence, Ap, > 0. There are similar interpretations for A,, and A,p. 


A(P, t) s A(P, t) 
(dollars) (dollars) 


25,000 726 25,000 





t= 18 t=A18 
nl G= 2 
jp) aie) 
0 af 0 < 
0 5000 (dollars) 0 3000 5009 (dollars) 
FIGURE 9.35 FIGURE 9.36 


Keeping track of all the second partial derivatives for a particular function is eas- 
ier with a mathematical array called a matrix. We write the second partial derivatives 
in a square matrix—that is, a table of rows and columns where the numbers of rows 
and columns are equal—with one of the second partial derivatives in each position. 
We call this the second partials matrix,” and we use this matrix in the next chapter 
to help identify extreme points. A second partials matrix can be formed by labeling 
the rows with the input variables and labeling the columns with the input variables in 
the same order. For example, one possible setup for a second partials matrix for a 
multivariable function z = f(x, y) is 


) 


28. This matrix is also called the Hessian of the function. 


EXAMPLE 3 


9.3 Partial Rates of Change 659 


For convenience, we choose always to use the matrix with the input variables in the 
same order in which they appear in the notation used to represent the function. The 
labels on the rows and columns determine which second partial derivative we write 
in each position of the matrix. Using the function z = f(x, y), we write f,, in the posi- 
tion corresponding to the row and column labeled x, we write f, in the row labeled y 
and the column labeled x, and so forth. 


x y 
Abed 


For the function A(P, t) = P(1.06136551'), the second partials matrix is 


ie t 
| 0 (In 1.06136551)(1.06136551') 
t | (In 1.06136551)(1.06136551') P(In 1.06136551)?(1.06136551') 


Example 3 shows a second partials matrix for a function with three input variables. 


Cheese Spread 
A measure of the adhesiveness of cheese spread can be modeled” as a function of the 


percentage of glycerol, salt, and lactose used in preparation: 


(gest) e010 9(5.64/ 13 43 0sets 1577503 5) alo et 
0.141g? + 1.217sl — 0.533371 + 0.186sg) 


where g is the percentage of glycerol, s is the percentage of salt, and / is the percentage 
of lactose. 


a. Write the partial derivatives of A. 

b. Write the second partials matrix of A. 

c. Interpret A,, and A,. 

d. Write the second partials matrix of A when g = 10, s = 2, and/ = 6. 


e. Interpret A,, | (g 5,1) =(10, 2,6)" 


Solution 


a. The three partial derivatives are 


A 
Oa 103(-1.757 + 0.282g + 0.186s) 
og 
units per percentage point of glycerol 
A 
“a = 10°(-3.436 + 3.1545 + 1.2171 — 1.066s! + 0.186g) 
s units per percentage point of salt 
JA 
ie = 103(0.375 + 1.217s — 0.533s”) 


units per percentage point of lactose 


29. E. Kombila-Moundounga and C. Lacroix, “Effet des combinaisons de chloure de sodium, de lactose et 
de glycerol sur les caractéristiques rhéologiques et la couleur des fromages fondus a tartiner,’ Cana- 
dian Institute of Food Science and Technology Journal, vol. 24, no. 5 (1991), pp. 239-251. 
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b. The second partials matrix is 


g 9 l 
g [Ay = 282 A, = 186 Ag = 0 
s|Ay= 186 A, = 3154 — 10661 Ay = 1217 — 1066s 
l Ar = 0 Aj, — OW, = 1066s A; — 0 


c. The second partial derivative A,, = 282 is positive. This means that as g increases, 


eeee 


the rate of change (slope) of A with respect to g (in the g direction) is increasing. 
When the percentage of glycerol increases by 1 percentage point, the rate of 
change of adhesiveness increases by approximately 282 units per percentage 
point of glycerol if salt and lactose percentages are held constant. 

The second partial derivative A = 1217 — 1066s is positive when s < 1.14165 
and negative when s > 1.14165. Consider the percentage of glycerol as constant. 
If the percentage of salt is less than 1.14165%, then the rate of change of adhe- 
siveness with respect to salt is increasing as the percentage of lactose increases. 
Likewise, if the percentage of salt is more than 1.14165%, then the rate of change 
of adhesiveness with respect to salt is decreasing as the percentage of lactose 
increases. 


The second partials matrix of A at (10, 2, 6) is 


g s I 
g[282 186 0 
s | 186 -3242 NS) 
l 0 =915 0 


We first note that Ail = 1) =(10,2,6) = 677. This means that adhesiveness is 
increasing with respect to an increase in lactose above the 6% level. Because 
Ais| (g, 5,1) =(10,2,6) = ~915 is negative, as the percentage of salt increases above 2%, 
adhesiveness is increasing less rapidly (the rate of change A; is decreasing) with 
respect to an increase in the percentage of lactose above the 6% level when the 
percentage of glycerol is held constant at 10%. 





Partial rates of change and second partial derivatives will be important to us as 


we continue our study of multivariable functions. 


Concept 
Inventory 






Activities 


Partial derivatives/partial rates of change In Activities 1 through 6, write the mathematical nota- 


Partial derivative notation 


tion for the partial rate-of-change function needed to 


Derivatives of cross-sectional models answer the question posed. Also give the units of that 


Second partial derivatives 
Second partials matrix 
Interpreting partial derivatives 


rate-of-change function. 


1. W(a, h) is the weight (in pounds) of a person who is 
a years old and h inches tall. What is the rate of 
change of weight with respect to height? 


. P(k, c) is the price of a diamond (in dollars) that 
weighs k karats and is of color code c. How quickly 


is the price of a diamond changing with respect to 
weight? 


. T(g t) is the mean daily temperature (in degrees 
Fahrenheit) at longitude g degrees and latitude t 
degrees. If longitude is 23° and latitude is changing, 
how rapidly is temperature changing? 


. T(z, d) is the federal income tax (in dollars) owed by 
a person who made i dollars and can claim d 
dependents in a given year. When 4 dependents can 
be claimed and income is changing, how quickly is 
the amount of taxes owed changing? 


. R(b, c) is the revenue (in dollars) a farmer makes 
from the sale of b bulls and c cows. When the farmer 
sells 2 bulls and 100 cows, how rapidly is revenue 
changing if the number of cows sold changes? 


. G(h, s) is the expected grade-point average of a typ- 
ical freshman college student who had a GPA of hin 
high school and made a combined score of s on the 
SAT. What is the rate of change of expected GPA 
with respect to the SAT score when the high school 
GPA is 3.5 and the SAT score is 1048? 


. Let P(l, m) be the probability that a certain senator 
votes in favor of a tobacco ban bill when the senator 
receives | letters supporting the bill and m million 
dollars is invested by the tobacco industry lobbying 
against the bill. 


oP 
a. Interpret 5, | 1= 100,000" 


Would you expect clan 6 to be positive or 
negative? Explain. 

b. Interpret a ee. 
Would you expect op | 53 to be positive or neg- 
ative? Explain. 


. Let N(p, s) be the number of skiers on a Saturday at 
a ski resort in Utah when p dollars is the price of an 
all-day lift ticket and s is the number of inches of 
fresh snow received since the previous Saturday. 
a. Interpret oN | p=25" 
Would you expect oN | p=2s to be positive or nega- 
tive? Explain. 
b. Interpret a ese 


Would you expect on | ., to be positive or nega- 
tive? Explain. 


practice 
9. fly y) = 0.529x? + 0.375x7y? + 8.97 1xy + 
14.390x + 7.982 
af af af 
a. 5, b. 3, @; en 
10. K(a, b) = 3.7ab? + 7.9(1.375°) 
OK dK OK 
a5, ee Oey eee Clk ae |e 
ll. Ms) =slnt + 3.75s + 14.96 
Beep eI me 0 NA rea, 
12.800, 2) =O aya 29K 
a. gy b. g, GZ 
ee Gaal 2 tee I = yp 
dh dh dh 
a. 5. b. 3; G er, d. 
dr \(s, t, r) = (1, 2,-1) 
14. k(x, y) = xIn(x + y) 
ok dk ok ok 
25% b. 3 CAF (nea es | Mees, 
15. Your comfort in summer depends on the combined 

effects of air temperature and humidity. Table 9.5 

on page 625 shows how hot it feels*® (the apparent 

temperature in degrees Fahrenheit) for a given air 
temperature and relative humidity. 

a. When the air temperature is 96°F and the rela- 
tive humidity is 50%, how rapidly is the appar- 
ent temperature increasing with respect to 
humidity? (Hint: Begin by finding an appropri- 
ate cross-sectional model.) 

b. When the air temperature is 96°F and the rela- 
tive humidity is 50%, how rapidly is the appar- 
ent temperature increasing with respect to air 
temperature? 

c. Use Table 9.5 and symmetric difference quo- 
tients to estimate the answers to parts a and b. 

16. Table 9.6 on page 625 gives the average daily weight 
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In Activities 9 through 14, find the indicated 
partial derivatives for each of the multivari- 
able functions. 





b 


gain/loss of a pig! in kilograms per day as a func- 

tion of its weight and the air temperature. 

a. Find a model for the average daily weight 
gain/loss of a 68-kg pig as a function of the air 
temperature. 


b. Find and interpret the rate of change of the aver- 


30, National Oceanic and Atmospheric Administration. 
31. A. A. Hanson, ed., Practical Handbook of Agricultural Sctence 


(Boca Raton, FL: CRC Press, 1990). 
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TABLE 9.18 Amount (in dollars) after 2 years 





Rate (%) 


3 


$10,000 
10,404.00 
10,609.00 
10,816.00 


12,484.80 





122 977,9920 


11,025.00 
ey 11,236.00 
11,449.00 






11,664.00 
11,881.00 
12,100.00 
12,321.00 
12,544.00 


14,520.00 





to a change in temperature when the tempera- 
ture is 26.7 °C. 


c. Find a model for the average daily weight 
gain/loss of a pig as a function of the pig’s weight 
when the air temperature is 26.7°C. 


d. Find and interpret the rate of change of the aver- 
age daily weight gain of a 68-kg pig with respect 
to the pig’s weight when the air temperature is 
Ke EAE. 


e. Use Table 9.6 and symmetric difference quo- 
tients to estimate the answers to parts b and d. 
Compare these answers to the ones you found in 
parts b and d. 


17. Table 9.18 gives the value A(P, r) of an investment of 
P dollars after 2 years in an account whose annual 
percentage yield is 100r%. 


a. Find a model for the value of a $14,000 invest- 
ment after 2 years in terms of r. 


b. Find and interpret Be) when the APY is 


12.7%. 


c. Repeat part a; however, instead of entering the 
interest rate in decimals, enter r in whole num- 
bers so that r = 2 at 2%, r = 3 at 3%, etc. Com- 


pare this model with the model found in part a. 


d. Use the model from part c to find ae 


when the APY is 12.7%. Compare this answer to 
that of part b. 


18. Table 9.19 gives the value A(t, r) of an initial invest- 
ment of $1000 after t years in an account whose 
interest rate 100r% is compounded continuously. 


Biss cn 







$18,000 
18,727.20 
19,096.20 
19,468.80 
19,845.00 
20,224.80 
20,608.20 
20,995.20 
21,385.80 
21,780.00 
22,177.80 
22,579.20 


TABLE 9.19 Value (in dollars) of $1000 investment 


mer) 5 [7 | 












1271.25 
1433.33 
1616.07 
1822.12 
2054.43 


1221.40 
1349.86 
fosanea ss ; 1491.82 

2013.75 | 2316.37 
| 8 |: 1491.82 | 1750.67 | 2225.54 | 2611.70 
Pea Dae 2459.60 
oe, 


1568.31 | 1877.61 2944.68 


1105.17 | 1150.27. 
1161.83 | 1233.68 







1822.12 | 2316.37 | 3320.12 | 4220.70 


a. Find a cross-sectional model for the value of a 
$1000 investment in terms of r, assuming 10 
years have elapsed since the initial investment. 









b. Use the model in part a to estimate the partial 
rate of change with respect to the interest rate of 
a $1000 investment after 10 years in an account 
paying 7% interest. Interpret the partial rate of 
change as an approximate change. Discuss why 
the partial rate of change appears to be 100 times 
as large as expected. 


c. Find a cross-sectional model for the value of a 
$1000 investment in terms of the interest rate 
expressed as a percentage, assuming 10 years 


19: 


have elapsed. Compare this equation with the 
one found in part a. 


. Use the model in part c to estimate the partial 


rate of change with respect to the interest rate of 
a $1000 investment after 10 years in an account 
paying 7% interest. Interpret the partial rate of 
change as an approximate change. Compare 
these answers with those found in part b, and 
reconcile any differences. 


The value A(P, r) of an investment of P dollars after 
2 years in an account with annual percentage yield 


1001r% is given by the function A(B, r) 


= Pil +r)’ 


dollars. 


a. 


Find and interpret A(14,000, r). Compare this 
function with the one in part a of Activity 17. 


shh : aA 
. Find and interpret 4| (P, r) = (14,000, 0.127): Compare 


this answer with the one in part b of Activity 17. 


. Explain how the rate of change in part b is 


related to a graph of the cross-sectional function 
in part a. Illustrate graphically. 
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20. The value A(t, r) of an investment of $1000 after t 
years in an account for which the interest rate is 
100r% compounded continuously is given by the 
function A(t, r) = 1000e” dollars. 


a. 


Find and interpret A(10, r). Compare this 
answer with the one in part a of Activity 18. 


. Find and interpret vale )=(10, 0.07 Compare this 


answer with the one in part b of Activity 18. 


. Explain how the rate of change in part b is 


related to a graph of the cross-sectional function 
in part a. Illustrate graphically. 


21. Values of UV (ultraviolet) radiation are sometimes 
useful for the medical consultant, the chemist, and 
the technical engineer. Table 9.20 gives the amount 
of a certain type of UV radiation in watts per square 
meter per month.” 


a. 


TABLE 9.20 Amount of UVA radiation (watts/m2/month) 





Mar Apr May 



















rape 


eased 


beryl ero Pal Je alle 
rss [53 [as [a2 | 20 | 1 | 7 | 36s 
rss | 
ss [54 [31 | ae [36 [28 | ae | aos 
pepe [xfs [ se fa fe oe [ae [sa 
ofa fof os sf o [| 


rie tof 7 [8 [15 [27 [0 | se | se | 309 
Sis rf 27 fae [as [or [se | 56 
rise P= fan 0 | 2 [as | sa | 
=e fie Fa fs a 


Find cross-sectional models for the amount of 
UV radiation at a given latitude in March and 
for the amount of radiation for a given month at 
a latitude of 50° south of the equator. 















Aug Sep Oct Nov Dec Year 


a a ney 










31 | 40 | 49 | 56 | 58 | 496 


32. W. Rudloff, World-Climates (Stuttgart: Wissenschaftliche Verlags- 
gesellschaft, 1981). 
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TABLE 9.21 Number of cars sold, S(m, y) 





b. Estimate the rate of change of UV radiation at 
50° south in March with respect to latitude. 


c. Estimate the rate of change of UV radiation at 
50° south in March with respect to the month. 


d. Graph the cross-sectional functions in part a. 
On the graphs, illustrate the rates of change in 
parts bandc. 


22. Table 9.21 lists the number of cars sold*®* in Quebec 
from January 1960 through December 1968. 


a. Find cross-sectional models for car sales S(m, y) 
in January and June as functions of the number 
of years y since 1960. 


b. Approximate the partial rates of change of car 
sales with respect to the year of the sales in Janu- 
ary 1965 and in June 1965. 


c. Estimate and interpret = at m = 1 (January) and 
y=2. 


23. Table 9.22 shows selected values of the average 
yearly consumption of peaches per person, based 
on the price of peaches and the yearly income of the 
person’s family. 


a. Use a symmetric difference quotient to estimate 
the rate of change of the per capita consumption 
of peaches with respect to yearly income when 
the yearly income is $30,000 and the price is 
$1.70 per pound. 


b. Use a symmetric difference quotient to estimate 
the rate of change of the per capita consumption 


33. B. Abraham and J. Ledolter, Statistical Methods for Forecasting 
(New York: Wiley, 1983). 
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uly | Aug | sept 


iar 


TABLE 9.22 Per capita consumption of peaches (pounds 
per person per year) 






Yearly income 
(tens of thousands 
of dollars) 
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of peaches with respect to price when the yearly 
income is $30,000 and the price is $1.70 per 
pound. 








c. Use the data in Table 9.22 and cross-sectional 


models to estimate the rates of change in parts a 
and b. 


d. The data in Table 9.22 can be modeled by the 
equation 


C(p, i) = 2Ini + 2.7183? + 4 
pounds per person per year 


where the price of peaches is $(1.50 + p) per 
pound and the person lives in a family with 
annual income $10,000. Use this model to find 
the rates of change in parts a and b. 


e. Compare the answers you found using the three 
methods in this activity. Which method was eas- 
iest to use? Which answers do you believe are the 
most reliable? 


24. Two vending machines sit side by side in a college 
dorm. One machine sells Coke products, and the 
other sells Pepsi products. Daily sales of Coke prod- 
ucts, based on the prices of the products in the two 
machines, are as shown in Table 9.23. 


TABLE 9.23 Daily sales (number of cans) of Coke 
products from a vending machine 


Cost of 
Coke products 


Cost of 
Pepsi products | $0.50 | $0.75 | $1.00 





a. Use a symmetric difference quotient to estimate 
the rate of change of the sale of Coke products 
with respect to the price of Coke products when 
Coke products cost $0.75 and Pepsi products 
cost $1.25. 

b. Use a symmetric difference quotient to estimate 
the rate of change of the sale of Coke products 
with respect to the price of Pepsi products when 
Coke products cost $0.75 and Pepsi products 
cost $1.25. 

c. Use the data in Table 9.23 and cross-sectional 
functions to estimate the rates of change in parts 
aand b. 

d. The data in Table 9.23 can be modeled by the 
equation 


S(c, p) = 196.42p — 50.22 + 9.6c + 66.4 — 1.04cp 
cans per day 
when Coke products cost $c and Pepsi products 
cost $p. Use this model to find the rates of 
change in parts a and b. 

e. Compare the answers you found using the three 
methods in this activity. Which method was eas- 
iest to use? Which answers do you believe are the 
most reliable? 


f. Use the equation in part d to find and interpret 
os os 

Oc | (c p) = (1.30, 1.20) and Op | (c, p) = (1.30, 1.20)* 

25. Siple and Passel developed the equation 


H(v, ) = (10.45 + 10Vv — v) (33 — 2) 
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giving the body’s heat loss in kilogram-calories per 
square meter of body surface area per hour for wind 
speed v in meters per second when the air tempera- 
ture is t degrees Celsius. 


a. Find the function expressing the partial rate of 
change of heat loss with respect to air tempera- 
ture and the function expressing the partial rate 
of change of heat loss with respect to wind 
speed. 

b. Would you expect at at (Vat) —=(2 Onl 2) ator be 
positive or negative? Give reasons. 

c. Find the value of at (v, t) = (20, 12). Interpret 
your answer. 

d. Would you expect ut at’ (1,1) =" (20,12) sto: be 
positive or negative? Give reasons. 

e. Find the value of at at (v, t) = (20, 12). Interpret 
your answer. 


26. The carrying capacity’ of a particular farm system 
is defined as the number of animals or people that 
can be supported by the crop production from a 
given land area. The carrying capacity of a crop of 
rye grass when 70% of the crop is consumed and 
80% of the amount consumed is digested as useful 
nutrients is 


. 





Be 
K(P, A) = animals per hectare 
where P is the net crop production (in kilograms per 
hectare per year) and A is the annual energy require- 
ments of the animal (in megajoules per animal). 


a. Write a function for the partial rate of change of 
carrying capacity with respect to net crop pro- 
duction. 

b. How quickly is carrying capacity changing with 
respect to net crop production when 15,000 kg 
of rye grass is produced per hectare annually and 
the crop is used to support milking cows that 
require approximately 64,000 megajoules of 
energy per cow each year? 


c. Write a function for the partial rate of change of 
the carrying capacity with respect to the animal’s 
energy requirements. 

d. How quickly is the carrying capacity changing 
with respect to the animal’s energy requirements 


34. W. Bosch and L. G. Cobb, “Windchill,” UMAP Module 658, The 
UMAP Journal, vol. 5, no. 4 (Winter 1984), pp. 477-492. 

35. R. S. Loomis and D. J. Connor, Crop Ecology: Productivity and 
Management in Agricultural Systems (Cambridge, England: Cam- 
bridge University Press, 1992). 
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when 15,000 kg of rye grass is produced per 
hectare annually and the crop is used to support 
milking cows that require approximately 64,000 
megajoules of energy per cow each year? 


e. Construct a second partials matrix for K, and 
interpret each of the second partial derivatives. 


27. The amount of organic matter that one beef cow 


grazing on the Northern Great Plains rangeland 
eats each day can be modeled® by 


I(s, m) = 8.61967 — 1.244s + 0.08973? — 
0.20988m + 0.035947n? + 0.214915sm 


kilograms per day when the cow produces m kilo- 
grams of milk per day and s is a number between -4 
and 4 that describes the size of the cow. 


a. Would you expect a and a to be positive or neg- 
ative? Explain. 


b. Write and interpret functions for a and fh 


c. When a cow is of size 2 and produces 6 kg of 
milk per day, how quickly is the amount of 
organic matter consumed by the cow changing 
as its milk production increases? 


d. When a cow is of size 2 and produces 6 kg of 
milk per day, how quickly is the amount of 
organic matter consumed by the cow changing 
as its size increases? 


e. Construct a second partials matrix for J, and 
interpret each of the second partial derivatives. 


28. A measure of the adhesiveness of honey that is 


36. 


37. 


being seeded with crystals to cause controlled crys- 
tallization can be modeled” by 


A(g, m, s, h) = -151.78 + 4.26¢ + 5.69m + 


0.67s + 2.48h — 0.05¢ — 0.14? — 
0.035? — 0.05h* — 0.07mh 


where g is the percentage of glucose and maltose, m 
is the percentage of moisture, s is the percentage of 
seed, and h is the holding time in days. 


E. E. Grings et al., “Efficiency of Production in Cattle of Two 
Growth Potentials on Northern Great Plains Rangelands During 
Spring-Summer Grazing,’ Journal of Food Science, vol. 74, no. 10 
(1996), pp. 2317-2326. 

J. M. Shinn and S. L. Wang, “Textural Analysis of Crystallized 
Honey Using Response Surface Methodology, Canadian Institute 
of Food Science and Technology Journal, vol. 23, no. 4/5 (1990), 
pp. 178-182. 


DY) 


30. 


Il, 


32: 
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a. Write functions for each of the partial deriva- 
tives of A. 


b. Tell which partial derivative should be used to 
answer the question “How quickly is adhesive- 
ness changing as the percentage of glucose and 
maltose changes?” 


c. For which input variable(s) do you need a spe- 
cific value in order to determine the actual rate 
at which adhesiveness is changing with respect 
to the percentage moisture? 


d. Find a second partials matrix for A. 


The value A(t, r) of an investment of $1000 after t 
years in an account for which the interest rate 
100r% is compounded continuously is given by the 
function A(t, r) = 1000e” dollars. 


a. Write the partial derivatives 3a and Sa 


b. Construct a second partials matrix for A, and 
interpret each of the second partial derivatives 
for t = 30 and r = 0.047. 


The value A(B r) of an investment of P dollars after 
2 years in an account with annual percentage yield 
100r% is given by the function A(PB, r) = P(1 + r)’ 
dollars. 


a. Find the first partials of A. 


b. Construct a second partials matrix for A, and 
interpret each of the second partial derivatives 
for P = 10,000 and r = 0.09. 


The value A(r, t) of an investment of 1 million dol- 
lars with an annual yield of 100r% is given by the 
function A(r, t) = (1 + r)' million dollars. 


a. Write the partial derivative oA What are the units 
on oe 

b. Write the partial derivative oA What are the units 
on dA 

c. How quickly will the value of the investment be 
changing with respect to time 5 years after the 


investment is made if the investment yields 15% 
annually? 


d. Illustrate the answer to part c using a graph. 


The following equation gives the amount of a loan 
A (in dollars) given the interest rate 100r%, the 
period n (in months), and the monthly payments m 
(in dollars). 
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a. Write an expression for the rate of change of the d. Use graphs to illustrate the rates of change in 
loan amount with respect to the amount of the parts b and c. 
monthly payments. 


b. How quickly is the loan amount changing with 
respect to the amount of the monthly payments 
when $500 is paid monthly for 15 years on a loan 
with 12% interest? 


Construct a second partials matrix for each of the func- 
tions in Activities 33 through 36. 


33. flay) =——-2 
c. Write the appropriate partial derivative, and cal- y 
culate the rate of change of the loan amount 34. g(x, y) = 6(3x — y + 4)? 
when the interest rate and the monthly payment = pixn3y 
amount are fixed at 11% and $250, respectively, Soa) 
and the period is 3 years but may vary. 36. j(x% y) =y Inx 





Compensating for Change 


The following question often arises in situations where output depends on two input 
variables: “If output must remain fixed at some constant level and one of the input 
variables changes, how must the other input variable change in order to compen- 
sate?” In other words, given a function of two variables z = f(x, y), if x increases (or 
decreases), how must y change in order to guarantee that the output f(x, y) remains 
the same? 

Let us consider this question in the context of a manufacturing problem where 
production depends on more than one input. The number of units produced during 
a manufacturing process can often be regarded as depending on several different 
input variables, two of which are the size L of the labor force and the amount K 
invested in capital. Economists often use the Cobb-Douglas production function 


HR eetel ok a 


as a simple model for the number of units produced. The parameters c and a in the 
Cobb-Douglas production function are constants that depend on the particular 
manufacturing process. Furthermore, the model requires that a be greater than 0 but 
less than 1. 

The Cobb-Douglas monthly production function for a certain mattress manu- 
facturing plant is 


f(L, K) = 48.1L°°K°* mattresses 


where L represents the number of worker hours (in thousands) and K represents the 
amount invested in capital (in thousands of dollars). Let us suppose that currently 
each month the manufacturer spends $47,000 in capital, has a labor force that works 
8320 worker hours, and produces f(8.32, 47) ~ 800 mattresses. 

A competing plant offering higher wages is hiring new employees. Management 
expects some of its employees to transfer to the new plant. Instead of replacing the 
employees, management decides to upgrade the equipment to improve efficiency. 
The number of lost worker hours is not yet known, so the information that is most 
beneficial to management is the rate of change of capital K with respect to worker 
hours L for the current production level. How do we find $f? 
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To determine how to compensate for the change in the labor force, we look at the 
contour curve corresponding to 800 mattresses. This helps us understand the con- 
nection between the two input variables L and K. By solving 


S00c= 4 Siiieiea 


for K in terms of L, we obtain the equation of the contour curve shown in Figure 9.37. 


800 \v4 
~ \ 48.1098 


800L °° 2.5 
-( 48.1 





-(= BOR yu L!° thousand dollars 
48.1 


A tangent line is drawn on the curve in Figure 9.37 at the current amount of capital 
and number of worker hours. 

To find ue we simply differentiate the contour curve equation with respect to L to 
obtain 
LG ee 800 \*° 


eke RAN es 
dL 5 AS. 7 L*° thousand dollars per thousand worker hours 


Evaluating this derivative at the current number of worker hours (L = 8.32) gives 
4K ~ -8.475 thousand dollars per thousand worker hours. This value is the slope of 
the tangent line shown in Figure 9.37. 

Recall from Chapter 5 that we use the slope of a tangent line to estimate by how 
much an output quantity will change if the input changes by a small amount. That is, 
for a function y = f(x), if the slope of the tangent line is “ when x = cand the input 
x changes by a small amount (Ax), then the corresponding change (Ay) in the output 


y can be approximated by 
well 
Ay ~ 7 Ax 


This approximation is illustrated in Figure 9.38. 










y 
' Slope of tangent f(x) 
>— ~ line when Ax 
is small 
Actual 
Ay = dy Ay = change in 
NCL f) 
dye. ay 2 eee © So mare 
Ay = = 
Minit Ax 
Approximate change 
in f(x) 
x 
G 
FIGURE 9.38 


In ome Cobb-Douglas example, the number of worker hours is currently L = 8.32, 
and 9; ~ -8.475 thousand dollars per thousand worker hours. That is, if the plant 
decreases the monthly labor force by 1000 worker hours, the amount spent on 
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capital must increase by approximately $8475 if the production level is to remain 
constant. 

Suppose that the plant loses 500 worker hours as a result of employees leaving to 
work at the competing plant. In this case, the change in L is AL = -0.5 thousand 
worker hours. Using the approximating-change equation from Chapter 5, we esti- 
mate the corresponding change in capital K as 


dK 


AK = — 
aL AL 
AK = (-$8.475 thousand/thousand worker hours) (-0.5 thousand worker hours) 
= $4.24 thousand 


Thus approximately $4240 more will need to be spent on capital improvements in 
order to maintain the current production level and compensate for the loss of 500 
worker hours. Figure 9.39 illustrates this approximation. As the figure shows, the 
approximation is an underestimate. 


2p) 


45 














a) 8 9 Ti) 8 sy 


(a) Approximate change needed in K (b) Actual change needed in K 
FIGURE 9.39 


Similarly, if the plant loses 2500 worker hours to the competing plant, then the 
change in capital is approximated as 


dK 
AK = aL AL 


AK = (-$8.475 thousand/thousand worker hours) (-2.5 thousand worker hours) 
=~ $21.2 thousand 


Thus, in order not to reduce production, an additional amount of approximately 
$21,200 in capital expenditures is needed to compensate for the loss of 2500 worker 
hours. 


A General Formula 


The preceding method of finding &* works only if you can solve the contour curve 
equation for one of the variables. How do we find a derivative of one input variable 
with respect to another input variable if we are not able to solve the contour curve 
equation algebraically for one of the variables? 

Consider a function z = f(x, y) and the contour curve equation f(x, y) = c. Even if 
we cannot solve for y in terms of x, it is true that we can consider y to be a function® 
of x. We replace y with y(x) and write the contour curve equation as f(x, y(x)) = c¢. 
Note that the function fin this form is a composite function, where f is the outside 


38. When y is not a function of x, y can be broken into parts so that each part is a function of x. 
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function and y is the inside function. Recall from Chapter 4 the Chain Rule for the 
derivative of a composite function fo g. If we call g the inside function and f the out- 
side function, then the derivative of f with respect to x is 


a = (derivative of the outside function) (derivative of the inside function) 
x 


= Cala) 


We use the Chain Rule as we develop the formula for the derivative of z = fix y(x)) 
with respect to x. 

To take the derivative of z = f(x, y(x)) with respect to x, we consider the effect 
that a change in x has on the function fas well as the effect that a change in x has on 
y and the subsequent effect on the function f; that is, 


Rate of change of f(x, y(x)) _ partial rate of change piss rate of as ee of change of 4 
with respect to x of f with respect to x of f with respect to y / \ with respect to x 
of of 


d os dy 
5 lies v)] 2 = + ( 5 4 


You may wonder why we use both derivative and partial derivative notation in 
the preceding equation. We use partial derivative notation when considering f to be a 
function of two variables, x and-y, and we use derivative notation when considering f 
or y to be a function of the single variable x. 

With this formula, we return to the contour equation, differentiate both sides 
with respect to x, and solve for ©. 


ES KCO)) =e 
d 
qu y(x))] = 0 


sleaea 








This formula gives a method of finding a rate of change of one input variable 
with respect to another input variable at a point on a contour curve. It gives the slope 
of the tangent line at a point on a contour curve. This method is particularly useful 
when we cannot (or do not wish to) solve for one variable in terms of another. 


The Slope of a Line Tangent to a Contour Curve 


When a function of two variables z = f(x, y) is held constant at a value c, the 
slope at any point on the contour curve f(x, y) = c (that is, the slope of the 
line tangent to the c contour curve) is given by 


dy _ se gal 


Te ea 





oy 


whenever if += 0. 
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30 
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FIGURE 9.40 
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To illustrate this method, we consider the volume index for a cake that provides a 
measure of how much the cake rises. An index of 100 corresponds to the volume of 
the batter. The index can be modeled by 


Vit) = =o. 22:4) 0.1 ¢ 15-37 points 


when / grams of leavening is used and the cake is baked at 177°C for t minutes. Suppose 
that for a certain kind of cake, a volume index of 110 is most desirable. This volume can 
be achieved by using approximately 3.15 grams of leavening and baking for 26 minutes. 
We are interested in investigating the change in baking time needed to compensate 
for an increase or decrease in the amount of leavening if the volume index is to remain 
constant. Figure 9.40 shows a portion of the 110 contour curve for V. The point corre- 
sponding to 3.15 grams of leavening and 26 minutes is labeled on the graph. 

If the amount of leavening is increased or decreased, by how 
much will the baking time need to be adjusted in order for the 
volume index to remain constant? In other words, if the / coordi- 
nate of the point indicated in Figure 9.40 is changed, by how 
much will the t coordinate need to change in order for the point to 
return to the 110 contour curve? We approximate this amount by 
estimating by how much the t coordinate needs to change in order 
for the point to return to the tangent line shown in Figure 9.40, 
and we use the slope of the tangent line to calculate this estimate. 

In the Cobb-Douglas example, it was fairly simple to find the 

l equation for the contour curve and calculate the slope of the tan- 

Leavening gent line directly from that equation. In this example, the contour 

(grams) curve equation is not as easily found. Thus we calculate 4 by using 
the formula for the slope of a line tangent to a contour curve: 


dt Ag -V, 
a avs 





The partial derivatives of V are 


index points index points 


V, = -6.21 + 22.4 anda Vite 02t a, 553 


per gram per minute 
Evaluating these partials at the point (3.15, 26) gives V, = 2.87 and V, = 0.1, so we 
have as the slope of the tangent line 
=e) : ; 

Bis Seat la -28.7 minutes per gram of leavening 

dl 0.1 
This rate of change tells us that if the amount of leavening increases by 0.2 gram, we 
must reduce the baking time by approximately 5.7 minutes in order to maintain the 
volume index of 110. That is, the change in baking time At can be approximated by 


ae 
= (-28.7 minutes) (0.2 gram) = -5.74 minutes 
gram 


Similarly, if the amount of leavening decreases by 0.1 gram, then the baking time 
must be increased by approximately 2.9 minutes in order to maintain the volume 
index of 110. 


At = (-28.7 


en ‘ 
minutes) 9. gram) = 2.87 minutes 
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We have seen how to approximate the change needed in one variable to compensate 
for a change in another variable in order to maintain a constant function output in 
two ways: using a contour curve equation solved for one of the input variables to 
directly calculate a tangent line slope or using partial derivatives to calculate the 
needed slope. We summarize these two methods as follows: 


Compensating for Change 


In order to compensate for a small change Ax in x to keep f(x, y) constant at 
c, y must change by approximately 


d 
ay~ (2 


which can also be calculated as 





Body-Mass Index 


Your body-mass index isa measurement of how thin you are compared to your 
height. A person’s body-mass index” is given by 


0.4536w 


Bh, w) = 9 o0064516h 


points 


where h is your height in inches and w is your weight in pounds. A teenage boy, in the 
middle of a growth spurt, has an appointment to see his doctor. He is 5 feet 7 inches 
tall and weighs 129 pounds. The doctor is concerned that the boy’s body-mass index 
remain constant. 


a. Find 4 at the point (67, 129) on the contour curve corresponding to the boy’s 
current body-mass index. 


b. Use 4% to estimate the weight change needed to compensate for growths of 


0.5 inch, 1 inch, and 2 inches if the boy’s body-mass index is to remain constant. 


Solution 
a. We begin by finding the two partial derivatives of B: 
- (-2)(0.4536w) 

"  0.00064516h? 


= 0.4536 : 
by = 0.00064516h2 points per pound 


points per inch 


where h is height in inches and w is weight in pounds. We evaluate these partial 
derivatives at w = 129 pounds and h = 67 inches and obtain 


B, ~ -0.60312 point perinch and B, ~ 0.15662 point per pound 


39. New England Journal of Medicine, September 14, 1995. 


EXAMPLE 2 
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_ 7(-0.60312) point per inch 
dh B, 0.15662 point per pound 


~ 3.85 pounds per inch 





We know that the change in weight needed to compensate for an increase in 
height can be approximated by Aw ~ 4“ Ah. Thus, 


For a 0.5-inch growth, Aw ~ (3.85 pounds per inch)(0.5 inch) = 1.9 pounds 
For a 1-inch growth, Aw ~ (3.85 pounds per inch)(1 inch) = 3.85 pounds 
For a 2-inch growth, Aw ~ (3.85 pounds per inch)(2 inches) = 7.7 pounds 


Seo eeeresebeseroes 


It is possible to estimate compensating change by using a table of data rather than 


a multivariable function. This is illustrated in Example 2. 


College Enrollment 


A college wishes to keep its enrollment constant at 5600 students. From experience, 


the 


trustees know that the two factors that have the greatest influence on enrollment 


are tuition and the amount of available financial aid. Some research has been done at 
similar colleges, and Table 9.24 gives enrollment figures based on that research. 


TABLE 9.24 College enrollment 
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6358 
6722 
7086 
7451 
7815 
8179 
8543 
8907 





b. 


Tuition (thousand dollars) 


| 165 | 170 | 175 | 180 | p19 95 
6000 | s662_| s34a_| so4s | 4759 | 4ag1 | 4239 | 4000 
4240 
4480 
4720 
4960 
5200 
5440 
5680 
8766 5920 


6160 
6400 


Using only the table values, estimate the change in the amount of financial aid the 
college should make available if it boosts tuition from $18.5 thousand to $19 
thousand and wants to maintain an enrollment of 5600 students. 


Use cross-sectional models to estimate the change in part a. 


Solution 


a. 


Reading in the column corresponding to a tuition of $18,500, we find that the 
enrollment of 5600 students occurs when the average financial aid is $2250 per 
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student. If tuition is increased to $19,000, we must 
move one column to the right. Because the college 
wishes to keep enrollment constant, we seek a value of 
5600 students in the $19,000 column. This is equivalent 
to staying on the 5600 contour curve (shown in blue in 
Figure 9.41) while increasing tuition to $19,000. 

A look at the table shows that there is no 5600 entry in 
the $19,000 column. However, we know that 5600 occurs 
between 5557 (corresponding to financial aid of $2500) 
and 5823 (corresponding to financial aid of $2750). Thus 
the average financial aid will need to increase by a little 
more than $250 per student in order for tuition to 
PACS increase to $19,000 and enrollment to remain constant. 
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b. We choose to represent enrollment as E(t, a) students, where tuition is t thousand 
dollars and average financial aid is a thousand dollars per student. Note that if 
t = 18.5 and E = 5600, then a = 2.25. We seek to estimate the change in financial 
aid a needed to compensate for an increase in tuition ft using the equation 


ee danwmemna ls 
Aa ~ At mas 


We begin by calculating rates of change of the appropriate cross-sectional mod- 
els. To estimate E, when t = 18.5 and a = 2.25, we find a cross-sectional model 
for E(18.5, a). This is a linear model given by 


E(18.5, a) = 1122.87a + 3074.55 students 


when a thousand dollars of financial aid is available and the tuition is $18,500. 
Now we find 


. dE(18.5, a) 
da 


Thus if t = 18.5 and a = 2.25, then E, ~ 1122.87 students per thousand dollars. 
Likewise, we find the cross-sectional model E(t, 2.25) = 46,275.637(0.892129') 
students when tuition is t thousand dollars and financial aid is $2250. Thus 


OE (NS Cp phe) t 
_ GE : rs -5282,10(0.892129') ° udents per thousand 


anne d dollars of tuition 


= 1122.87 students per thousand dollars of financial aid 








Thus if tf = 18.5 and a = 2.25, then E, ~ -639.3 students per thousand dollars. 
Because the change in tuition is At = 0.5 thousand dollars, we estimate the 
necessary change in financial aid as 


-E 
Aa ~—A 
a E t 


a 





i. es students per $1000 of financial aid 
1122.87 students per $1000 of tuition 


= (0.28 thousand dollars of financial aid 


Jos thousand tuition dollars) 


The average financial aid available per student will need to increase by 
approximately $280 in order to compensate for the increased tuition to maintain 
the current enrollment. (Our estimate from part a using only table values, a little 
more than $250, agrees with this result.) 
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In this section, we have seen examples of finding rates of change on contour 
curves and using them to compensate for a change in one input variable. Compen- 
sating for change is a valuable tool with many real-world applications. 


Concept 
Inventory 





@ Approximating change 
@ Slope of a line tangent to a contour curve 


@ Compensating for change 





Activities 





For each of the functions in Activities 1 through 4, 
sketch the contour curve indicated in the activity. Also 
sketch the tangent line indicated, and determine its 
slope. 


1. g(x, y) = x(1.0511’) 
g(x, y) = 100 forO = y= 10 
tangent line at y = 5 
2. Ks, Bars nn +e}? 
f(s t) =2 forl =t= 20 
tangent line at s = 1 ( 
3. fla, b) = 2.846ab? — 1.834a? + 12.5b 
fia, b) = 15 for0 Sa S$ 10 and 0.87 Sb=1.2 
tangent line at b = 0.9 
4. f(m, n) = 10n(3.67 — m)’e°?” 
fim, n) = 80 forl =m=10and0=n=50 
tangent lines at n = 20 


For each of the functions in Activities 5 through 8, write 
a formula for the indicated rate of change. 


5. flay) = 15x2y'; ¢ 

6. S(¢ b) = c(39.871"); & 

7. g(m, n) = 59.372 In m + 49.283nm + 16.873; 4 
8. A(r, t) = 4983.22e; $ 


For the functions in Activities 9 through 12, determine 
the output associated with the input given, and then 
approximate the change needed in one input variable to 
compensate for the given change in the other input 
variable. 


9. fim, n) = 3m? + 2mn + 5n? when m = 2,n = 1, 
and Am = 0.2 


10. fh, k) = (32.371h° + 15.297h* — 10.290h + 
47.291)(42.871k + 15.297) when h = 4.2, 
k = 3.7, and Ak = 0.6 


11. f(h, s) = 0.00091s[0.103(2.505") + 1] when 
h = 3.5,s = 1148, and Ah = -0.5 


12. W(r, h) = 2.79r°(1.0792") + 59.78r (0.29h? — 
3.25h + 72.41) when r = 10, h = 60, and Ar = -1.3 


13. The cost of having specialty T-shirts made depends 
on the number of colors used in the T-shirt design 
and the number of T-shirts being ordered. A func- 
tion®® giving A, the cost per T-shirt (the average 
cost), when c colors are used and n T-shirts are 
ordered is 


A(c,n) = (-0.02c? + 0.35¢ + 0.99)(0.99897") + 
0.46c + 2.57 dollars 


a. Determine the average cost when 250 T-shirts 
are printed with six colors. 


b. When 250 T-shirts are printed with six colors, 
how quickly is the average cost changing when 
more T-shirts are printed? 

c. Finda formula for 4. If average cost is to remain 
constant, would you expect “ to be positive or 
negative? Explain. 

d. A fraternity is planning to buy 500 four-color 
shirts. One of the members has proposed sev- 
eral alternative designs, some using more and 
some fewer than four colors. Use “ to estimate 
the change in order size needed to compensate 
for an increase or decrease in the number of col- 
ors if the average cost per T-shirt is to remain 
constant. 


14. Another model"! for the apparent temperature dis- 
cussed in Activity 23 of Section 9.1 is 


A(t, h) = 2.70 + 0.885t — 78.7h + 1.20th °F 


for an air temperature of t degrees Fahrenheit and a 
relative humidity of 100h%. 


40. Based on data compiled from 1993 prices at Tiger Town Graphics, 
Inc., Clemson, SC. 

41. W. Bosch and L. G. Cobb. “Temperature Humidity Indices,” 
UMAP Module 691, The UMAP Journal, vol. 10, no. 3 (Fall 1989), 
pp. 237-256. 
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CHAPTER 9 


a. How hot does it feel when the relative humidity 
is 85% and the air temperature is 90°F? 


b. Find a formula for at If the apparent usage 
ture is to remain constant, would you expect 7% 
to be positive or negative? Explain. 


c. Use # to estimate the change in the relative 
humidity needed to compensate for a 2°F 
increase in temperature if the current conditions 
are those stated in part a and the apparent tem- 
perature is to remain constant. 


d. Repeat part c for a 3.5°F decrease in temperature. 


A process to extract pectin and pigment from sun- 
flower heads involves washing the sunflower heads 
in heated water. It has been shown that the per- 
centage of pigment that can be removed from a 
sunflower head by washing for 20 minutes can be 
modeled as 


p(t, r) = 306.761 — 9.6544¢ + 1.9836r + 
0.073681? — 0.02958r? percent 


where r milliliters of t°C water is used for each gram 

of sunflower heads. 

a. Draw the 53% contour curve for 20 S r = 45 
and 85 =t=88. 

b. Draw the line(s) tangent to the 53% contour 
curve when the temperature is 86.5°C. 

c. Write a formula for the rate of change of tem- 
perature with respect to a change in the amount 
of water used when 53% of the pigment is 
removed. 

d. Use the formula from part c to determine the 
slope(s) of the tangent line(s) drawn in part b. 


In 1965, Honer*® developed a model for the total- 
stem volume of red pine trees in Canada. His model 
is 


dz 
0.691 + 363.676 





Vid, h) = Fl cubic feet 

where d is the diameter of the tree at breast height 
(4.5 feet above the ground), which is denoted by dbh 
and measured in inches, and the tree is h feet tall. 


a. Find the volume of a 40-foot tree with a 2-foot 
dbh. 


X. Q. Shi et al., “Optimizing Water Washing Process for Sunflower 
Heads Before Pectin Extraction,” Journal of Food Science, vol. 61, 
no. 3 (1996), pp. 608-612. 

J. L. Clutter et al., Timber Management: A Quantitative Approach 
(New York: Wiley, 1983). 


Ly. 
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Ingredients of Multivariable Change: Models, Graphs, Rates 


b. Draw a contour curve corresponding to the vol- 
ume you found in part a. 


c. On the contour curve, draw a line whose slope 
represents how quickly height is changing as dbh 
is changing if the volume does not change for a 
40-foot tree with a 2-foot dbh. 


d. Assuming a constant volume, find the rate at 
which height changes with respect to dbh for a 
40-foot tree with a 2-foot dbh. 


e. A logging company wishes to cut only trees that 
have a volume of at least 59 cubic feet. Use the 
answer to part d to estimate the height of a tree 
with dbh = 49.5 inches that satisfies the volume 
requirement. Repeat for a dbh of 47 inches. 


f. How is your answer to part d related to the line 
you drew in part c? 


a. Solve for w as a function of h for the body mass 
of the teenage boy in Example 1. 


b. Use the formula in part a to find 4% when 
h = 67 inches and w = 129 pounds. 


c. Compare your answer in part b to the answer in 
part a of Example 1. 


Refer to the body-mass function in Example 1 to 
answer the following questions. 


a. Find the body-mass indices for an individual 
5 feet 2 inches tall who weighs 130 pounds and 
an individual 6 feet 3 inches tall who weighs 
190 pounds. 


b. Approximate the height of an individual who 
weighs 132 pounds and has the same body-mass 
index as an individual 5 feet 2 inches tall who 
weighs 130 pounds. 


c. Find the actual height of the 132-pound individ- 
ual in part b, and compare it to your approxima- 
tion. 


d. Find a formula that approximates the difference 
in weight of two individuals who have the same 
body-mass index but slightly different weights. 


e. Use your answer to part d to approximate the 
difference in weight of two individuals who have 
the same body-mass index: one individual is 
5 feet 10 inches tall and weighs 165 pounds; the 
other is 5 feet 8 inches tall but will not reveal his 
weight. Approximately how much does the sec- 
ond individual weigh? 


The amount of skin covering a person’s body (in 
square feet) depends on the person’s height and 


weight. One model for estimating this skin surface 
area is given by the multivariable function 


A(w, h) = 0.6416w4257,0.725 square feet 


for a person weighing w pounds who is h feet tall. If 
a person 5 feet 11 inches tall who weighs 130 
pounds grows 2 inches in height, by approximately 
how much must this person’s weight change if the 
skin surface area is to remain the same? 


20. The amount of a monthly payment on a loan with 
6% interest compounded monthly can be calcu- 
lated by using the function 


0.005A 


A, t) = —————qx~ 
HS oT AGTNG: 


dollars 
when the loan is for A dollars and is to be repaid 
over ft years. 


a. Suppose that you borrow $10,000 to buy a car 
and will repay the loan over a period of 5 years. 
What is your monthly payment? 


b. If you decided to finance the car over a period of 
4 years instead of 5, approximate the amount 
you could borrow to buy a car without increas- 
ing or decreasing the monthly payment deter- 
mined in part a. 


21. Table 9.25 shows body-mass index values as a func- 
tion of height and weight. At her last doctor’s visit, a 
teenage girl weighed 110 pounds and had a body- 
mass index of 20. 


TABLE 9.25 Body-mass index 












Weight Height (inches) 


fowes)| wo [| a [os |e [m| a 
P20 [76 [165] 154) 145 | 13.7 | 129 | 22, 
[215201 [189 [78 167158) 
a0 [234 [219| 206 | 194] 182 | 172] 163 
er 258|28| m3 210/198) 87/18 
140 | 273/256 |240| 226| 212 | 204) 190 | 
150. | 293) 274 |257|242| 228 | 215] 203 | 
160 | 31.2 293 [275 | 252] 243 | 230) 21.7 | 
[70 | 332[ 311] 292/274) 258 | 204 | 231 


a. Sketch the 20 contour curve on the table. 


b. Use only the table values to estimate by how 
much the girl should have grown if she gained 
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20 pounds but her body-mass index remained 
constant. 


c. Use cross-sectional models to estimate the 
change in the girl’s height that is needed to com- 
pensate for a 20-pound weight increase. 


d. Use the equation given in Example 1 to deter- 
mine the change in height that is needed to com- 
pensate for the girl’s 20-pound weight increase. 


e. Compare and contrast the three methods of esti- 
mating change used in this activity in terms of 
ease of use and accuracy. 


22. Refer to Table 9.24 on page 673, which shows a col- 
lege’s enrollment as a function of tuition and finan- 
cial aid. The college now has enrollment of 7000 
and average financial aid of $3500 per student. 


a. Sketch the 7000 contour curve, and locate the 
approximate point on the table corresponding to 
the college’s current situation. 


b. The board of trustees has decided to reduce the 
average financial aid by $500 per student in 
order to build a new dormitory. Use the table to 
estimate the corresponding decrease in tuition 
that will be necessary to offset the cut in financial 
aid and allow enrollment to remain constant. 


c. Use cross-sectional models to estimate the change 
in part b. 


23. Table 9.26 shows the sales of Coke products from a 
vending machine that is located next to a Pepsi 
vending machine. The current price of Coke prod- 
ucts is $1.00, and Pepsi products cost $1.25. 


TABLE 9.26 Number of cans of Coke products sold 
daily from a vending machine 
Cost of 


oo Coke products 
Cost of 
Pepsi products | $0.50 | $0.75 | $1. 


3 12 


92 17 


a. Pepsi is planning to lower its price to $1.00. Use 
the table values to estimate by how much Coke 
would need to change its price in order to com- 
pensate for this change and retain current sales. 
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b. Using cross-sectional models, estimate the 
change in part a. 


c. Judging on the basis of your estimates in parts a 
and b, what action do you think Coke should 
take when Pepsi lowers its prices? 


24. Table 9.27 gives the per capita consumption of 
peaches as a function of annual family income and 
the price of peaches. The current average annual 
family income in a community is $40,000, and the 
average price of peaches is $1.99 per pound. 


a. Suppose that in the next year, a company that 
employs several thousand people in this com- 
munity goes out of business, thereby increasing 
unemployment and lowering the average annual 
family income by $5000. Use the table to esti- 
mate the change in peach prices needed to com- 
pensate for the decrease in income. 


b. Use cross-sectional models to estimate the 
change in part a. 


c. The peach consumption data can be modeled by 
the equation 


C(p, i) = 2 Ini + 2.718? + 4 pounds per person per year 


Ingredients of Multivariable Change: Models, Graphs, Rates 


TABLE 9.27 Per capita consumption of peaches 
(pounds per person per year) 


Yearly income 
(tens of thousands 
of dollars) 





where the price of peaches is $(1.50 + p) per 
pound and the person lives in a family with 
annual income $10,000/. Estimate the change in 
part a using this equation. 

d. Compare and contrast the three methods of esti- 


mating change used in this activity in terms of 
ease of use and accuracy. 





Summary 


Multivariable Functions and Cross-Sectional 
Models 


NY eee functions occur in applications when- 
ever output depends on two or more inputs. 
When a table of data describes a function with two 
input variables and one output variable, we obtain 
cross-sectional models of the function by holding one 
input variable constant and finding the equation that 
best fits the data in that row or column as a function of 
the other input variable. Geometrically, cross-sectional 
models describe the curves that result when cross- 
sectional planes cut a three-dimensional graph of the 


function of two variables parallel to one of the two 
input axes. 


Contour Graphs 


Although a multivariable function with two inputs is 
graphed using a three-dimensional coordinate system, it 
can be represented graphically in two dimensions by its 
contour curves. If f has two inputs, x and y, then the 
contour curves of f are the graphs of the equations 
f(x y) = k for various values of k. Contour graphs help 
us better understand and interpret the interactions 


between the different input variables in a multivariable 
function. 


Rates of Change and Partial Derivatives 


When considering the rate of change of a function with 
more than one input variable, we must consider the 
direction of movement. Rates of change of cross-sec- 
tional models describe how the function is changing 
when moving on the three-dimensional graph of the 
function in directions parallel to the two input axes. 
When we have a multivariable function, we can find 
functions for the partial rates of change or partial deriv- 
atives. If a function f has two input variables x and Y;, 


then we use the symbols e and Af (rather than a 


d F : : 
and a ) to remind us that there is more than one input 


variable and to indicate the direction of movement. Par- 
tial derivatives of multivariable functions with respect 
to a particular input variable are found by treating all 
the other input variables as constants and computing 
the derivative with respect to the changing variable 
using the rules developed in Chapter 4. 


Concept Check 


Chapter 9 Concept Check 679 


Compensating for Change 


In situations with fixed output and changing input, the 
adjustment needed to compensate for small changes in 
input can be determined by using a multivariable equa- 
tion, estimated by using a table and/or cross-sectional 
model, or estimated by using the slope of a tangent line 
drawn on the fixed contour curve. The slope of the line 
tangent to the contour curve f(x, y) = c at the point 
(a, b) is 


OP a Nhe 
dx ib 


where the partial derivatives are evaluated at x = a and 
y=b. 

To remain on the contour curve f(x, y) = c for some 
constant c when x changes by a small amount Ax, y must 
change by approximately 


f, 
Ay == Kx 
A 
The partial derivatives in this formula are evaluated at 
the point from which the change occurs. 





Can you To practice, try 

e@ Construct input/output diagrams for multivariable functions? Section 9.1 Activity 5 

e Interpret multivariable function inputs and outputs? Section 9.1 Activity 9 

@ Find and interpret cross-sectional models? Section 9.1 Activity 15 

e@ Draw contour graphs on tables? Section 9.2 Activity 3 

e@ Draw contour graphs using equations? Section 9.2 Activity 5 

e@ Answer questions using contour graphs? Section 9.2 Activity 17 

@ Interpret partial rates of change? Section 9.3 Activity 7 

e@ Estimate partial rates of change using tables and cross-sectional models? Section 9.3 Activity 15 

@ Calculate first and second partial derivatives using an equation? Section 9.3 Activities 29, 33 
@ Calculate the slope at a point on a contour curve? Section 9.4 Activities 1, 15 
@ Estimate compensating change? Section 9.4 Activities 7, 21 
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Review Test 


Ingredients of Multivariable Change: Models, Graphs, Rates 





1. The storage time of apples and the temperature at 
which they are blanched when making applesauce 
affect the consistency of the applesauce. Table 9.28 
gives the consistometer values for applesauce as a 
function of the number of months the raw apples 
were stored and the temperature at which they were 
blanched.“ The consistometer value is a measure of 
how far (in centimeters) an amount of applesauce 
flows down a vertical surface in 30 seconds. C(t, s) 
denotes the consistometer value for a storage time 
of s months and a blanch temperature of t°C. 


TABLE 9.28 Consistometer values (cm) for Rome 
applesauce 










Storage time 


a. Draw an input/output diagram for C. 
b. Find and interpret C(71, 3). 


c. Find an appropriate cross-sectional model, and 
use it to estimate the consistometer value of 
applesauce made from apples that were stored 
for 2 weeks and blanched at 35°C. 


He OG 
d. Interpret the notation 9; 





s=4° 

e. Use a cross-sectional model to estimate the value 
of the partial derivative in part d for t = 45°C. 
Interpret your answer. 


f. Sketch contour curves on Table 9.28 for consis- 
tometer values of 2.8, 3.0, and 3.2. 


44, Based on information in A. M. Godfrey Usiak, M. C. Bourne, and 
M. A. Rao, “Blanch Temperature/Time Effects on Rheological 
Properties of Applesauce,” Journal of Food Science, vol. 60, no. 6 
(1995), pp. 1289-1291. 


2. A model for the number of eggs laid per female in 
30 days for a certain insect* is 


E(t, h) = -4191.6877 + 299.7038t + 23.1412h — 
5.22102 — 0.0937h? — 0.4023th eggs 


where t is the temperature in degrees Celsius and 
h is the percentage relative humidity. 


a. Find and interpret E(24, 60). 


b. Find and interpret ge for a temperature of 27°C 
and relative humidity 77%. 


c. A researcher wishes to hold the egg production 
constant but desires to investigate the change in 
humidity needed to compensate for an increase 
in temperature. Find a formula for the derivative 
that is most useful to this researcher. 


d. If the researcher is currently conducting an 
experiment with temperature 25°C and humid- 
ity 63%, what approximate change in humidity 
will be needed to compensate for a decrease in 
temperature of 0.5°C while maintaining the cur- 
rent egg production level? 


e. Discuss the graphical interpretation of the answer 
to part d. 


3. Figure 9.42 shows a contour curve for the function 
described in Question 2. Use the contour curve to 
answer the questions that follow. 


h 
(% humidity) 








FIGURE 9.42 22) 24.) 26. Sea, 39 CO 


45. J. A. Morales-Ramos, S. M. Greenberg, and E. G. King, “Selection 
of Optimal Physical Conditions for Mass Propagation of Catolac- 
cus grandi,” Environmental Entomology, vol. 25, no. 1 (February 
1996), pp. 165-173. 
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a. Estimate the inputs and output associated with d. Estimate the slope of the line tangent to the con- 
point A. Interpret your answers. tour graph at t = 24 andh = 62. 

b. At point A, which will result in a greater change e. Calculate the answer to part d by using the 
in the number of eggs laid: an increase in tem- equation given in Question 2. Interpret your 
perature of 3°C or an increase in humidity of 3 answer. 


percentage points? 


c. At point A, will the number of eggs laid decrease 


more quickly when h decreases or when t 
decreases? 


4. Construct a second partials matrix for the function 
in Question 2. 


ARSE aees en 
ni Sine 


Project 9.1 





Setting 


Competitive and complementary products 
play an important role in today’s business 
markets. Two commodities are called 
competitive if an increase in demand for one 
results in a decrease in demand for the other. 
Two different brands of the same item are 
competitive. For example, Pepsi and Coke 
products in side-by-side vending machines 
are competitive. In this case, when the 


Competitive and — 
Complementary Products ~~ 






Tasks 


. Let f(x, y) be the demand for a certain automobile sold 


for x dollars by Ford, and let h(x, y) be the demand fora 
similar automobile sold for y dollars by Honda. If the 
total number of these two types of automobiles remains 
constant, explain why the automobiles are competitive if 
oh 


of on 
ee and ee 


Goer edad for 2. Give four examples of commodities you believe would be 
Coke decreases, and when the demand for competitive in today’s market. 

Coke increases, the demand for Pepsi 3. Let D(a, b) be the demand for product A which sells for a 
decreases. It is important to note that the dollars, and let F(a, b) be the demand for product B 
driving force in the change in the demands which sells for b dollars. If products A and B are 

for competitive products is often the increase complementary, restate the definition of complementary 
(or decrease) in the prices of the products. products in terms of their demand functions using partial 
That is, when the price of Pepsi increases, the derivative notation. 

demand for Pepsi will decrease and the : : 

Bod or Coke wll iccase Likewise: 4, Give four examples of products you believe would be 
when the price of Coke increases, the complementary in today’s market. 

demand for Coke will decrease and the 

demand for Pepsi will increase. Reporting 


Sometimes products are used together 
because they complement each other (coffee 
and cream, computers and floppy disks, 
VCRs and tapes). Two products are called 
complementary when each loses sales if one 
raises prices. 
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Prepare a written report containing detailed answers to the 
preceding tasks. 


anes 






Expert 
Witness 


Project 9.2 


Sn a 


Setting 2. It is possible that when it was weighed, the vehicle did not 


Investigators at accident scenes often wish to 
determine the speed at which a vehicle was 
traveling before the driver applied the 
brakes. Normally, all an investigator has to 
go on is the length of the skid marks and the 
weight of the vehicle that caused the skid 
marks. The investigator for an involuntary 
manslaughter lawsuit has called you as an 
expert witness to testify regarding the 
probable speed of the vehicle at the time of 
the accident. 


Tasks 


1. Under normal driving conditions, if a 
person driving a vehicle on an asphalt 
road slams on the brakes and skids to a 
stop, then the length of the skid marks 
can be modeled by S(v, w) = 0.000013 wv” 
feet, where the vehicle was traveling v 
miles per hour when the driver slammed 
on the brakes. The vehicle weighs w 
pounds. 

Suppose the investigator measures the 
skid marks and weighs the vehicle that 
made them. He finds that the skid marks 
are 112 feet long and the vehicle weighs 
3145 pounds. Determine the velocity at 
which the vehicle must have been 
traveling if it was empty. 


contain everything that was in it when the skid marks 
were created. For instance, it is extremely unlikely that the 
driver and passengers were still in the vehicle. Therefore, 
the investigator’s ability to predict accurately the velocity 
of the vehicle is affected by the rate of change of velocity 
with respect to weight. Find a formula for the rate of 
change of the velocity of a vehicle with respect to its 
weight. How quickly will the velocity of the 3145-pound 
vehicle that made skid marks 112 feet long be changing 
when its weight increases? 


. The investigator knows that the vehicle at the time of the 


accident contained one male driver 6 feet 1 inch tall and 
of average build, one female passenger 5 feet 5 inches tall 
and of average build, one 2-year-old child described as 
“chubby,” and a child safety seat. Discuss whether the 
weight of the driver and passengers would significantly 
affect the calculation of the velocity of the vehicle in the 
case under investigation. Note that the accident occurred 
in a 50-mph zone. 


Reporting 


1. Prepare a document summarizing your analysis of the 


vehicle’s velocity to be admitted as court evidence. This 
report should be technical in nature with your 
conclusions clearly stated. 


. Prepare a witness statement to be given under oath. You 


will be cross-examined by the defense attorney and 
should be prepared to justify your assumptions and 
conclusions. 
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Analyzing Multivariable 
Change: Optimization 


Concept Application 


Honey is composed of sugars (fructose, glucose, and 
maltose) as well as moisture content influenced by the 
floral source and variations in climate where the honey 
is gathered. The percentages of sugars and moisture 
affect the texture of the honey. Measures of the texture 
of honey include cohesiveness and adhesiveness. With 
the ability to model multivariable data, food scientists 
are able to answer such questions as 





What is the minimum cohesiveness possible? 
ey Ee esis Boston What is the maximum adhesiveness possible? 


If the FDA restricts the percentage of sugars and 
moisture in Grade A honey, how does this affect 
the smallest cohesiveness and largest adhesiveness 
possible if honey is to be labeled Grade A? 


You will have the opportunity to answer these 
questions in Activities 3, 4, 10, and 11 of Section 10.3. 


~ PATBIC] 


hol 


This symbol directs you to the supplemental technology guides. The different guides contain 
a wa step-by-step instructions for using graphing calculators or spreadsheet software to work the 
oe particular example or discussion marked by the technology symbol. 


w 


This symbol directs you to the Calculus Concepts web site, where you will find algebra 


review, links to data updates, additional practice problems, and other helpful resource 
material. 





Concept Objectives 


This chapter will help you understand the 
concepts of 


Critical points of multivariable functions 

Absolute extrema of multivariable functions 
Multivariable optimization 

Constrained optimization and Lagrange multipliers 


The least-squares method 


and you will learn to 


Estimate critical points using tables and contour 
graphs 


Estimate absolute extrema using tables and con- 
tour graphs 


Find critical points using equations 
Use the Determinant Test to classify critical points 


Use Lagrange multipliers to solve constrained opti- 
mization problems 


Interpret the Lagrange multiplier 


Use multivariable optimization to find a best-fit 
linear model 


The optimization techniques for 
functions with a single input variable 
readily generalize to multivariable 
functions. In the same way that 
derivatives play an important role in 
determining critical points of a function 
with a single input variable, partial 
derivatives are used for locating critical 
points of multivariable functions. 
Critical points of functions of two input 
variables include maxima, minima, 
and saddle points. 


We investigate methods for uncon- 
strained optimization where the variables 
are free to change in any direction. We 
also consider constrained optimization 
where there are limits on the values of the 
variables involved, We conclude with an 
application of optimization that is related 
to how we began: finding the equation of 
the line that best fits a set of data points. 
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Analyzing Multivariable Change: Optimization 


Multivariable Critical Points 


In Chapter 5 we considered relative maxima and minima (that is, extreme points) 
and inflection points of single-variable functions. Now we consider similar points on 
multivariable functions—maxima, minima, and saddle points. 


Critical Points 


Figure 10.1 shows a three-dimensional graph with a relative maximum—that is, an 
output value greater than any of those around it. Figure 10.2 shows a three-dimen- 
sional graph with a relative minimum (an output value smaller than any of those 
around it). 


Relative 
maximum 





minimum 


eagles ost FIGURE 10.2 


If for a given input region, there are no output values greater than a certain rela- 
tive maximum, then we say that the relative maximum is also an absolute maximum 
in that region. Similarly, if for a given input region there are no output values less 
than a certain relative minimum, then that relative minimum is called an absolute 
minimum in that region. Figure 10.3 shows a graph that contains relative maxima at 
points A and B and an absolute maximum at point B. 

A saddle point is a point that corresponds to a relative maximum of a cross sec- 
tion in one direction and a relative minimum of a cross section in another. Figure 
10.4 shows a function with a saddle point. Indeed, a three-dimensional graph with a 
saddle point often looks like a saddle in the area around that point. Note that the 
function in Figure 10.3 also has a saddle point in the valley between the points 
labeled A and B. 
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FIGURE 10.4 


A maximum point on a contour graph 


FIGURE 10.5 


x 


Relative and absolute maxima on a contour graph 


FIGURE 10.7 
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Saddle points and points corresponding to relative maxima and minima are 
called critical points (or stationary points). Although we call the relative extrema 


critical points, not all absolute extrema are critical 


points. This is because critical 


points are identified, as we will see in the next section, when partial rates of change 
are zero. Absolute extrema that occur on edges of tables or graphs may not fit this 
definition. Thus the term critical point refers only to relative maxima and minima 


and to saddle points. 


Locating Critical Points on Contour Graphs 


Contour graphs that correspond to the graphs in 
shown in Figures 10.5 through 10.8, respectively. 
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FIGURE 10.6 
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A minimum point on a contour graph 
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FIGURE 10.8 


A saddle point on a contour graph 


Note that on the contour graph of a continuous function, relative maximum and 


minimum points lie within a simple closed contour 


(provided the contour graph is 


detailed enough). A simple closed contour is a contour that completely encloses a 


region but never crosses over itself. (See Figure 10. 


9.) In particular, relative maxi- 


mum and minimum points will lie in the center of a group of concentric simple 
closed contours. The contour curves surrounding a relative maximum or minimum 
point often appear as a target with the relative maximum or minimum point as the 


bull’s-eye. (See Figures 10.5, 10.6, and 10.7.) 


Saddle points are also fairly easy to locate on contour graphs. The contour curves 
near the saddle point (but not through the saddle point) are all curved away from the 
point. Some of the contours decrease as you move away from the saddle point; others 
increase as you move away from the saddle point. (See Figure 10.8.) 
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eee 


Three examples of simple closed contours 


Three curves that are not simple closed contours 


FIGURE 10.9 


To illustrate how to identify critical points, we consider an application from the 
field of food science. Olestra,! a fat substitute with no food calories, was approved by 
the FDA in 1996. Olestra is a simple sugar (sucrose) molecule with fatty acids 
attached. One method of creating olestra is to combine peanut oil and simple sugar 
with a catalyst to cause fatty acids from the peanut oil to attach to the sugar mole- 
cules. This process requires the mixture to be heated for several hours. The amount 
of olestra produced is a function of the ratio of peanut oil to sugar, the temperature 
to which the mixture is heated, and the amount of time the mixture is heated. The 
amount of olestra produced is measured as a percentage of the sugar that is changed 
into olestra. 

Figure 10.10 shows a contour graph for the percentage conversion of sugar to 
olestra as a function of time and the temperature at which the mixture is heated 
(with a 10:1 ratio of peanut oil to sugar). 
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FIGURE 10.10 


Because point A appears to be a bull’s-eye within concentric simple closed contours, 
it is an approximate relative maximum or minimum. The contour values decrease in 
every direction away from A. Thus the output value at A must be larger than any of 
the outputs around it, which makes A the location of a relative maximum. In order to 


1. C.J. Shieh, P. E. Koehler, and C. C. Akoh, “Optimization of Sucrose Polyester Synthesis Using Response 
Surface Methodology,’ Journal of Food Science, vol. 61, no. 1 (1996), pp. 97-100. 
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estimate the output value at point A, note that the contour curves in Figure 10.10 are 
in increments of 5 units. We therefore assume that the unlabeled contour near A is 
the 45% contour and estimate that the percentage of sugar converted to olestra at the 
point A is slightly greater than 45%. 


Locating Critical Points in Tables 


When given only a table of data, we can use contour curves to identify critical points 
within the table. We simply sketch contour curves on the table for several equally 
spaced output values and then apply the methods for locating critical points on con- 
tour graphs. For example, Figure 10.11 shows selected values of the percentage of 
sugar converted to olestra when the ratio of peanut oil to sugar is 10:1. Contour 
curves for 35%, 40%, and 45% are drawn on the data. 
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Percent conversion of sugar to olestra (with 10:1 ratio of fatty acids to sucrose) 


FIGURE 10.11 


We see in Figure 10.11 that the approximate maximum percentage of sugar con- 
verted to olestra is 45.1% and that it is achieved when the mixture is heated at 145°C 
for 11 hours. Because the value 45.1% lies in the center of concentric closed contour 
curves that decrease in every direction away from it, we know that this is an approxi- 
mate relative maximum for the function from which the values in the table were gen- 
erated. This can also be seen by noticing that 45.1% is larger than all eight values 
around it. 

Note that 45.1% is only an approximation of the relative maximum output value 
because the table does not show every possible output of the function. For example, 
a processing time of 10 hours and 50 minutes at a temperature of 146°C may result in 
a percentage higher than 45.1%, Because most tables do not show all possible input 
and output values, both input and output of critical points can be only approximated 
from tables. 

We now consider the percentage of sugar converted to olestra when the tempera- 
ture is held constant at 150°C. Figure 10.12 shows the conversion percentages as a 
function of the processing time and the ratio of peanut oil to sugar. Contour curves 
for 20%, 25%, 30%, 35%, 40%, 45%, and 50% are drawn on the data. 

The table entry corresponding to 11 processing hours and an 11:1 ratio of peanut 
oil to sugar appears to be a saddle point. Note that the contour curves decrease to the 
left and right of this value and increase above and below it. This value is a relative 


Ratio of peanut oil 


FIGURE 10.12 
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Processing time 
(hours) 





Percent conversion of sugar to olestra (with 150°C processing temperature) 


maximum in the row in which it appears but is a relative minimum in its column. A 
table value that appears to be a relative maximum when approached from one direc- 
tion and a relative minimum when approached from another direction is identified 
as a saddle point. 

Note in Figure 10.12 that the entry 37.8 corresponding to 5 hours and a ratio of 
8:1 is the largest value in the 5-hour column and the smallest value in the 8:1 row. We 
do not, however, classify this point as a saddle point because it lies on the edge of the 
table. In order to identify a saddle point visually on a table or contour graph, we must 
be able to identify a point that is a maximum in one direction and a minimum in 
another direction. We cannot visually identify relative extrema of cross sections on 
the edges of tables or contour graphs, because we cannot observe the edges lying 
within concentric closed contours. Similarly, we cannot visually identify saddle 
points on edges. 


Relative extreme points and saddle points cannot be visually identified on 


the edges of tables or contour graphs. 





Sketching contour curves on a table is often the best way to identify its critical points. 


Estimating Absolute Extrema Using Tables and Contour Graphs 


Recall from Chapter 5 that in order to find absolute extrema of a continuous func- 
tion over a specified interval, we first find all relative extrema and then compare the 
outputs of the relative extrema with the function outputs at the endpoints. If we are 
given no interval over which to find the absolute extrema, then we must also consider 
the end behavior of the function. This process can be extended to find absolute 
extrema of a continuous function with two input variables (a three-dimensional 
function). We first locate all relative extrema (which lie within concentric closed con- 
tour curves), and we then compare the output values of the relative extrema with any 
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output values on the edges of the function. Some functions are restricted on the basis 
of the context or the nature of the function. Some functions have no edges—that is, 
they extend infinitely in all directions. In this case, we must also consider the end 
behavior of the function. 

When using tables and contour graphs to estimate absolute extrema for continu- 
ous, three-dimensional functions, we must keep in mind the following steps: 


@ Consider any restrictions on output suggested by the context. 
@ Sketch several contour curves on the table. 


@ Locate all relative extrema. In a table, relative extrema will be values that are 
smaller or larger than all eight values around them. Relative extrema cannot be 
identified on the edges of a table or contour graph, because to be visually identi- 
fied, they must lie within concentric closed contour curves. 


@ Determine whether the edges of the table or contour graph can extend beyond 
what is shown. We call any edges beyond which the table or graph cannot extend 
terminal edges. Terminal edges are determined by the context of the situation 
that the function describes. 


@ Determine absolute extrema by comparing relative extrema and values on termi- 
nal edges of the table or graph and by considering the behavior of the function 
beyond the nonterminal edges. As with functions of one input variable, all 
absolute extrema will either be relative extreme points or lie on terminal edges of 
the graph. 


We illustrate these steps by returning to the synthesis of olestra as a function of 
the processing temperature and time given in the table on page 689. We wish to iden- 
tify the absolute maximum percentage of sugar converted to olestra. First note that 
the output values will never exceed 100%, although we do not know from the context 
whether a value of 100% is actually achieved. Next locate all critical points. The con- 
tour curves in Figure 10.11 indicate that 45.1% is a relative maximum. This value 
corresponds to the only critical point in the table. 

To find the absolute maximum, we next determine whether the edges of the table 
are terminal edges. It is possible to consider processing times of less than 6 hours or 
more than 14 hours and temperatures of less than 130°C or more than 160°C; there- 
fore, none of the edges in the table are terminal edges. Thus there may be other criti- 
cal points outside of the table that correspond to relative maxima with output values 
greater than 45.1%. Therefore, we do not, in this case, have enough information to 
identify an absolute maximum percentage of sugar converted to olestra. 

Now consider the question of estimating the absolute maximum if we are given 
the additional information that all of the critical points are contained within the 
region represented by the table. (We will prove that this is true in the next section.) 
With this additional information, we can conclude that the function peaks near 
45.1% and decreases in all directions away from that point. Thus the relative maxi- 
mum percentage of approximately 45.1% is the absolute maximum percentage. 

Finally, consider the question of estimating the absolute minimum percentage of 
sugar converted to olestra using the information that all critical points are located 
within the region represented by the table. The context suggests that the absolute 
minimum of the function is 0% (no sugar converted to olestra) and that it occurs 
when the temperature is too high or too low and the processing time is too little or 
too long. The table and contour graph do not give us enough information to identify 
the place(s) where the absolute minimum occurs. 
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EXAMPLE 1 Cohesiveness of Honey 


rn Shalala ch A ah et a 


Table 10.1 shows a measure of the cohesiveness of honey as a function of the per- 
centage moisture and the percentage of glucose and maltose.’ All of the critical 
points lie within the region represented by the table. 


a. Sketch a contour graph on the table, and mark any approximate critical points 
with an X. Use contour curves at cohesiveness values of 2.5, 2.75, 3, and 3.25. 
Identify each critical point as a relative maximum, a relative minimum, or a sad- 
dle point. 


b. If possible, find the absolute maximum and minimum cohesiveness measures. 


TABLE 10.1 A measure of the cohesiveness of honey 


—_ 


Percentage moisture 


eS] 534 | sor | 300 | ama [20s | 37 | a00 | 6a 
19 3.14 | 2.84 6.64 








Solution 
a. 
2527.5 42.5 45 
14 8.09 6.04 4.24 5.69 
14.5 7.62 5.65 4.30 5.82 
aie Sie 05.30 4.40 6.00 
EI 15.5 6.81 4,99 4.54 6.21 
eS 16 6.47 4.72 4.72 6.47 
y, 16.5 6.16 4.49 4.94 6.76 
S 17 5.90 4.30 5.20 7.10 
2 17.5 5.67. 4,15 5.50 7.47 
B18 5.49 4.04 5.84 7.89 
18.5 5.34 3.97 6.22 8.35 
19 5.24 3.94 6.64 8.84 
FIGURE 10.13 


2. J. M. Shinn and S. L. Wang, “Textural Analysis of Crystallized Honey Using Response Surface Method- 
ology,” Canadian Institute of Food Science Technology Journal, vol. 23, nos. 4/5 (1990) pp. 178-182. 
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We begin by sketching contour curves on the table as shown in Figure 10.13. 
From the contour curves, we conclude that there is only one critical point. 
Because this point lies within concentric closed contours and the values of the 
contour curves increase in all directions away from it, the point is the approxi- 
mate location of a relative minimum. 


b. The context gives us no information concerning the greatest or least possible meas- 
ures of cohesiveness, although it is probably safe to assume that the measure is a 
positive number. The contour graph, together with the information that all critical 
points lie within the region represented by the table, indicates that the function has 
a relative minimum of approximately 2.46 and rises in all directions away from 
that minimum. Thus the relative minimum is also the absolute minimum. 

The context indicates that the table can extend in all directions but will not 
extend to negative input values or to input values over 100%. Because the relative 
minimum is the only critical point, and Table 10.1 does not include any terminal 
edges, we cannot identify either the absolute maximum cohesiveness measure or 
where it occurs. 
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EXAMPLE 2_ Cheese Spread 


Table 10.2 shows a measure of the consistency of cheese spread’ as a function of the 
percent of salt and the percent of glycerol used in processing. All of the critical points 
lie within the region represented by the table. 


TABLE 10.2 A measure of the consistency of cheese spread 


Percent glycerol 


cod el a Ee eee 
_soze_| 642 | so7e | 4026 | 3256 | 2768 | 2562 
7226 | 















2562) 
7226 


Percent salt 


a. Sketch contour curves on Table 10.2 for consistency values of 4000, 5000, 6000, =. 
7000, 8000, and 9000. Mark the approximate saddle point and the largest and, : 
Ye smallest table values. 


¢ S. . b. Use the table and contour graph to estimate relative and absolute maximum and 
a minimum consistency measures. 


3. E. Kombila-Moundounga and C. Lacroix, “Effet des combinaisons de chloure de sodium, de lactose et 
de glycerol sur les caractéristiques rhéologiques et la couleur des fromages fondus a tartiner,’ Canadian 
Institute of Food Science and Technology Journal, vol. 24, no. 5 (1991), pp. 239-251. 
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Solution 


a. In Figure 10.14, the requested contour curves are sketched, and boxes are drawn 


around the largest and smallest table values. The approximate saddle point is 
circled. 


Percent glycerol 
3 4 3) 6 7 8 
4 82560) Z/iO8me 25025) 2038) 2996 
04 4172 2 
Sail SSL) 


6485 6183 6163 


6748 6538 


6686 6496 6588 
60! 


2096 2166 2518 
191 








2507 1505) 785 347 316 724 1414 2386 3 


FIGURE 10.14 


Note that the 6502 entry corresponding to 5% glycerol and 1.3% salt is an 
approximate saddle point because it is a maximum in the 5% glycerol column 
and a minimum in the 1.3% salt row. 


We are not given information concerning how large or small the consistency 
measure can be, although from the data it appears that the consistency measure is 
a positive number. Because there are no closed contour curves indicated by Fig- 
ure 10.14, we conclude that the function has no relative extrema. Thus any 
absolute extrema must occur on terminal edges of the function. Note that the 
table cannot extend beyond the top and left edges because negative percentages 
do not make sense in this context. Thus these edges are terminal edges, and we 
can look in these two edges for approximate absolute extrema. We must also con- 
sider the behavior of the function beyond the lower and right edges. 

The greatest value in the table is approximately 10,553, and it occurs when 
the percentages of glycerol and salt are approximately 0 and 1.3, respectively. This 
value is on a terminal edge; however, the contour curves suggest that the output 
values will continue to increase for glycerol percentages greater than 10%. If the 
table were extended far enough to the right, we would probably see an output 
value greater than 10,553. We conclude that we do not have enough information 
to identify an absolute maximum. 

The smallest value in the table is 191, found in the bottom row. However, if 
the table were extended downward for percentages of salt greater than 3.3%, we 
would probably observe an absolute minimum of zero. The places where this 


minimum occur are difficult to estimate from the information presented in the 
table. 


Cee ooeceoseoreoeosoces 
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Three-dimensional graphs, contour graphs, and tables are helpful in estimating 
critical points and absolute extrema. However, we are limited to approximations of 
these points when using graphs and tables and sometimes do not have enough infor- 
mation to identify absolute extrema. In the next section, we will explore a more accu- 
rate method of finding critical points and absolute extrema for three-dimensional 





functions. 
Concept 4. Figure 10.1.2 shows a contour graph and a three- 
Inventory dimensional graph for a function T with inputs 
pandf. 


Critical points 


@ 
@ Relative maxima, relative minima 
e@ Absolute maxima, absolute minima 
@ Saddle points 

@ 


Locating critical points and absolute extrema in 
tables and on contour graphs 
@ Terminal edges 






Activities 


1. Describe in your own words how to determine 
whether a table of data has each of the following: 


a. relative maximum b. relative minimum 
c. saddle point d. absolute maximum 
e. absolute minimum 
2. Describe in your own words (illustrating with pic- 


tures) how to determine whether a contour graph 
has each of the following: 


a. relative maximum b. relative minimum 
c. saddle point d. absolute maximum 
e. absolute minimum 
3. Is the point in Figure 10.1.1 at which x = 4.885 and 


y = 1.382 a relative maximum point, a relative min- 
imum point, or a saddle point? Explain. 








FIGURE 10.1.2 


a. Mark with large dots on the contour plot the 
approximate locations of all critical points. Label 
each point as a relative maximum point, a rela- 
tive minimum point, or a saddle point. 


b. Mark on the three-dimensional graph the loca- 
x tion of each critical point identified in part a. 





c. On the basis of the graphs, approximate the 
FIGURE 10.1.1 inputs and output of each critical point. 
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TABLE 10.3 Price of bananas (cents per pound) 


5. Figure 10.1.3 shows a contour graph and a three- 
dimensional graph for a function R with inputs g 
and h. 
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7. Table 10.4 shows the average price of iceberg let- 
tuce® in cents per pound in U.S. cities for selected 
months and years. 





TABLE 10.4 Price of iceberg lettuce (cents per pound) 









Locate all critical points in the table. Identify each 
point as a relative maximum point, a relative mini- 
2 mum point, or a saddle point. 





0 2 4 6 8 
FIGURE 10.1.3 


8. The contour graph in Figure 10.1.4a and the three- 
dimensional graph in Figure 10.1.4b represent the 
elevation of a tract of farmland where elevation is 
measured in feet above sea level. Identify each of the 
following input values as corresponding to a rela- 
tive maximum, a relative minimum, a saddle point, 
or none of these. 


a. e=0.9andn=0.5 
Dac 0Srancdi—s 055 
Cen Ssancdpi—ale 


a. Mark with large dots on the contour plot the 
approximate locations of all critical points. Label 
each point as a relative maximum point, a rela- 
tive minimum point, or a saddle point. 


b. Mark on the three-dimensional graph the loca- 
tion of each critical point identified in part a. 


c. On the basis of the graphs, approximate the 
inputs and output of each critical point. 


6. Table 10.3 shows the average price of bananas‘ in 9. Consider the contour graph in Figure 10.1.5a and 
cents per pound in U.S. cities for selected months its associated three-dimensional graph, shown in 


and years. Locate all critical points in the table. 
Identify each point as a relative maximum point, a 
relative minimum point, or a saddle point. 


4. Bureau of Labor Statistics. 


Figure 10.1.5b. Is the point at which x = 1.8 and 
y = 1.5 a relative maximum point, a relative mini- 
mum point, or a saddle point? Explain. 


5. Bureau of Labor Statistics. 


0.8 800 799 
801 $00 


FIGURE 10.1.4 





FIGURE 10.1.5 


10. Table 10.5 on page 698 gives the elevation E(e, m) in 
feet above sea level of a tract of Missouri farmland 
measured e miles east of the western fence and n 
miles north of the southern fence. 


a. Find any relative extreme points in the table. 
b. Find the saddle point in the table. 
c. Explain how you located the saddle point. 


11. The monthly average global radiation® (measured 
in kilowatt-hours per square meter per day) is 


6. W. Rudolff, World-Climates (Stuttgart: Wissenschaftliche Verlags- 
gesellschaft, 1981). 
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shown in Table 10.6 on page 698 as a function of the 

month and the number of degrees of latitude. 

a. Is it possible for Table 10.6 to extend in any 
direction? Explain. 

b. Sketch contour curves on the table for 5.2, 6.2, 
7.2, 8.2, and 9.2 kW-h/m?/day. 

c. Use the contours to locate all critical points in 
the table. 

d. Locate the largest and smallest values in the 
table. Write a sentence interpreting these values. 


e. Use the table to estimate the absolute maximum 
and minimum monthly average global radiation 
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TABLE 10.5 Elevation (feet above sea level) e miles east of western fence and n miles north of southern fence 


per day 


h/m? 


May | Jun | _tul_| Aug | Sep | Oct_| Nov _| Dec 


TABLE 10.6 Monthly and yearly means of the diurnal sums of the global radiation, in kW- 
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TABLE 10.7 Car sales in Quebec 
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levels. Are these answers the same as those you 
found in part @? 


f. Under what conditions will the largest and 
smallest values in a table also be the absolute 
extrema of the function represented by the table? 


Table 10.7 on page 699 lists the number of cars sold’ 
in Quebec from January 1960 through December 
1968. 


a. During what month and year did the absolute 
minimum occur in the given time period? What 
is the minimum value? 


b. Interpret your answer to part a. 


c. What type of critical point is May 1965? 


Table 10.8 on page 699 shows expected annual yield 
of U.S. corn production® as a percentage of the 
average annual yield as a function of the percentage 
change in precipitation (above or below the average 
precipitation) and the change in temperature (in °C 
above or below the average temperature). Assume 
that no critical points lie outside of the table. 


a. If a cold, wet year produces average tempera- 
tures 3°C below normal and 50% more precipi- 
tation than normal, what is the expected corn 
yield? 

b. Ifa hot, dry year results in 50% less precipitation 
than normal and an average temperature 3°C 
above normal, what is the expected corn yield? 


c. Sketch contour curves on Table 10.8 at 105%, 
100%, 95%, and 90%. 


d. Locate the absolute maximum in Table 10.8, and 
write a sentence interpreting the corresponding 
point(s). 


Table 10.9 shows the probability of precipitation? in 
the U.S. corn belt being AP% above or below nor- 
mal and the temperature being AT°C above or 
below normal. Assume that if the table were 
extended in any direction, all the additional entries 
would be zero. 


a. Sketch contour curves on the table at 10%, 20%, 
30%, 40%, and 50%. 


B. Abraham and J. Ledolter, Statistical Methods for Forecasting (New 
York: Wiley, 1983). 

Crop Yields and Climate Change to the Year 2000 (U.S. Department 
of Agriculture, 1980). 

Ibid. 
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TABLE 10.9 Probability (expressed as a percentage) of 


precipitation and temperature variations 






AP (%) 







155 37 E4009 
14 | 42 | 54] 30 











b. Use the contours to locate and estimate the 
absolute maximum percentage. Interpret your 
answer. 





15. Table 10.10 shows the amount of extraterrestrial 


radiation’? measured in millimeters per day equiva- 
lent evaporation in the Northern hemisphere as a 
function of the month and the number of degrees 
of latitude. 


a. According to the table, approximately how much 
extraterrestrial radiation does your campus 
receive in September? 


b. Locate any relative extreme points in Table 
10.10. Give the month, degrees of latitude, and 
amount of radiation for the relative extreme 
points. 


c. In which directions can the table extend? 
d. Estimate the least and greatest amounts of extra- 
terrestrial radiation in the Northern hemisphere. 


Give the corresponding months and degrees of 
latitude. 


10. A. A. Hanson, ed., Practical Handbook of Agricultural Science 


(Boca Raton, FL: CRC Press, 1990). 
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TABLE 10.10 Extraterrestrial radiation expressed in equivalent evaporation in mm/day 








Latitude 
ae atc 


Mar 
esas | 

13.0 15.9 
10.2 
6 | 106 






| Feb | 
| 6.1 | 
66 | 
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soto. PH fea 16.2 
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4 | 94 | 121 | 147 | 
| 98 
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ee 
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eee) 99 fertia fonz.ae[ 153) [165 
4 ES ee 
egy) 10.2-| 119 |) 13.9 | 154 | 164 
eee) 107 | 123 | 142 | 155 [uss 
eee ey 112 | 127 | 144 | 156 | 163 
eee 116 | 13.0 | 146 | 156] 16.1 
Peete 12.0, [ 133 | 147 | 156 | 160 
py 12.4) [136 | 149 | 157 | 15.28 
+ ae 15.7 
cal 15.5 
pee 8 

pee ey 

ee 

wee 

ee 


S'S 
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14.9 
14.6 
14.4 





16. The average daily weight gain of a pig’! (in kilo- 
grams per day) is shown in Table 10.11 on page 702 
as a function of the air temperature and the pig's 
weight. 

a. Use the table to estimate relative and absolute 
extrema for temperatures between 4.4°C and 
37.8°C and weights between 45 kg and 156 kg. 


b. Convert the temperatures to degrees Fahrenheit 
using the equation °F = 2(°C) + 32. 


11. Ibid. 
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c. Write a sentence interpreting the absolute 
extrema found in part a. 


17. Table 10.12 on page 702 gives the consistometer 
values for applesauce as a function of the number 
of months the raw apples were stored and the 
temperature at which they were blanched.'* The 


12. Based on information in A. M. Godfrey Usiak, M. C. Bourne, and 
M. A. Rao, “Blanch Temperature/Time Effects on Rheological 
Properties of Applesauce,” Journal of Food Science, vol. 60, no. 6 
(1995), pp. 1289-1291. 
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TABLE 10.11 Average daily weight gain of a pig (kg/day) 


Air temperature (°C) 





consistometer value is a measure of how far (in 
centimeters) an amount of applesauce flows down 
a vertical surface in 30 seconds. 


TABLE 10.12 Consistometer values for Rome 
applesauce (cm) 


Storage time Temperature (°C) 
(months) 








a. Sketch contour curves on the table for consis- 
tometer values of 2.7, 3.0, and 3.3. 


b. Locate all critical points in the table. 


c. Estimate the absolute maximum and minimum 
consistometer values for storage times between 0 
and 4 months and temperatures between 35°C 
and 83°C. 


d. If you were an applesauce manufacturer, which 
of the points found in parts b and c would be of 
the most interest to you? Explain. 


18. The Food and Drug Administration (FDA) defines 
Grade A applesauce as having a consistometer value 
of 6.5 cm or less (see Activity 17 for more informa- 
tion). It is common for applesauce manufacturers 
to add to thick applesauce enough water to thin it to 
a 6.5-cm consistometer value. Table 10.13 shows the 
percentage of water that can be added to applesauce 
while maintaining an FDA Grade A. This percent- 


age of water is a function of the number of months 
the apples are stored and the blanching tempera- 
ture. 


TABLE 10.13 Percentage of water that can be added 
to applesauce 


Storage time Blanching temperature (°C) 
(months) 35 





a. Sketch contour curves on the table for water per- 
centages of 35, 40, 45, and 50. 


b. Locate all critical points in the table. 


c. Estimate the absolute maximum and minimum 
percentage for storage times between 0 and 4 
months and temperatures between 35°C and 
83°C. 

d. Why would a maximum value be of interest to 
an applesauce manufacturer? 


e. If not all harvested apples can be used right 
away, how long (on the basis of the table) do you 
think a manufacturer should store apples before 
processing them? 


19, The contour graph’ in Figure 10.1.6 shows the vol- 
ume index of a cake baked at 350°F, given the bak- 
ing time (in minutes) and the amount of leavening 
used (in grams). An index of 100 corresponds to the 
volume of the batter. No critical points lie outside 
the contour graph shown in Figure 10.1.6. 


Baking time 
(minutes) 





Leavening 
(grams) 


3 Bhs) Shof/ 4 AS Meech, 5 


FIGURE 10.1.6 


a. Would a food scientist be more interested in find- 
ing a Maximum or a minimum volume index? 


b. Approximately where on Figure 10.1.6 does the 
optimal point occur? 


c. Estimate and interpret the optimal value. 


20. Even in desert climates, the ground contains water 
that in some cases can be pumped and used. When 
major pumping occurs, it is possible for the land to 
sink. This sinking is referred to as land subsidence. 
Figure 10.1.7 shows the land subsidence” in feet in 
the Santa Clara Valley between 1934 and 1960. 


a. Mark with an X on the contour graph in Figure 
10.1.7 the approximate location of any relative 
extreme points. 


13. A. Li and C. E. Walker, “Cake Baking in Conventional, Impinge- 
ment and Hybrid Ovens,” Journal of Food Science, vol. 61, no. 1 
(1996), pp. 188-192. 

14, Figure 10.1.7 from R. A. Freeze and J. A. Cherry, Groundwater 
(Englewood Cliffs, NJ: Prentice-Hall), 1979. Reprinted by permis- 
sion of Prentice-Hall, Inc. Upper Saddle River, NJ. 
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San 
Francisco 
Bay 


sD. 
* Sunnyvale 


San Tae \ 


9 km 8 5ft=15m 








Land subsidence in feet, 1934-1960, 
Santa Clara Valley, California 


FIGURE 10.1.7 


b. Write a sentence interpreting the points in part a 
and characterizing them as maxima or minima. 


21. A technique commonly used by physical therapists 
is the application of heat to muscles and tissues. A 
contour graph showing the change in the tempera- 
ture of a thigh model after exposure to microwave 
radiation’? is given in Figure 10.1.8. 








B' 


Increase in temperature (°C) of a thigh model 


FIGURE 10.1.8 


15. FJ. Kottke and J. F Lehman, Krusen’s Handbook of Physical Medi- 
cine and Rehabilitation (Philadelphia: Saunders, 1990). 
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a. Mark with an X on the contour graph the 
approximate location of any relative and 
absolute extrema, and estimate the output value 
at each point. 


b. Are the points you marked maxima or minima? 


22. In the summer of 1993, the midwestern United 


States experienced catastrophic flooding that 
resulted in damages estimated at over $10 billion. A 
particularly heavy rainfall occurred in Missouri on 
June 6 of that year. Figure 10.1.9 shows a contour 
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map of the number of millimeters of rain’® that fell 

on June 6, 1993. 

a. Identify the Missouri and Mississippi Rivers on 
the map in Figure 10.1.9. 

b. Mark with an X on the contour map the area of 
greatest rainfall. Estimate the amount of rain 
that fell on June 6 in the area you marked. 

c. Identify any other critical points on the contour 
map, and classify them as relative maxima, rela- 
tive minima, or saddle points. 
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MISSOURI 


24-Hour Precipitation Totals 
Ending 7 June 1993 
(millimeters) 



























































FIGURE 10.1.9 








16. Figure 10.1.9 from S. M. Rochette and J. T. Moore, “Initiation of an Elevated Mesoscale Convective 
System Associated with Heavy Rainfall,” Weather and Forecasting, vol. 11 (1996), p. 444. Used by per- 
mission of the American Meteorological Society. 
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Multivariable Optimization 


In Section 5.2 we saw how to locate relative extreme points (maxima or minima) on 
the graph of a two-dimensional function by analyzing the function’s derivative. 
Because relative extreme points on a smooth, continuous graph can occur only where 
the tangent line is horizontal (that is, with slope equal to zero), we search for points 
where the derivative is 0. If we find such a point, we determine whether the graph has 
a local maximum, a local minimum, or neither by determining whether the graph is 
concave down, is concave up, or has an inflection point at that point. 


Finding Critical Points Algebraically 


We now direct our attention to looking for critical points of smooth, continuous 
multivariable functions. As an example, we again consider the problem of maximiz- 
ing olestra production as a function of processing time and temperature. The per- 
centage of sugar converted to olestra when the ratio of peanut oil to sugar is 10 to 1 is 
given by the equation 


P(h, c) = -1924.3916 + 24.5402h + 25.5695c — 0.5927h* — 0.0860c — 0.0810hc 


percent where h is the processing time in hours and c is the temperature in degrees 
Celsius. We seek the values of h and c that cause P(h, c) to be as large as possible. The 
three-dimensional graph in Figure 10.15 helps us visualize what is happening. 








Piva) 
(percent) 






ip LR 
LLL. 
Erte 






(hours) 


FIGURE 10.15 


Let us look at the maximum from two different perspectives. First, ignore the 
effect of time on olestra production, and think only about the impact due to the tem- 
perature. In other words, look at a cross-sectional function of P with output P(hpo, c) 
where hh is held constant at some value hy. Figure 10.16 shows graphs of cross- 
sectional models for h = 7 hours and h = 10 hours. Figure 10.17 shows the same 
cross sections depicted in three dimensions. 


706 


0 
6 hip | eh) 
Cross sections for c = 135°C 
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FIGURE 10.17 


In order for the olestra model to have a maximum with respect to the tempera- 
ture, there must be a point at which the derivative of a cross-sectional function of 
P with output P(ho, c) is zero. In other words, the partial derivative of olestra produc- 
tion with respect to the temperature must be zero; that is, oe = 0. 

Next, ignore the effect of temperature on olestra production, and think only 
about the impact due to the processing time. In other words, look at a cross-sectional 
function of P with output P(h, cy) where c is held constant at some value cy. Figure 
10.18 shows graphs of cross-sectional functions for c = 135°C and c = 145°C. Figure 
10.19 shows the same cross sections depicted in three dimensions. 
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FIGURE 10.19 


If we ignore the impact of temperature on olestra production and think only 
about the impact due to the processing time, we see that for maximum olestra pro- 





algebra 
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duction to occur, the partial derivative of the percent production with respect to time 


must also be zero; that is, oe = 0. In order for a maximum of P to occur, both partial 
derivatives must be zero: 


oP 
ae = 21009) 01 72c 0.08 1h —0 


oP 
an = 24.5402 — 1.1854h — 0.081c = 0 


We must simultaneously solve this system of equations to find a point (h, c) that sat- 
isfies the condition that both partial derivatives are equal to zero. We write the equa- 
tions without the partial derivative symbols. 


25.5695 — 0.172c — 0.081h = 0 (1) 
24.5402 — 1.1854h — 0.081c = 0 (2) 


Then we rewrite one of the equations so that one of the variables is expressed in 
terms of the other variable. Solving equation 1 for c in terms of h yields 


ie ZI DO95 =" 0,08 18 








0.172 (3) 
Next, we substitute this expression for c into equation 2: 
23009) =a OSI 
24.5402 — 1.1854h — 0.081 ( oe 0.172 ae a) (4) 


Solving equation 4 for h yields 
=~ 10.9 hours 


We use this value of h to determine the value of c. Substituting the unrounded value 
of h in equation 3 yields 


c = 143.5°C 


Thus the point (h, c) where h ~ 10.9 hours and c ~ 143.5°C satisfies the condition 
that the partial derivatives are zero. The output corresponding to these input values is 
approximately 45.7%. (Compare this result with the approximation in Section 10.1 
obtained from a contour graph sketched on the table of data in Figure 10.11. We esti- 
mated there that the maximum percentage was 45.1% and occurred when h = 11 
hours and c = 145°C.) Are we certain that h ~ 10.9, c ~ 143.5, and P = 45.7 isa 
point of maximum olestra production rather than a different type of critical point? 
Figure 10.15 on page 705 shows that a maximum is the only possibility. 

It is possible to solve equations 1 and 2 by forming a matrix of the coefficients. To 
do so, we write the equations with the variables in the same order in both equations 
and move the constants to the other side: 


=O:1726 — 0.0818 = 25.5695 
-0.081¢ — 1.1854h = -24.5402 


A matrix corresponding to these equations is 


O72 -0.00l™ 25.5099 
-0.081 -1.1854 -24.5402 
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Using steps that are further explained in the technology supplements (and based on 
mathematics not covered in this text), a calculator or computer software with matrix 
operations can rewrite this matrix as 


1 0 143.52934 
0 1  10.894485 


which corresponds to the equations 


c = 143.52934 
h = 10.894485 


These equations give the solution to the system of equations. 

Note that this matrix method of solving systems of equations works only for lin- 
ear systems of equations. A linear system of equations is one in which all the vari- 
ables occur to the first power and there are no terms in which two variables are mul- 
tiplied or divided. 

The algebraic method for finding the relative maximum of the percentage of sugar 
converted to olestra can be used to find any critical points of smooth, continuous 
three-dimensional functions because a critical point of such a function has the char- 
acteristic that both partial derivatives are zero. We locate critical points of any three- 
dimensional function as follows: 


Critical Points of Three-dimensional Functions 


Let f be a three-dimensional function with input (x, y). A critical point of f 
occurs at (a, b) if 


1. f,(ab)=0 and f(a,b) =0 


or 


2. f(a, b) does not exist or f(a, b) does not exist 





The first case yields critical points that are relative extrema or saddle points. Because 
the second case does not occur often in nonscientific applications, we will restrict the 
remainder of our discussion of critical points to the case where both partial deriva- 
tives are zero. 

How do we determine which type of critical point occurs? As seen in the olestra 
illustration, if we can produce either a three-dimensional graph or a contour graph 
of a function, then we can visually verify whether a point at which all of the first par- 
tial derivatives are zero is a maximum, a minimum, or a saddle point. However, if we 
cannot easily produce such a graph, then we can use the second partial derivatives to 
determine what type of point we have found. To do so, we begin by defining the 
determinant of a second partials matrix. 


The Determinant Test 


If a function f has two input variables x and y, then we can calculate the determinant 
D of the second partials matrix evaluated at a point for which f, = J, 0 as 


pe I 


aol ae 








= Weal, - Ssh 


10.2 Multivariable Optimization 709 


If the determinant D is 0, it tells us nothing about the nature of the point. If D > 0, 
then the point is either a relative maximum or a relative minimum. We can deter- 
mine which it is by looking at f,, at the point. If f., < 0, then the cross section with 
respect to x is concave down, so the point is a relative maximum in the x direction. 
Also, when f,, <0 and D > 0, then f,, must also be less than zero. Thus there is also a 
relative maximum in the y direction. Because D > 0 guarantees a maximum or min- 
imum, this critical point must be a relative maximum. Similarly, if f., > 0, then the 
point is a relative minimum. If D < 0, then the point is a saddle point regardless of 
whether f,,. and f,, are positive or negative. 


Determinant Test 


Let f be a continuous multivariable function with two input variables x and 
y. Let (a, b) be a point at which the first partial derivatives of fare both 0. 
The determinant of the second partials matrix evaluated at the point (a, b) is 


oe eae a ape 


If D(a, b) > 0 and f,,, < 0 at (a, b), then fhas a relative maximum at (a, b). 
If D(a, b) > 0 and f,,, > 0 at (a, b), then fhas a relative minimum at (a, b). 
If D(a, b) < 0, then fhas a saddle point at (a, b). 

If D(a, b) = 0, then the test does not give any information about (a, b). 





In the previous olestra example, we found the point representing h ~ 10.9 hours 
and c ~ 143.5°C to be an extreme point. To use the Determinant Test to verify that 
the point is a maximum, we first form the second partials matrix: 


P., P,| _ [-0.172 -0.081 

Pye P,, -0.081 =] TG ISl 
Then we find the determinant. Note that if the matrix had contained variables, we 
would have substituted h ~ 10.9 and c ~ 143.5 before continuing. 


D = (-0.172)(-1.1854) — (-0.081)? ~ 0.197 


Because D is positive, we know the critical point is either a maximum or a minimum. 
Because P.. = -0.172 is less than zero (and P,,, = -1.1854 is less than zero) we have a 
function that is concave down in both the c and h directions. Thus we know the point 
is a maximum. 


EXAMPLE 1 Cake Volume 





Consider the volume index that provides a measure of how much a cake rises. An 
index of 100 corresponds to the volume of the batter. The index can be modeled by 


VL t) = -3.11? + 22.41 — 0.1t? + 5.3¢t 
when / grams of leavening is used and the cake is baked at 177°C for t minutes. 


a. Find the maximum volume possible and the conditions needed to achieve that 
volume. 


b. Verify that the point you found in part a is a maximum. 
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Solution 

a. We begin by finding the partial derivatives of V and setting them equal to zero: 
V, = -6.21 + 22.4 =0 
V,=-0.2t+ 5.3 =0 


Solving for / and t gives | ~ 3.6 grams of leavening and t = 26.5 minutes baking 
time. These values result in a volume index of V(3.6, 26.5) ~ 110.7. 


b. At (3.6, 26.5, 110.7), V; = -6.2 and V,, = -0.2. These second partials are both neg- 
ative, so V is concave down in both the / and ¢ directions. Figures 10.20a and 
10.20b depict the cross sections of V at 1 ~ 3.6 and t = 26.5, respectively. 


V(3.6, t) VJ, 26.5) 


111 111 


t i! 
(minutes) (grams) 





(a) (b) 
FIGURE 10.20 


Figures 10.20a and 10.20b and negative V, and V,, suggest that the critical point 
(3.6, 26.5, 110.7) is a relative maximum. We confirm this by evaluating the deter- 
minant of the second partials matrix. 


ee WwW 


0 -02 = (-6.2)(-0.2) — (0)(0) = 1.24 


°- 





Because D is positive and V, is negative, the critical point is indeed a relative 
maximum. 


eee rere ececsseseeceeees 


Returning to the example of olestra production, consider the production model 
for a processing temperature of 150°C: 


P(h, r) = 144.0344 + 6.7402h — 25.1161r — 0.5927h? + 0.8316r + 0.5650hr 


percent sugar converted to olestra, where h is the processing time in hours and r is the 
ratio of parts of peanut oil to one part sugar. We find any critical points of P by find- 
ing where its two partial derivatives are zero. 


oP 

Dh = 6.7402 — 1.1854h + 0.5650r = 0 
oP 

ai =—25.1161 + 1.6632r + 0.5650h = 0 


The solution for this linear system of equations is r ~ 11.3 and h ~ 11.1 hours. When 
we substitute the unrounded values of r and h in P, we obtain an output value of 
39.1%. To determine whether the point (11.1, 11.3, 39.1) isa maximum, a minimum, 


or a saddle point, we apply the Determinant Test. The determinant of the second par- 
tials matrix is 


Pont (Bae 
Pee 


th rr 


D= 
0.5650 1.6632 








-1.1854 0.5650 
_ | | = (-1.1854)(1.6632) — (0.5650)? ~ -2.291 
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Because this value is negative, we know that P has a saddle point at h ~ 11.1 hours 
and a ratio of r ~ 11.3. 


EXAMPLE 2_ Grazing Beef Cattle 


The total daily intake of organic matter required by a beef cow grazing the Northern 
Great Plains rangeland can be modeled'” by 





I(s, m) = 8.61967 — 1.2445 + 0.08973? — 0.20988m + 0.035947n2 + 0.214915sm 
kg per day 


when the cow produces m kilograms of milk per day. The variable s is a number 
between -4 and 4 indicating the size of the cow. Find the critical point for I, and 
determine whether it is a maximum, a minimum, or a saddle point. 


Solution We find the critical point by finding where the two partial derivatives of 


I are zero. 
ol 
i = -1.244 + 0.1794s + 0.214915m = 0 
ol 
apn = -0.20988 + 0.071894m + 0.214915s = 0 


Solving the linear system of equations yields m ~ 6.90 kg of milk per day and 
s ~ -1.33. When we substitute the unrounded values of m and s in I, we obtain a value 
of approximately 8.72 kg of organic matter eaten each day. At the point (-1.33, 6.90, 
8.72), I,, = 0.1794 and I,,,,, = 0.071894 are both positive, indicating that the cross sec- 
tions of I with outputs I(-1.33, m) and I(s, 6.90) are both concave up. We can verify 
this graphically. See Figure 10.21 showing these cross sections. 


I(-1.33, m) I(s, 6.90) 
(kg per day) (kg per day) 
12 12 
; tke) s 
0 12 “SE -4 4 
FIGURE 10.21 (a) (b) 


However, to determine whether the critical point (-1.33, 6.90, 8.72) is a minimum 
or a saddle point, we apply the Determinant Test. The determinant of the second par- 
tials matrix is 


eel iis Sloe 0.214915 


L. L.| 0.214915 0.071894 


ms mm 


= (0.1794)(0.071894) — (0.214915)? ~ -0.033 








17. E. E. Grings et al., “Efficiency of Production in Cattle of Two Growth Potentials on Northern Great 
Plains Rangelands During Spring-Summer Grazing,” Journal of Food Science, vol. 74, no. 10 (1996), 
pp. 2317-2326, 
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Because this value is negative, we know that J has a saddle point rather than a mini- 
mum at s © -1.33 and m ~ 6.90 kg of milk per day. Figure 10.22 shows the planes 
s = -1.33 and m = 6.90 depicted on the graph of I. Figure 10.23 shows a contour 
graph of I. 


I( , ) m 
sce (kg) 


(kg per day) 






FIGURE 10.22 





FIGURE 10.23 


Ce cecceeresccsecescsosee 


In general, when looking for the critical points of a three-dimensional function, 
we solve for the point at which the partial derivatives are zero and then determine 
what type of point we have found either by visually inspecting a three-dimensional 
graph or a contour graph or by using the Determinant Test. 


Concept 
Inventory 


. h(w, z) = 0.6w? + 1.32 — 4.7wz 

. R(s, t) = 11s? — 2.63? + 0.9s + 6 — 3.1f + 5.3t 
. f(% y) = 3x7 — x + 12y* — 8 + 60 

ey) = ak eV 


@ Extreme points: maxima and minima 
@ Saddle points 

® Critical points 
@ Solving systems of equations to find critical points . A restaurant mixes ground beef that costs $b per 
eM Deerean TORN pound with pork sausage that costs $p per pound to 
make a meat mixture that is used on the restaurant’s 
signature pizza. The quarterly revenue in thousands 
of dollars from the sale of this pizza is given by the 
equation 


KO 3 COme ~ ON 





Activities R(b, p) = 14b — 3b — bp — 2p? + 12p 


a. Find the prices at which the restaurant should 
try to purchase ground beef and pork sausage in 


order to maximize the quarterly revenue from 
1. R(k, m) = 3k? — 2km — 20k + 3m? — 4m + 60 the sale of the pizza. 
Pp 


2. Hrs) =rst22 +7 b. Explain how the Determinant Test verifies that 
your result gives the maximum revenue. 


For each of the multivariable functions in Activities 1 
through 8, find and classify any critical points. 


ob ,p) = pe — 3 : : 
DR TR c. What is the maximum quarterly revenue from 


4. f(a, b) = a@ — 4a + b* — 2b — 12 the sale of the restaurant’s signature pizza? 


10. A nursery sells mulch by the truckload. Bark mulch 


sells for $b per load, and pine straw sells for $p per 
load. The nursery’s average weekly profit from the 


sale of these two types of mulch can be modeled by 
the equation 


P(p, b) = 144p — 3p* — pb — 2b? + 120b + 35 dollars 


ie 


[2 


a. Find how much the nursery should charge for 
each type of mulch in order to maximize the 
weekly profit from the sale of mulch. 


b, Explain in detail how the Determinant Test veri- 
fies that your result in part a gives the maximum 
profit. 


c. What is the maximum weekly profit from the 
sales of these two types of mulch? 


Boll weevils have long presented a threat to cotton 
crops in the southern United States. Research has 
been done to determine the optimal conditions for 
reproduction of Catolaccus grandis, a parasitoid 
that attaches to boll weevils and kills them. The 
number of eggs produced in 30 days by one female 
C. grandis under conditions of 16 hours of light 
each day, a constant temperature of T°C, and a rel- 
ative humidity of H% can be modeled'® by 


E(T, H) = -4191.6877 + 299.7038T + 23.1412H — 


5.2210T? — 0.0937H? — 0.4023TH eggs 
a. Determine the point where the partial deriva- 
tives of E are both equal to zero. 
b. Write a sentence interpreting the point in part a 
and characterizing it as a maximum, a mini- 
mum, or a saddle point. 


The average time for C. grandis eggs to develop into 
an adult can be modeled” by 


D(H, L) = 25.6691 — 0.838H + 2.4297L + 


18. 


HG), 


0.0084H* — 0.0726L* — 0.0181HL days 


where the relative humidity is held constant at H%, 
the eggs are exposed to L hours of light each day, 
and the temperature is held constant at 30°C. 


a. Determine the point where the partial deriva- 
tives of D are both equal to zero. 


b. Write a sentence interpreting the point in part a 
and characterizing it as a maximum, a mini- 
mum, or a saddle point. 


J. A. Morales-Ramos, S. M. Greenberg, and E. G. King, “Selection 
of Optimal Physical Conditions for Mass Propagation of Cato- 
laccus grandis,” Environmental Entomology, vol. 25, no. 1 (1996), 
pp. 165-173. 

Ibid. 


1% 


14, 


13; 
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The increased consumption of low-fat foods in this 
country has led to a surplus of milk fat. Research is 
being done to find new uses for milk fat such as 
extracting flavor from the milk fat to utilize it in 
other products. The process of flavor extraction 
entails hydrolysis—a chemical reaction in which 
fatty acids are liberated from the milk fat. It is desir- 
able to maximize the rate at which the fatty acids 
are liberated. The initial liberation rate can be mod- 
eled*® by 


RUB TY) = 32.614 — 1:544P 16257 = 
4.905P* — 7.053T? — 3PT 


moles (micromoles) of free fatty acids per minute, 
where 5.5 + 1.5P is the pH of the milk fat mixture 
and the temperature is (60 + 8T)°C. Find the pH 
and temperature that maximize the initial rate. Ver- 
ify that the optimal point is a maximum. 


In the chemical process described in Activity 13, it is 
also desirable to maximize the amount of fatty acids 
liberated in the hydrolysis process. The number of 
grams of fatty acids per 100 grams of water can be 
modeled by 


F(p, t) = 25.224 — 0.129p — 3.052t — 
0.446p? — 3.761t? — 1.249pt grams 


where the pH of the milk fat is 5.5 + 1.5p and the 
temperature is (60 + 8t)°C. Find the pH and tem- 
perature that maximize the amount of fatty acid. 
Verify that the optimal point is a maximum. 


The Louisiana crayfish industry produces over 
38,600 tons of crayfish-processing byproducts 
every year. One potential use of the byproducts is 
the production of flavor extracts. In order to extract 
flavoring from the crayfish-processing byproducts, 
peptides from the byproducts must be drawn out. 
This process is a complicated one with many vari- 
ables. Two of these variables are the pH and tem- 
perature maintained during the process. A model”! 
for the amount of peptides released is 


P(x, y) = 2.14 — 0.26x — 0.34y — 0.23x2 — 
0.16y* — 0.25xy milligrams 


20. M.T. Patel, R. Nagarajan, and A. Kilara, “Hydrolysis of Milk Fat by 


Lipase in Solvent-Free Phospholipid Reverse Micellar Media,” 
Journal of Food Science, vol. 61, no. 1 (1996), pp. 33-38. 


21. H. H. Baek and K. R. Cadwallader, “Enzymatic Hydrolysis of 


Crayfish Processing By-products,” Journal of Food Science, vol. 60, 
no. 5 (1995), pp. 929-934. 
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Use the contour plot to estimate the maximum 
amount of peptides as well as the pH and time 
needed to achieve the maximum. 


b. Use the model to find the pH and time that will 
maximize the amount of peptides: 


where the pH is 9 + x and the temperature is a. 
(70 + 5y)°C. Figure 10.2.1 shows a contour plot of 
the amount of peptides released. 


17. Milk proteins are sometimes added to sausage to 
reduce shrinking due to cooking loss and to 
improve the texture of the sausage. Research has 
shown that when sausage is prepared with three 
milk proteins—sodium caseinate, whey protein, 
and skim milk powder—the cooking loss 
(expressed as a percentage of initial weight) can be 
modeled” by 


L(w, s) = 10.65 + 1.13w + 1.04s — 5.83ws percent 


Temperature (°C) 


where w is the proportion of whey protein, s is the 
proportion of skim milk powder, and the propor- 
tion c of sodium caseinate can be calculated as c = 





FIGURE 10.2.1 1 — w — s. Determine whether the function L has a 

relative maximum, a relative minimum, or a saddle 

a. Use the contour plot to estimate the maximum point, and find the corresponding proportions of 

amount of peptides and the pH and temperature sodium caseinate, whey protein, and skim milk 
needed to achieve the maximum. powder, 


b. Use the model to determine the pH and temper- 


: abe é 18. A process to extract pectin and pigment from sun- 
ature that will maximize the amount of peptides P P ps 


flower heads involves washing the sunflower heads 


Disses in heated water. A model for the percentage of pig- 
16. The amount of peptides in Activity 15 can also be ment”? that can be removed from a sunflower head 
modeled as a function of pH and processing time: by washing for 20 minutes in r milliliters of water 
Pes ee 4 201068e0004663093.2 Pein of sunflower when the water temperature 
0.04¢ — 0.07xt milligrams eaenie 
. Se P(T, r) = 306.761 — 9.6544T + 1.9836r + 
where the pH is 9 + x and the processing time is 0.07368T? — 0.02958r? percent 


2.5 + thours. Figure 10.2.2 shows a contour plot of 


the amount of peptides. Find the critical point of the pigment removal func- 


tion, and identify it as a maximum, a minimum, or 
8 a saddle point. 


S 
1.5 1.0 ‘ 
19. A model for the elevation above sea level of a tract 
of farmland previously discussed is 
E(e, n) = -10.124e* + 21.347e? — 13.972e — 2.5n? + 
, 2.497n + 802.2 feet above sea level 
where e is the distance in miles east of the western 
fence and n is the distance in miles north of the 
southern fence. 
22. M.R. Ellekjaer, T. Naes, and P. Baardseth, “Milk Proteins Affect 
Yield and Sensory Quality of Cooked Sausages,” Journal of Food 
9 10 11 
H 


OV = 


Time (hours) 
aS 


4 
2.0 
2.1 
5) 
2 
3) 
D 
i 
v Sci | 
8 cience, vol. 61, no. 3 (1996), pp. 660-666. 


6 7 
p 23. X.Q. Shi, et al., “Optimizing Water Washing Process for Sunflower 
Heads Before Pectin Extraction,” Journal of Food Science, vol. 61, 
FIGURE 10.2.2 no. 3 (1996), pp. 608-612. 


a. Find the two critical points of E. 


b. Use the contour graph for E in Figure 10.1.4 on 
Page 697 to identify each critical point as a max- 
imum, a minimum, or a saddle point. 

c. Use the Determinant Test to verify that the criti- 
cal points are as you identified them in part b. 
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a. Find the point at which all four partial deriva- 
tives are zero. Find the corresponding adhesive- 
ness measure at that point. 


b. The Determinant Test applies only to functions 
of two variables. Use some other method to 
make a conjecture about the nature of the criti- 


cal point you found. (That is, is ita maximum or 


20. A model” for the revenue generated by the sale of a minimum or something else?) 


cheeses in the Netherlands is 
22. A measure of the thickness of processed cheese 


R(c, r) = -52.196r? + 5935.497r — 59.128cr + spread can be modeled by 


10,299.325c — 384.386c thousand guilders 
Vig, 5, 1) = 1000(5.647 — 3.436s + 1.577s* + 


0.3751— 1.7572 +7 0:14) eon 
1.217sl — 0.533sl? + 0.186sg) 


where c thousand tons of 40% fat cheese and r 
thousand tons of regular cheese are sold. Find the 
combination of cheeses whose sales result in maxi- 


ee SAR ae where g is the percentage of glycerol, s is the per- 


21. A measure of the adhesiveness of honey” after pro- centage of salt, and / is the percentage of lactose. 


cessing can be modeled by a. Find the point at which all three partial deriva- 
tives are zero. Find the corresponding thickness 


A(g, m, s, h) = -151.78 + 4.26g + 5.69m + 0.675 + : 
measure at that point. 


2.48h — 0.05g* — 0.14m? — 0.033? — 


0.052 — 0.07mh b. The Determinant Test applies only to functions 


of two variables. Use some other method to 
make a conjecture about the nature of the criti- 
cal point you found. (That is, is it a maximum or 
a minimum or something else?) 


where g is the percentage of glucose and maltose, m 
is the percentage of moisture, s is the percentage of 
crystal used to seed the honey, and h is the holding 
time of the honey in days. 





Optimization Under Constraints 


Often it is not enough to be able to find the input that leads to a maximum (or mini- 
mum) output. In many applications there are constraints on what input values can be 
used. For example, when trying to optimize revenue made from the sale of cheese, the 
producer is constrained by the amount of cheese the company is able to produce. In 
the case where a manufacturer is trying to maximize production, budget constraints 
must be considered. Sometimes constraints are implied by a particular context. 

It is common in meat production to add nonmeat proteins to meat products in 
order to decrease ingredient costs and increase yield. Milk proteins, in particular, 
reduce the amount of shrinkage due to cooking. The percentage of volume lost when 
cooking sausage can be modeled” by the equation 


P(w, s) = 11.78w + 11.69s — 5.83ws percent 


24. S. Louwes, J. Boot, and S. Wage, “A Quadratic-programming Approach to the Problem of the Optimal 
Use of Milk in the Netherlands,” Journal of Farm Economics, vol. 45, no. 2 (May 1963), pp. 309-317. 

25. J. M. Shinn and S. L. Wang, “Textural Analysis of Crystallized Honey Using Response Surface Method- 
ology,” Canadian Institute of Food Science Journal, vol. 23, no. 4/5 (1990), pp. 178-182. 

26. M. R. Ellekjaer, T. Naes, and P. Baardseth, “Milk Proteins Affect Yield and Sensory Quality of Cooked 
Sausages,’ Journal of Food Science, vol. 61, no. 3 (1996), pp. 660-672. 
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Contour graph of P with 
constraint w +s =1 


FIGURE 10.24 


Analyzing Multivariable Change: Optimization 


where w is the proportion of the added milk proteins that is whey protein, and s is the 
proportion of the added milk proteins that is skim milk powder. The fact that the 
proportions of whey protein and skim milk powder must add up to | gives us a con- 
straint that affects the optimal value of the function for the percentage of volume lost 
in cooking. This constraint is g(w, s) =w+s=1. 

Figure 10.24 shows several contour curves for the function P. A graph of the con- 
straint equation g(w, s) = 1 is the line that intersects different curves on the contour 
graph. Minimum cooking loss is determined by finding the lowest-valued contour 
curve that touches the constraint curve. The output value associated with this con- 
tour curve is the minimum cooking loss. Note that the lowest-valued contour curve 
that the constraint line g(w, s) = 1 appears to touch is P(w, s) = 10.3. Thus the mini- 
mum cooking loss subject to the constraint w + s = 1 is approximately 10.3%. The 
line g(w, s) = 1 touches the 10.3% contour curve but remains completely on one side 
of it. This description should sound familiar, for it is the description of a tangent line. 

For other multivariable functions f, the constraint function g may not be linear. 
The constraint curve drawn on a contour graph may look more like the one shown in 
Figure 10.25. 







Nonlinear 
constraint curve g 


(Xo; Yo) 





FIGURE 10.25 


The Lagrange Multiplier 


The point of minimum (or maximum) output of f subject to g(x, y) = ccan be deter- 
mined by first finding the smallest (or largest) value M for which the constraint curve 
g(x, y) = cand the contour curve f(x, y) = M touch and then determining the point 
(Xp) Yo) where these two curves meet. Figure 10.25 illustrates that the constraint curve 
touches this lowest or highest possible contour curve at only one point on that con- 
tour curve and does not pass through the contour curve but remains completely on 
one side of it. What does this say about the lines tangent to the contour curve and the 
constraint curve at this point (xp, vo)? Compare the tangent lines shown in Figure 
10.26 and 10.27. The tangent line in Figure 10.26 is the tangent line at (xp, y)) on the 
constraint curve g(x, y) = c, whereas the tangent line in Figure 10.27 is the tangent 
line at the same point but on the contour curve f(x, y) = M. They appear to be the 
same. In fact, they are the same.”” 


27. Although we use this result to develop further the optimization technique, realize that we have only 
graphically illustrated it in a special case. We do not give an analytic proof. 





FQ, y)=M 





8% y) =e 





Xx 


Line tangent to the constraint 
curve at the optimal point 


FIGURE 10.26 











Xx 


Line tangent to the contour curve 
at the optimal point 


FIGURE 10.27 
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Let us now use the fact that the tangent line at (xp, yy) on g(x, y) = cis the same 
line as the tangent line at the same point on f(x y) = M to develop a method for solv- 
ing constrained optimization problems. The tangent line in Figure 10.26 is tangent to 
the curve g(x, y) = c, so from Chapter 9 we know that its slope is 





dy _ ($8) ze 
Ce 


The tangent line in Figure 10.27 is a tangent to the contour curve f(x, y) = M, so its 
slope is 





ayn) ach 
a @ 
va 
Because these two rates of change are equal, we have 
Skee a 
& Sy 
and some algebra shows that 
iD 
& & 


For convenience, we denote this common ratio as }. 

We now use J to set up a system of equations that we solve in the process of find- 
ing any extreme points. First, we know that any extreme point on the constraint 
curve satisfies the condition 

) ) 
nie th lige 


SOL igs oj 


&e ox ox 


The point also satisfies the condition 
hy =), so a = 28 
& dy oy 


Finally, the point we are trying to find must satisfy the constraint g(x, y) = c. Thus we 
have a system of three equations with three unknown variables, x, y, and ): 


Of we og 
as 
af _ , ag 
oy oy 
g(x,y) =c 


Solving this system of equations for x and y gives a point on the constraint curve at 
which an extreme value may occur. In fact, Joseph Lagrange (1736-1813), an Italian- 
born French mathematician, showed that any extreme point for the function f sub- 
ject to the constraint g(x, y) = c occurs among the solutions to the above system of 
equations. For this reason, ) is called the Lagrange multiplier. 

Once a solution to the system of equations is found, a contour graph of the mul- 
tivariable function f and the constraint g(x, y) = c may be helpful in identifying the 
nature of the corresponding extreme point. Testing values of f(x, y) for values of x 
and y that satisfy the constraint and are near the extreme point may also help tell 
whether that point is a maximum or minimum of the function f. 
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EXAMPLE 1 


Analyzing Multivariable Change: Optimization 


We return to the sausage example where cooking loss is modeled by the equation 
P(w, s) = 11.78w + 11.69s — 5.83ws percent 

subject to the constraint 
gws)=wts=1 


where w is the proportion of whey protein and s is the proportion of skim milk pow- 
der. What combination of whey protein and skim milk powder will cause the mini- 
mum amount of sausage shrinkage during cooking? 

The point at which the minimum shrinkage occurs must satisfy the following 
system of equations: 


oP og 

— = h = 11.78 — 5.835=X 

ow ‘ Ow ; 

oP ag 

—— = \) — 11.69 — 5.83w =X 

Os A Os ig 
gw, s) = c¢ Was esi——al 


This system of equations can be solved algebraically or using matrices. A matrix for 
this linear system of equations is 


25.05 0 3 Vege lic 
0 =) 89 oie lee bL.O9 
1 l Oi. =| 


Using technology, we find that the solution to this system is s ~ 0.508, w ~ 0.492, and 
\ = 8.82. With these proportions of whey protein and skim milk powder, the shrink- 
age is P(0.492, 0.508) ~ 10.28%. To verify that this value is a minimum, we look at 
the contour graph shown in Figure 10.24 on page 716. The contour curve to which 
the constraint curve is tangent has the smallest value of all contour curves that inter- 
sect or touch the constraint curve. This confirms that we have found the minimum of 
P subject to the constraint w + s = 1. 


Cobb-Douglas Production Function 


Consider a mattress manufacturing process for which the Cobb—Douglas production 
function is 


f(L, K) = 48.1L°°K®* mattresses 


where L represents the number of worker hours (in thousands) and K represents the 
amount invested in capital (in thousands of dollars). Suppose that the plant manager 
has a budget of $98,000 to be invested in capital or spent on labor and that the aver- 
age wage of an employee at the mattress plant is $8 per hour. 


a. Write the budget constraint equation. 


b. Use Lagrange multipliers to find the expenditures on labor and capital invest- 
ment that will result in the greatest number of mattresses being produced subject 
to the budget constraint. Also find the maximum production level. 


c. Verify that the answer to part b is a relative maximum. 


BNET] 
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Solution 


a. The manager’s budget constraint equation is 


g(L, K) = 8L + K = 98 thousand dollars 


where L and K are as described in the production function. 


The point at which the maximum production occurs must satisfy the following 
system of equations: 


Ul Sta ae 

aL Dr 28.86 L*K*4 = )(8) (1) 

ES Og O16 72016) 

aK = DR TOD Kee oN 1) (2) 
Sy K) =e 8L + K = 98 (3) 


Because this system of equations is not linear, we cannot use a matrix to find the 
solution. To solve this system, we begin by solving equation 1 for one of the vari- 
ables L, K, or \. In this example, we solve for }. 


28 Sole Ke 
8 
Substituting this expression for \ into equation 2, we have 
1924 EK es 6075 ke 


Next, we multiply both sides of the equation by L°*K°* to remove the negative 
exponents and solve for L: 


(19.241°° K°*) L°4K 96 = (3.6075L°4 Kee) L°4 K°%° 
19.24[,9-6+0-4 K 0640.6 = 3.6075L 0:4+0-4 K 94+0.6 
19.24L = 3.6075K 
L = 0.1875K 
Finally, substituting L = 0.1875K into equation 3 allows us to solve for K: 
8(0.1875 K) + K = 98 
2.5 K = 98 
K = 39.2 thousand dollars 
Next we use K = 39.2 to find that L = 0.1875(39.2) = 7.35 thousand worker 
hours. Thus the labor costs are (7.35 thousand worker hours) ($8 per hour) = 
$58,800, and the capital investment is $39,200. With those investments of time 
and money, the production level is f(7.35, 39.2) = 690.608 ~ 690 mattresses. 
Note that we discount the fraction of a mattress and round down the production 


level. A production level of 691 mattresses would (technically) result in labor 
exceeding the budget constraint. 


d == SWAN wi ore 


To verify that the values of K and L-found in part b give a maximum production 
level subject to the constraint, we consider nearby points on the constraint curve. 
We choose values for L that are close to 7.35. In this case, we choose 7.3 and 7.4. 
Substituting these values into the constraint equation g(L, K) = 8L + K = 98, we 
obtain the corresponding values of K, so the points we check are (7.3, 39.6) and 
(7.4, 38.8). We find that the values f(7.3, 39.6) ~ 690.585 and f(7.4, 38.8) ~ 690.584 
are both less than the extreme value f(7.35, 39.2) ~ 690.608, and we therefore have 
good evidence that 690 mattresses is a maximum production level. The manager 
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will be able to maximize the production of mattresses by investing $39,200 in capi- 
tal and having his employees put in a total of 7350 worker hours. Notice that we 
could also verify that our solution is a maximum by examining the graph in Figure 
10.28. The budget constraint g(L, K) = 98 intersects the f(L, K) = 290,490; and 690 
contours. Because the contour to which the constraint is tangent is the largest of 
these values, the answer to part b is the location of a relative maximum. 





Capital (thousand dollars) 








Ce eeerceerescosercesece 


Interpreting A 


If the level of the constraint function g changes from c to c + Ac, it will determine a 
different extreme point because adding Ac to the constraint equation shifts the con- 
straint curve (see Figure 10.29). 


f(x,y) =M + AM 
S@,y)=M 


Xx 











2(x%, y)=c 
g(x, y)=c+Ac 


A shifted constraint curve 


FIGURE 10.29 


Note that g(x, y) = c + Ac is tangent to the contour curve f(x, y) = M + AM, 
whereas g(x, y) = cis tangent to the curve f(x, y) = M. Therefore, we can consider the 
extreme value M to be a function of the level c of the constraint. In order to analyze 
the effect that a change in the constraint level c has on the extreme value M, we look 
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at the rate of change of M with respect to c; that is, 4M Tt can be shown using more 
rigorous mathematics that the Lagrange multiplier ) is this rate of change. 


When the level of the constraint changes by a small amount Ac, the extreme value 
M of f(x, y) changes by 


dM 
AM = Ac(=*) = acc 
Ac | is Ac(X) 


When f(x, y) represents the output of a production function, the Lagrange multi- 
plier d can be used to determine the approximate increase in the optimal production 
level effected by an additional allocation of resources. Economists often refer to the 
value of \ as the marginal productivity of money. 

In the mattress production example, we can use equation 2 on page 719 to find 
the value of \ when L = 7.35 and K = 39.2: 


N19 2A (7.55) 0139.2) 047: 


Because \ can be interpreted as aM its units are mattresses per thousand budget 
dollars. 

This value of \ can be used to approximate the maximum production level that 
would occur if the budget were increased. For example, if the manager’s budget were 
$99 thousand instead of $98 thousand, the production level would increase by 


AM = Ls (A) Ac 
dc 


mattresses 
thousand budget dollars 





= (7.047 Ja thousand budget dollars) 


=~ 7 mattresses 


That is, the company could produce approximately 697 mattresses, instead of 690 
mattresses, if the manager’s budget were $99 thousand instead of $98 thousand. 


Interpretation of » 


If the constraint level c is increased by 1 unit, then the extreme value M of 
the function changes by approximately \ units. 





EXAMPLE 2 Sausage Production 
a ee Oe ee ee a eee 


Consider the production of sausage, in which the amount of shrinkage due to cook- 
ing is reduced by the addition of three milk proteins. The percentage of volume lost 
in cooking sausage can be modeled” by the equation 


P(c, w, s) = 10.65c + 11.78w + 11.695 — 5.83ws percent 


where ©, w, and s are the proportions of the milk proteins sodium caseinate, whey 
protein, and skim milk powder, respectively. 


a. Rewrite the function P in terms of w and s, using the fact thatc + w+s5=1. 


28. M. R. Ellekjaer, T. Naes, and P. Baardseth, “Milk Proteins Affect Yield and Sensory Quality of Cooked 
Sausages,’ Journal of Food Science, vol. 61, no. 3 (1996), pp. 660-672. 
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b. To determine the effect that changing k in the constraint w + s = k has on the 
optimal cooking loss P, find the value of a fork = 1. 


c. Use the answer to part b to estimate the effect on the minimum cooking loss if 
sodium caseinate makes up 10% of the total milk proteins. 


d. On the basis of your answer to part c, do you believe that a sausage producer 
would be wise to use sodium caseinate in addition to whey and skim milk pow- 
der? Explain. 


Solution 
a. Substituting 1 — w — s for c in the equation, we obtain 


P(w, s) = 10.65 + 1.13w + 1.04s — 5.83ws percent 
b. To find {f, we must find ) in the system of equations used to minimize the model 
in part a, subject to the constraint g(w, s) = 1. The system is 
113 85.605 —9N 
1.04 — 5.83w =X 
Vata Soa | 


Solving this system gives the same solution for s and w found earlier: s ~ 0.508 
and w ~ 0.492 with \ = -1,83. Therefore, 4¢ = -1.83 percentage points per unit 


of k. 
c. We can approximate the effect on optimal cooking loss using the formula 
dP 
AP = dk Ak 


In this case, k is decreased by 0.1 (from 1 to 0.9), so the change in minimum 
cooking loss is approximately (-1.83)(-0.1) = 0.183 percentage points. In other 
words, if sodium caseinate is added so that the proportions of whey and skim 
milk proteins sum to 0.9, minimum cooking loss will increase to approximately 
10.28 + 0.183 ~ 10.46%. 


d. Because 4 is negative, any decrease in k (the combined proportion of whey and 
skim milk proteins) will increase P (the percentage cooking loss). Thus the addi- 
tion of sodium caseinate will increase the percentage loss in cooking. Because a 
sausage producer desires minimum cooking loss, it probably is not beneficial for 
producers to use sodium caseinate. We do not know, however, what other benefits 
sodium caseinate may confer, such as improved texture, improved taste, or 
decreased processing expenses. A sausage producer would need to evaluate all 
contributing factors when making a decision. 


Peer eceesesosoesseseese 
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Inventory 





Activities 


@ Constrained optimization 1. For the multivariable function f(a, b) = ab with 
@ Lagrange multiplier constraint g(a, b) =a + b = 90: 
@ Interpretation of X a. Use the graph shown in Figure 10.3.1 of several 


of the contour curves of f and the constraint 


g(a, b) = 90 to estimate the optimal point and 
optimal value of f(a, b) subject to the constraint. 








0 15 30 45 60 75 
FIGURE 10.3.1 


b. Classify the optimal point as a maximum or a 
minimum of f(a, b). 

c. Use the methods of this section to find the opti- 
mal point and the optimal value. 


. For the multivariable function f(k, h) = 2k°h with 

constraint g(k, h) =k? +h =2: 

a. Use the graph shown in Figure 10.3.2 of several 
of the contour curves of f and the constraint 
g(k, h) = 2 to estimate each optimal point and 
optimal value of f(k, h) subject to the constraint. 


h 





FIGURE 10.3.2 


b. Classify each optimal point as a maximum or a 
minimum of f(k, h). 

c. Use the methods of this section to find the opti- 
mal points and the optimal values. 


3. Figure 10.3.3 shows a contour graph of a measure 


of the cohesiveness of honey as a function of the 
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percentage of glucose and maltose and the percent- 
age of moisture. 


M 
(%) 


ie 


26 
24 











FIGURE 10.3.3 


a. Estimate the critical point indicated by the con- 
tour graph. Interpret your answer. 


b. Graph the constraint g(G, M) = G+ M = 40% 
on the contour graph. Estimate the optimal point 
of cohesiveness subject to the constraint. Is the 
point the location of a maximum or a minimum? 


. Figure 10.3.4 shows a contour graph of a measure 


of the adhesiveness of honey as a function of G, the 
percentage of glucose and maltose, and M, the per- 
centage of moisture. 


M 
(%) 





G 


12 ff} (%) 
(9) 


SH Bly SAM Pail SG) 





FIGURE 10.3.4 


a. Estimate the critical point indicated by the con- 
tour graph. Interpret your answer. 

b. Graph the constraint g(G, M) = G+ M = 55% 
on the contour graph. Estimate the optimal point 
of adhesiveness subject to the constraint. Is the 
point the location of a maximum or a minimum? 
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5. Find the optimal point of 


ip) =2r +p —p = p 
under the constraint 
5p) = 27 1 op = 1 


Identify the output at the point as a maximum or a 
minimum using: 
a. A contour graph. 


b. Close points. 
. Find the optimal point of 
fle y) = 80x + 5y* 
under the constraint 
AG Viera 1.4 


Identify the output of the point as a maximum or a 
minimum using: 
a. A contour graph. 


b. Close points. 


. Use the model given in part a of Example 2 and the 
constraint w + s = 0.9 to find the minimum per- 
centage cooking loss if 10% sodium caseinate is 
used. Compare your answer to the approximation 
given in part c of Example 2. 


. Use the Cobb-Douglas model for mattress produc- 
tion given in Example 1 to find maximum produc- 
tion if the manager’s budget were increased to $99 
thousand. Compare your answer to the estimate 
given above the box on page 721. 


. A health club is trying to determine how to allocate 
funds for advertising. The manager decides to 
advertise on the radio and in the newspaper. Previ- 
ous experience with such advertising leads the club 
to expect A(r, n) = 0.1r°n responses when r ads are 
run on the radio and n ads appear in the newspaper. 
Each ad on the radio costs $12, and each newspaper 
ad costs $6. 


a. Find the optimal allocation for advertising to 
produce the maximum number of responses if 
the club has budgeted $504 for advertising. 


b. What is the maximum number of responses 
expected with the given advertising costs? 


c. Suppose the manager budgeted an additional 
$26 for advertising. What is the approximate 
change in the optimal value as a result of this 
change in the constraint level? 
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10. A measure of the adhesiveness of honey” can be 


11. 


12; 


modeled by 


A(G, M) = -125.48 + 4.26G + 4.85M — 
0.05G2 — 0.14M? 


where G is the percentage of glucose and maltose 
and M is the percentage of moisture. A contour 
graph of A is shown in Figure 10.3.4 in Activity 4. 


a. Find the absolute maximum of the adhesiveness 
of honey. Compare your answer with the esti- 
mate in part a of Activity 4. 


b. If FDA restrictions for Grade A honey require 
that the combined percentages of glucose, malt- 
ose, and moisture must not exceed 55%, what is 
the maximum measure of adhesiveness possible? 


c. Verify that the point in part b corresponds to a 
maximum. 

d. Compare your answer in part b to the estimate in 
part b of Activity 4. 


A measure of the cohesiveness of honey*’ can be 
modeled by 


C(G, M) = 106.35 — 3.76G — 4.71M + 0.04G? + 


0.08M? + 0.06GM 


where G is the percentage of glucose and maltose 
and M is the percentage of moisture. A contour 
graph of Cis shown in Figure 10.3.3 in Activity 3. 


a. Find the absolute minimum cohesiveness of 
honey. Compare your answer with the estimate 
in part a of Activity 3. 


b. If FDA restrictions for Grade A honey require 
that the combined percentages of glucose, malt- 
ose, and moisture must not exceed 40%, what is 
the minimum measure of cohesiveness possible? 


c. Verify that the point in part b corresponds to a 
minimum. 


d. Compare your answer in part b to the estimate in 
part b of Activity 3. 


A manufacturer is designing a packaging carton for 
shipping. The carton will be a box with fixed volume 
of 8 cubic feet. The cost to construct each box is 

4.8 


C(l, w) = lw + — + Shera silent 
w l 


29. J.M.Shinn and S. L. Wang, “Textural Analysis of Crystallized Honey 


Using Response Surface Methodology,’ Canadian Institute of Food 
Science and Technology Journal, vol. 23, no. 4/5 (1990), pp. 178-182. 


30. Ibid. 


EDs 


14, 


£5: 


16. 


where the box is / feet long and w feet wide. If ship- 
ping requirements are such that the length and 
width of the box are constrained by! + 2w=5 feet, 
what size box will cost the least to produce? What is 
the minimum cost? 


The daily output at a plant manufacturing transis- 
tor radios is approximated by the function 


AL K) = 10.5463L°°K°> radios 


where L is the size of the labor force measured in 
hundreds of worker hours and K is the capital 
investment in thousands of dollars. 


a. Suppose that the plant manager has a daily budget 
of $15,000 to be invested in capital or spent on 
labor and that the average wage of an employee 
at the radio plant is $7.50 per hour. What combi- 
nation of worker hours and capital expenditures 
will yield maximum daily production? 

b. Verify that the output value you obtain is a max- 
imum. 


c. Find and interpret the marginal productivity of 
money for this manufacturing process. 


Refer to the model and constraint in Activity 10. 


a. If f(G, M) = kis the constraint equation and A is 
the maximum adhesiveness measure, find 
® for k = 55%. 

b. Use the answer to part a to estimate the change 
in the maximum adhesiveness measure if the 
FDA approves the percentage of glucose, malt- 
ose, and moisture to be 56%. 

c. Find the maximum measure of adhesiveness if 
there are no restrictions on the percentage of 
glucose, maltose, and moisture. 


Refer to the model and constraint in Activity 11. 

a. If f(G, M) = kis the constraint equation and C is 
the minimum cohesiveness measure, find 
4 for k = 40%. 

b. Use the answer to part a to estimate the change 
in the minimum cohesiveness measure if the 
FDA approves the percentage of glucose, malt- 
ose, and moisture to be 42%. 

c. Find the minimum measure of cohesiveness if 
there are no restrictions on the percentage of 
glucose, maltose, and moisture. 


Refer to Activity 12 to answer the following ques- 
tions. 
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We 


18. 


19: 


725 


Optimization Under Constraints 


a. If M is the minimum cost and f(l, w) = k is the 
constraint equation, find “ff for k = 5. 


b. Use the answer to part a to estimate the mini- 
mum cost if the constraint curve equation is 
1+ 2w=5.5, 


Refer to Activity 13 to answer the following ques- 
tions. 


a. If P is the maximum daily production and the 
budget constraint equation is g(L, K) = c, find 
a. for c = $15,000. 


dc 

b. Use the answer to part a to estimate the change 
in maximum production if the budget amount is 
increased by $1500. 


c. Estimate the maximum production if the budget 
amount is decreased to $14,000. 


In Example 2 of Section 5.3, a rancher needed to 
maximize the area of a corral subject to a con- 
straint. Read through that example, and then 
answer the following questions. 


a. What is the multivariable function to be maxi- 
mized? 


b. What is the constraint function? 


c. Maximize the equation in part a subject to the 
constraint in part b, using the method of 
Lagrange multipliers. 


d. Compare your answers with those found in 
Example 2 of Section 5.3. 


e. Describe the solution method in the example 
and the solution method in part c of this activity. 
Which method do you think is easier? 


In Example 3 of Section 5.3, we considered mini- 
mizing the surface area of a popcorn tin subject to a 
constraint. Read through that example, and then 
answer the following questions. 


a. What is the multivariable function to be mini- 
mized? 

b. What is the constraint function? 

c. Minimize the equation in part a subject to the 
constraint in part b, using the method of 
Lagrange multipliers. 

d. Compare your answers with those found in 
Example 3 of Section 5.3. 

e. Describe the solution method in the example 


and the solution method in part c of this activity. 
Which method do you think is easier? 
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20. In Example 4 of Section 5.3, we maximized revenue c. Maximize the equation in part a subject to the 
subject to a constraint. Read through that example, constraint in part b, using the method of 
and then answer the following questions. Lagrange multipliers. 

a. Write revenue as a multivariable function of the d. Compare your answers with those found in 
number of students in excess of 50 and the price Example 4 of Section 5.3. 
per student. e. Describe the solution method in the example 
b. Write a constraint function in terms of the num- and the solution method in part c of this activity. 
ber of students in excess of 50 and the price. Which method do you think is easier? 






10.4 _Least-Squares Optimization 


eh a a esse DS 


We have used different models in this text to represent real-world situations, and we 
put those models to use in our study of the mathematics of change. We called upon 
technology to obtain the equations of the models so that interesting and current data 
could be utilized in our study of calculus concepts. We are now in a position to 
understand a procedure that technology uses to find linear models. This section is 
devoted to understanding the least-squares method of determining the linear model 
that best fits a set of data points. 

In Section 1.5 we intuitively considered the least-squares method when answer- 
ing the question “What is best fit?” Let us review how we decide when a particular 
line best fits the data in the context of an application dealing with retirement plans. 

The average number of investment choices for people who invest in 401(k) plans 
at their place of employment is given by the data*! in Table 10.14. 


TABLE 10.14 





Let x represent the number of years since 1990, and let y be the average number of 
401(k) plans. A scatter plot of the data and a linear model are shown in Figure 10.30. 


y 
Average number 


of 401(k) plans 






y=axt+b 





4 
3.5 
3 
X 
DS, = Years 
FIGURE 10.30 0 | 2 3. since 1990 


31. USA Today, November 5, 1993. Source: Foster Higgins. 
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A visual indication of how well the line fits the data is given by the extent to 
which the data points deviate from the line. We determine a numerical measure of 
this visual observation by calculating the amount by which the line misses the data. 
That is, we calculate the vertical distance (the deviation) from each data point to the 
line. These deviations are the lengths of the vertical segments shown in Figure 10.31. 


y 
Average number 


of 401(k) plans 





y=ax+b 





3 
+ Years 
0 1 2 3 since 1990 


FIGURE 10.31 





Each deviation measures the error between the associated data point and the line. 
Deviation = error = ¥ gata — Viine 


To obtain a single numerical measure, we square the errors and sum. When there are 
n data points, we have 


SSE = the sum of squared errors 


2 


= (first error)” + (second error)” + --- + (last error)? 
Vd ody ed 


This number, denoted by SSE (Sum of Squared Errors), is our overall measure of how 
well the line fits the data. The key idea to its correct use is that smaller values of SSE 
arise from lines where the errors are small, and larger values of SSE arise from lines 
where the errors are large. The strategy for choosing the best-fitting line is to choose 
the line for which the sum of squared errors (SSE) is as small as possible. Such a line 
is designated as the line of best fit (also called the regression line), and this procedure 
for choosing it is called the method of least squares. 


The Line of Best Fit 


The method of least squares is the procedure that is used to find the best- 


fitting line based on the criterion that the sum of squared errors is as small as 
possible—that is, at a minimum value. The linear model obtained by this 
method is called the least-squares line. 





Thus our task is to find the values of a and b in the model y = ax + b such 
that SSE = d,’ + d,? + --- + d,? is a minimum. Because each deviation is the 
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y-value of the data minus the y-value on the line, we proceed as follows using the 
aligned data: 


d,? + d+ dy? + d? = (3.5 —-(a-0+ 6))? + [4-—(a-1+b)])? + 
[4.2 —(a:2+))]? + [4.8 — (a:3 + b)}? 
= (3.5 —b)?+ (4-a—b)? + (4.2 — 2a — b)*? + 
(4:8 = 3a b)? 
This sum of squares of errors is a function of the slope, a, and the y-intercept, b, of 
the least-squares line. Thus it is a multivariable function with two input variables: 


fla, b) = 3.5 — b)? + (4-—a— b)? + (4.2 — 2a — by + (4.8 — 3a — b)? 


) of 
Recall that to find the minimum value of f(a, b), we first find a and st 


a = 0 + 2(4 — a — b)(-1) + 2(4.2 — 2a — b)(-2) + 2(4.8 — 3a — b)(-3) 
of 


Db =22(3,9 = Dll) = 24 —a— DEV 244.2 — 24 — 0) El) = 214.8.— 3a. Ft) 


Next, we set of 0 and = 0. Some algebraic simplification results in the 
equations 


28a + 12b = 53.6 
12a + 8b = 33 


An algebraic or matrix solution to this system of equations is (0.41, 3.51). 
Finally, we must verify that the point (0.41, 3.51) is a minimum for the function f 
by considering the determinant of the second partials matrix: 


De 
D=| 


= 224 — 144 = 80 
We 8 


Because D(0.41, 3.51) > 0 and f,, > 0, we conclude that the sum of squared errors, 
SSE, is at a minimum for the linear model with slope a = 0.41 and y-intercept 
b = 3.51. The minimum value of SSE is f(0.41, 3.51) = 0.027. 

The best-fitting line determined by the least-squares method for the investment 
data is y = 0.41x + 3.51 investment choices of 401(k) plans x years after 1990. You 
should verify that this is the equation found by using the linear regression routine in 
your calculator or computer. 

The least-squares method is illustrated in this section with small data sets to sim- 
plify calculations. In real-world situations, you should be cautious when using only a 
few data points because a small error in one of the points may lead to a large error in 
the least-squares line. 





Concept 
Inventory 





Activities 





@ Least-squares method For the data given in Activities 1 and 2, 


@ Sum of squared errors a. Express SSE as a multivariable function of a and 
@ Line of best fit b for the best-fitting line y = ax + b. 


‘ of of ; 
b. Find da ap and the determinant of the second 
partials matrix. 


c. Find the minimum value of f(a, b), and verify 
that the value you obtain is a minimum. 


d. Use the results of part c to give the linear func- 
tion that best fits the data. 





3. Homes that lack complete kitchen facilities have 
been rare in the United States for many years. The 
first census for which data were tabulated on this 
subject was in 1970. The percentage of housing 
units lacking complete kitchen facilities in the west- 
ern United States*’ is shown in Table 10.15. 


TABLE 10.15 





a. Use the method of least squares to find the mul- 
tivariable function f with inputs a and b for the 
best-fitting line y = ax + b, where x is years since 
1970. 


b. Find the minimum value of f(a, b), and verify 
that it is a minimum value. Interpret the mean- 
ing of this minimum value in terms of the data 
and the best-fitting line. 


c. Give the linear model that best fits these data. 


d. Use the best-fitting line to predict the percentage 
of housing units lacking complete kitchen facili- 
ties in the western United States this year. Is this 
a reasonable prediction? Why or why not? 


4, Are young adults staying single longer? The percent 
of adults 20-24 years of age who have not yet been 
married’ is given in Table 10.16. 


a. Use the method of least squares to find the mul- 
tivariable function f with inputs a and b for the 


32. Census Questionnaire Content, 1990 CQC-25, Bureau of the Cen- 


sus, December 1993. 
33. Census Questionnaire Content, 1990 CQC-6, Bureau of the Cen- 


sus, April 1993. 
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TABLE 10.16 


P. t 
Zoe 46 60 72 
never married 





sre [00 [880 





best-fitting line y = ax + b, where x is the num- 
ber of years since 1970. 


b. Find the minimum value of f(a, b), and verify 
that it is a minimum value. 


c. Give the linear model that best fits these data. 


d. Use your model to estimate the percentage of 
adults 20-24 years old who had never been mar- 
ried in 1997, 


e. The percentage of adults 20-24 years old who 
had never been married in 1960 was 41. Add this 
data point, and use technology to find a linear 
model. Use this model to estimate the percentage 
of adults 20-24 years old who had never been 
married in 1997. 


f. Use the results of parts d and e to discuss what 
effect additional data may have when one is pre- 
dicting by using models. 


. A factory makes 7-mm aluminum ball bearings. 


Company planners have determined how much it 
costs them to make the following numbers of cases 
of ball bearings in a single run. These costs are 
shown in Table 10.17. 


TABLE 10.17 


Cases of Cost 
ball bearings (dollars) 
1 





a. Construct a scatter plot of these data. 


b. Use your calculator or computer to find the best- 
fitting linear model, and sketch the model on the 
scatter plot. Interpret the slope and vertical-axis 
intercept in the context of this situation. 


c. Find the deviation of each data point from the 
line, and find the sum of the squares of the devi- 
ations. 
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d. Without performing any computations, discuss 
the process you would use to find the multivari- 
able function f with inputs a and b for the best- 
fitting line y = ax + b. How is this line related to 
the results of parts b and c? 


6. Table 10.18 gives the number of inches of precipita- 
tion* that fell in New York City in early 1855. 


TABLE 10.18 


a fale 


(inches) 

a. Use the method of least squares to find the mul- 
tivariable function f with inputs a and b for the 
best-fitting line y = ax + b, where x is 1 in Janu- 
ary, 2 in February, and 3 in March. 






b. Find the minimum value of f(a, b), and verify 
that it is a minimum value. Interpret the mean- 
ing of this minimum value in terms of the data 
and the best-fitting line. 


c. Give the linear model that best fits these data. 


7. The number of animal experiments in England’ 
declined between 1970 and 1980. The numbers for 
selected years are shown in Table 10.19. Use the 
method of least squares to find the best-fitting lin- 
ear model for the data. 


TABLE 10.19 


1970 | 1975 LigeG 1980 
ee 

epemienS 55 5 

(millions) 


8. The number of days that milk will keep as a func- 
tion of the temperature*® is shown in Table 10.20. 
Use the method of least squares to find the best- 
fitting linear model for the data. 














TABLE 10.20 


ie es fos 

34. H. Helm Clayton, ed., World Weather Records (Washington, DC: 
The Smithsonian Institution, 1927). 

35. A. Rowan, Of Mice, Models, and Men (Albany: State University of 


New York Press, 1984). 
36. Data taken from a milk carton produced by Model Dairy. 
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9. Before the technology was available to fit many 
kinds of models to data, researchers and others 
were restricted to using linear models. Because 
exponential data are common in many fields of 
study, it has always been important to be able to fit 
an exponential model to data. Consider Table 10.21, 
which shows past and predicted world population.” 


TABLE 10.21 


= 
Year (billions) 

psf 40 
Enea 


a. Construct a scatter plot of the data. Comment 
on the curvature. 







b. Change the data so that they represent the year 
and the natural log of the population. Construct 
a scatter plot of the new data, and comment on 
the curvature. 


c. Use the technique discussed in this section to 
find the best-fitting linear model for the changed 
data in part b. You should keep the data in the 
form In y and should not round the values until 
the final calculation. Label input and output 
units on your model. 


d. If a and b are the parameters of the linear func- 
tion y = ax + b found in part c, graph the func- 
tion y = e"(e*)* on the scatter plot of the original 
data. Label the input and output units on the 
exponential model. 


e. Use technology and an exponential regression 
routine to find the best exponential model for 
the population data. Compare it with the model 
in part d, and reconcile any differences. 


10. Repeat Activity 9 for the data shown in Table 10.22, 
which gives the numbers of infants born to each of 
five generations in a certain family. 


TABLE 10.22 





37. Information Please Almanac, 1994. 


Summary 
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Multivariable Optimization 


le this chapter, we consider optimization techniques 
for multivariable functions. High points and low 
points on the graph of a multivariable function are 
called extreme points, and points that appear to be a 
maximum in one direction and a minimum in another 
directon are called saddle points. Such points can be 
estimated from tables of data or contour plots of a mul- 
tivariable function. 

Ona contour graph of a continuous function, relative 
maxima and minima lie in the center of concentric sim- 
ple closed contours. Saddle points are located where con- 
tours decrease in one direction and increase in another 
direction as you move away from the saddle point. 

Critical points are located on a table of data by first 
sketching several contours on the table and then using 
methods for locating relative maxima and minima and 
saddle points on contour graphs. We identify a value in a 
table or on a graph as an absolute extreme value by com- 

_paring relative extrema with values on terminal edges 
and by considering the context of the problem and the 
behavior of the function beyond the nonterminal edges. 

While the location of critical points in tables and on 
contour graphs often depends on how detailed the table 
or contour graph is surrounding such points, extreme 
points and saddle points of a smooth, continuous func- 
tion f with inputs x and y are located by solving the 


system of equations = =0 and 3 = 0. We then classify 
any point found as a solution as a relative maximum, a 
relative minimum, or a saddle point by looking at a 
three-dimensional graph or contour plot or by using the 
Determinant Test. 


Optimization Under Constraints 


Many practical problems involve finding the maximum 
or minimum of a multivariable function when the 
input variables are restricted or constrained in some 
manner. The constraint equation may not always be lin- 
ear; however, at the point where a multivariable func- 
tion f has an extreme point subject to the constraint 
g(x, y) = c, the constant contour curve fix y) = Mand 
the constraint g(x, y) = c have the same tangent line. 
The slope of this tangent line is 





We solve the following system of equations to find 
extreme points, when they exist, for a multivariable 
function f with two inputs, x and y, under the constraint 


Q(x y) =c. 


ieee a8, 
Ae ORE 
OP aes 
Cyan wey 
g(% vy) = 


We classify solutions to this system of equations as max- 
ima or minima by viewing a contour graph or three- 
dimensional graph or checking the value of the function 
at nearby points on the constraint curve. 

The number X is called a Lagrange multiplier and, 
when M is the extreme value and c is the level of the 
constraint, \ equals 4, the rate of change of the 
extreme value with respect to a change in the constraint. 
When the constraint level changes by a small amount, 
Ac, the extreme value of f(x, y) changes by 


AM =~ ane (A Ne 
dc 


Economists often refer to the value of \ as the mar- 
ginal productivity of money. 


Least-Squares Optimization 


Mathematical models developed for data have been 
used throughout this text to describe real-world events. 
We end the chapter with a calculus explanation for the 
intuitive idea of the line of best fit that was presented in 
Chapter 1. 

We define the line of best fit (also called the regres- 
sion line) to be the one for which the sum of squared 
errors, SSE, has a minimum value. SSE is a multivariable 
function with two input variables: the slope, a, and the 
y-intercept, b, of the line of best fit, y = ax + b. The 
optimization technique that finds the minimum SSE is 
called the method of least squares and is an application 
of the method of unconstrained optimization. 
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Concept Check 





Can you To practice, try 


Pee eee eee ee ee eee eee ES eE eH SE HEHEHE SEEEEEe 
POPC O eee eH ee H OE HERES EEE ESO E HEHE ESET HEED SESS SEH EEEEEEOEH SHEE SESHEHESEEHESOS == j= = + +j=—= = = = e8 Bees eseseeesereeesesesreseseeseee 


@ Identify critical points and absolute extrema on 


three-dimensional and contour graphs? Section 10.1 Activities 5, 21 
@ Estimate critical points and absolute extrema in tables? Section 10.1 Activities 7, 17 
e Find critical points using equations? Section 10.2 Activities 1, 5 
@ Use the Determinant Test? Section 10.2 Activity 19 
@ Use the method of Lagrange multipliers? Section 10.3 Activities 1, 11 
e Interpret the Lagrange multiplier \? Section 10.3 Activities 13, 17 
@ Use multivariable optimization to find a line of best fit 

for a set of data? Section 10.4 Activities 1, 3 


Review Test 





1. Figure 10.32 shows a contour graph of ozone lev- 
els*® (in thousandths of a centimeter) as a function 
of the month (beginning and ending in June) and 
the degrees of latitude from the equator. 


a. On Figure 10.32, label relative maxima with an 
H, relative minima with an L, and saddle points 
with an S. 


b. Approximate the highest and lowest ozone con- 
centrations. Tell when and where they occur. 





ris 


2. Banana chips are a deep-fried snack food, popular 





+ vo 
in many countries. Research®? has shown that 0° 0° E 
blanching the bananas before peeling increases the ‘ ) 260 a 8 
crispness of the chips. Table 10.23 shows observed : Spare a Ea 

i: Ee 


measures of crispness for selected blanching times 








and temperatures. (The larger the measure, the 30° 
crisper the banana chip.) 
320 
C4 60° 
28) 
38. Figure 10.32 from H. W. Nurenberg, ed., Pollutants and Their Eco- 280) S 
toxicological Significance (New York: Wiley, 1985). Reproduced 90° 
with permission. 37 4 5 16 


39. J. C. Jackson et al., “Optimization of Blanching for Crispness of 
Banana Chips Using Response Surface Methodology,” Journal of 
Food Science, vol. 61, no. 1 (1996), pp 165-166. FIGURE 10.32 





TABLE 10.23 Measures of crispness of banana chips 





The measure of crispness can be modeled by 


COs y) = -5.2x7 + 299.7x — 0.1)? + 25:1y — 
0.4xy — 4671 


where x is the blanching time in minutes and y is 
the blanching temperature in degrees Celsius. 


a. Sketch contour curves on the table for crispness 
measures of 6, 8, and 10. 


b. Using only table values, estimate the point of 
maximum crispness. 


c. Use the equation to find the time and tempera- 
ture that produce the maximum crispness. What 
is the crispness measure at that point? 


d. Verify that the point found in part c is a relative 
maximum. Is it an absolute maximum? 


3. A company sells Superbowl T-shirts and hats each 
year. The company has modeled data from previous 
years and has obtained a model for profit as a func- 
tion of s, the number of Superbowl T-shirts sold, 
and h, the number of Superbowl hats sold. Both 
s and h are measured in thousands. The graph in 
Figure 10.33 shows contour curves for values of 
profit (in dollars). 


h 
Hats 
(thousands) 





200,000 








10 
5 
5 
0 T-shirts 
30 40 50 60 70 (thousands) 


A contour graph of profit (in dollars) 
FIGURE 10.33 
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a. If there are no restrictions on sales, estimate the 
maximum profit possible and the corresponding 
numbers of shirts and hats sold. 


b. T-shirts cost the company $4 each, and hats cost 
$1.25 each. The budget for the cost of producing 
next year’s Superbowl shirts and hats is $150 
thousand. Write this constraint as a mathemati- 
cal equation. 


c. Graph the constraint function on the contour 
graph in Figure 10.33. Estimate the maximum 
profit subject to the constraint, and give the cor- 
responding shirt and hat sales. 


4. The model for the profit function in Question 3 is 


P(s, h) = -52.2s? + 5935.5s — 59.1sh + 
10,299.3h — 384.3h* dollars 


when s thousand T-shirts and hh thousand hats are 
sold. 


a. Set up the system of equations used to find the 
optimal profit if the constraint in part b of Ques- 
tion 3 applies. 


b. Solve the system of equations in part a. Find the 
profit corresponding to the solution. 

c. Find and interpret the value of X. 

d. Approximate the change in the maximum profit 


if the cost budget in part b of Question 3 were 
increased to $152 thousand. 


5. The data in Table 10.24 give the average body 
weight” of an 8-week-old pig who is kept in an 
environment with a fixed temperature. 


TABLE 10.24 





a. Use the method of least squares to find the mul- 
tivariable function f with inputs a and b for the 
best-fitting line y = ax + b, where x is the tem- 
perature. 


b. Find and interpret the minimum value of f(a, b), 
and verify that it is a minimum value. 


c. Give the linear model that best fits these data. 


40. A. A. Hanson, ed., Practical Handbook of Agricultural Science 
(Boca Raton, FL: CRC Press, 1990). 









Snow 


Project 10.1 


Cover 
Setting Tasks 
Often contour maps of a geographical region 1. Carefully examine the contour graph in Figure 10.34. You 
are not topographical maps showing land may wish to make several copies of the graph for use in 
elevation. Contour maps could indicate this project. An enlarged copy may also be helpful. Begin 
other features such as depth of the water by marking on a copy of the graph all the relative high 
table, richness of mineral deposits, and low percentages indicated in the graph. Use Hs and 
population density, precipitation levels, or Ls to distinguish between high and low percentages. 


atmospheric conditions. You are probably 
most familiar with weather maps where 
contours called isotherms indicate 
temperature or contours called isobars 
indicate air pressure. The contour graph"! in 
Figure 10.34 shows the probability of snow 
cover in January in the northern 3. What would you expect the snow cover probability on 
hemisphere. Mt. Everest to be in January? Locate Mt. Everest on the 
contour map. Does the graph indicate the probability you 
expected? If not, why not? 


2. Find a map or atlas of the world that indicates special 
topographical features. Choose at least five of the relative 
extreme points in Figure 10.34, and determine the precise 
topographical characteristic of the planet at each location 
that results in the corresponding relative extreme point. 


Reporting 


Prepare a poster to present the contour map in such a way as 
to highlight the relative extrema and the corresponding 
topography at each point. Give some information about 
each point (such as latitude, longitude, elevation, and 
topography). Include on the poster the location of and 
information about Mt. Everest. Make the poster attractive 
and readable from a distance of 3 feet. 


41. Figure 10.34 is taken from W. Rudloff, World-Climates 
(Stuttgart: Wissenschaftliche Verlagsgesellschaft, 1981), 
p. 100. Reproduced by permission of the publisher. 
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Pro j ect 10.2 Carbonated 


Beverage Packaging 


Setting Tasks 

A new firm that wants to compete with Pepsi 1. Find equations giving the volume and the surface area of 
and Coca-Cola has enlisted your services to a cylindrical can in terms of its height and radius. Use 
design the optimal can shape for its product. these equations to determine the height and diameter of a 
The can is to hold 12 fluid ounces of a can that will hold 12 fluid ounces but will require the 
carbonated beverage. least amount of aluminum to construct. 


2. Carefully measure the diameter and height of a 12-ounce 
can made by PepsiCo and of a 12-ounce can made by 
Coca-Cola. Compare these dimensions to the optimal 
dimensions you found in Task 1. Are there any beverage 
cans on the market that conform to the optimal 
dimensions? 


3. Repeat Tasks 1 and 2, considering that it will cost twice as 
much to form the ends of the can as it does to form the 
cylindrical surface. 


Reporting 


1. Write a letter to the company directors explaining what 
dimensions you recommend that they use for their cans. 
Include your findings on the optimal dimensions as well 
as the dimensions of cans produced by competitors. 
Attach your mathematical work as an appendix to 
support your conclusions. 


2. Prepare an oral presentation to be given in front of the 
company directors. You should prepare visual aids in 
order to enhance your presentation. Your goal is to 
persuade the directors to construct cans according to the 
dimensions you suggest. Keep in mind that the company 
directors are probably not as concerned with all of the 
mathematical details as they are with your analysis of 
your findings. However, be prepared to answer 
mathematical questions in case any of the directors asks 
you to elaborate. 
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Answers to Odd Activities 


CHAPTER 1 


Section 1.1 


1. 


11. 
iS. 
15. 


We 
19. 


20 


Mak 


. Input: day of the year 


. Input: day of the week 


. a,b. Input: years since 


. Input: name of movie 


Input: weight of a letter 
Input variable: w 


Output: first-class postal rate 
Output variable: R(w) 
Input units: ounces Output units: cents 


Risa function of w. 


Output: number of students 
with birthday on day x 

Output variable: B(x) 

Output units: students 


Input variable: x 
Input units: days 
Bis a function of x. 
Output: amount spent on lunch 
Output variable: A(m) 
Output units: dollars 

A is not a function of m unless you always spend the same 
amount on lunch every Monday, Tuesday, and so on, or 
unless the input is the days in only 1 week. 


Input variable: m 
Input units: none 


Output: amount in account 
investment 
Input variable: t Output variable: B(t), A(t) 

Input units: years Output units: dollars 
A and B are both functions of t. 
Output: hair color in 2002 
starlet 
Output variable: P(x) 
Output units: none 


Input variable: x 

Input units: none 

P is not a function of x. 

This is a function. 

This is not a function. 

P(Honolulu) = 307 

P(Springfield, MA) = 107 

P(Portland, OR) = 152 

Graphs b and c are functions. 

a. $60 

bao Ds 

es GDS 

d. The average price of 3 CDs is $12 each. 
The average price of 6 CDs is $10 each. 


a. Approximately $9000 

b. Approximately $340 

c. Approximately $105 

d. The graph would pass through (0,0) but would lie below 
the graph in Figure 1.1.8 because the same monthly 
payment would pay for a smaller loan amount. 

a. 3.0% 

b. The cost-of-living increase was greatest in 1990 at 5.4%. 

c. 1994 

d. Benefits increased, but the percentage by which they 


’ increased decreased. 


Dos 


28), 


3k. 


Weight 
(pounds) 
®) 
8 
7 
6 Weeks 
0 1 2 3 4 
a. Inches 
b. About 16 inches long 
c. About 11 inches 
d. At about 16 years of age, she reached her full height of 
approximately 60 inches (5 feet). 
e. During the first 3 years 
f. Height should not increase or decrease after age 20 
(until in her later years, when her height may decline). 
a. About 5 inches 
b. For approximately 4 days 
c. Snow fell. 
d. The snow settled. 
e. The snow was deepest (4 feet 4 inches) around Febru- 
ary 21. 
f. Warm temperatures probably caused the decline in 
late February. 
g. The most snow fell around February 18. 
Bl 2 0 1 2 3 4 5 
y 500 400 320 256 204.8 163.84 


b. y = 500(0.8*) milligrams after x days 

c. xis between 0 days and number of days after which the 
amount of the drug is negligible (answers vary). 
y is between 0 and 500 milligrams. 





y 
(milligrams) 
500 
4 x 
0 aes) 


d. There is no x-intercept. 
The y-intercept is 500 milligrams. 
The y-intercept is the amount of the drug initially in 
the patient’s body (500 milligrams). 

e. y is always decreasing (for x = 0). 

f, After 3.5 days, approximately 230 milligrams of the drug 
remain. The exact value is 500(0.8°°) ~ 228.97 mg. 


Al 
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g. There will be 60 milligrams of the drug after about C: P(c) 
9.5 days. Profit 
dollars 
33. R(3) ~ 314.255 a 
R(O) = 39.4 
35. Q(12) = 600.36 
Q(3) = 222.54 
37. R(w) = 78.8 when w = 1.001 0 — van 
R(w) = 394 when w ~ 3.327 30 
39. Q(x) = 515 when x = 10 
Q(x) = 33.045 when x = 0.500 
-250 


. Input is given. 


A(15) = 5,131,487.257 


. Output is given. 


When y = 2.97, x ~ -3.203 


Section 1.2 


1. 


On nT Ww 


11. 


a. Continuous 
b. Discrete 
c. Continuous 
d. Discrete 


. Discrete 

. Continuous with discrete interpretation 
. Continuous without restriction 

. Continuous without restriction 


a. Rainfall 
(inches) 


Wind speed 
(mph) 





b. Because no vertical line passes through two points, the 


data represent a function. 


c. Because the table does not contain an input of 6, we 


cannot read this information from the table. 
d. Tables of data are always discrete representations. 


. a. The profit resulting from 25 calls in one day is $179. 


. Solving P(C) = 180 for c gives c ~ 13.46. Because the 


number of calls must be a positive integer, this input 
value does not have a meaningful interpretation in 
this context. The daily profit is never exactly $180. 
When 13 calls are made, the profit is slightly under 
$180, and when 14 calls are made, the profit is slightly 
over $180. 


IIB}. 


17. 


19, 


According to the graph, the maximum occurs when 
c ~ 18.2. Checking the integer input values on either 
side of 18.2, we find that P(18) ~ $201.85 and P(19) ~ 
$201.37. The maximum profit of $201.85 occurs when 
18 calls are made. 


. Input: the number of years since 1900 


Output: the number of osteopathy students in thou- 
sands in the spring of the input year 


‘b. Input units: years 


Output units: thousands of students 


. The model must be discretely interpreted because it 


gives values at one particular time each year. 


. Approximately 8.8 thousand students 
. The model cannot be used to answer this question. 


Solving the equation 10 = O(t) gives two solutions, 
t ~ 75.4 and t ~ 99.9. We can assume that the question 
is referring to a time beyond the interval of input values 
on which the model is based and thus can discard the 
first solution. Because the model is valid for only posi- 
tive integer inputs, we check the output values for t = 99 
and t = 100: O(99) ~ 9.39 and O(100) ~ 10.04. Thus 
the model exceeds 10,000 in the year 2000. However, 
because this year is 3 years beyond the last year for which 
the model applies, this prediction may not be valid. 


. Input: the number of hours after the market opened 


Output: the price of Amazon.com stock 


. Input units: hours 


Output units: dollars per share 


. The model can be interpreted without restriction 


because the price changes in an approximately contin- 
uous manner throughout a trading day. 


. P(3) ~ $118.55 per share 
. The model reaches an output of 100 for h ~ 11. The 


trading day is less than 11 hours long, so we conclude 
that the price was never $100 per share during this 
trading day. 


. Input: the number of years since 1900 


Output: annual per capita consumption of milk 


b. Input units: years 
Output units: gallons per person per year 

c. Itis reasonable to assume that the per capita consump- 
tion of milk is constantly changing so that the model 
can be used without restriction. 

d. Solving the equation 25 = C(x) gives x ~ 92.8. If we 
assume that x = 92 corresponds to the end of 1992, 
then we conclude that per capita milk consumption 
was 25 gallons per person per year in late 1993. 


Section 1.3 


1. a. T(x) = 9088.859 + 1697.717Inx + 2424.764 + 
915.025 In x = 11,513.623 + 2612.742 Inx kidney and 
liver transplants, where x is the number of years since 
1990 


b. T(5) ~ 15,719 transplants 


3. N(t) = M(t) — W(t) = 0.3334t — 15.6333 gallons of milk 
other than whole milk per person per year, where t is the 
number of years since 1900 


100 
Mert 28,0427en ee 





5. n(t) = h(t) — p(t) = 
100 
1 + 913.7241 0507482 percent t years after 1924 


7. c(x) = n(x)p(x) = (-0.034x? + 1.331x? + 9.913x + 
164.447)(-0.183x7 + 2.891x + 20.215) cesarean-section 
deliveries x years after 1980 





9. P(C(t)) = profit after t hours of production 







Rule PoC 


Output 
P(C(t)) 
Profit in dollars 


11. P(C(t)) = average amount in tips t hours after 4 p.m. 





Rule PoC 


| Output 
P(C(t)) 
Tips in dollars 


Chapter 1 


13. 
15. 
We 


19. 


21. 


Made 


Ds 


Mc 
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fit(p)) = 3e”” 
gix(w)) = V7(4e")? + 5(4e”) = 2 
g(t(m)) = 3 





z 
Cents 


} 


Input 


Rule W 


I Output 
Wr) 
Weight in ounces 
W(r) is the weight in ounces of a first-class letter or parcel 
that costs r cents to mail. 
W is not an inverse function of r. 





| Output 
X(b) 
Day of the year 
X(b) is the day of the year corresponding to the birthday 
of b students. 
X is not an inverse function of b. 


b 
Dollars 


: 





Input 





| Output 
T(b) 
Years 


T(b) is the time in years when the value of the investment 
was b dollars. 

T is not an inverse function of b unless interest is com- 
pounded and credited continuously. 

Reversing the inputs and outputs does not result in an 
inverse function. 

Reversing the inputs and outputs does not result in an 
inverse function because the original table does not repre- 
sent a function. 





29. a. Credithours ‘Tuition Credit hours ‘Tuition 


1 $138 10 $1380 
2 $276 11 $1518 
3 $414 12 $1735 
4 $552 3 $1735 
5 $690 14 $1735 
6 $828 15 $1735 
Hi $966 16 $1735 
8 $1104 ly $1735 
9 $1242 18 $1735 


1735 dollars whenc = 12 
where c is the number of credit hours 


oe ee dollars when 0 =¢= 11 


G T(c) 
Tuition 
(dollars) 


1735 — 
1518 


Cc 


0 Credit 
ORS aOnn oi SiS SISis hours 


d. Tis a function of c. 

e. Inputs: integers 0 through 18 
Outputs: {0, 138, 276, 414, 552, 690, 828, 966, 1104, 
1242, 1380, 1518, 1735} 


if t 
Dollars 


Input 





: 


C(t) 
Credit hours 


Output 


g. The rule in part fis not an inverse function, because an 
input of $1735 has seven different outputs. 


31. V(s) =Ins 


33. T(g) = oe where g = 0 
ero 
1034.926 
35. S = 
() = 70.0062 





Wr 


ae), 


Al. 


43. 


a. 


_ m(C) _C— 80l 


. t(P) = 
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C is continuous with discrete interpretation because it 
makes sense only at the end of each month—that is, 
for positive integer input values. 


a , which is a number corresponding 
319.6 > 
to a month of the year when C complaints were 


received. 


_ m(2399) =5 


In May of 2001, 2399 complaints were received. 


. C(1) + C(2) + C(3) = 4321 complaints in the first 


quarter of the year 








C= 801 
= 319.6 = | + 801 = C — 801 #801=C 
C(m(C)) 319.6 ACY: 801=C 
_ (319.6m + 801) — 801 _ 319.6m _ 
EN 319.6 319.6 


9.52(15,000) 
(L) = re 


the number of livestock per hectare that can be sup- 


megajoules per animal, where L is 


ported by a crop of rye grass. 


-b. L(64,000) ~ 2.2 animals per hectare 


r(7) = 20,400 megajoules per animal 


9.52(15,000) r 
hp) 3 = 05915, 000) —— 
(Lr) = 550 15,000) ( )552(15,000) 
g 
9,52(15,000) L 
He) Se = 959015, 00) 
(r{Z)) =~ 59(15,000) ( 1952(15,000) 


r 


P is continuous without restriction. 


in (5553) 
™\ 7.394 


In 1.0269 


t(40) ~ 63.6 years after 1900. Thus the population was 
40 million in August of 1964. 


. P(29.5) ~ 16.2 million people 


$(85) = $123.1 million 
S(88) = $159.4 million 
S(89) = $97.7 million 
$(92) = $53.3 million 


S(x) 
Sales 
(millions of dollars) 


175 

150 

125 

100 

75 x 
: es 


85 86 87 88 
3) B80) Ol OP 1900 
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c. S is a function of x because each year corresponds to 9. a. No, because the limit does not exist as x > 2 and as 
only one amount of sales. The fact that Sis not defined x -2. 
between x = 88 and x = 89 does not prevent it from 
being a function. » Se 
45. a. The shipping charges encourage larger orders. 
b. Order amount Shipping charge 
$17.50 $3.50 
$37.95 $6.83 
$75.00 Sila 
$75.01 $9.00 
0.2x dollars when0 = x < 20 
0.18x dollars when 20 < x < 40 
& GE)= q 
0.15x dollars when 40 < x < 75 








0.12x dollars when x > 75 


where x is the order amount in dollars . 1 nk : 
c. As x becomes increasingly positive, the function 

























a k S(@) approaches the horizontal asymptote y = 2. As x 
Shipping fee becomes increasingly negative, the function 
collar) approaches the horizontal asymptote y = -2. 
12 11. No. If a function is continuous, then the limit exists for all 
10 input values. 
8 13. 7.04 
6 15. -10 
4 NH, 2 
2 x Pee, H bo ed dO  €&@ 8 
0 Order g. Does not exist 
0 20 40 75 amount h. Does not exist, lim g(t) > % 
(dollars) tare 
: 21. a. y = -4is a horizontal asymptote on the left. 
ee ye b. i Yes ii, Yes iii, 'Yes_—iv. No 
Section 1.4 23. ; 
x>3° 
Taee5 b. 0 Cena pee 
Sree 1b. 05 ~c, 05 2S ees ae On 
d. Does not exist, lim g(t) > % | 299 | -100 | 
c. Does not exist 
Bic: OL CHsE lim — -2; lim — ©; lim does not 
7. a. Yes, because the left and right limits are the same. PEGS po 13} Daa Wipes g ee 
b. No, because the function value at 3 is different from exist 
the limit. 
25: 
Gr g(x) 
20 
0 
2 
‘ 
ee 
x 14 


ct 3 Sami Ps ae 

















A6 CHAPTER 1 


3x 1 





x + 6x . x + 6x 
> o; lim > -&; 
eae She ar il 








x + 6x 





does not exist 


29. 


De Eee oun an eee 
ross | o7oss7 [oer | 0802575 


0.66666 0.7999949 0.66667 0.800003 


2a 3x! + Lox = 24 _. 
x13 llx — 6 — 3x 


BT a $3295; 0,35 















b. fw) 
(dollars) 
WD 
6.35 
Salis 
3.95 
3.50 
w 
fe 2 ese 4 5 (pounds) 
G i Sk li. $3.95 ili. $3.95 
iv. $3.95 SHS IS vi. Does not exist 
vii. $3.50 vill. Does not exist 


33. a. Approximately $982 
b. 5; Input values greater than 1 have no meaning in this 
context, so the end behavior of the function is mean- 
ingless. 
c. $1149 
a. 37.6% of graduates respond after 6 weeks. 
b. 38% 
37. a. $1.03 per share 
b. $29.17 per share 
c. Does not exist, lim P(x) >” 
d 


. Does not exist in the context 
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39. a. $210.7 billion; $210.7 billion; Because the function is 
continuous, there is no difference between a limit and 
a function value. 

b. $220 billion; This limit is the level that sales of elec- 
tronics will never exceed. In reality, this value probably 
has no significance in this context because the model is 
based on sales between 1986 and 1990. 

c. y = 220 is a horizontal asymptote for this function as 
the input becomes increasingly large. 

41. lim ome ef = 

moto mm? — 3 

YES ite Rie A sta Sopa 

rote 4x? — 3.5x° 35 


r+ 7.3 


45. jim, en does not exist 


0 





Section 1.5 


1. a. Slope = se -$0.5 million per year 
: 5 years 
The corporation’s profit was declining by approxi- 
mately a half a million dollars per year during the 
5-year period. 

b. The rate of change is approximately -$0.5 million per 
year. 

c. The vertical axis intercept is approximately $2.5 
million. This is the value of the corporation’s profit 
in year zero. The horizontal axis intercept is 5 years. 
This is the time when the corporation’s profit is 
zero. 

3. a. 382.5 donors per year 


b. D(t) 
Donors 
9000 
5909 t 
5000 Years 
0 8 since 1988 


c. The vertical axis intercept is 5909 donors. This value is 
the number of donors in 1988, the starting year. 
5. This question cannot be answered because the model 
does not include a description of the input variable. 
824.1 — 744.0 
WEISS) = MY! 


b. The revenue increased by $20.025 million each quarter 
of 1998. 


7. a. Slope = = $80.1 million per year 


11. 


a. 





. Revenue = 744.0 + 80.1¢ million dollars, where t is the 


number of years after 1997. 


- The rate of change is -400 gallons per day. 
. 2800 gallons 
. 18,400 gallons 


The assumptions are that the usage rate remains con- 
stant and that the tank is not filled more than once in 
January. 


. A(t) = 30,000 — 400¢ gallons t days after January 1 


A(t) 
(gallons) 


30,000 


+ 
L 


0 75 Days 


. Solving A(t) = 0 gives t = 75. Assuming that the usage 


rate remains constant, the tank will be empty 75 days 
after January 1, which corresponds to the middle of 
March. 

The first differences are 14, 15, 18, and 14. These first 
differences are nearly constant. 


. Answers may vary. Three models are 


Al = 15.5x — 30,799.8 million dollars, where x is the 
year 

A2 = 15.5x — 1349.8 million dollars, where x is the 
number of years since 1900 

A3 = 15.5x + 107.2 million dollars, where x is the 
number of years since 1994 


. The amount collected in 2000 can be estimated using 


any one of the three models in part b: 

A1(2000) = $200.2 million 

A2(100) = $200.2 million 

A3(6) = $200.2 million 

(Regardless of the linear model used, you should 
obtain this answer.) 


. x = 12.4 years since 1994. Note that this model is con- 


tinuous with discrete interpretation, because the tax 
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113% 


15. 


17. 


a. 
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amounts are totaled and reported at the end of each 
year. Thus the models make sense only at integer input 
values. An input of x = 12 corresponds to the end of 
year 1994 + 12 = 2006. At the end of 2006, the 
amount collected will be A3(12) = $293.2 million. At 
the end of 2007, the amount collected will be A3(13) 
= $308.7 million. Thus the amount collected will be a 
little less than $300 million in 2006 and a little more 
than $300 million in 2007 but will never exactly be 
$300 million. This conclusion is valid only if the 
amount of taxes collected continues to grow between 
1998 and 2007 at the same rate at which it grew 
between 1994 and 1998. 

Answers may vary. Three possible models are 

S1(x) = 499.3x — 976,088.3 students in year x 

S2(x) = 499.3x — 27,418.3 students x years after 1900 
53(x) = 499.3x + 5036.2 students x years after 1965 


. Approximately 7533 students 
. The estimate from the models is 505 less than the 


actuai enrollment. Answers vary on whether the error 
is significant. For a school the size of the one in this 
activity, an error of 500 students could be significant, 
especially in housing and faculty loads. 


. These models should not be used to predict enroll- 


ment in the year 2000 because the data are too far 
removed from 2000 to be of any value in such a predic- 
tion. 


. P(t) = 0.762t + 10.176 dollars t years after 1981 


. The ticket prices rounded to the nearest dollar are 


1984: P(3) ~ $12 interpolation 
1992: P(11) ~ $19 extrapolation 
1999: P(18) ~ $24 extrapolation 


. The model prediction is $1 less than the actual price. 


That’s fairly accurate. 


. Answers will vary. 
. Answers will vary. 


When a linear model is used to extrapolate, the under- 
lying assumption is that the output will continue to 
increase at a constant rate. Often this may be a valid 
assumption for short-term extrapolation but not for 
long-term extrapolation. 


. Extrapolating from a model must always be done with 


caution. In order for the extrapolation to be accurate, 
the model must accurately describe the situation, and 
the future behavior of the output must match that of 
the model. Long-term extrapolations are always risky. 


. Fly) =-0.152y + 19.514 percent 


where y is 81 for the 1981-82 school year, 82 for the 
1982-83 school year, and so on. 


. 0.152 percentage points per year 
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c. F(93) ~ 5.4% 

d. Solving F(y) = 5 gives y ~ 95.7. Thus the 1996-97 
school year is the first year below the 5% level. 

$97,500 — $73,000 
2002 — 1990 

b. $97,500 + 3($2042) ~ $103,600 

c. The value was $75,000 in late 1991 and $100,000 in 
early 2004. 


d. V(t) = 2041.667t + 73,000 dollars t years after 1990 
V(9) ~ $91,400 





. a. Rate of change = ~ $2042 per year 


The model assumes that the rate of increase of the 
market value remains constant. 

- a. Postage 

(dollars) 


2.02 


Weight not 
exceeding 
1 9 (ounces) 





b. The first differences are all $0.21. 

c. P(w) = 0.13 + 0.21 w dollars for weight not exceeding 
w ounces where w is a positive integer. 

. Extrapolating from a model is predicting values beyond 
the interval of the data, whereas interpolating is using a 
model to estimate what happened at some point within 
the interval of the data. Interpolation often yields a good 
approximation of what occurred. Extrapolation must be 
used with caution because many things that are not 
accounted for by the model may affect future events. 

. a. 1991 is the last year in which the data decline. In 1993 
the data began to rise. We choose 1991 as the dividing 
point for a piecewise continuous model. 

b. A model for the population of North Dakota x years 
after 1985 is 


aoa OOS when0 =x <6 
thousand people 
p(x) = 
Ds Pee = SMSO Wien SS goss Il 
thousand people 


c. The model estimates the 1997 population to be about 
645,000 people. This is an overestimate of approxi- 
mately 4000 people. This extrapolation is only one year 
beyond the data given. The extrapolation in Activity 24 
is 4 years beyond the data given. These activities illus- 
trate the principle that the closer an extrapolation is to 
the known data, the more accurate it probably will be. 


27. a. The scatter plot does reflect the statements about 


atmospheric release of CFCs. 
b. Answers may vary. One possible model is 


WS syee Tp WEBER S, when x = 80 
million kilograms > 

9.165x — 412.5 when 80 < x = 88 
million kilograms 

-34.375x + 3413.283 whenx > 88 
million kilograms 

where x is the number of years after 1900. (Note that in 

computing the middle model, the 1980 data point was 

not included, but in computing the bottom model, the 

1988 data point was included. This was done to 

improve the fit of the model. You will have to use your 

own discretion to determine whether or not to include 

the points at which the data is divided when finding a 


R(x) = 


piecewise model.) 


R(x) 
CFC-12 release 


(millions of kilograms) 


425 

390 ¢ 

355 

320 

285 x 
Years 

250 since 

TAINO) WS2eSOM 82 (84) Soe S8en90/ 92 

1900 


d. i. What was the amount of CFCs released into the 
atmosphere in 1975? in 1995? 
C(75) ~ 401.4 million kg, C(95) ~ 147.7 million kg 
ii, At what rate was the release of CFCs declining 
between 1974 and 1980? 
15.37 million kilograms per year between 1974 and 
1980 
ii. On the basis of data accumulated since 1987, in 
what year will there no longer be any CFCs 
released into the atmosphere? 
This occurs when x ~ 99.3. This answer indicates 
that according to the model, there should have 
been no release of CFCs by early in 2000. 


29. a. 78 million people per year 


b. P(t) = 6 + 0.078t billion people t years after the begin- 
ning of 2000 


c. t ~ 76.9 years after the beginning of 2000, which cor- 
responds to near the end of 2076. The article estimates 
that the world population will be 12 billion in 2050. 


d. The prediction in part c assumes that the world will 
grow at a constant rate of 78 million people per year 
between now and 2076. In making this prediction, the 
Census Bureau must have assumed that the growth 
rate will increase so that the 12 billion population will 


be reached sooner than our prediction based on the 
linear model. 


Chapter 1 Review Test 


tly 


a. The number of acres increased, but by a smaller 
amount in 1992 than in 1991, 

b. Between 1989 and 1991, the yearly gain of wetlands 
was increasing by approximately 33,000 acres per year. 


‘ods Al 


Day in 
2000 


} 





Input 





: 


T(d) 
Tickets sold 


Output 


b. T is a function of d because for every possible day, 
there is only one associated number of tickets. 

c. Ifthe inputs and outputs are reversed, the result is not 
an inverse function because one number of tickets 
could have more than one day associated with it. 

IBD = ey YG 

1995 — 1973 22 years 

=~ 0.23 percentage point per year 


b. Percent in 2002 = 
23% + (7 years) (3 percentage point per year] = 25% 
This estimate is valid if the rate of change remains con- 
stant through 2002. 
amiga: ii. Does not exist WBBl: 2 
. fis not continuous at x = 1 because f(1) does not exist, 
and it is not continuous at x = 2 because the limit of f 





a. Rate of increase = 


isp 


as x approaches 2 does not exist. 


a. C= 0.0342t + 11.39 million square kilometers 
t years after 1900 

b. Cis continuous without restriction. 

c. The amount of cropland increased by approximately 
0.034 million square kilometers, or 34,000 square kilo- 
meters per year, between 1970 and 1990. 

d. Answers will vary. 


e. C(95) = 14.64 million square kilometers 


Chapter 2 Answers to Odd Activities 


CHAPTER 2 


Section 2.1 


1. 


17. 


19. 


All, 


f(x) = 2(1.3*) is the black graph. f(x) = 2(0.7*) is the blue 
graph. 


. f(x) = 3(1.2*) is the blue graph. f(x) = 2(1.4*) is the black 


graph. 


. f(x) = 2 In x is the blue graph. f(x) = -2 In x is the black 


graph. 


. f(x) = 2 In x is the blue graph. f(x) = 4 In x is the black 


graph. 


. f(x) is increasing with a 5% change in output for every 


unit of input. 


. y(x) is decreasing with a 13% change in output for every 


unit of input. 


. The number of bacteria declines by 39% each hour. 
5 & Ge) = 


296.3(1.151") billion dollars in credit card 
spending t years after 1989 

b. August of 1998 

a. S(y) = 1.5(1.0746”) dollars y years after 1997 

b. S(13) = $3.82 

a. W(t) = 8.432(0.9806') workers per beneficiary t years 
after 1955 

b. W(75) ~ 1.94 workers per beneficiary. Fewer workers 
per beneficiary will mean that the social security pro- 


gram will have to find other means of supplementing 


payments rather than relying solely on withholdings 
from workers’ wages. 

a. P(t) = 1.269(1.015646') billion people t years after 
1900. The function is a good fit for the data. The 1960 
data point is the one farthest from the function. The 
data points for 1974, 1987, and 1999 appear close to 
the graph. 


b. W(x) = 6 + 0.078x billion people x years after 1999 
c. W(t) = 6 + 0.078(t — 99) billion people t years after _ 
1900 
d. Population 
(billions) 
6.5 
ths Year 
1927 1960 1999 


The linear model appears to be a better fit for the years 
1960 — 1999; the exponential model is a better overall 
fit. 
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Population 
(billions) 





For years beyond 1999, the exponential model rises 
dramatically compared to the linear model. Both mod- 
els should give reasonably close answers for popula- 
tions between 1960 and 2000, but the exponential 
model should be used from 1900 through 1960. Which 
model will be more appropriate for years beyond 2000 
depends on what happens to the world population 
growth rate in the future. See part f for a more detailed 
answer. 

The exponential model gives the population as 
approximately 6.0 billion in 2000 and 13.0 billion in 
2050. The linear model gives 6.1 billion people in 2000 
and 10.0 billion people in 2050. The linear model 
assumes that the growth rate (people per year) remains 
constant at the 1999 level. The exponential model 
assumes that the percentage growth rate remains con- 
stant at the level obtained by modeling the data for 
1927 through 1999. 


. The Census Bureau predicts a population of 12 billion 


in 2050. This is 1 billion less than the exponential 
model prediction and 2 billion more than the linear 
model prediction. The Census Bureau assumed that 
the percentage growth rate will decline but that the 
growth rate will increase. 

C(y) = 6.673(1.791044") million CD singles sold, 
where y is the number of years since 1993 


b. ~ 79.1% per year growth in the sales of CD singles 


25508. 


VW, Be 


M(t) = 12.582(1.026935') million people f years after 
1920 


. ~ 2.7% growth per year 
. M(77) ~ 97.396 million people 
. The model estimate is approximately 0.167 million 


people less than the actual population. 

F(x) = 351.354(0.939873*) farms with milk cows x years 
after 1980. This model indicates a (1 — 0.939873)100% 
~ 6.0% per year decline. 


b lim 351.354(0.939873*) = 0. It is not reasonable that 


the number of farms with milk cows will approach 
zero in the future. 

Answers vary. Possible reasons: The decline in farms 
with milk cows is probably indicative of an overall 
decline in farms because of the nature of the economy 


29; 


31. 


ah 


Boe 


37. 


a. 


Ingredients of Change: Nonlinear Models 


over the past decades. Specialization has led to fewer 
nondairy farms owning milk cows. The emphasis on 
decreasing fat and cholesterol in food may have pro- 
duced a decrease in demand for dairy products. 

PC(t) = 0.091(1.393726') million PCs in China 
t years after 1985 


2EG) 
(millions) 
13) 
t 
Years 
0 i 
0 15 Since 
1985 


The model appears to be a very good fit. 


. PC(5) ~ 0.48 million PCs in 1990; PC(20) ~ 69.72 


million PCs projected in 2005. The first estimate is an 
interpolation and is probably more reliable than the 
extrapolation for the year 2005. 


. pH(x) = -9.792-10° — 0.434 In x, where x is the H,O* 


concentration in moles per liter 


. pH(1.585-10°) = -9.792:10° — 0.434 In (1.585-10°) 


= 2.8 


. Approximately 1.0-10° mole per liter 
. Beer is acidic with a pH of approximately 4.5. 
. L(d) = 158.574 — 42.877 In d ppm for soil that is d 


meters from the road 


. L(12) = 158.574 — 42.877 In 12 ~ 52 ppm 


c. E(d) = 123.238(0.932250*) ppm for soil that is d meters 


from the road. The log model appears to be a better fit 
for small distances than the exponential model. Other 
than that, the two models are similar for distances 
between 5 and 20 meters. The log model will eventu- 
ally be negative, whereas the exponential model will 
approach zero. The exponential end behavior seems to 
better describe the lead concentration as a function of 
distance from a road. 


. B(t) = 8.435 — 0.639 In x percent for a maturity time 


of t years 


. The model estimates 15-year bond rates as B(15) ~ 


6.70%, which is 0.3 percentage point less than the fund 
manager's estimate. 


. S(x) = -38,217.374 + 23,245.372 In x dollars x years 


after 1970 


. 1993: S(23) ~ $34,668; 2000: S(30) ~ $40,845. The 


1993 estimate is probably the more accurate one 
because it is an interpolation, whereas the 2000 esti- 
mate is an extrapolation. 


. Salaries are expected to have reached $40,000 in 1999 


(x = 28.9). 


Section 2.2. 


1. 


1M 


13. 


15. 


We 


The function is increasing, with a 166.4% change in out- 
put for each unit of change in input. 
fix) ~ 100(2.664456") 


. The function is decreasing, with an 18.9% change in out- 


put for each unit of change in input. 
A(t) ~ 1000(0.810584") 


. The function is increasing. 


fx) ~ 39,2¢0254642x 


. The function is decreasing. 


h(t) ~ 1.02¢ 0:478036t 


. a. A = 2000(1 + 2%45)* ~ 2000(1.045765') dollars after 


t years 

b. A(2) ~ $2187.25 

c. A(3.75) ~ $2365.42 

d. The amount after 2 years and 2 months is the same as 
the amount after 2 years: A(2) ~ $2187.25. 

a. APR = (0.015)(12)100% = 18% 


0.18\? 
UeAPY = (1 - S| - 1|100% ~ 19.6% 


a. The percentage change is approximately 6.4% per year. 
This is the APY. The balance after 6 years is 
(1908.80)(1.064) = $2030.96 

b. A = 1400(1.063962') = 1400e°°* dollars after t years 
The value r is the nominal rate, or APR. 

c. A(6) ~ $2030.89 
This amount differs from that in part a because it 
assumes a percentage change of approximately 
6.3962% rather than 6.4%. 

a. 4.725% compounded semiannually: 


0.04725 





2 
APY = (1 tr ae 1 |100% = 4.78% 


4.675% continuously compounded: 
APY = [e675 — 1]100% =~ 4.79% 
This is the better choice. 
b. The account with the higher APY will always result in a 
greater account balance. 
c. After 10 years, the two options differ by only 
79 cents. 
0.109 0.109\ 
a. Option A: 49 (12,300) = iff. = (: + om) 
m ~ $353.58 
0.105 O05) 
Option B: 7p (12300) m 1 = ( a5 Boe 
m ~ $314.92 


b. Option A: ($353.58)(42) = $14,850.36 
Option B: ($314.92)(48) = $15,116.16 
c.. Option A: $2550.36 
Option B: $2816.16 


Chapter 2 Answers to Odd Activities 


19. 


21. 


23. 


Pee, 


Wife 


Ik), 
31. 


All 


d. Option A has a higher payment, but the car will be paid 
off sooner and will cost $265.80 less than with Option 
B. Option B has a lower monthly payment, but it costs 
more and takes longer to pay off. 


066 \4 
A= 2500( a oe) =~ $3042.49 


12(2) 
2000 = oli ets ) 


P = $1767.32 
12(45) 
a. 250,000 = Pj 1 + oN 
1 
P =~ $2829.52 


ORO ese 
b. 2829.52 (: + a = $249,999.92 


This answer is not $250,000 because the future value 
was rounded in part a. 


a. The amount was recouped in less than three and a half _ 














hours. 
b. 85 = 84.998(1.062') 
85 
= (1.062’ 
84.998 nee 
85 
= 1.062! 
SS evieay oO 
85 
= tln 1.062 
erecta 
85 
84.998 
= ——— = 3.9-10°4 
In 1.062 
a. ~ 10.7 miles per hour 
b. ~ 4.5 minutes 
G He) 
(mph) 
20 
Gi 
(hours) 
0 0.25 


lim v(t) = 0 

d. The model describes speed as approaching, but never 
reaching, zero. Thus, according to the model, the rider 
will slow down infinitely but will never actually come | 
to a stop. Of course, this is not a realistic description of 
what actually occurs. 

Approximately 4960 years ago 

a. k ~ 0.127364 

b. =~ 284°F 

c. ~ 1.25 minutes, or 75 seconds 
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33. 
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a. Using the points (0, 250) and (0.5, 125), we obtain the 
model P(h) = 250(0.25") mg of penicillin left after h 
hours. 

b. Solving 1 = 250(0.25") gives h ~ 3.98 hours. The sec- 
ond dose of penicillin should be taken approximately 4 
hours after the first dose. 


Section 2.3 


. Exponential or logarithmic 
. Logarithmic 
. None. The scatter plot exhibits a change in concavity, so it 


is not linear, exponential, or logarithmic. It does not level 
off, so it is not logistic. It is possible to model this data 
with a piecewise continuous model using three linear 
pieces. 


. Increasing; limiting value is 100; horizontal asymptotes 


are y = 0 and y = 100. 


. Decreasing; limiting value is 39.2; horizontal asymptotes 


are y = Oand y = 39.2. 


. Increasing; limiting value is 42; horizontal asymptotes are 


y = Oandy = 42. 


S795 


TE 237A en 182768 countries 


a. C(t) = 





t years after 1840. The model is a good fit. 


b. C(t) 
Countries 


t 
Years 
since 


1840 





a. A plow sulky is a horse-drawn plow with a seat so that 
the person plowing can ride instead of walk. It was a 
precursor to the tractor. 


DOO IEZI9 
~ Fe 6 gape tise Patents years after 1871 





b. P(t) 


c. Patents begin with one innovative idea and grow 
almost exponentially as more and more improvements 
and variations are patented. Eventually, however, the 
patent market becomes saturated, and the number of 
new patents dwindles to none as newer ideas and 
products are invented. 


17. 
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ae N(t) 
Navy deaths 
3016 + 
t 
0 —+ Weeks after 
0 13 8/31/18 
A(t) 
Army deaths 
20,493 : : 
t 
0 Weeks after 
0 13. 9/7/18 
C(t) 
Civilian deaths 
91,318 + : 
i) 
0 Weeks after 
0 13 9/14/18 
buN@e= 3015.99] 


er 11 250e 
Navy deaths t weeks after August 31, 1918 
20,492.567 
1 AP 518.8602" 
Army deaths t weeks after Sept. 7, 1918 
he ND 
CO) = TF 176.2726 
civilian deaths t weeks after Sept. 14, 1918 
c. The models given in part b have limiting values less 
than the number of deaths given in the table for 
November 30. The models are not good indicators of 
the ultimate number of deaths. 


A(t) = 








19, 


Pil 


235 


Wey. 


a. The data are concave down from January through 
April and concave up from April through June. This is 
not the concavity exhibited by a logistic model. 

b. The entire data set does appear to be logistic. 

42,183.911 

Pars 2 148405564 abel 
t months after December, 1948 
The model appears to be a good fit. 

d. The model is a poor fit for the January through June 
data. 

a. The limiting value appears to be approximately 
2U/100pL. The inflection point occurs at approxi- 
mately 9 minutes. (Answers may vary.) 


OB) 
i 22 29.064e 0421! 10m 





c. P(t) = polio cases 


b. A(m) = 





U/100,L 


after m minutes. The limiting value is about 
1.94 U/LO0mL. 
c. Approximately 0.74 U/100uL 


249.969 
Ti 91,5466 25° 





a. Bly) = cumulative stolen bases 


since 1951, where y is the number of years since 1950. 
This equation appears to be a good fit for the data. 

b. The first differences are the number of stolen bases 
that Willie Mays had in one season. 

c. Using only the model (not the data), we calculate the 
number of bases stolen in 1964 as B(14) — B(13) =~ 
3 bases. This is a great underestimate of the actual 
number. 


11.742 
TE Misa sage ote 





A, IAGe) = billion people x years 


after 1800. The equation appears to be a good fit for 
the later (1960-2071) data but a poor fit for the early 
(1800-1960) data. 

b. According to the model, the world population will 
level off at 11.7 billion. This is probably not an accu- 
rate prediction of future world population. 

c. The model will probably be a poor estimate of the 
1850 population because it appears to be a poor fit for 
the years between 1800 and 1960. It is a good fit 
around 1990, however, so it will probably give a good 
estimate of population in that year. 


Section 2.4 


1. 


Concave up, decreasing from x = 0.75 to x = 3, increasing 
fours .3.10,4.=4 


. Concave up, decreasing from x = 13.5 tox = 18, increas- 


ing from x = 18 tox = 22.5 


. Concave down, always decreasing 
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13. 


15. 


17. 


a. 


aG) 


ae 140 144 140 128 108 80 


oN) NN 
12 04" Aw meat2 (een ett28 
NOT ANT ey OA: 
8 8 -8 -8 -8 


Second differences are constant, so the data are quad- - 


ratic. 


. After 3.5 seconds the height is 44 feet. After 4 seconds 


the height is 0 feet. 


. H(s) =-16s* + 32s + 128 feet after s seconds. 
. H(s) = 0 when s = -2 ands = 4 


The missile hits the water after 4 seconds. 


a. J(12) ~ 374 jobs b,c. Answers will vary. 


al, 


. Because the data are evenly spaced and the second dif- 


ferences are constant, the data are perfectly quadratic. 


. 26.5 years of age 
. A(x) = 0.0035x? — 0.405x + 32 years of age x years 


after 1900 
A (100) = 26.5 years of age 


e.,f. Answers will vary. 


a. 


The data do not appear to be concave up or concave 
down. A linear model is 


B(x) = 0.002x + 1.880 dollars to make x ball bearings 


ate ey Nem 


. Overhead is $1.88. 
. B(5000) ~ $13.64 
. B(5100) — B(5000) = $0.24 


This answer could also be found by multiplying the 
slope of the model by 100. This value is called marginal 
cost. 


. C(u) = 0.002(500u) + 1.880 dollars to make u cases of 


ball bearings 


. A(t) = -415¢ — 1837t + 91,977 AIDS cases diagnosed 


t years after 1990 


. The model appears to be a good fit. 


c. A(8) = 50,721 cases 


Because this estimate is only one year beyond the 
known data, it is probably a good estimate. 


. According to the model, the number of AIDS cases was 


less than 40,000 in 2000. 


. Answers will vary. 
. Q(x) = 0.057x" — 3.986x + 69.429 thousands of tons 


of lead x years after 1940 

E(x) = 211.196(0.821575*) thousands of tons of lead x 
years after 1940 

The exponential equation is a poor fit. The quadratic 
equation appears to be a good fit. 


. The data suggest that lead usage is approaching zero as 


time increases. The exponential function approaches 
zero as time increases. 


. The quadratic model is the more appropriate one. 


Q(15) = 22 thousands of tons of lead 
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ee) 


. The scatter plot indicates an inflection point. 
. A(t) = 0.4272 — 5.2862 + 22.827t + 3.014 million 


dollars t years after 1990 


. A(3) ~ $35 million; A(9) ~ $92 million 


The 1993 estimate is more likely to be accurate because 
it is an interpolation rather than an extrapolation. 


. The 1993 estimate exceeded the actual amount by $1 


million. The 1999 estimate is $7 million short of the 
actual amount. These figures confirm the statements 
in part c. 


. The scatter plot suggests an inflection point. 
| G(x) = (5.555:10%)x? — 0.007x2 + 0.103x + 104.955 


males per 100 females x years after 1900. The graph of 
G rises beyond 1990. It is unlikely that the gender ratio 
will rise as indicated by the model. 


. Possible answers include: Health issues in the early 


1900s probably contributed to a greater death rate 
among women, who often died in childbirth. The west- 
ern expansion and gold and silver rush days probably 
attracted more male immigrants than female ones. 

The number of females and males is approximately 
equal for 30-year-olds. 


. C(a) = (-2.025-10*)a* + 0.013a? — 0.339a + 105.841 


males per 100 females for an age of a years 


31a: 
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Q(a) = -0.015a? + 0.595a + 100.738 males per 100 
females for an age of a years 

The cubic equation fits the data better than the quad- 
ratic equation. Although the inflection point is subtle 
and the inflection point of the cubic equation does not 
perfectly match the inflection point indicated by the 
data, the fit is enough basis for choosing the cubic 
model over the quadratic one. 


. Among 83-year-olds there are approximately twice as 


many women as men. This implies that men die 
younger than women. 
The behavior of the data changes abruptly in 1989, 
resulting in a sharp point. None of the five models we 
have studied will reflect that behavior. 

0.106¢? — 15.497t + 652.169 


Ve pounds per person when t < 89 
~ ) -2.15t + 306.7 
pounds per person when t = 89 


where f is the number of years since 1900. 


. V(73) = 87.5 pounds per person 


V(83) ~ 98.4 pounds per person 
V(93) ~ 106.8 pounds per person 


. Answers will vary. 


The model indicates a constant decline of approxi- 
mately 2.2 pounds per person per year. 
Answers will vary. 


Section 2.5 


1. y = 1.69 
3. y = -0.003 and y = 0.020 


Deas 


. Dit) = 


2 (CG) = 


. F(t) = 


The data appear to be concave up from 1990 through 
1994 and concave down from 1995 through 1998. The 
concavity changes between 1994 and 1995. Either a 
logistic or a cubic function could be used to model 
these data. 
TERE cas 

1h 4 368¢ 02350058 billion dollars of debt t years 
after 1990. This equation is not a good fit for the data. 
It does not display the change in concavity described 
in part a. 





314.360 ov | 
1 + 49.0916 08487421 billion dollars over $165 bil- 


lion t years after 1990. This equation is an excellent fit 
for the data. 








314.360 an 
1 + 49.091 ¢° 08487421 + 165 billion dollars 


t years after 1990 





. y = 165 and y ~ 479.360. The function in part b has 


asymptotes y = 0 and y ~ 797.333. 


. A scatter plot shows an inflection point with leveling- 


off behavior at both ends. 


11. 


a. 


ea 


Le 


5 ING) = 


. Answers will vary. One possible model is C(t) = 
- 0.086(1.119883") + 2.1 million children ¢ years after 


235.641 
1 + 9,637¢01720508 thousand people above 





2,700,000 t years after 1980. This equation is not a good 
fit for the data. It does not exhibit the same inflection 
point or the same horizontal asymptotes as the data. 


97.500 
1 + 1405.904 005312081 thousand people above 





2,760,000 t years after 1980. This equation is an excel- 
lent fit for the data. 

97.500 
1 + 1405.904¢9591268 
t years after 1980. The horizontal asymptotes are 
y = 2760 and y = 2857.5. 
p(x) = 93.558(1.400729*) permit renewals x years after 
1990 





+ 2760 thousand people 


P(x) 
Permit renewals 
850 5 
500 
e XG 
145 ; Years 
WON Bis) SA bs 0 7G SCE 
1990 


. R(x) = 7.919(2.152408*) permit renewals above 135 


x years after 1990 


R(x) 
Renewals over 135 
TIS [, 
365 re 
a Years 
[yas Aes pee ce 
1990 


. P(x) = 7.919(2.152408*) + 135 permit renewals 


x years after 1990. The equation indicates the number 
of permit renewals exceeding 2000 in 1998. 

lim P(x) > %, lim P(x) = 135 

x00 x>-H 


. P(7) ~ 1830 renewals, P(8) ~ 3783 renewals. The 


model estimates for 1997 and 1998 are well below the 
actual renewal values. Even when a model fits a set of 
data well, it may not be accurate for any extrapola- 


tions. 


. ¢(t) = 2.053(1.022247') million children t years after 


1970. The graph of this equation is not nearly so 
curved as the data suggest. 


1970. 
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a. S(x) = -350,193.616 + 78,843.360 In x million dollars 
x years after 1990. The graph of this equation appears 
linear when graphed on the scatter plot. 

b. C(t) = 6721.530 + 2213.132Int million dollars 
t years after 1992. The graph of this equation is a better 
fit for the data than the equation in part a. 

c. Aly) = 7734.238 + 1633.996Iny million dollars, 
where t is the number of years since 1993 plus 0.5. This 
equation fits the data on the left slightly better than the 
one in part b. 

d. All three models will increase infinitely as the input 
increases. The data show a decline from 1996 to 1997. A 
quadratic model may be a better model for these data. 

e. A log model must have inputs greater than zero. 


Section 2.6 


1. 


11. 


13. 


17. 


Because the data are concave up and display a minimum, 
a quadratic is the only appropriate model. 


- The data appear to be essentially linear. Any concavity is 


probably not obvious enough to warrant the use of a 
more complex model. 


. Because of the inflection point, a cubic or logistic model 


would be an appropriate choice. The choice would 
depend on the desired behavior of the model outside the 
range of the data. 


. a. Linear data have constant first differences and lie in a 


line. 

b. Quadratic data have constant second differences and 
are either concave up or concave down. 

c. Exponential data have constant percentage differences 
and are concave up, approaching the horizontal axis. 


. T(x) = 0.181x° — 8.463x + 147.376 seconds at age x years. 


A quadratic model is appropriate because the scatter plot 

shows a single concavity with a minimum. 

W(t) = -0.030t° + 0.181t + 18.160 percent t years after 

1980. A quadratic model is appropriate because the scat- 

ter plot shows a decreasing, concave-down shape. 

Answers will vary. 

a. L(x) = -1.293x° + 17.432x? — 66.021x + 84.389 mil- 
lion dollars of LP/EP shipments x years after 1990 
C(x) = -42.818x° + 383.222x? + 326.726x + 3511.258 
million dollars of CD album shipments x years after 

6744.675 

Wie? 1 AS 2g Oe 
dollars of CD album shipments x years after 1990 

b. L(9) ~ -$40.7 million; L(10) ~ -$126.0 million (These 
extrapolations are meaningless in this context.) 

C(9) ~ $6278 million; C(10) ~ $2283 million 
or c(9) ~ $10,130 million; c(10) ~ $10,139 million 
a. 10 components 


TOSOROrNC(s) n= 





+ 3400 million 


b. 25 components 





Al6 


R(t) = 


CHAPTER 2 


N(h) = -0.230h° + 2.703h? — 0.591h + 7.071 compo- 
nents after h hours 
This function provides a good fit to the data. 


. 4hours 41 minutes 


The cubic model shows the total number of compo- 
nents declining, which is impossible (unless the worker 
begins disassembling components). This model is not a 
good indicator of what occurs after 8 hours. 

d 61.859 

mei 99 
This function provides a good fit to the data. 

The model indicates that the number of components 





C(h) components after h hours 


assembled is never greater than 62. It is more reason- 
able than the cubic model, but it is probably still not 


accurate. 


. According to the logistic model, the student will 


assemble only 3 or 4 components after 8 hours. 


. Answers will vary. 


The scatter plot suggests an inflection point and no 
leveling off; thus a cubic is an appropriate model. 

C(t) = 0.03347 — 1.059#* + 11.413t — 24.231 million 
used cars t years after 1990 


. C(13) = 16.52 million used cars sold 


It appears that the ban took effect between 1974 and 
1976. 


. One possible model is 


0.708f — 71.401t + 1823.427 


million kilograms when t S 74 
SIGS Wai ar Isley lee) 
million kilograms when t > 74 


where ¢ is the number of years since 1900. 

Answers will vary. 

The scatter plot is concave down from 1980 through 
1987. From 1987 through 1997, the scatter plot 
appears to be logistic. 


. The data exhibit two changes in concavity: one abrupt 


change around 1987 and a smoother change between 
1991 and 1993. This concavity description does not 
match that of a cubic model that has one concavity 
change. 

A cubic model is an extremely poor fit to the data. 


. Answers will vary. Once possible model is 


Sot = 16.30 at 2914 
thousand people 
OW) 


1 + 1405.903¢ 0991268! 
thousand people 


when0 =t=7 





+ 2760 


when 7 < t S$ 17 


where ¢ is the number of years since 1980. 


(Zp 





Answers will vary. 


Ingredients of Change: Nonlinear Models 


25. It is important to reduce the magnitude of the input val- 
ues for exponential and logistic models in order to avoid 


numerical computation error. 


Chapter 2 Review Test 


1. 


Cayo Ses eS) 


a 


. P(t) = 


. F(t) = 


. C(x) = 2.2(1.021431*) million children x years after 1970 
. Approximately 2.1% per year 
. Solving C(x) = 5 gives x ~ 38.7, which corresponds to 


the fall of 2009. 


. Answers will vary. 


12 
ARYs— (1 f | = 1 |10% = 7.55% 


. The largest possible APY occurs when interest is com- 


pounded continuously and is (e°°73 — 1)100% = 
7.57%. 


. The data are increasing and concave up, indicating that 


either an exponential or a quadratic model is appro- 
priate. It is also possible to argue that the scatter plot 
suggests an inflection point between 1992 and 1994, 
indicating that a cubic model is appropriate. 
0.021(1.531417') dollars t years after 1980 
or S(t) = 0.256 — 9.224 + 110.100t — 430.393 dol- 
lars t years after 1980 

Answers will vary. 

The scatter plot is essentially concave up and then con- 
cave down. A cubic model appears to be appropriate. 
~0.049F + 1.560% — 13.485¢ + 110.175 
degrees Fahrenheit t hours after midnight August 27 


. F(17.5) ~ 91°F 
. Solving F(t) = 90 gives three solutions: t ~ 1.88, 12.37, 


and 17.82. The first solution lies outside the time 
frame of the data. The other two solutions correspond 
to 12:22 p.m. and 5:49 p.m. 

The statement is false because the input data are not 
evenly spaced. 


. The scatter plot suggests a concave-down shape. This 


shape could be modeled by a quadratic or log func- 
tion. It is also possible to use the right side of a logistic 
function to model the data. 


. Q(t) = (-4.988 - 10*)t? + 0.0191t — 7.995 billion peo- 


ple t years after 1900. The graph of this equation is an 
excellent fit for the data. 
10.764 

i] 2 2.0.429¢e :082771t 
1900. The graph of this equation is also an excellent fit 
for the data. 

G(t) = -27.890 + 7.408In¢t billion people t years after 
1900. The graph of this equation is a reasonably good 
fit for the data, although not so good a fit as the other 





L(t) = billion people t years after 


two models. Shifting the input data to the left might 
produce a better fit. 
d. lim Q(t) > -% 


lim L(t) ~ 10.8 billion people 

lim G(t) > 2% 

Because the United Nations study suggested that the 
population will stabilize, the logistic model is the most 


appropriate one even though the data do not suggest 
an inflection point. 


CHAPTER 3 


Section 3.1 


1. 


S) 


11. 


The stock price rose an average of 46 cents per day during 
the 5-day period. 

The company lost an average of $8333.33 per month dur- 
ing the past 3 months. 


- Unemployment has risen an average of 1.3 percentage 


points per year in the past 3 years. Note: Whenever you are 
writing a change for a function whose output is a percent- 
age, the correct label (unit of measure) is percentage 
points. The same is true for a rate of change. The phrase 
percentage points per year indicates that the effect is addi- 
tive, whereas the phrase percent per year indicates a multi- 
plicative effect. 


. The ACT composite average for females increased by 0.6 


point between 1990 and 1999. This change represents an 
approximately 3% increase. The average female score 
increased by an average of 0.07 point per year between 
1990 and 1999, 


. The number of Internet users in China grew by 11.1 mil- 


lion between 1997 and 2000. This growth represented a 
1233% increase. The number of Internet users increased 
at an average rate of 3.7 million users per year between 
1997 and 2000. 

6229.09 — 6228.98 


a. Slope of secant line = 1996 — 1982 


=0:1) feet 
14 years 

b. In the 14-year period from 1982 through 1996, the lake 
level rose an average of 0.008 foot per year. 

c. The lake level dropped below the natural rim because 
of drought conditions in the early 1990s but rose 
again to normal elevation by 1996. The average rate 
of change tells us that the level of the lake in 1996 
was close to the 1982 level. Although the average 
‘rate of change is nearly zero, the graph shows that 


~ 0.008 foot per year 
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155 


W7- 


19. 


a. 


a. 


a. 


. Average rate of change = 


Al7 & 


the lake level changed dramatically during the 
14-year period. 

The balance increased by $1908.80 — $1489.55 = 
$419.25 or 28.1%. 

$419.25 
4 years 





~ $104.81/year 


From the end of year 1 through the end of year 5, the | - 


balance increased at an average rate of $104.81 per 
year. 


. You could estimate the amount in the middle of the 


fourth year, but doing so might not be as accurate as 
using a model to find the amount. 


. A(t) = 1400(1.063962') dollars after t years 


Amount in middle of year 4 = A(3.5) = $1739.28 

Amount at end of year 4 = A(4) = $1794.04 

Average rate of change = 

$1794.04 — $1739.28 
5 year 





= $109.52 per year 


2338 deaths — 2 deaths 4 
6 weeks 





Average rate of change = 


389 deaths per week 


. Average rate of change = 


73,477 deaths — 6528 deaths 
4 weeks 





=~ 16,737 deaths per week 


. Navy, 332 deaths per week; Army, 5559 deaths per 


week 


. p(55) — p(40) ~ 31.91 — 21.41 = 10.5 million people 


Percentage change ~ 49% 


p(85) — p(83) ~ 3:67 million people 


5) = G3) 2 years 
~ 1.8 million people per year. 
Between 0 and 2 seconds, the average rate of change is 


0 feet per second because the secant line is horizontal. 


Height 
(feet) 














Time 
(seconds) 
Slope ~ -50 feet/second 
feet _ 3600 seconds pen niles Pera 
second hour 5280 feet P 
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Interest income 
(millions of dollars) 


Ds 
Ds 


Mfc 


29% 





3 pp pt Ve ar 





1990 1992 1994 1996 1998 


Kelly’s interest income decreased by approximately 
$2.5 million per year on average between 1990 and 
1994. 





b. Approximately a 60% increase 

c. No. The declining portion of the graph represents 
Kelly’s interest income declining. Kelly was earning 
interest income but was earning less each year. 

441% 

a th J b. 1. 85.7% 

ii.3 ii. 46.2% 
ji ili. 31.6% 

c. The average rate of change of any linear function over 
any interval will be constant because the slope of a line 
(and, therefore, of any secant line) is constant. The 
percentage change is not constant. 

a. Cost 
(billions of dollars) 

Wd 
0 Year 
2000 2009 
The data suggest a log model: concave down with no 
sign of leveling off. 

b. C(t) = 0.689 + 7.258 In t billion dollars t years after 
1999 

c. C(6) — C(1) = $13 billion 
C6) Cu 

d. oe = $2.6 billion per year 
C(6) — CQ) 

, = 100% ~ 18889 

e Cl) 00% ~ 1888% 

52 Olen 

a. Solve a = 0.197 for x to obtain x ~ 127.5 

births per 100,000 in 1995. 
IBS = 
Solve = 3.34 for y to obtain x ~ 35.2 births 


per 100,000 in 1980. 


b. My) = 1.139(1.202305”) + 28 births per 100,000 
y years after 1970 

c. M(25) =142.0 births per 100,000 in 1995 
M(10) ~ 35.2 births per 100,000 in 1980 
Both estimates are interpolations. 

d. The increased use of fertility drugs is the primary fac- 
tor in the rise of the multiple-birth rate. Women hav- 
ing children later in life also contributes to this rise. 


Section 3.2 


1. 


11. 
13. 


a. A continuous graph or model is defined for all possible 
input values on an interval. A continuous model with 
discrete interpretation has meaning for only certain 
input values on an interval. A continuous graph can be 
drawn without lifting the pencil from the paper. A dis- 
crete graph is a scatter plot. A continuous model or 
graph can be used to find average or instantaneous 
rates of change. Discrete data or a scatter plot can be 
used to find average rates of change. 

b. An average rate of change is a slope between two 
points. An instantaneous rate of change is the slope at 
a single point on a graph. 

c. A secant line connects two points on a graph. A tan- 
gent line touches the graph at a point and is tilted the 
same way the graph is tilted at that point. 


. Average rates of change are slopes of secant lines. Instan- 


taneous rates of change are slopes of tangent lines. 
Average _ 19 — 0 miles 60 minutes 


speed 17 minutes hour 





~ 67.1 mph 


. a. The slope is positive at A, negative at B and E, and zero 


at Cand D. 
b. The graph is steeper at point B than at point A. 







Point of most 
rapid decline 





The lines at A and C are not tangent lines. 





15. a,b. A: concave down, tangent line lies above the curve. 
B: inflection point, tangent line lies below the curve on 


W7/- 


IIE), 


the left, above the curve on the right. 


C: inflection point, tangent line lies above the curve on 


the left, below the curve on the right. 
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80 
| =S —— = 
Slope at C 50 4 


90 
Sl tpi — I. 
opea 60 5 


(Answers may vary.) 


_ D: concave up, tangent line lies below the curve. 21. a. Million subscribers per year 


d. A, D: positive slope; C: negative slope 
(inflection point); B: zero slope 
(inflection point) 





25) 

Slope = = — = 1.25 
2 
(Answers may vaty.) 
600 


—D 


500 'Rise ~ 90 


400 
300 
200 


100 


20 40 60 80 100 120 








b. The number of subscribers was growing at a rate of 
11.3 million per year in 1996. 
- 11.3 million subscribers per year 


an © 


. 11.3 million subscribers per year 

23. a,b. A: 1.3 mm per day per °C; B: 5.9 mm per day per °C; 
C: -4.2 mm per day per °C 

. The growth rate is increasing by 5.9 mm per day per °C. 

d. The slope of the tangent line at 32°C is -4.2 mm per 

day per °C. 


a 


e. At 17°C, the instantaneous rate of change is 1.3 mm 
per day per °C. 


Das), Al, 


Declination of sun 





Summer : 
solstice Lago 


—24 degrees 






Degrees north 
S 







91 





121 152 181 213 244 












a 
5 6 
2 Sprin Fall . 
% 1 “es g : Winter 
8 equinox equinox Rolstice 
oo | 18 
A 

24 


The slope at the solstices is zero. 

b. The steepest points on the graph are those where 
the graph crosses the horizontal axis. The slopes are 
estimated as 


24 degrees _ 0.4 degree per day and 
61 days 

-24 degrees re d 

Gi days 0-4 degree per day 


A negative slope indicates that the sun is moving from 
north to south. 

c. The points identified in part b correspond to the 
spring and fall equinoxes. 

27. a,b,c. Any line tangent to p is the graph itself. The slope 
of any tangent line will be approximately 2370 
thousand people per year. 

d. The slope of the graph at every point will be 2370 
thousand people per year. 
e. The instantaneous rate of change is 2370 thousand 

140 people per year. 
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29. c. The student’s typing speed could actually be getting 


worse, which would mean that W'(f) is negative. 
Employees 





































2800 + 5. a. When the ticket price is $65, the airline’s weekly profit 
is $15,000. 
lh Rise = b. When the ticket price is $65, the airline’s weekly profit 
2400 + 350 is increasing by $1500 per dollar of ticket price. Raising 
Hassyanige ah ew ee EBL the ticket price a little will increase profit. 
2200 Run ~ 2 years c. When the ticket price is $90, the profit is declining by 
Rise ~ 75 $2000 per dollar of ticket price. An increase in price 
2000 + employees 
el will decrease profit. 
Year 
1990 1992 1994 1996 1998 
WS l : 
a. Slope in 1990 ~ oS es Ra i Kx) 
3 years 
25 employees per year 7 
b. The slope at 1993 does not exist because 
the graph is not continuous at 1993. 
: 50 1 
c. Slope in 1997 ~ SOURIS 
2 years ” 
175 employees per year 3 44 62 fg 
a 2.8 — 1.8 _ 1 million dollars _ 
* * 1996 — 1994 2 years 
0.5 million dollars per year 
b. . 
9. a. At the beginning of the diet, you weigh 167 pounds. 
Roar aes b. After 12 weeks of dieting, your weight is 142 pounds. 
(millions of dollars) ae i : : 
Bic c. After 1 week of dieting, your weight is decreasing by 
eal 2 pounds per week. 
ohare d. After 9 weeks of dieting, your weight is decreasing by 
aie ere te oS 1 pound per week. 
e. After 12 weeks of dieting, your weight is neither 
Rise = | increasing nor decreasing. 
2.5 Ue Lg f. After 15 weeks of dieting you are gaining weight at a 
reer rate of a fourth of a pound per week. 
2.0 + | 
g. W(t) 
esi Weight 
(pounds) 
167 
1.0 +—+——__+—_+—__+——+ Year 
1993 1995 1998 
1.1 million dollars 
Slope ~ = $0. illi 
ope eats $0.55 million per year 
The two estimates are comparable. 
142 : 
140 
Section 3.3 0 12 15 Weeks 


ile Miles per hour 
. Speed or velocity 
. The number of words per minute cannot be negative. 11, We know that the following points are on the graph: 


. Words per minute per week (1940, 4), (1970, 12), (1995, 32), and (1980, 18). 


o 
oO oS 





13. 


Ss 


We 


P(b) 
Births 
(%) 
30 
25 
20 


1990 b 


1940 1950 1960 1970 1980 1995 Year 


. It is possible for profit to be negative if costs are more 
than revenue. 


b. It is possible for the derivative to be negative if profit 


declines as more shirts are sold (because the price is so 
low, the revenue is less than the cost associated with 
the shirt). 

. If P’(200) = -1.5, the fraternity’s profit is declining. 
Profit may still be positive (which means that the frater- 
nity is making money), but the negative rate of change 
indicates that it is not making the most profit possible. 

. Years per percentage point 


b. As the rate of return increases, the time it takes the 


investment to double decreases. 

i. When the interest rate is 9%, it takes 7.7 years for 
the investment to double. 

ii, When the interest rate is 5%, the doubling time is 
decreasing by 2.77 years per percentage point. A 
one-percentage-point increase in the rate will 
decrease the doubling time by approximately 
2.8 years. 

iii. When the interest rate is 12%, the doubling time is 
decreasing by 0.48 year per percentage point. A 
one-percentage-point increase in the rate of return 
will result in a decrease in doubling time of 
approximately half a year. 


Terminal speed 





(m/s) 


Diameter 
(mm) 


0 1 2 3 4 5 6 
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oS) 
; t 
: H 
O 2b ade Fowese. 0 12 amide (oreo 
20 points : 
Abas! t4h = —~_——_ = 5 t h 
a,b. Slope a ours Tie points per hour 
Slope at 11 hours POE 3.75 points per hour 
u a ea ae Oy a u 
P 4 hours P P 


Aaj\e 


d. By sketching a tangent line at 2 mm and estimating its 


G(t) 
Points 
100 qe eR = 4 hours! uae 
Rise ~ 15 points! ; 


d. Percentage rate of change ~ 


b. Answers will vary. 


A21 


. The slope of the secant line gives the average rate 
of change. Between 1 mm and 5 mm, the terminal — 
speed of a raindrop increases an average of about — ; 
1.2 m/s per mm. 

. The slope of the tangent line gives the instantaneous © 
rate of change of the terminal speed of a 4 mm rain- _ 
drop. 


1.2 m/s 
a il x 
Slope ae 








= 0.6 m/s per mm 


A 4 mm raindrop’s terminal speed is increasing by ~ 
approximately 0.6 m/s per mm. 


slope, we find that the terminal speed of a 2 mm rain- 
drop is increasing by approximately 1.8 m/s per mm. 
. Percentage rate of charge ~ 
1.8 m/s per mm 
6.4 m/s 
The terminal speed of a 2 mm raindrop is increasing 


- 100% ~ 28% per mm 


by about 28% per mm as the diameter increases. 







: | H : ; i : 
ys rae |Rise = 20 points ea etre a 





(Answers will vary.) 
_ 36 points 
Average rate of change ~ oer 
= 6 points per hour 
5 points/hour 
50 points 

= 10% per hour 

When you have studied for 4 hours, the number of 


- 100% 


points you will make on your test is increasing by 
about 10% per hour. 
. Rate of change in 1970 ~ 0.85 death per year; 7.7% per 
year : 
Rate of change in 1980 ~ 1.1 death per year; 5.2% per | 





year 
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23. Rate of change in 1991 ~ 
279.8 thousand deaths — 201.6 thousand deaths _ 
4 years 
19.6 thousand deaths per year 
In 1991 the number of alcohol-related deaths was increas- 
ing by approximately 19,600 deaths per year. 
25. Answers will vary. 





Section 3.4 


1. The slopes are negative to the left of A and positive to the 
right of A. The slope is zero at A. 


' 


y 
Slopes 


3. The slopes are positive everywhere, near zero to the left of 
zero, and increasingly positive to the right of zero. 


' 


y 
Slopes 


Xx 


5. The slope is zero everywhere. y'=slope =0 


7. The slopes are negative everywhere. The magnitude is 
large close to zero and is near zero to the far right. 


Slopes 


9. The slopes are negative to the left and right of A. The 
slope appears to be zero at A. 


' 


y 
Slopes 


Describing Change: Rates 


wae 


Graph Slope graph 
b. 2 | 
Graph Slope graph 


13. a. (Table values may vary.) 





b. 1990 1992 1994 1996 1998 


Year 
-2 
-4 
-6 
45 


Rate of change 
of average bill 
(dollars per year) 


15. a. (Table values may vary.) 


| Slope | 1600 | 9200 | 43,300 | 86,700 | 40,700 


b. Rate of change 
(Cases per year) 


90,000 | 7 
1500 Year 


1985 1990 1997 











17. 


195 


ile 


ee 


a. The average rate of change during the year (found by 
estimating the slope of the secant line drawn from 
September to May) is approximately 14 members per 
month. (Answers will vary.) 

b. By estimating the slopes of tangent lines, we obtain the 
following. (Answers will vary.) 


Slope 
Month (members per month) 
Sept 98 
Nov =$) 
Feb 30 
Apr 11 
c. Members 
per month 
100 


80 
60 
40 
20 





d. Membership was growing most rapidly around March. 
This point on the membership graph is an inflection 
point. 

e. The average rate of change is not useful in sketching an 
instantaneous rate-of-change graph. 


J 

(inmates 

per year) 

200 

18.8 (een soa re 

t 
0 & 19 Years since 1990 

a. Profit is increasing on average by approximately $600 


per car. 
b. Number Slope 
of cars (dollars per car) 
20 0 
40 160 
60 750 
80 10 
100 -1200 


(Answers will vary.) 
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(€ 


Average 
monthly profit 
(dollars per car) 


1200 
900 
600 


300 
Cars 


sold 






-300 90 100 110120 


-600 
-900 
-1200 


d. The average monthly profit is increasing most rapidly 
for about 60 cars sold and is decreasing most rapidly 
when about 100 cars are sold. The corresponding 
points on the graph are inflection points. 

e. Average rates of change are not useful in graphing 
instantaneous rates of change. 

23. The derivative does not exist at x = 0, x = 3, and x = 4 
because the graph is not continuous at those inputs. 


' 


y 


Slopes 





25. The derivative does not exist at x = 2 and x = 3 because the 
slopes from the right and left are different at those inputs. 


' 


y 
Slopes 


Chapter 3 Review Test 


ibs as ally 18, (C, i E i. D 
b. The graph is steeper at B than it is at A, C, or D. 








: A24 CHAPTER 4 


c. Below: C, D, E; above: A; at B: above to the left of B, 


below to the right of B 
d. 
A 
B 
5 
e: i. Feet per second per second. This is acceleration. 


when it began speeding up. 
iv. The roller coaster’s speed was slowest at D. 


v. The roller coaster was slowing down most rap- 
idly at B. 


f. Slopes 





656 — 442 
2s Oy a Ih ili s 

a: 998 — 11995 71.3 million cards per year. Between 
1995 and 1998, the number of Visa cards increased at 
an average rate of 71.3 million cards per year. 
656 — 600 

b. ar aie 100% ~ 9.3%. Between 1997 and 1998, 
the number of Visa cards increased by about 9.3%. 


35a, D: 


Dell employees 
25,000 T 






20,000 | Rise = 
15,000 + 


10,000 





S000 -- oreenn-~ =~ ----- ~~~ 
Run = 4 years 






Year 
1993 1995 1997 1999 


Determining Change: Derivatives 


The slope of the secant line gives the average rate of 
change between 1993 and 1997. The slope of the tan- 
gent line gives the instantaneous rate of change in 
1998. 

c. In 1998 the number of employees was increasing by 
approximately 7000 employees per year. If we estimate 
the number of employees in 1998 as 16,000, then this 
rate represents an increase of approximately 44% per 
year. 

d. Between 1993 and 1997, the number of Dell employees 
increased at an average rate of 1500 employees per 
year. 


4. a. i. Anaverage 22-year-old athlete can swim 100 meters 
in 49 seconds. 
ii. The swim time for a 22-year-old is declining by 
half a second per year of age. 
b. A negative rate of change indicates that an average 
swimmer’s time improves as age increases. 


5. a. T’(x) = -0.852 hour per year 
b. Change ~ -17 hours 

Average rate of change = -0.852 hours per year 

Percentage change = -11.3% 

c. i. Alinear model is defined as one that has a constant 
rate of change. 

ii. Although the rate of change is constant, it is not 
constant when expressed as a percentage of the 
output, because output is not constant. 

ili. The average rate of change of a linear model will 
always be constant (and the same as the slope of 
the graph), because it is the slope of a secant line, 
and any secant line between two points on a line 
will be the line itself, having the same slope as the 
line. 


CHAPTER 4 


Section 4.1 





b. 


Secant line 
slope 


Trend ~ 2.77 Trend =~ 2.77 





The slope of the line tangent to y = 2* at x = 2 is approx- 
imately 2.77. 










Sani 
Input of close Secant line Input of close Secant line 
point on left slope point on right slope 





19.99200 2.001 20.001 
29999 19.99920 2.0001 20.0001 
99999 192999972! 2.00001 20.00001 


Trend = 20 Trend = 20 









c. Although the slopes of the two pieces are the same on 
either side of x = 2, the graph is not continuous at 
x = 2 because the pieces do not join at x = 2 (the limit 
of f as x approaches 2 does not exist because the left 
and right limits are not the same value). The graph of f 
is not smooth at x = 2 because it is not continuous at 


that input. 
d. Because the graph is not continuous at x = 2, it is not 
possible to sketch a tangent line at x = 2. 






5. a 
Cases 
(thousands) 

110 Wee eemaatvuses Sr Foarreds ; Maiausaaistvatten caecoas 
“i Spa iousand 
90 |S cases per year 

thousand 80 Bee chai AOM Onc COMEDUCKE Prcroomeanergeus ae we 

cases ihn : i : 


iG 
Years since 
1900 
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b. 

























3.99999 -14.49008 4.00001 -14.4899 
Trend =~ -14.49 Trend = -14.49 





The slope of the line tangent to the graph at x = 4 is 
approximately -14.49 thousand cases per year. 


c. In 1994 the number of AIDS cases diagnosed was 
decreasing by approximately 14.5 thousand cases per _ 
year. 


P(t) 
Percent 












Slope ~ = = 10 percentage 
points per year 


Years 
16 Since 
1980 





0 2 4 6 Spe LOPEZ E 4 





b. 


Input of close Secant line 
point on left slope 


Trend ~ 9.62 Trend ~ 9.62 


The line tangent to the graph of P at t = 7 has a slope 
of approximately 9.62 percentage points per year. 


c. In 1987 the percentage of households with VCRs was 
increasing by approximately 9.6 percentage points per 
year. 

d. The tangent line approximation is fast but can be inac- 
curate. The numerical approximation is somewhat 
tedious but very accurate. 





13. 


15. 


a. 


ey) Se 


CHAPTER 4 


Secant line Input of close 
slope point on right 


5.554 4.1 


5.50650 
5.50605 4.0001 
5.50601 4.00001 


Trend = 5.5 Trend =~ 5.5 





The derivative (slope of the tangent line) of S at t = 4 
is approximately $5.5 billion per year. 


. In 1994 the annual total U.S. factory sales of electron- 


ics was increasing by approximately $5.5 billion per 
year. 

19.5 — 18.2 _ 1.3 thousand 1992 dollars _ 

Oy = 1993 
$0.325 thousand per person per year 








4 years 


. P(t) = 0.27t + 14.959 thousand 1992 dollars per per- 


son per year t years after 1980 


Slope = $0.27 thousand per person per year. The sym- 
metric difference quotient is the average rate of change 
between 1993 and 1997. The slope of the linear equation 
can be thought of as an average of the rates of change 
for all years between 1981 and 1997. The answer to part 
ais the more accurate answer. 


ee eS a pons 15 index points per year 
1996 — 19942 years Ue aaae | 





. L(x) = -52.090 + 138.021 In x points x years after 1985 


Q(x) = -0.566x" + 26.753x + 54.383 points x years 
after 1985 


. Log model estimate: 13.8 index points per year 


Quadratic model estimate: 15.4 index points per year 


. The symmetric difference quotient is faster than the 


numerical estimation and gives an answer comparable 
to that obtained from the quadratic model. 


Approximately $1.18 per 100 pounds per month 


. $1.67 per 100 pounds per month 
. The derivative of p does not exist at m = 5. 
. Because we do not have data available, we can use the 


model to estimate cattle prices in August and October 
of 1998 and find the symmetric difference quotient 
using those two points: 
p(6) — p(4) _ 78.918 — 78.4706 
6—4 = Al 
$0.4474 
2 months 








v 


$0.22 per 100 pounds per month 





Determining Change: Derivatives 


(There are other valid methods for estimating this rate 


of change.) 
17. a. D(R(x)) = pL Oey dollars when x mountain bikes are 
aa 0.4899 
sold 


b. R(400) ~ 2755 deutsche marks 
D[R(400)] ~ $5623 

c. To find oa when x = 400, we numerically investigate 
the secant-line slopes of D ° R as x approaches 400: 


Secant line Input of close 
slope point on right 
111.2382 400.1 
111.3374 400.01 


111.3473 400.001 
111.3483 400.0001 
111.3484 400.00001 


Trend = 111.35 Trend ~ 111.35 
When 400 mountain bikes are sold, the profit (in dollars) 
is increasing at a rate of approximately $111.35 per 
mountain bike sold. 


Section 4.2 


1. a. T(13) = 67.946 seconds 


b. T(13 + h) = 0.181(13 + h)? — 8.463(13 + h) + 147.376 
= 0.181h? — 3.757h + 67.946 
113 =k) = 113), O.18ih — 3.757h 
13 135 h 


. 0.181h? — 3.757h 
d. lim 
h>0 h 








= lim(0.181h = OD) 


= -3.757 seconds per year of age 
The swim time for a 13-year-old is decreasing by 3.757 
seconds per year of age. This tells us that as a 13-year- 
old athlete gets older, the athlete’s swim time improves. 


. c(5) = 265.306 
b. c(5 + h) = -0.566(5 + h)? + 21.092(5 + h) + 173.996 
= -0.566h? + 15.432h + 265.306 


oS th) = (5) — =0.566h" + 15.432h 
, 54+h-5 h 


. -0.566h? + 15.432h 
d. lim 
h>0 h 











= lim(-0.566h + 15.432) 


= 15.432 index points per year 

e. The consumer price index for college tuition was 
increasing by 15.432 index points per year in 1995. 

f. Activity 13 of Section 4.1 used a symmetric difference 

quotient to estimate this rate of change as 15 points 

per year and used the numerical method with a quad- 


ratic model to estimate it as 15.4 points per year, 
Because we are dealing with a model that is not an 
exact fit to the data, none of these estimates is exact. 
Assuming that you both have the data and can find a 
good model for the data, then 
i. Because the algebraic method uses a rounded 
model, the numerical method with an unrounded 
model will probably produce the most accurate 
answer as long as the model is an excellent fit to 
the data. 
ii. Use the data and a symmetric difference quotient 
to obtain a quick, rough estimate. 
iii. Because both the numerical method and the alge- 
‘ braic method are somewhat time-consuming, use 
the data and a symmetric difference quotient to 
obtain a fairly good estimate without taking much 








time. 
in e(A) 
ii. 9(4 + h) = -6(4 + h)* + 7 = -6h* — 48h — 89 
pec C4 -6h? — 48h 
sh ey h 
Se RE), 18) = 
h>0 h h3>0 
CE Tae 4 
dt 
i. H(t) =-16f + 100 
ii. H(t + h) =-16(t + h)? + 100 
= -16h2 — 32th — 16f + 100 
HG = ny) el 32th 
ADD, = 
bse l= i h 
= 2 
iv. lim plea et2t = len( UO). S29) == Ar 
h0 h h-0 


gH -32t feet per second t seconds after the object is 


dt 

dropped 

. After 1 second, the velocity of the object was -32(1) 
= -32 feet per second; that is, the object was falling at a 
rate of 32 feet per second. 


. D(a) = -0.045a* + 1.774a — 16.064 million drivers 

age a years 

. Dia + h) = -0.045(a + h)? + 1.774(a + h) — 16.064 

= -0.045a2 — 0.09ah — 0.045h? + 1.774a + 1.774h — 

16.064 

D(a + h) — D(a) _ -0.09ah — 0.045h* + 1.774h 
gar i = @ h 





_ -0.09ah — 0.045h? + 1.774h _ 
lim = 
h>0 h 
lim(-0.09a — 0.045h + 1.774) 
h>0 





= -0.09a + 1.774 
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Thus D(a) = -0.09a + 1.774 million drivers per year 
of age. 

coms) 
year-olds, the number of licensed drivers is decreasing 
by 26,000 drivers per year of age. This tells us that 
there are fewer 21-year-olds who are licensed drivers 
than there are 20-year-olds. 


Ik, 4b, je) = she 2 
i f(x th) = 3(% hh) — Dx ai 
2, CRO) S59) IP 


= -0.026 million drivers per year of age. For 20- 














Sear [lh = ge h 
iv. lim Oe = lim) 354 Uheretore;—— ae = 3. 
h>0 h>0 dx 
13. i. f(x) = 3x" 
ii. f(x + h) = 3(x + hh)? = 3x? + 6xh + 3h? 
iC il a alte 
iii. 
Hse fa = 5% h 
2 
iv. lim Se a, = lim(6x + 3h) = 6x. Therefore, 
h>0 h h->0 
f(x) = 6x. 
15. i. f(x) = 
i, fix th) = G+ hype aah = Bah ie 
Re) foe he Sad ee 
iii. = 
se ae [fi = 58 h 
2 sik, 3 
iv. lim aS ae ie lim (3x° + 3xh +) = 32°. 


Therefore, f’(x) = 3x’. 

















Wh ee q(t) 
t 
b. i. g(t) =— 
1 OD) at rea 
Pc) AG) rarer 
: t+h-t h 
a ee 
h t(t + h) 
LUE GEO) 2 ee 
ht(t + h) ht(t + h) 
heeees ae Ga Polos of 
Se it het +h) oo tt+h) 2 
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= ie 
Therefore, q/(t) = a The graph of q’ is the 
same as the graph in part a. 


! 19. a. p'(m) 








b. i. p(m) =m+Vm 
i. p(im+h)=m+h+Vmt+h 


pim +h) — p(m) _ ht+Vn+h-Vm 
a ae I = ie h 

_ (he Vath— Vn \(Vm = h + Vm) 
=( h nee 
_hVmth+Vm)+(mt+h)-—m 

Dy h(Vm +h + Vm) 


_Wvmth+vVm)+h 
hm +h + Vim) 
_ . Vn t+h+ Vm) +h 
ae h(Vm +h + Vim) 
(Vm +h+Vm)+1 








ill. 


























eet Vai 
ee ie eee l 
2Vm 2Vm 





i dp . 
&. =j]+ eae The graph of a is the same as 


the one in part a. 





Section 4.3 


1: dy 3. dy 
dx 











ayes 
Ten uf 
5 dy 
dx 
dy _ 
aaa 








Determining Change: Derivatives 


dy 
SA 1, 
7 ae ge 


9. RATS ee 
dx 


dy Paes 
.—=1 3 = 
11 a 8x oO 


1-1) . 70.0245 
13. A(x) = -0.049(4x"?) = e 





15. a. A(t) = 0.1333 dollars per year t years after 1990 
b. A(10) ~ $1.50 
c. A(9) = $0.1333 per year. The transaction fee in 1999 
was increasing by approximately $0.13 per year. 


17. a. P(t) = 15.48 thousand people per year t years after 
1950 
b. P(20) = 795 thousand people 
c. P’(40) = 15.48 thousand people per year 


19. Let j(x) = f(x) — g(x). The derivative of j is 














G _ y,, fx +) = glx + h) — [fx) = go] 
dx h>0 h 
= ie lim fe Th) Hf) — aa & By os) 
h>0 h 
ees E 1? Ep) = 469) Sere hk) = a2 
h>0 h h 
Sl se Se ee) 
h>0 h>0 h 
Gq _ of _ dg 
dx dx dx 


21. T(x) =~-1.6t + 2°F per hour t hours after noon 
a. T'(1.5) = -0.4°F per hour 
T(-5) = 10°F per hour 
. T'(-5) = 10°F per hour 
T'(0) = 2°F per hour 
. T'(4) = -4.4°F per hour 


feu (a) fer 


23. a. N(-5) ~ 33.4 million senior citizens in 1995 
N(30) © 70.7 million senior citizens in 2030 
b. N’(-5) ~ 0.015 million senior citizens per year in 1995 
N"(30) ~ 2.1 million senior citizens per year in 2030 


G ae 100% ~ 3% per year in 2030 
* 'N(30) oe | 


d. Solve 70.68 = 0.201P for P to obtain P ~ 351.6 million 
senior citizens in 2030. 


25. a,b. In 1970 the number of births was falling at a rate of 
approximately 227 births per year. In 1990 the num- 
ber of births was rising at a rate of about 184 births 
per year. 


27. a. I(t) =-11t*? + 102.095t? — 404.857¢ + 2390.048 thou- 
sand imported passenger cars t years after 1990 


29% 


ole 


BBE 


a9 


12) 


. I(t) = -334? + 204.19t — 404.857 thousand cars per 


year t years after 1990 
I'(6) ~ -367.7 thousand cars per year 


. I(6) ~ 1260.3 thousand cars = 1,260,300 cars 


I'(2) 





- 100% ~ -6.8% per year 


. P(x) = 175 — 0.0146x? + 0.7823x — 46.9125 — #2:9082 


dollars when x windows are produced each hour 


. P(x) = -0.0292x + 0.7823 + a dollars per win- 


dow when x windows are produced each hour 
P(80) ~ $96.61 


. P80) ~ -$1.55 per window 


When 80 windows are produced each hour, the profit 
from the sale of one window is decreasing by about 
$1.55 per window produced. 


. P(x) = 0.0426x? + 2.049x + 251.796 


+ 68.738(1.0213*) million people x years after 1980 


. P(x) = 0.0852x + 2.049 + 68.738 (In 1.0213)(1.0213*) 


million people per year x years after 1980 
P(14) ~ 381.2 million people 


. P'(14) ~ 5.2 million people per year 


44.408x — 108.431 million lb per year 
when 0=x< 10 
171.244x — 2253.951 million lb per year 
when 10 < x = 20 


fi@= 


x years after 1970 


. In 1970: f'(0) = -108.431 million pounds per year 


In 1980: f’(10) does not exist. The rate of change of the 
amount of fish produced cannot be calculated directly 
from this model. One of the estimation techniques dis- 
cussed in Example 3 should be used. 


In 1990: f'(20) = 1170.93 million pounds per year 
oe 100% ~ 16.9% per year 


f(20) 


Section 4.4 


1. 





dy 
dx 
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5. dy 
dx 


oF 


13. 


115% 


WA 


19. 


A's 


Ss 


wh 





13 
(x) = 1446 + — 
iG 


ag = 17 (In 4.962)(4.962*) 


dx 
11. f(x) = 100,000 In(1 + 295)(1 + 298)!" ~ 


4989.61218(1 + 225)!" ~ 4989.61218(1.05116") 


d -4,2 

& =" 4. 3.3(In 2.9)(2.9) 

dx x 

a. h = 1n2.5 ~ 0.916 hours 
NE 

b. ae quarts per hour ) 

c. V(0.4) ~ 1.49 quarts per hour ~ 0.025 quart per | 
minute 
V(0.7) ~ 2.01 quarts per hour ~ 0.034 quart per 
minute 

35) 

vz) =~ 2.5 quarts per hour ~ 0.042 quart per | 
minute 


j OM ee hee. 


dx 


: e = (In “ye* = kn ele” = Ke" = ke 


w(7) ~ 25.64 grams; w'(7) ~ 1.05 grams per week 
w(9) — w(4) _ 5.977 grams 
4 5 weeks 

on average 





~ 1.195 grams per week 


The older the mouse is, the more slowly it gains weight 
because the rate-of-change formula w’(x) = £3 has 
the age of the mouse in the denominator. 


CPI(x) = -349.751 + 227.081 In x, where x is the num- 
ber of years since 1980 





MIE O Ss sae EN 

Re Gey index points per year 
227.081 

CPI'(15) = ~ 15.1 index points per year 


. M(t) = -0.216t? + 7.383t? + 661.969t + 19,839.889 
dollars t years after 1947 
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Dif 


b. M(t) =-0.649#? + 14.765t? + 661.969 dollars per year 
t years after 1947 


Cc. ff 
Year M(t) 


x 


3 
i 
pase [ae [ae 


d. There seems to be no relationship between re-election 
and the rate of change in median family income. This 





may be an indication that the model does not provide 
sufficient information to answer this question accu- 
rately because it models the 50-year trend in median 
family income rather than the median income close to 
each election year. 


. a. A(r) = 10,000e'” dollars per 100 percentage points 


when the interest rate is 100r% 

b. $20,137.53 per 100 percentage points or $201.38 per 
percentage point. The rate of change is large because it 
approximates by how much the value will increase 
when r changes by 1. Because the interest rate is input 
in decimals, an increase of 1 in r corresponds to a 
change in the interest rate of 100 percentage points. 

c. A(r) = 100e*"" dollars per percentage point when the 
interest rate is r% 

d. $201.38 per percentage point 

a. -23.73t* + 241.92t + 193.92 people/year 

when 0.7 = t < 13 

45,544 (In 0.8474) (0.8474") people/year 

when 13 <t=55 
where t is the number of years since the beginning of 
1860 

b. p’(10) ~ 240 people per year 
p' (13) does not exist 
p’ (40) ~ -10 people per year 
The rate of change of the population in 1873 could be 
estimated by 


p(t) = 


i. Calculating the model estimate for the populations 
in 1872 and 1874: 5954 and 4484 
i. Finding the average rate of change (symmetric dif- 
ference quotient) for those years: 
4484 — 5954 
1874 — 1872 
(There are other valid methods of estimating this rate 
of change.) 


~ -735 people per year 


_ Section 4.5 
eeehO ie fey 140 


Determining Change: Derivatives 


df __ 
b. rR Dy 
dx 
Ge Ho? 


df te ae 
d) = (-27)(1.3) = 3351 


. The value of the investor’s gold is increasing at a rate of 


(0.2 troy ounces per day)($395.70 per troy ounce) = 
$79.14 per day. 


. a. R(476) = 10,000 deutsche marks (dm) 


On January 5, 2001, sales were 476 units, producing 
revenue of 10,000 dm. 


b. D(10,000) = $20,412 
On January 5, 2001, 10,000 dm were worth $20,412. 
dR 


= = 20d it 
Cs m per uni 


Revenue was increasing by 2.6 dm per unit sold. 


d. eS $2.0412 per dm 


dr 
The Rei: rate was $2.0412 per dm. 
dD 
e. oe = (2.6 dm per unit)($2.0412 per dm) ~ $5.31 per 
unit 


On January 5, 2001, revenue was increasing at a rate of 
$5.31 per unit sold. 


- a. p(10) ~ 12.009 thousand people 


In 2005 the city had a population of approximately 
12,000 people. 


b. g(p(10)) ~ g(12.009) ~ 22 garbage trucks 
In 2005 the city owned 22 garbage trucks. 


31 Qe ot 
@ + 12602 thousand people per year 


c. p(t) = 
p’(10) ~ 0.22 thousand people per year 


In 2005, the population was increasing at a rate of 
approximately 220 people per year. 


d. g'(p) = 2 — 0.003p* trucks per thousand people 
g'(12.009) ~ 1.6 trucks per thousand people 


In 2005, when the population was about 12,000, the 
number of garbage trucks needed by the city was 
increasing by 1.6 trucks per thousand people. 


e. When t = 10, 





ae ae ae 
dt dp dt 
~ ——L6trucks _ _ 0.22 thousand people 
thousand people year 


~ 0.34 trucks per year 


Q), 


11. 


15% 


15. 


Whe 


11S), 


Pale 


Doe 


2s 


Wc. 


29; 


31. 


In 2005, the number of trucks needed by the city was 


increasing at a rate of 0.34 truck per year, or | truck 
every 3 years. 


f. See interpretations in parts a through e. 


c(x(t)) = 3(4 — 6f)? — 2 


dc 
ae 6(4 — 6t)(-6) = -144 + 216t 
t 
+ 
ae 


dh _ 4(3)(0.5)e°* 
ae "(1 Ae? "7 


k(t(x)) = 4.3(In x)? — 2(In x)? + 4Inx — 12 
dk ie) (nx)? 4Inx és 4 

dx x x. ie 

pUk)y = 7.9(1.046'% -2F) 

p = 7.9(In 1.046) (1.046!4* 2) (422 — 24k) 








Inside function: u = 3.2x + 5.7 
Outside function: f = v° 


# — (3.2% + 5.7)4(3.2) 


Inside function: u = x’ — 3x 
1 
Outside function: f = uw 


a 
de = 50 — 3x) “(2x —3) 
Inside function: u = 35x 


Outside function: f = In u 





df _ 1 2 
a 


Inside function: u = 16x” + 37x 





Outside function: f = In u 
df 1 

= Slo”, 
Beis ae 


Inside function: u = 0.695x 
Outside function: f = 72.378e" 


d 
F _ 77.3786°*(0.695) 


Inside function: u = 0.0856x 
Outside function: f = 1 + 58.32e" 


uy = 58.32e°°%(0.0856) 


Inside function: u = 4x + 7 
Outside function: f = 350u'! 


F — -350(4x + 7)?(4) 


Inside function: 
inside: = =| sie 


a -1.243x 
Seva u = 1+ 8.9766" 


outside: 
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35 


35. 


Ws 


ae), 


Al. 


A31 


Outside function: f = 3706.5u'' + 89070 


d 
= = -3706.5(1 + 8.97661 243*) 2(8.9766 124%) (-1.243) 
_ (3706.5)(8.976)(1.243)e 1 
(1 + 8 976e ey? 


Inside function: u = Vx — 3x 
Outside function: f = 3” 


of _ ave 3x val oA 3 
W _ (m3) 525 3 


Inside function: u = 2* 
Outside function: f = In u 


#5 = — | 54(n 2)= 





In 2 


Inside function: 


w = -Bx 
u = 1+ Ae” 


ee inside: 
outside: 


Outside function: f = Lu! 
ae . . LABe** 
+ Xx x 
“EU Ae Ne *[Ae (e 3) (i ae We): 
a. A(t) = 1500e°™ dollars after t years 
b. A’(t) = 1500(0.04)e° = 60e°™! dollars per year after 
t years 
c. A’(1) ~ $62.45 per year 
A'(2) ~ $65.00 per year 
d. The rates of change in part c tell you approximately 
how much interest your account will earn during the 
second and third years. The actual amounts are A(2) — 


A(1) ~ $63.71 during the second year and A(3) — 
A(2) ~ $66.31 during the third year. 


a. R'(q) = 0.0314(0.62285)e°°8°4 million dollars per 
quarter q quarters after the beginning of 1998 


June 1998 | June 1999 June 2000 


R(q) 3.0 4.2 18.8 
(millions of dollars) 


43. 


R(q) 


(millions of dollars 
per quarter) 


RQ) 
R(q) 
(% per quarter) 


-100% 





a. A logistic model is probably a better model because of 
the leveling-off behavior, although neither model 
should be used to extrapolate beyond one 24-hour day. 


1342.077 


bs CG) = 1 + 36.7976 0 SBESer calls t hours after 5 a.m. 
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_ (1342.077)(36.797)(0.258856)e °7°8** 
nm (1 + 36.7976 0258856")? 
hour t hours after 5 a.m. 


eC) calls per 


d. noon: C'(7) = 42 calls per hour 
10p.m.:  C'(17) ~ 74 calls per hour 
midnight: C’(19) ~ 58 calls per hour 
4a.m.: C'(23) ~ 28 calls per hour 


e. The rates of change give approximate hourly calls. This 
information could be used to determine how many 
dispatchers would be needed each hour. 


. a. c(4) ~ 1575 deaths per week 


b. BIN 100% ~ 108% increase per week 
c(4) 

c. c(8) + 25,331 deaths per week 
c(8) ; 
(8) -100% ~ 48% increase per week 


d. Although the rate of change is larger, it represents a 
smaller proportion of the total number of deaths that 
had occurred at that time. 


. a. The data are essentially concave up, which indicates 
that a quadratic or exponential model may be appro- 
priate. Looking at the second differences and percent- 
age differences indicates that a quadratic model is the 
better choice. 


b. u(x) = 177.356x° — 342.240x + 5914.964 units per 
week x years after 1990 


c. C(u(x)) = 3250.23 + 74.95 In(177.356x° — 342.240x 
+ 5914.964) dollars per week x years after 1990 


d GC ( 74.95 
* dx — \177.356x" — 342.240x + 5914.964]° 


(354.712x — 342.240) dollars per week per year x years 
after 1990 





e. Year 2002 2003 2004 2005 
a 12 13 14 iN'5) 
C(x) 4015.95 4026.40 4036.31 4045.72 
($/week) 
Cie) 10.73 10.18 9.66 Ow, 
($/week/year) 


f,g. Although a graph of C may not appear ever to 
decrease, a graph of 4 is negative between x = 0 and 
x = 0.965, indicating that cost was decreasing from the 
end of 1990 to (almost) the end of 1991. A close-up 
view of the graph of C between x = 0 and x = 2 con- 
firms this. 


- Composite functions are formed by making the output of 
one function (the inside) the input of another function 
(the outside). It is imperative that the output of the inside 


Determining Change: Derivatives 


and the input of the outside agree in the quantity that 
they measure as well as in the units of measurement. 


Section 4.6 


1. 


a 


11. 
NB, 


15. 


hi(2) = f\2)g2) + f'2)g(2) = 6(3) + Els )i4) = M2 


a. i. In 1997 there were 75,000 households in the city. 
ii. In 1997 the number of households was declining 
at a rate of 1200 per year. 
iii. In 1997, 52% of households owned a computer. 
iv. In 1997, the percentage of households with a com- 
puter was increasing by 5 percentage points per 
year. 
the number of years since 1995 
the number of households with computers 


b. Input: 
Output: 
c. N(2) = h(2)c(2) = (75,000)(0.52) = 39,000 house- 
holds with computers 
N'(2) = h(2)c(2) + h(2)c(2) = (75,000)(0.05) + 
(-1200)(0.52) = 3126 households per year 
In 1997 there were 39,000 households with computers, 
and that number was increasing at a rate of 3126 
households per year. 


. a. i, S(10) ~ $15.24; S’(10) ~ -$0.02 per week 


After 10 weeks, 1 share is worth $15.24, and the 
value is declining by $0.02 per week. 

ii. N(10) = 125 shares; N’(10) = 5 shares per week 
After 10 weeks, the investor owns 125 shares and is 
buying 5 shares per week. 

ii, V0) = S(10)N(10) =~ $1905; V'(10) = 
S(10)N'(10) + S(10)N(10) ~ $73.50 per week 
After 10 weeks, the investor’s stock is worth 
approximately $1905, and the value is increasing at 
a rate of $73.50 per week. 


b. V'(x) = (15 + 3385)(0.5x) + (100 + 0.25x2) « 25 


dollars per week after x weeks 


. (500 acres)(5 bushels/acre/year) + 


(130 bushels/acre) (50 acres/year) = 9000 bushels/year 


. a. (17,000)(0.48) = 8160 voters 


b. (8160)(0.57) + 4651 votes for candidate A 
c. 17,000 (0.48) (-0.03) + 17,000(0.57)(0.07) ~ 434 votes 
for candidate A per week 


f(x) = (3x? + 15x + 7)(96x*) + (6x + 15)(32x? + 49) 


f(x) = (12.8893x? + 3.7885x + 1:2548) - 
[29.685(In 1.7584) (1.7584*)] + (25.7786x + 3.7885) - 
[29.685(1.7584*) | 


F(x) = (6.72 + 3.5x + 2.9)? 
[-2(3.827 ++ 5.2x + 7)?°(7.6x + 5.2)) + 
[3(5.7x? + 3.5x + 2.9)?(11.4x + 3.5)](3.8x2 + 5.2% + 7)? 


17. f(x) = 12.624(14:831")(-2x) + 12.624(In 14.831) - 
(14.831*) (x?) 


19. 


21. 


23% 


25. 


D210 


Meh. 


Sic 


fix~ = (79.32)| 


79.32( 





1984.32(7.68) (0.859347)e °:859347x 
( 1 + 7.68e Ea 


1984.32 


T+ 7.6ge 08s T 1568) 


f(x) = -430(0.62*) [6.42 + 3.3(1.46*)}?[3.3(In 1.46)(1.469)] 
+ [6.42 + 3.3(1.46*)}"(430 In 0.62)(0.62") 


fx) = 4x[}x + 2y'%(3)] + avin + 2 


6x 
=> ————— + 
Bye D ANS Keto 


f'(x) = -14,000x(1 + 12.6€°73*)?(12.6(-0.73)e°73%) + 


fo) 


a. 


a. 


. F(t) = (2.32t + 204.508) 


. F(t) = (2.32t+ 204508) 


(t+ 12,6e""*)"(14;000) 
_ 14,000(12.6)(0.73)xe°”* 
(1 + 12.6€°7%*)? 


14,000 
1 + 12.6¢°73* 





. Price = 0.049m + 1.144 dollars m months after 


December 
Quantity sold = -0.946m? + 0.244m + 279.911 units 
sold m months after December 


. R(m) = (0.049m + 1.144)(-0.946m? + 0.244m + 


279.911) dollars of revenue m months after December 


. R(8) ~ $340.05; R(9) ~ $325.78 
. Because the revenue in September is less than that in 


August, the rate of change in August is probably negative. 


. R'(m) = (0.049m + 1.144)(-1.893m + 0.244) + 


0.049(-0.946m? + 0.244m + 279.911) dollars of rev- 
enue per month m months after December 


. R'(2) = $9.17 per month 


R'(8) ~ -$12.04 per month 
R'(9) ~ -$16.55 per month 


P(t) = 2.32t + 204.508 million people t years after 
1970 
7.667(0.9688)' 


100 million people 


t years after 1970 


7.667 
.9688)(0.9688")} + 
100 (In 0 ) ) 





(2.32)(2557(0.9688") million people per year t years 


after 1970 


. 1990: F(20) ~ -0.23 million people per year 


1995: F(25) ~ -0.21 million people per year 
2000: F'(30) ~ -0.19 million people per year 
m(x) = 0.211x + 8.177 million men 65 years or older 


x years after 1970 


_ 14.255(0.899260*) + 6 
p(x) = i 


a decimal) of men 65 or older below poverty level x 
years after 1970 


percentage (expressed as 
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aBk: 


35. 


1 BGs) = 


A33 


b. n(x) = m(x)p(x) 





14.255(0.899260*) + 6 
= (021+ 8:17)] ( ) 


100 
million men 65 or older below poverty level 


. 1990: n'(20) ~ -0.006 million men per year 


2000: n'(30) ~ 0.005 million men per year 


0.73(1.2912*) + 8 
100 
women receiving epidurals at the Arizona hospital x | 
years after 1980 


OWN AIA) ae f 
100 
0.73(In 1.2912)(1.2912*) 
100 
538.868) women per year x years after 1980 





(-0.026x* — 3.842x + 538.868) 





Ee) = (010525 93.842) Gh 


3.842x + 





(0.0262  — 


. Increasing by p'(17) ~ 14.4 percentage points per year 
c. Decreasing by approximately 5 births per year — 


(b'(17) = -4.7) 


. Increasing by E'(17) ~ 64 women per year 
. Profit = $57-E(17) ~ $17,043 (using a value of 299 


for the number of births) or $17,071 (using an | 
unrounded number of births) 


. E(x) = -151.516x? + 2060.988x? — 8819.062x + 


195,291.201 students enrolled x years after the 
1980-81 school year 


D(x) =" F1427 1x? er 213.882 = 1393.655x 4 
11,697.292 students dropping out x years after the 
1980-81 school year 


D(x) 


. P(x) = —— - 100 percent x years after the 1980-81 | 


E(x) 
school year 


. P(x) = D(x)(-1[E(x)]7E(x)) + D'(x)[E(x)]" percent- | 
age points per year x years after the 1980-81 school 


year 

P(x) P(x) 
(percentage (percentage 

x points per year) x points per year) 

0 -0.44 5 0.1.9 

1 -0.38 6 “ON9 

2 0232 7 -0.22 

3 -0.26 8 WS 

4 =().20 9 -0.41 


In the 1980-81 school year, the rate of change was 
most negative with a value of -0.44 percentage points 
per year. This is the most rapid decline during this 
time period. The rate of change was least negative in 
the 1985-86 school year with a value of -0.187 percent- 
age points per year. 
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e. Negative rates of change indicate that high school 
attrition in South Carolina was improving during the 
1980s. 


37. The inputs must correspond in order for the result of the 
multiplication to be meaningful. 


Chapter 4 Review Test 


1. a. M(t) = 0.982(1.531417') dollars per share t years after 
1989 


Input of close 
point on right 


Input of close Secant line 
point on left slope 


12.6630 8.001 
12.6655 8.0001 
12.6657 8.00001 


Trend ~ 12.67 Trend ~ 12.67 


c. In 1997 the yearly high stock price for Microsoft was 
increasing by approximately $12.67 per share per year. 


d. M(t) = 0.982(In 1.531417)(1.531417') dollars per 
share per year ft years after 1989 


M(8) ~ $12.67 per share per year 















5277 — 4606 ee 
2 mas sp Lue $335.5 billion per year 

b. 

A(t) 

(billions of dollars) 
_ $2000 billion 
5300s elope = 6 years 
4350 _ $333 billion 
Sear Rise ~ $2000 billion 
SBS) 
2400 Run = 6 years 
1450 
t 

1350 +t — tt tt tt tt tt tH Years after 


0 5 10 15 1980 


c. A'(16) ~ $338.4 billion per year 


dD _ 7.978(172.8)(0.773)e°””* 
dt (1 + 172.8e°’"#) 
year t years after 1980 

b. D'(10) ~ 0.4 pound per person per year. In 1990 the 
average annual per capita consumption of turkey in 
the United States was increasing by 0.4 pound per per- 
son per year. 





pounds per person per 





Analyzing Change: Applications of Derivatives 


c. D'(19) ~ 0.0004 pound per person per year. There was 
essentially no growth in the per capita consumption of 
turkey in 1999, 

4. a. Rewrite P(t) as P(t) = 100N(t)[A(t)] !. Use the Prod- 
uct Rule to find the derivative. 
P(t) = 100N(t){-1[A(H]7A(t)} + 100N‘(t)[A()]" 
percentage points per year t years after 1980 

b. Input units: years 

Output units: percentage points per year 
5. (1) Begin with a point: (x, 7x + 3) 
(2) Choose a close point: (x + h, 7(x + h) + 3) 
(3) Find a formula for the slope between the two points. 








Simplify completely. 
Se ORL ee ME eT 
le Cea oe h 


7h 
(4) Find the limit of the slope as h-0: lim —=7 


h—0 
6. a. The function g is continuous at x = -1 because 
lim g(x) = lim, g(x) = g(-1) = 1 
Ede ea 
b. The graph of the function g is not smooth because the 
slope of the graph to the left of x = -1 is 2 and the slope 
of the graph to the right of x = -1 is 3. 
erqene 2 when x < -1 
‘ai? 3 when x > -1 


CHAPTER 5 
Section 5.1 


1. 32% — (4 percentage points per hour) (; hour) ~ 30.7% 


3. f(3.5) =FO)ary 05) 
= 17 + (4.6)(0.5) = 19.3 
5. a. Increasing production from 500 to 501 units will 
increase cost by approximately $17. 
b. If sales increase from 150 to 151 units, then profit will 
increase by approximately $4.75. 


Ts Premium 





(dollars) 

12,000 
10,000 

oa | Rise ~ $8600 

6000 

4000 en 

2000 Run = 10 years 

0 Age 
30 79 (years) 


Slope of tangent line ~ $860 per year of age 

Annual premium for 70-year-old ~ $7850 

Premium for 72-year-old ~ $7850 + 2($860) = $9570 
(Answers will vary.) 


Oma. 


Population 


950,000 


850,000 


750,000 


650,000 


550,000 


450,000 






Rise = -7500 —>>>>== 


Run = 2 decad 
people es Decades 


since 1900 





5 6 7 8 9 10 


Slope of tangent line ~ -3750 people per decade 
Population in 1990 ~ 500,000 people 

Population in 2000 ~ 500,000 — 3750 = 496,250 people 
(Answers will vary.) 


b. 
G 
Ghs ip 


13. a. 


iby, Ble 


(a) 


P(10) = 606,030 people 

Answers will vary. 

In 1990 the population of South Carolina was increas- 
ing by 81.3 thousand people per year. 


. Between 1990 and 1992, the population increased by 


approximately 162.6 thousand people. 


. By finding the slope of the tangent line at 1990 and 


multiplying by 2, we determine the change in the tan- 
gent line from 1990 through 1992 and use that change 
to estimate the change in the population function. 
The population was growing at a rate of 1.88 million 
people per year in 1985. 


. Between 1985 and 1986, the population of Mexico 


increased by approximately 1.88 million people. 
In 1995 the percentage was increasing by 1.74 percent- 
age points per year. 


. We would expect an increase of approximately 1.74 


percentage points between 1995 and 1996. 


. p(11) — p(10) ~ 1.66 percentage points 


d. 82.2 — 81.0 = 1.2 percentage points 


Vera 


. As long as the data in part d were correctly reported, 


the answer to part d is the most accurate one. 
R(x) = (-7.032 - 10%)x? + 1.666x + 47.130 dollars 
when x hot dogs are sold 


. Cost: c(x) = 0.5x dollars per hot dog 


Profit: p(x) = R(x) — c(x) = (-7.032:10)x? + 
1.166x + 47.130 dollars per hot dog 


Chapter 5 Answers to Odd Activities 


19. 


a. 





A35 


R'{x) 
(dollars per 


p’(x) 
(dollars per 
hot dog) 


c'(x) 
(dollars per 
hot dog) 


If the number of hot dogs sold increases from 200 to 
201, the revenue increases by approximately $1.38 and 
the profit increases by approximately $0.88. If the 
number increases from 800 to 801, the revenue 
increases by 0.54, but the profit sees almost no increase 
(4 cents). If the number increases from 1100 to 1101, 
the increase in revenue is only about 12 cents. Because 
this marginal revenue is less than the marginal cost at a 
sales level of 1100, the result of the sales increase from 
1100 to 1101 is a decrease of $0.38 in profit. If the 
number of hot dogs increases from 1400 to 1401, rev- 
enue declines by approximately 30 cents and profit 
declines by approximately 80 cents. 


Dollars 
1200 
Revenue 
a 
NS coat 
Profit 
ya 
aE 
: Cust 
200 800) 100" 14000 ete 


The marginal values in part c are the slopes of the 
graphs shown in the figure above. For example, at 
x = 800, the slope of the revenue graph is $0.54 per hot 
dog, the slope of the cost graph is $0.50 per hot dog, 
and the slope of the profit graph is $0.04 per hot dog. 
We see from the graph that maximum profit is realized 
when about 800 hot dogs are sold. 

Revenue is greatest near x = 1100, so the marginal 

revenue there is small. However, once costs are factored 
in, the profit is actually declining at this sales level. This 
is illustrated by the graph. 
United States: A(t) = 0.109% — 1.555t? + 10.927t + 
1001320: @anaca-m@(}) meme Onl 50 fue eos lil poe 
15.814t + 99.650; Peru: P(t) = 85.112(2.01325‘); 
Brazil: B(t) = 73.430(2.61594'); where t is the number 
of years since 1980. 
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Rate of 
change 
5) 75 7984 59,193 
per year 
1988 CPI 19,134* | 136,451* 
estimate 


in 1987 
* Based on 1987 data rather than P(7) and B(7) because the 


ae A MCE 
i ver) | 
models differ significantly from the ite 


0.065 


21. a. A(t) = 300(1 ar _)" dollars after t years 


. A(t) ~ 300(1.066972') dollars after t years 
A(2) = $341.53 
A'(2) ~ $22.14 per year 


ao 


€; 742) == $5.53 


R(A) = -0.158A? + 5.235A* — 23.056A + 154.884 
thousand dollars of revenue when A thousand dollars 
is spent on advertising 

b. When $10,000 is spent on advertising, revenue is 
increasing by $34.3 thousand per thousand advertising 
dollars. If advertising is increased from $10,000 to 
$11,000, the car dealership can expect an approximate 
increase in revenue of $34,300. 


Damas 


c. When $18,000 is spent on advertising, revenue is 
increasing by $12.0 thousand per thousand advertising 
dollars. If advertising is increased from $18,000 to 
$19,000, the car dealership can expect an approximate 
increase in revenue of $12,000. 

25. Answers will vary. 


Section 5.2 


1. Quadratic, cubic, and many product, quotient, and com- 
posite functions could have relative maxima or minima. 


Oy, 


17. 


x 


The derivative is zero at the absolute maximum point. 
55 3 


19. 


11. 
13. 


153 


Analyzing Change: Applications of Derivatives 


The derivative is zero at both optimal points. 


7. ¥ 
ae 


The derivative is zero at both absolute maximum points. 
The derivative does not exist at the relative minimum 
point. 


ad 


The derivative is zero at the absolute maximum point 

marked with an X. 

Answers will vary. One such graph is y = x°. 

a. All statements are true. 

b. f'(2) 
he = 2 

c. f’(x) is less than zero for x < 2 because the graph to the 
left of x = 2 is decreasing. 

d. f'(2) does not exist because fis not smooth at x = 2. 


does not exist because f is not continuous at 


Answers vary. One possibility is 


f(x) 


-1 
Answers vary. One possibility is 


F(x) 


—1 3 


a. The relative maximum value is approximately 19.888, 
which occurs at x ~ 3.633. The relative minimum value 
is approximately 11.779, which occurs at x ~ 11.034. 

. The absolute maximum and minimum are the relative 
maximum and minimum found in part a. 


ion 


C. 


g(x) 


100 





Relative 


Relative 
maximum 


minimum 
{ 










{ 


l 


Zero 
derivative 

corresponds to 
relative maximum 


20 


Zero derivative corresponds 
to relative minimum 


. The greatest percentage of eggs hatching (95.6%) 


occurs at 9.4°C. 


. 9.4°C = 49°F 


. Relative maximum point: approximately (7.7, 105.3) 


Relative minimum point: (80.7, 94.5) 


. Absolute maximum: approximately 105.3 males per 


100 females in August of 1908 (x ~ 7.7) 
Absolute minimum: approximately 94.5 males per 100 
females in August of 1981 (x ~ 80.7) 


m(x) 


(males per 100 females) 


106 








Absolute 





1 
| 
| maximum 
1 
Absolute 
f minimum 
x 
Years 
ef ! since 
80.7 90 
tee ' ~~ 1900 
m'(x) | ! 
(males per 100 females | 
per year) 
0.25 | x 
Years 
since 
0.7 
iy 1900 
—0.25 
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25% 


OTe 


2). 


31. 


JD 


ao 


A37 


C(0) ~ 123 cfs and C(24) ~ 140 cfs 


. The highest flow rate is about 387.6 cfs; it occurs when | 


h ~ 8.9 hours. The lowest flow rate is about 121.3 cfs; 
it occurs when h = 0.4 hour. 

S(x) = 0.181x? — 8.463x + 147.376 seconds at age 
x years. 


. The model gives a minimum time of 48.5 seconds 


occurring at 23.4 years. 


. The minimum time in the table is 49 seconds, which 


occurs at 24 years of age. 


. An exponential model for the data is R(p) = 


316.765(0.949?) dozen roses when the price per dozen 
is p dollars. 


. E(p) = 316.765p(0.949?) dollars spent on roses each 


week when the price per dozen is p dollars 
A price of $19.16 maximizes consumer expenditure.x 


. A price of $25.16 maximizes profit. 


Marginal values are with respect to the number of 
units sold or produced. In this activity, the input is 
price, so derivatives are with respect to price and are 
not marginals. 

G(t) = 0.008t? — 0.347t? + 6.108t + 79.690 million 
tons of garbage taken to a landfill t years after 1975 


. Gt) = 0.025t? — 0.693t + 6.108 million tons of 


garbage per year t years after 1975 


. In 2005, the amount of garbage was increasing by 


8.1 million tons per year. 


Git) 
(millions of tons 
per year) 
8 
t 
0 Years 
0 30 since 1975 


Because the derivative graph exists for all input and 
never crosses the horizontal axis, G(t) has no relative 
maxima. 

D(x) = -0.099x? + 24.596x — 2019.629x + 55,159,599 
billion 1987 dollars x years after 1900 


. D'(x) = -0.298x* + 49.192x — 2019.629 billion 1987 


dollars per year x years after 1900 


. (76.15, 172,98) is a relative minimum point on the 


graph of D. (89.09, 280.64) is a relative maximum 
point on the graph of D. 


. According to the model, defense spending was least in 


1976 (173.0 billion 1987 dollars) and was greatest in 
1989 (280.6 billion 1987 dollars). 


. Relative extrema can be found by locating the two 


places where the graph of D’(x) crosses the x-axis. That 
is, solve for x in the equation D’(x) = 0. 
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. a. A(p) = 568.074(0.965582") tickets sold on average 


when the price is p dollars 
A(p) = 0.15p? — 16.007p + 543.286 tickets sold on 
average when the price is p dollars 
The exponential model probably better reflects the 
probable attendance if the price is raised beyond $35 
because attendance is likely to continue to decline. (The 
quadratic model will begin to increase around $53.) 

b. R(p) = 568.074p(0.965582”) dollars of revenue when 
the ticket price is p dollars 

c. (28.55, 5966.86) is the maximum point on the revenue 
graph. This corresponds to a ticket price of $28.55, 
which results in revenue of approximately $5967. The 
resulting average attendance is approximately 209. 


37. The absolute minimum is approximately -6.3. There is no 


absolute maximum because lim y > ™. 
x=> Hoo 


Section 5.3 


Tle 





The equation for surface area in terms of diameter d is 
S = adh + nf) + n(4 + 3), and the volume equation 


isV = a(4 )’ h = 808.5. Solving the volume equation for 


h in terms of d gives h = 8085 = aa 
(3) 

2 
expression into the surface area equation results in the 
equation we seek to optimize: 


=H 4 ali) + olf +3) 


Setting the derivative equal to zero and solving for d gives 
d ~ 9.73568, which is twice the optimal radius found in 
Example 3. 





. Substituting this 


. 450 square feet, occurring when one side is 30 feet and 


each of the other two sides is 15 feet. 


. a. Acorner cut of approximately 1.47 inches will result in 


the maximum volume of 52.5 cubic inches of sand. 
b. Corner cuts of approximately 1.12 inches and 1.86 inches 
will result in boxes with volume 50 cubic inches. 
. Answers will vary. 
. 42 cases 


oc Sf © 


. © orders rounded up to the nearest integer 

Co ($12 per order) = 

d. (5 cases to store)($4 per case to store) = 2x dollars to 
store 

e. C(x) = 4 os + 2x dollars when x cases are ordered 

f. C(x) isa minimum when x ~ 15.9 cases. The manager 

must order 3 times a year. Because the order sizes are 


504 “ dollars to order 


not all the same (16 cases ordered 3 times a year is more 
cases than the cafeteria needs), we cannot just substi- 
tute the optimal value of x into the cost equation to 
obtain the total cost. There are two most cost-effective 
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ways to order: 15, 15, and 12 cases, or 16, 16, and 10 
cases (assuming that the storage fees can be calculated 
as $1.33 per case for 4 months). The total cost associ- 
ated with each option is $63.93. 


9. A radius of approximately 1.2 inches and a height of 


11. 


13. 


15. 


approximately 4.8 inches will minimize the cost. 


a. The chain link side should be approximately 6.6 feet, 
and the cinder block sides should be approximately 
Ss2utects 

b. The chain link side should be approximately 5.7 feet, 
and the cinder block sides should be approximately 
21 feet. 

c. The answer to part a does not change. The answer to 
part b becomes: The chain link side should be 6 feet 
and the cinder block sides should be 20 feet. 


a. R(n) = 350 + 2n(44 — n) + 35n dollars when n stu- 
dents go on the trip 

b. S(n) = 350 + 2n(44 — n) dollars when n students go 
on the trip 

c. The bus company’s revenue is maximized when 31 stu- 
dents go on the trip and is minimized when 10 stu- 
dents go on the trip. 

d. The sorority pays the most when 22 students go and 
pays the least when 44 students go. 


a. m(s) = -0.0015s* + 0.1043s + 3.5997 mpg at a speed 
of s mph 
iL, aa hours 


il. 6200 dollars 


ill. re gallons, where m(s) is the output of the model 


in part a 
V. =e dollars (assuming a price of $1.15 per gallon) 


ve G(s) = 6200 + a 





patie 


dollars 


c. 60.3 miles per PHOur 
d. 700-mile trip: 1200-mile trip: 
ile 70 hours i. zee hours 
ll. 10.850 dollars il. 18,600 dollars 
ill. ms) gallons il. raat 5) © gallons 





iv. es 5 dollars iv. ar dollars 
(assuming a price of $1.15 per gallon) 


v. 700-mile trip: C(s) = 10,850 se oy dollars 


1200-mile trip: C(s) = 18,600 ae any dollars 
Optimal speed: Optimal speed: 
60.3 miles per hour 60.3 miles per hour 
The optimal speed remains constant. It does not 
depend on trip length. 
e. Price of gas: Optimal speed for 400-mile trip: 
$1.35 / gallon 58.8 mph 
$1.55 / gallon 57.5 mph 


$1.75 / gallon 56.4 mph 


As the gas price increases, the optimal speed decreases. 


Wages of driver: Optimal speed for 400-mile trip: 
$17.50 / hour 61.4 mph 
$20.50 / hour 62.9 mph 
$25.50 / hour 64.9 mph 


_ As the wages increase, the optimal speed increases. 


Section 5.4 


1. Cubic and logistic models have inflection points, as do 
some product, quotient, and composite functions. 


oe th 


b. 


-b. 


One visual estimate of the inflection points is (1982, 
25) and (2018, 25). 

The input values of the inflection points are the years 
in which the rate of crude oil production is estimated 
to be increasing and decreasing most rapidly. We esti- 
mate that the rate of production was increasing most 
rapidly in 1982, when production was approximately 
25 billion barrels per year, and that it will be decreasing 
most rapidly in 2018, when production is estimated to 
be approximately 25 billion barrels per year. 


8) Relative 
22 maximum 


Inflection 


point 





Relative 
minimum 


The inflection point on the graph of g is approximately 
(7.333, 15.834). This is a point of most rapid decline. 
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11. 


NS}, 


Cen sankey Bev) 


(percentage points 


. Derivative 


. Second derivative 


A39 
ee 


b. Function 


. Second derivative 


b. Derivative 


. Function 
. The inflection point is approximately (1.838, 22.5). 


After about 1.8 hours of study (1 hour and 50 min- 
utes), the percentage of new material being retained is 
increasing most rapidly. At that time, approximately 
22.5% of the material has been retained. 


. The answer agrees with the one given in the discussion 


at the end of the section. 


P(t) 
(percent) 


100 






Point of most 
rapid decrease 
x 





: (°C) 


7 14.2 25 


P(t) : 
(percentage points 
per °C) 


(°C) 





P'(t) 


pete epem©) 
10 


-10 


b. Because the graph of P” crosses the t-axis twice, there | 


are two inflection points. These are approximately 
(14.2, 59.4) and (23.6, 5.8). The point of most rapid 
decrease is (14.2, 59.4). (The other inflection point is a | 
point of least rapid decrease.) The most rapid decrease 
occurs at 14.2°C, when 59.4% of eggs hatch. At this | 
temperature, the percentage of eggs hatching is declin- 
ing by 11.1 percentage points per °C. A small increase 
in temperature will result in a relatively large increase : 
in the percentage of eggs not hatching. 
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CHAPTER 5 
15. a 
P(x) 
Price 
(dollars) 
i 
| : 
Years 
3 0 9.23 7 since 1980 
p'(x) 
(dollars 
per year) 
1.0 
! : 
i Years 
Daas 7 since 1980 
p"(x) 
(dollars per 


ye 





ar per year) 
0.25 
xX 
Years 
since 1980 


=0925 


17 





The minimum point of the graph of p’ and the 
x-intercept of the graph of p” correspond to the inflec- 
tion point of the graph of p. 


b. The x-intercept of p” is x ~ 9.23. This is the input of 


the inflection point of the graph of p. 

. This function can be considered essentially continuous 
without restriction if you consider that it models the 
average price on a daily basis. If you assume it models a 
yearly average price, then it must be interpreted dis- 
cretely. We are not given enough information to know 
for certain, so either one or the other assumption 
needs to be made. 


In the continuous without restriction case, we con- 
clude that the price was declining most rapidly in 
March of 1990 at a rate of -$0.124 per year. 


In the case of discrete interpretation, we compare p’(9) 
and p’(10) and conclude that the price was declining 
most rapidly in 1989 at a rate of -$0.12 per year. 

. The price was increasing most rapidly at the end of 
1980 at a rate of about $0.97 per year. 


Linas 


19. a. 


2 leeds 


23s: 


. A(m) = 
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(0.418, 9740.089) is a relative minimum point, and 
(13.121, 20,242.033) is a relative maximum point on 
the cubic model. 


. The inflection point is approximately (6.8, 14,991.1). 


i. The inflection point occurs between 1981 and 
1982, shortly after the team won the National 
Championship. This is when the number of 
donors was increasing most rapidly. 

ii. The relative maximum occurred around the same 
time that a new coach was hired. After this time, 
the number of donors declined. 

The greatest rate occurs at h ~ 3.733, or approximately 

3 hours and 44 minutes after she began working. 


. Her employer may wish to give her a break after 4 hours 


to prevent a decline in her productivity. 
The first differences are greatest between 6 and 10 
minutes, indicating the most rapid increase in activity. 
1+ Fat walneal 
m minutes after the mixture reaches 95°C; The inflec- 
tion point is (7.872, 0.965). After approximately 7.9 


minutes, the activity was approximately 0.97 U/100uL 





and was increasing most rapidly at a rate of approxi- 
mately 0.212 U/100,L/min. 

Between 1980 and 1985, the average rate of change was 
smallest at 1 million tons per year. 


. g(t) = 0.008P — 0.347P + 6.108t + 79.690 million 


tons t years after 1970. 


. g"(t) = 0.051t — 0.693 million tons per year per year 


t years after 1970. 


. Solving g"(t) = 0 gives t ~ 13.684 and 9(13.684) ~ 


120 million tons of garbage. 


e. 
g(t) 
(millions of tons 
per year) 
10 
t 
1 Years 
0 13.68 30 since 1970 
g(t) 
(millions of tons 
per year per year) 
t 
Years 





30 since 1970 


25. 


Zils 


29% 


a. 


a. 


. H(w) = 


. H'(w) = 
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Because the graph of g” crosses the t-axis at 13.68, we 
know that input corresponds to an inflection point of 
the graph of g. Because g’(t) isa minimum at that same 
value, we know that it corresponds to a point of slow- 
est increase on the graph of g. 


- The year with the smallest rate of change is 1984, with 


g(14) ~ 120 million tons of garbage, increasing at a 
rate of g'(14) ~ 1.4 million tons per year. 

BKK) = 0.099%" => 3.75702 — 34.932% + 268.805 
billion 1987 dollars x years after 1970 


. A"(x) = -0.595x + 7.513 billion 1987 dollars per year 


per year x years after 1970 


. The inflection point of A is (12.619, 226.808). The 


amount was increasing most rapidly in 1983 (x = 13), 
In 1983 the amount spent was A(13) ~ 231.6 billion 
1987 dollars and was increasing at a rate of A’(13) ~ 
12.43 billion 1987 dollars per year. 


. Solving for x in the equation A’(x) = 0 will give the 31. 
input value of the inflection point. 
. Defense spending was declining most rapidly in 1970 33. 


at a rate of $34.9 billion per year. 

Hore 251.3(0.1376) (0.2854) e27854* 
Ci O.1376e 2)" 

per year x years after 1970 


million tons 





. 1970: decreasing by 7.63 million tons per year 


1995: decreasing by 0.41 million tons per year 


. Emissions were declining most rapidly in 1977 at a rate 


of 17.9 million tons per year. At that time, yearly emis- 
sions were 124.7 million tons. 


10,111.102 i 
jes eee ES total labor hours 


after w weeks 

10,111.102(1153.222)(0.727966)e 7279" 
Giger 1hs3, 22269727200) 

labor hours per week after w weeks 
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e. The point of most rapid increase on the graph of H’ is 
(7.876, 1226.756). This occurs approximately 8 weeks 
into the job, and the number of labor hours per week is 
increasing by approximately H"(8) ~ 513 labor hours 
per week per week. 

f. The point of most rapid decrease on the graph of H’ is 
(11.494, 1226.756). This occurs approximately 12 
weeks into the job, and the number of labor hours per 
week is changing by about H"(12) = -486 labor hours 
per week per week. 

g. By solving the equation H”(w) = 0, we can find the 
input values that correspond to a maximum or mini- 
mum point on the graph of H”, which corresponds to 
inflection points on the graph of H’, the weekly labor 
hour curve. 

h. The second job should begin about 4 weeks into the 
first job. 

The graph of f is always concave up. A concave-up 

parabola fits this description. 

a. The graph is concave up to the left of x = 2 and con- 
cave down to the right of x = 2. 


b. £0) 
xX 
0 2 4 
LO) 
XxX 
0 2 4 


Hw) 
(labor-hours 
per week) 
2000 Section 5.5 
fo 
dt dt 
0 iM Meee pete 
0 29 Weeks dy dy 
' 5: ie zee 
The derivative gives the manager information about at dt 
the number of labor hours spent each week. 7. df _ 62(In 1,02)(1.02") dx 
. The maximum point is about (9.685, 1840.134). In the dt dt 
~. tenth week the most labor hours are needed. That oI dh _ é da Pe ao eee ar is 
number is H'(10) ~ 1816 labor hours. dy dy dy ly 





A42 CHAPTER 5 — Analyzing Change: Applications of Derivatives 






















“n ES te Ce of x between 0 and 6 at which the graph of T’ crosses 
“dt Ve +H at the x-axis. (There is also a relative maximum to the 
Tr dr dh dr Ti ht of x — 6.) 
13. 0= De ee VOI Vt ates 6 
i 2V7r + ‘be "dt a fd dt b. T has two inflection points: (1.762, 132.939) and 
15. a. Approximately 52.4 gallons per day (5.143, 149.067). These points can be» determined by 
; ich th 
b. Miers 0.4323; The amount of water transpired is finding the values of x Bacos 0 and 6 at cae . 
dt graph of T” crosses the x-axis. These are also the points at 
increasing by approximately 0.4323 gallon per day per which T’ has a relative maximum and relative minimum. 
year. In other words, in 1 year, the tree will be transpir- 
ing about 0.4 gallon more each day than it currently is ° 
transpiring. T(x) 
45 : (thousand tourists) 
o ls = sae t 
Bee Bat 0.000645 1h ae ae 
b dB -90 dh 170 
" dt  0,00064516h* dt 160 + Relative Inflection 
dB : ; point 
Cai 0-89 Point pemyeats 150 aN a teed: 


dt 














6 140 point ; : 
19. a. Approximately 0.0014 cubic foot per year 30 = Relative s 
b. Approximately 0.0347 cubic foot per year Years 
5/3 5/3 ey after 
re | eS ie ae as OR0.68 0 76nmeeaie 5.14 6 
ane 48.10352 K* 48.10352 ee 1988 
dL M_ \58/-2 dk SS sie, ! 
== ke d tourists | 
b oP (ats) 3 We (thousand tourists 
; per year) 
c. The number of worker hours should be decreasing by 
approximately 57 worker hours per year. 50 
23. The balloon is approximately 1529.7 feet from the és 
observer, and that distance is increasing by approximately 0 Years 
after 
1.96 feet per second. . 1988 
25. The runner is approximately 67.08 feet from home plate, -50 
and that distance is decreasing by about 9.84 feet per Tx) 
second. (thousand tourists 
27. a. Approximately 4188.79 cubic centimeters per year per year) | 
b. By about -167.6 cubic centimeters per minute 
29. Approximately 5.305 centimeters per second 20 
V V ' 
31. Begi lving for h: h = — = —r? ; 
egin by solving for h: h Padma 0 
Differentiate with respect to t (V is constant): 
Gia, dr -20 
s= = = (=) 7?) 
Gs Gai eae dt 
; 4 dh — arh dr d. The number of tourists was greatest in 1994 at 166.8 
Substitute 7h for Ve Soaee (24 Ne thousand tourists. The number was least in 1991 at 
Ge. dh _ -2h dr 120.9 thousand. 
Simplify: Siig peaked? e. The number of tourists was increasing most rapidly in 
At dr + dh 1993 at a rate of 23.1 thousand tourists per year. The 
NC irs Bae number of tourists was decreasing most rapidly in 
1990 at a rate of 13.3 thousand tourists per year. 
2. a. (4.9 thousand people per year)(} year) = 1.225 thou- 
Chapter 5 Review Test sand people 
1. a. T has a relative maximum point at (0.682, 143.098) b. 246.4 + 3 (4.9) = 248.85 thousand people 
and a relative minimum point at (3.160, 120.687). 3. The optimal distance is x ~ 2.89 miles. The total cost is 


These points can be determined by finding the values $1,642,527. 





h'(x) 






Input of relative 
maximum of h 


nS 


a va 
Inputs of inflection 
points of h 


ds 


. — = 0.000013(2wv) ide 


dt dt 

= -31.2 feet per second 
The length of the skid marks is decreasing by 31.2 feet per 
second. 


CHAPTER 6 


Section 6.1 


Ih 


a. thousand bacteria per hour 

b. hours 

c. thousand bacteria 

d. thousand bacteria 

e. thousand bacteria 

a. The area would represent how much farther a car 
going 60 mph would require to stop than a car going 
40 mph. 

b. i. The heights are in feet per mile per hour, and the 

widths are in miles per hour. 
ii. The area is in feet. 

a. On the horizontal axis, mark integer values of x 
between 0 and 8. Construct a rectangle with width 
from x = 0 tox = 1 and height f(1). Because the width 
of the rectangle is 1, the area will be the same as the 
height. Repeat the rectangle constructions between 
each pair of consecutive integer input values. Note that 
for the rectangles that lie below the horizontal axis, the 
heights are the absolute values of the function values. 
Also note that the fourth rectangle has height 0. Sum 
the areas (heights) of the rectangles to obtain the area 
estimate. 

b. Repeat part a, except that the height of each rectangle 
is determined by the function value corresponding to 
the left side of the interval. In the case of the first rec- 
tangle, the height is f(0). When we use left rectangles, 

the fifth rectangle has height 0. 
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f(x) 





Activity 5 part a: Right rectangles 


fx) 





Activity 5 part b: Left rectangles 


7. Divide the interval from a to b into four equal subinter- 
vals. Determine the midpoint of each subinterval, and 
substitute into the function to find the heights of the rec- 
tangles. Multiply each height by the width of the subinter- 
vals, and add the four resulting areas. 


f(x) 


9. Answers will vary. 
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b. The population of North Dakota grew by about 58.1 


11. a. Velocity 
thousand people between 1970 and 1985. 


(feet per 
minute) c. The population of North Dakota declined by about 
37.0 thousand people between 1985 and 1990. 
oe d. The population was 58.1 — 37.0 = 21.1 thousand peo- 
ple greater in 1990 than it was in 1970. 
e. You would need the population in some year between 
1970 and 1990. 
of Time 7. a 
335 (minutes) 
b. 2420 f AY, 
. 2420 feet | ae Rees, 
c. The robot traveled 2420 feet during the 3;-minute : 
3 0.05 + 
a experiment. vere 
- 13. a. Speed 0 10 lo Pence 
(mph) -0.10 + 1980 





24 
—0.23 
20 
16 -0.34 
12 
8 b. The average hospital stay decreased between 1980 and 
4 _ 1996 except between about 1988 and 1990, when it 
‘ Time ; increased. 
(hours) 


0 WS We We WA We i : c. Area above ~ 0.0446 day 

115 d. Area below ~ 2.277 days 
Distance traveled ~ a 19.2 miles e. The average hospital stay decreased by approximately 
pebsneed 2.2 days between 1980 and 1996. We cannot determine 
(mph) the average stay in 1996 without knowing the average 


length of stay for some year between 1980 and 1996. 

24 19. a. 
ay Births 
16 each year 
WD 

8 

4 5150 

oF Time 

(hours) 


Wis) We) WP) 2B) Sik) 4150 


Distance traveled ~ ee = 17.5 miles 











| 3150 
p15. a. D(t) 
(thousand people 
eee 2150 
00 > ——— 1150 
t 
Years 
Qo RR : Ze 
‘6 59 Since 0 , 
1970 50 55 60 65 70 75 80 858890 95 
From the beginning of 1985 through the end of 1988, 
there were 5221 live births to U.S. women 45 years of 
age and older. Disregarding reporting error, this 
-7.39 + a answer is exact. 
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b. B(x) = 0.303x? — 17.497x2 + 119.958x + 5343.469 25. a. Declining positive rate-of-change data indicate that 
births x years after 1950 life expectancies were increasing at a slower and slower 
rate. 
B(x) b. E(t) = (4.199 - 10%) 2 — 0.022 t + 0.359 years per year 
(births t years after 1970 
each year) 


c. Life expectancy for women increased approximately 


6000 5.8 years from 1970 through 2010. 
5000 27. a. A ~ 43.799 days after Sept. 30, 1995 
B ~ 273.382 days after Sept. 30, 1995 
4000 b. In about 44 days after Sept. 30, 1995, the level of the 
3000 lake fell by approximately 0.398 foot. 
2000 c. Between about 44 and 273 days after Sept. 30, 1995, the 
ie e lake level rose by about 3.250 feet. 
Ven d. The lake level was approximately 3.250 — 0.398 ~ 
0 ‘ 45 since 2.853 feet higher 273 days after Sept. 30, 1995. 
1950 29a: 
c. Using 30 rectangles, we estimate the number of births Graduates 


2AS a. 


to be 62,898. 


. To find the exact total, we would need exact data for all 


years from 1965 through 1995. 

To convert the air speeds to miles per second, multiply 
by 1.15 mph per knot and divide by 3600 seconds per 
hour. 


. S(t) = -(2.108 - 10°)? + (1.554 - 10°)t — 9.840 - 10° 





: : Years 
miles per second t seconds after the plane began to taxi ees 
c. Using 18 midpoint rectangles, the area is about 70 73 76 #79 82 485 87 89 91 93 1900 


0.209 mile. Answers may vary. 


. It took approximately 0.2 mile of runway for the 


Cessna to taxi for takeoff (assuming no headwind). 


There were 724 graduates from the beginning of 1985 
through the end of 1993. This is exact as long as the 
data were correctly reported. 


23. a. PO b. g(t) = 0.016 — 0.2332 + 2.669t + 1.633 graduates t 
(percentage points t years after 1970 
fee! at 27 Years c,d. Summing values of g(t) for t = 0 through t = 23 
0 since gives a total of 971 graduates which is close to the 
1970 actual number of 987. 
31. Answers will vary. 
Section 6.2 
1. a. Thousand people 
b. Thousand people 
-0.08 c. Thousand people 
3. a. This is the change in the number of organisms when 
b. The percentage of the population living in New En- the temperature increases from 25°C to 35°C. 
gland was declining from 1970 through 1997. b. If the graph of A is always positive this is the change in 
c. The signed area is approximately -0.298. From 1980 the number of organisms when the temperature 
through 1990, the percentage of people living in New increases from 30°C to 40°C. 
England decreased by approximately 0.3 percentage 5. a,b. Between 0 and 300 boxes and between 400 and 


point. 600 boxes 
d. We cannot answer this question with the information c. NA e. 400 g. dollars 
Eat given. d. 300 it, Sh) h. less 
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11. 


13. 


U5. 


17. 


19. 


a. 


CHAPTER 6 


5 LSM! 
. Between 3 and 11 weeks of age, the mouse gained 


17.91 grams. 


. 21.91 grams 
. The yield from the oil field during the first 5 years is 


approximately 10.65 thousand barrels. 


. The yield from the oil field during the first 10 years is 


approximately 12.45 thousand barrels. 


5 10 
: | r(t) dt and | r(t) dt 
0 0 


. The first 5 years account for approximately 85.6% of 


the first 10 years’ production. 


. A= 17.3 seconds 
. From 0 to 17.3 seconds, the car’s speed increased by 


approximately 174.7 feet per second (or 119.1 mph). 


. From 17.3 to 35 seconds, the car’s speed decreased by 


approximately 94.9 feet per second (or 64.7 mph). 


. The car’s speed after 35 seconds was approximately 


79.8 feet per second (or 54.4 mph) faster than it was at 
0 seconds. 


. The heights will be in meters per second, and the 


widths will be in microseconds. 


. The area units will be millimeters. 
. V(m) = -(1.589 - 10°)m? + 0.001m + 0.137 millime- 


ters per microsecond after m microseconds 


. The crack traveled approximately 10.2 millimeters. 


[vom dm 


For n = 5, labor-hours ~ 9859. 
For n = 10, labor-hours ~ 10,097. 
For n = 20, labor-hours ~ 10,100. 
i 


720 
; | c(m)dm ~ 2602 customers 
0 


. During the 12-hour sale, approximately 2602 cus- 


tomers entered the store. 


. Blood pressure rises when the rate of change is posi- 


tive. In the table, this is from around 2 a.m. to almost 
2 p.m. Blood pressure falls when the rate of change is 
negative, from around 2 p.m. to almost 2 a.m. 


. In the table, the greatest rate of change occurs at 


8 a.m., and the most negative rate of change occurs at 
8 p.m. 


. B(t) = 0.030¢? — 0.718t + 3.067 mm Hg per hour, 


where t is the number of hours since 8 a.m. 


. The model is zero at t ~ 5.59 hours and at t ~ 


18.13 hours. These are the times when the blood pres- 
sure indicated by the model is highest and lowest, 
respectively. 


. From 8 a.m. to 8 p.m., diastolic blood pressure rose by 


about 2.54 mm Hg. 


ie 


2. 


Accumulating Change: Limits of Sums and the Definite Integral 


| R(t) dt 


Not enough information to answer. 


Section 6.3 


Leas 


Distance 
(feet) 


300 
200 


3: a: 


Time 





te 
5 19 (seconds) 


5 JOKE) = [Koa 
5 


. The accumulation function gives the distance traveled 


between 5 seconds and x seconds. For times before 
5 seconds, the accumulation function is the negative of 
the distance traveled, because we are looking back in 
time. 


Growth 
(millimeters) 


10 


‘) 





SSS ays 


, Px) = [ stat 
13 
. The accumulation function gives the growth of the 


plant between day 13 and day x. For days before day 
13, the accumulation function is the negative of the 
growth, because we are looking back in time. 


. The area between days 0 and 18 represents how much 


the price of the technology stock declined ($15.40 per 
share) during the first 18 trading days of 2003. 


. The area between days 18 and 47 represents how much 


the price of the technology stock rose ($55.80 per 
share) between days 18 and 47. 
$40.40 more 


. $11.10 less 





15 


x 


8 18 35 47 55 Days 


-7.1 
-15.4 


g. $156.30 
7. a. No 
b. The peak corresponds to the time when the number of 
subscribers was increasing most rapidly. 
c. The number of new subscribers t days after the end of 
the twentieth week. 
d. 280 subscribers 





eye 


- -5390 


_9. a. The area of each box is $4000. 
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b. | p(t)dt represents the accumulation of profit (in 
0 


thousands of dollars) in the x weeks after the business 
opened. 
c. Answers will vary. 





Profit 
(thousands 
of dollars) 





x 
-10 4 4 8 12 16 20 24 28 32 36 40 44 48 52 Weeks 
ile 
Rainfall 
(inches) 
Sys) 

3 

Hours 
0 3 6 


ee TE ONE J; FO at 


Ty Ay 
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15a i) f(t) dt b. IF f(t) dt 21. a. [ “2dt = sok rae 
-4 


fj =-2 
x x 
A B A B 
b. “2d =-2x+ 4 
I t 
RB x f@=-2 
2a x, 
t 
2) 


17. iy fo) dt 


rt | -2 dt = -2x + 4000 
: 2000 ~ 
f@) = -2 
6 : 2000 x 
t 





19. a. [ oar = 6x =?) 
0 
fi) = 6 ; 
IBY, Ey [sede = = -2 
6 5 2 2 
f(t) = 3t 
0 t 
0 55 
b -2 dt = -2x 


~ 





~ 





(ot, [ 100t dt = 50x? — 1250 
5 





f(t) = 1008 
t 
5 x 
oe eh ere 27. [ kat = be — ke 
0 a 
29a eKEdE— ket = ek 
: PE hes 
C0 Oe 
Sle ea = 504 


b. Between January 5 and January 19 of this year, the air- 
line’s revenue increased by $50,400. 
33. Derivative graph: b; accumulation graph: f 
35. Derivative graph: f; accumulation graph: e 
37. Derivative: left table; accumulation function: right table 


Section 6.4 


ib 3 € ara 726 9. b 11. b 


million dollars of revenue 





35a: eat 
* ‘thousand advertising dollars 
b. m 
thousands of 


advertising 
dollars 


1 






Input 


| Output 
R(m) 
millions of dollars 
of revenue 


c. When m thousand dollars are being spent on advertis- 
ing, the annual revenue is R(m) million dollars. 
milligrams per liter 


15. a. at 


Rule c 


| Output 
c(h) 
milligrams per liter 
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c. The concentration of a drug in the bloodstream is c(h) 
milligrams per liter h hours after the drug is given. 


19.436(1.07*) 


17. | 19.4 LO = =F 
[rsss6.07) ae = + 
19. | [6e" + 4(2°)]dx = 6€* + AG 
In2 
1 10* p\ee 
2 [(tor + 4x8 + 8)dx = 755 + aG)et + 8x + C 
6250(0.92985”) 

‘ ee fter th 

23. S(m) In 0.92985 + C CDs m months after the 
beginning of the year 

25. J(x) = 15.29 In|x| + 7.95x + C units, where x is the price 


in dollars 
1.724928" 


27. P(t) = 0.0256 + C million people t years after 
1990 
29. F(t) =P + ? — 20 


31. 


33. 


35. 


SW, 


ahh, 


4i. 


43. 


ray =t+e+ (2-2) 
Zz 2 


w(t) = 7.372 Int + (26 — 7.372 In 7) 
=~ 7.372 Int + 11.65475 grams at age (t + 2) weeks 
1667-10" , _ 0.01472 
3) 2 
males per 100 females t years after 1900 


a. P(x) = REARS — 2196.887 thousand 
Inl.5 
phone subscribers x years after 1988 
b. P(6) — P(2) ~ 20,099.8 thousand subscribers ~ 


20 million subscribers 


a. g(d) = -0.00018d? — 0.018d + 1.95 inches per day 
d days after sprouting 

b. h(d) = -0.00006d*? — 0.009d? + 1.95d inches d days 
after sprouting 

c. The sweet corn is h(60) = 71.64 inches tall. 


a. P(x) = 2012 4 4 049143 4 059742 + 23.539x + C 
billion pounds (cumulative) x years after 1990 

b. P(8) — P(0) ~ 231.1 billion pounds 

Cc. p(x) = 3(-0.019)x* + 2(0.191)x + 0.927 billion 
pounds annually per year x years after 1990 

d. The answer to part a is the general antiderivative of P 
and the answer to part c is the derivative of p. 


G(t) = P= 0.103¢ +°119.015 





cellular 


a,b. Velocity: v(t) = -32t ft/sec 
Distance: s(t) = -16t? + 540 ft 
where t is the number of seconds after the penny was 
dropped 
c. Solving for t in s(t) = 0, we obtain t ~ + 5.8 seconds. 
The penny will hit the ground approximately 5.8 sec- 
onds after it was dropped. 








A50 CHAPTER 6 


d. (5.809) = -32(5.809) ~ -185.9 ft/sec 
_ [-185.9 feet \ (3600 seconds\/ 1 mile 
~ \ 1 second 5280 feet 





1 hour 
ee 20; Joie or -126.75 mph 
1 hour 
45. a. The impact velocity is 64.99 ft/sec or -44.31 mph. 

b. Air resistance probably accounts for the difference. 

47. a. N(x) = 593In|x| + 138x — 748.397 employees x years 
after 1996 

b. The function in part a applies from 1997 (x = 1) 
through 2002 (x = 6). 

c. There are two ways to estimate the number of employ- 
ees the company hired. If we consider the function to 
be continuous with discrete interpretation, then the 
number can be calculated from the function n by sum- 
ming the yearly totals: 

n(1) + n(2) + n(3) + n(4) + n(5) + n(6) ~ 2281 
We can also estimate the total number of employees 
hired between 1997 and 2002 as 


[ nde = N(6) — NC) =11753 


This estimate treats the function as continuous with- 
out restriction and is, therefore, probably less accu- 
rate than the first estimate. If any employees were 
fired or quit between 1997 and 2002, neither estimate 
would represent the number of employees at the end 


of 2002. 
0.338 0.17422x 
wal = fT 47, 
49. a. S(x) 017400° 7.691 dollars x years after 
1966 


b. S(34) ~ $733, which is more than twice the actual price. 


Section 6.5 

ils Ay (e 5. b Is Bl 

one Gx) = [ (@ — 26+ adr = et — P+ 3x - 2 
i 


2 
b. G(2) = | (2 — 2¢ + 3)dt = 3.75 
1 


Tie | [18,000(0.974') + 1500] dt ~ 
0 


18,000(0.974*) 
In 0.974 
b. Area ~ 173,242.235 
c. In the 10 years after the owner purchased the property, 
its value increased by approximately $173,242. 


13. [ ox — 7) dx = (3. - 7) 


+ 1500x + 683,268.1768 


= 2S 





1 
2 


Z og 1 
15. 1+-+—5 = —~>]| = 
| ( s 5) (: + In |x| > 4 2.068 





Accumulating Change: Limits of Sums and the Definite Integral 


40 
17. | [427.705(1.043*) — 413.226¢°43] dx = 
10 











Gs -0.4132x\ |40 
427.705(1.043*) 413.226e ~ 39,236,341 
In 1.043 -0.4132 10 
19. a. f(x) 
xX 
-7 
1.0544 
b. Area = | fidx—[  flx)dx ~ 3.822 
= 1.0544 
c. No 
MM a 0.5 Be) 
-1000 x 
-1300 


f() 


35 


b. Area=-| f{x)dx ~ 3378.735 
0.5 


CaNO 
20 
W223}, P(t) dt ~ -0.2 


10 
Between 1980 and 1990, the percentage of the population 


of the United States living in New England fell by about 
0.2 percentage point. 


5 
Ds | r(x) dx ~ 195.639 
0 


The corporation’s revenue increased by 195.6 million dol- 
lars between 1987 and 1992. 


10 
27. | r(t)dt ~ 12.45 (found using a limit of sums) 
0 


In the 10 years after production began, the oil well pro- 
duced about 12.5 thousand barrels of oil. 


70 
29. a. | s(t) dt = 7.938 
0 


In the 70 days after April 1, the snow pack increased by 


7.938 equivalent cm of water. 
76 
b. s(t) dt = -22.768 
72 
Between 72 and 76 days after April 1, the snow pack 


decreased by 22.768 equivalent centimeters of water. 


Sls 


76 
. It is not possible to find | s(t) dt because s(t) is not 
0 


defined between t = 70 and t = 


0.8955 
| T(h) dh ~ 1.48 
0 


The temperature rose 1.48°F between 8 a.m. and 
8:54 a.m. 


1.75 
| T(h)dh ~ -1.61 
0.8955 


After rising 1.48°F, the temperature then fell 1.61°F 
during the field trip. 


. No, the highest temperature reached was 71 + 1.48 = 


72.48 °F. 
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31. Diverges 


33. a. Approximately 0.0002 milligram; 


SOs 


3 (h r(t)dt = lim 
0 NOx 


Approximately 0.0015 milligram 

-1.55(0.9999999845') - 10° |" 
In (0.9999999845) 

-99.99999923 ~ -100 milligrams 








0 


- Pp ~ $28.04 
C= ap. + | D(p) dp 
Po 


oo 


=~ 150(28.04) + 499.589(0.958") dp 


28.04 


~ $7702 million 
Consumers are willing and able to spend about $7.7 


33. a. An exponential model for the data is f(x) = million for 150,000 books. 
161(1. *) trilli i 2 x 
0.161(1.076186*) trillion cubic feet per year x years 37. | Fie a lim 0.16% *dx 
after 1900. 4 I 
b. From 1940 through 1960, 138.3 trillion cubic feet of lim (-e°* a Ns jim [-e INS Ge), 
natural gas was produced. lim (-e 9!) + jim (0) = =0+1=1 
60 No 
i | PA (eek Chapter 6 Review Test 
35. a. A quadratic model for the data is 1 r(t) 
C(x) = (7.714- 10°)x? — 0.047x + 8.940 dollars per CD (cubic feet 
when x CDs are produced each hour. per minute) 
-1n> 
b. C(x) = ZAHN 3 — 0087 2 + 8.940% — 143.893 
dollars per CD when x CDs are produced each hour. 7500 
300 
CG C(x) dx = 196.14 dollars 5750 
200 
When production is increased from 200 to 300 CDs 
per hour, cost increases by about $196.14. 4000 
Section 6.6 so 
ie | IF i = eG. 500 Mints 


35 


Not possible using the techniques discussed in this text. 


5. [+ evde = [(1 + 26+ ede 


=xt2e+F+C 


0 5 10 15 20 25 


. 139,237.5 cubic feet 
. In the first 25 minutes that oil was flowing into the 


tank, approximately 139,238 cubic feet of oil flowed in. 


. A quadratic model for the data is 








7. Not possible using the techniques discussed in this text. S(t) = 1.6432 + 16.157t + 0.2 miles per hour 
9. Sep aey 2.5452 ; t hours after midnight 
Tray (In 5)? _ (in 2)" 
I 2 
13. Approximately 3.6609 
15. Exactly In 17 — In 10 
17. Approximately 8.7595 
19. Exactly 175 
Ze) 
23. 0.3 
eee 126.781 
Ses 
29. Diverges 
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. The area beneath the horizontal axis represents the 


amount of weight that the person lost during the diet. 


. The area above the axis represents the amount of 


weight that the person regained between weeks 20 and 
30. 


. The person’s weight was 11.3 pounds less at 30 weeks 


than it was at 0 weeks. 


Weight 
(pounds) 


0 10 20 30 
Weeks 


elles 


-26.7 


. The graph in part d is the change in the person’s weight 


as a function of the number of weeks after the begin- 
ning of dieting. 
93.3 


=Sy : 
SRO 1o(22 + Saal = 50.7) + 5000 cubic feet 


after t minutes 


. R(10) — R(0) = 41,053.3 ft? 
. Solving for tf in the equation R(f)=150,000, we find 


that the tank will be full after approximately 28 min- 
utes. 


. $2598.60 
. At the end of the third quarter of the third year, the 


$10,000 had increased by $2598.60 so that the total 
value of the investment was $12,598.60. 


al3 


or 
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Section 7.1 


eas b: 





Analyzing Accumulated Change: Integrals in Action 


3. a,b. 


11. 








x 
a, ¢ 

x 
b. x = 1.134 
~ 3 ‘ 
d. | [fix) — g(x)]dx ~ 2.812 

0.5 

e. Area ~ 4.172 
anc: 





ray, Ce) 


b. 
d 
a 
a. 


2 SecA 50 OMe Sa50 






x= landx = 5.806 


. 0.764 


Area ~ 15.536 
When the amount invested in capital increases from 


$1500 to $5500, profit increases by approximately 
$1.33 thousand. 


5.5 
. Area = | [moe Cx) eral 29 
1.5 


. The population of the country grew by 3690 people in 


January. 


. The population declined by 9720 people between the 


beginning of February and the beginning of May. 


. ~6030 people 
. Because the graphs intersect, the area of R, represents 


an increase in population, and the area of R, repre- 
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sents a decrease. The net change is the difference 
Area of R, — area of R,. The total area is the sum: 


Area of R, + area of R. 


1999—that is, two 1998 values and eleven 1999 values. 
The 1999 estimate required extrapolating by 1 month, 
resulting in a good estimate. The 1998 estimate required 
extrapolating backward by 10 months, resulting in a 
poor estimate. 
19. a,b. i. Area of R, ~ 527.6 thousand ft’ 
ii. Area of R, + area of R, — area of R, ~ 3112.8 
thousand ft? 
iii. Area of R, + area of R, = 1676 thousand ft° 
The speed of the Carrera after t seconds can be mod- iv. Area of R, + area of R, + area of R; ~ 4788.8 
eled as thousand ft’ 


c(t) = -0.643f + 18.963t + 5.252 feet per second c. Approximately 269 minutes (until 10:30 a.m.) 
when 0 = x <5 


13. a. Before fitting models to the data, add the point (0,0), and 


convert the data from miles per hour to feet per second 
pe 5280 feet 1h 

by multiplying each speed by (785i )(se00 a) 

The speed of the Supra after t seconds can be modeled as 


s(t) = -0.702 + 20.278t + 2.440 feet per second 





b. Approximately 17.96 feet 0 tons per year 


c. Approximately 18.04 feet 
15a 


557.960 


1] 5 Ol Aiwa eee 
tons per year 


21. a. f(x) = when x = 5 





Rate of change of revenue 


(billions of dollars per year) x years after 1990. 





3 bac 
— FedEx Carbon production 
and absorption 
(tons per year) 
Absorption 
UPS rate 
t Production 
0 Years rate 
3 g since 
1990 a0 
190 
FedEx: F(t) = 0.0368 — 0.7797 + 5.454t — 10.083 
billion dollars per year t years after 1990 Years 
UPS: U(t) = -0.057t + 1.6 billion dollars per year t since 
1990 


years after 1990 





b. Area of region on left ~ $0.44 billion ‘ 
Area of region on right ~ $5.07 billion d. a 2054.9 tons 
Between the beginning of 1993 and late 1993 (t ~ 3.8), ss SLE ANON 
UPS’s accumulated revenue exceeded that of FedEx by Lb UO Mb Oats 
; are e. The factory produces 4192 tons, and the trees absorb 
approximately $0.44 billion. Between late 1993 and the : 
end of 1999, FedEx’s accumulated revenue exceeded sb tons. This does not comply with the federal regu- 
that of UPS by approximately $5.07 billion. lation. 
c. [ "LE(t) — U(t)]dt ~ $4.63 billion. This value is the 
3 
net amount by which FedEx’s accumulated revenue Section 7.2 
exceeded that of UPS between 1993 and 1999. 
24 1. i, R(m) = 0.2($479°) = $783.33 per month 
17.8) Im ie Te) de 92978 ees ii, R(m) = 0.2(42:2 + 100m) = 783.33 + 20m dollars 
12 <9 a month after m months 
Ze j IRC CANN a eit iii, R(m) = 0.2(449° (1.005")) = 783.33(1.005") dollars 
c. The 1999 estimate is off by approximately $9 billion, a month after m months 
but the 1998 estimate is off by about $175 billion. This 3. i. $53,493.40 
discrepancy is due to the fact that the models are based on ii. $92,082.72 
iii. $61,818.49 


monthly data between November 1998 and November 
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The first option is the only one that will not result in the 
amount needed for the down payment. 


5. $35.0 billion 
7. a. $12.3 million 
b. $3.4 million 
9.4. | “60002985 be ~ $46,718.05 
0 

b. > 500(1 + 9.0834)" == $46,836.11 

c. Answers may vary. 

11. a. r(q) = 2.1(1.054)(0.15) billion dollars per quarter q 
quarters after the third quarter of 1999. 

b. R(q) = 2.1(1.054)(0.15)(1.13)'°~4 million dollars per 
quarter for money invested q quarters after the third 
quarter of 1999. 

c. Ifthe investment begin with the 4th quarter 1999 prof- 
its, then the initial investment is based on a profit of 
(2.1)(1.05) = $2.205 billion. Thus we calculate 
15 
> 2.205(0.15)(1.054)(1.13)'*-4 ~ $22.8 billion 
=0 

i}, @, ‘$79.87 thousand __b. $58.29 thousand 

15. a. $28,324.60 b. $28,445.37  c. Answers will vary. 
17. a. $5.4billion b. $6.1 billion cc. $11.2 billion 

19. a. $7.3 billion b. $5.6billion c. Answers will vary. 
21. $5.2 million 

23. Answers given are based on the end of 2001. 

a. 0.20 million terns 

b. T(t) = 2.04(0.83)”~ million terns born t years after 
1979 

c. 10.97 million terns 

25. a. None 

b. S(t) = (60 — 0.5t)(0.67)°°‘ thousand seals born t 
years from now 

c. 90.5 thousand seals 


Section 7.3 


pan ot Pp 


The demand function 


. The supply function 

. The producers’ surplus 

. The consumers’ surplus 

. To find the price P above which consumers will pur- 


chase none of the goods or services, either find the 
smallest positive value for which the demand function 
is zero, D(p) = 0, or, if D(p) is never exactly zero but 
approaches zero as p increases without bound, then let 
P+, 


. The supply function, S, is a piecewise continuous func- 


tion with the first piece being the 0 function. The value 
p at which S(p) is no longer 0 is the shutdown price. 
The shutdown point is (p,, S(p,)). 


ile 


13. 


15. 


panco 


5 GD) 


Analyzing Accumulated Change: Integrals in Action 


. The market equilibrium price, py, can be found as the 


solution to S(p) = D(p). That is, it is the price at which 
demand is equal to supply. The equilibrium point is 
the point (P),; D(Po)) = (Po» S(Po))- 


. Dis an exponential demand function and so does not 


have a finite value p at which D(p) = 0. Thus the equa- 
tion does not indicate a price above which consumers 
will purchase none of the goods or services. 


. $6128.6 thousand 

. 17.4 thousand fans 

. $4331.5 thousand 

. D(p) = 0.025p? — 1.421p + 19.983 lanterns when the 


market price is $p per lantern 


. $109.18 


$31.89 
18.4 thousand answering machines; 300 thousand 
answering machines 


. $9981 thousand; $3131 thousand 


0 hundred prints 

0.300p? — 3.126p + 
10.143 hundred prints 

where p hundred dollars is the price of a print 


when p <5 
when p = 5 


b. $837.12 


ie) 


Ppngp 


ce 


d. 


. Producers’ revenue = 


$148.5 thousand; Producers’ 
surplus = $27.3 thousand 


. $408.3 hundred 
. 297 sculptures; no 
. $4542.2 hundred 


D(p) = 499.589(0.958086”) thousand books when the 
market price is $p per book 


0 thousand books when p < 18.97 
S(p) = 4 0.532p? — 20.060p + when p = 18.97 
309.025 thousand books 


where $p is the price of a book 
Approximately $27.15; 156.2 thousand books 
$4728.6 thousand 


Section 7.4 


1. 





a. V(t) = -1.664P + 5.867f + 1.640t + 60.164 mph 

t hours after 4 p.m. 
b. 68.99 mph 
c. 72.23 mph 
a. 

0.719 
ene + 0.62 when2 =y< 10 

R(y) = dollars per minute 


-0.045y + 1.092 
dollars per minute 


when 10 S y S 20 


where y is the number of years since 1980 


b. $0.99 per minute 
5. a. 69.2 million people 
b. Solving population ~ 69.2 for t gives t ~ 84.1 years 
since 1900. This corresponds to early 1985. 
. 1.84 million people per year 


c. $0.67 per minute 


c 
a. -100.6 yearly accidents per year 
b. 2810.5 yearly accidents 
G 






Average rate _ S . 
of change = lope of line 


Average 
2810.5 4+-}----------------=2><-~-------- == 
: number 







1754 


Years 


01 oy since 
1975 


c. 4540.7 feet 
d. 4540.7 feet 


9. a. 2.28 feet per second squared 
b. 129.7 feet per second 
= 


a(t) 
(ft/sec?) 
23 


acceleration 
DOR ee ee Neon e t 


35 (seconds) 


0 35 (seconds) 


Area of shaded region = distance traveled = area of 
rectangle with height 129.7 ft/sec and width 35 seconds. 

11. a. V(t) = 1.033t + 138.413 meters per second ¢ microsec- 
onds after the experiment began 
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b. 174.58 meters per second 
13. a. B(t) = 0.0307 — 0.718t + 3.067 mm Hg per hour ft 
hours after 8 a.m. 
b. 0.21 mm Hg per hour 
c. 93.4mm Hg 
15. -0.15 percentage points per year 
17. a. The average of the data is highest between 10 a.m. and 
6 p.m. 
when 0 = x < 4 
when 4 =x = 12 


4.75x + 2.833 ppm 
by ee. 0.536x” — 7.871x 
+ 45.200 ppm 
-5.5x + 93.667 ppm when 12 <x = 16 
x hours after 6 a.m. 
Average concentration between 10 a.m. and 6 p.m. is 
19.4 ppm. 
c. Average ~ 16.9 ppm. Severe pollution warning. 
19. Consider the two graphs of a function f shown below, 
where A is the average value of f from a to b and k is an 


arbitrary constant. 


Sf) 





We know that the areas of the two shaded regions are 
equal. If we remove from each graph the rectangular 
region with height k and width b — a, the areas of the 
resulting regions are still equal, because we have removed 
the same area from each. See the following graphs. 


f(x) 
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It is true for the graphs shown in this section with vertical 
axis shown from k rather than from zero that the area of 
the region between the function and y = k from a to b is 
the same as the area of the rectangle with height equal to 
the average value minus k and width equal to b — a. 


Section 7.5 


1. 


a. There is a 46% chance that any telephone call made on 
a computer software technical support line will last 5 
minutes or more. 

b. The likelihood that any two cars on a certain two-lane 
road are less than 7 feet apart is approximately 25%. 

c. New Orleans will receive between 2 and 4 inches of 
rain during March 15% of the time. 


ro) 1 
a. Yes, f(x) = 0 for all xand [ fix) dx = | Aeoax =1. 
00 0 


2 1] 
BI Yes, h(x) 2 0 for allx and { Heavies = | Nee aw 
~0o 0 


c. No, the area between the graph of r and the horizontal 
axis is 0.3 + 0.6 # 1. 
d. No, some values of s(c) are negative. 


.a P(x<1)= [ yeex = 0.16 
0 


b. p =~ 167 gallons 


y(x) 


x 
Gallons 
(hundreds) 





. Because the f{x) values are all non-negative and 


[ fix) dx = 1, the probability (which is the area between 


the graph of f and the input axis) must always be between 
0 and 1. Another view of this explanation is that the prob- 
ability of some occurrence is the proportion of time it is 
expected to happen, and all proportions are fractions 
between 0 and 1. 


30 
. a. P(20<t< 30) = | 0.2e°dt ~ 0.016 


20 
b. P(t = 10) ~ 0.865 
c. P(t> 15) = 1— P(t = 15) = 0.050 


11. 


13. 


15. 


Analyzing Accumulated Change: Integrals in Action 


. Mean = 2 minutes 
. Standard deviation = V0.8 ~ 0.89 minute 
c. 0.316; The likelihood that any child between the 


ages of 8 and 10 learns the rules of the board game in 
1.5 minutes or less is about 31.6%. 


. 0.156; There is about a 15.6% chance that any child 


between the ages of 8 and 10 takes between 3 and 
4 minutes to learn the rules of the new board game. 


. 137 customers 
. Answers will vary. 
i. P(150 =x S 200) ~ 0.58 





= Customers 
150 p ~—-200 


ii. P(x < 220) ~ 0.50 + 0.46 = 0.96 


Customers 





itl, JES S> Psy) = Tes SM) = IH cK oa BL) 
0.50 — 0.49 = 0.01 





Customers 


bb 235 


. 60 = 800 — 200, so o = 100 
. The realigned mean score is more for each distribution, 


because the recentering puts the mean of each at 500. 


. 50% because 475 was the mean math score before 


recentering. 


. No, the standard deviation is not given. 
. The statement “.. and realigns the verbal and math 


scores so that a student with a score of 450 on each test 
can conclude that his or her math and verbal scores are 
equal” indicates a change in the shape of the distribu- 
tion. 


f. The scale was recentered for interpretation purposes. 
The recentering does not reflect any change in student 
performance. Entrance requirements and other com- 
parisons will now be made on the new scale. 

. P(60 =x S 80) ~ 0.272, so 27.2% 

b. P(x = 90) ~ 0.50 — 0.232, so 26.8% 

CPx > pf. + corx< p — ao) = 1 lg (he gears 
Bw +o) = 1 — P(43.65 <x < 100.95) ~ 1 — 0.683 = 
0.317, so about 31.7% of the students are likely to 
make a score more than one standard deviation away 
from the mean. 

d. At wp — o= 43.65 


17. 


p~ 


b 


ex 


ait becadst Uae ota 
baa? 


| %b—a) 2 





an 
19, a. wa | ork = 





b. 


yal A ee ope a i CR 
es | wae = 5 : |= spt glO-w'- ew 


vsemall- Se) C-F)]-setal3)- C4] 


((b — a) — (a- b)'] = 














[(b — a)? + (b — a)?) 


= 1 1 
~ 24(b — a) 24(b — a) 











&. 2(b— a)? _ (b—a)? 
24(b—a)  ~— 12 
i= @ 
Thus o = : 
Val 


c. The height of the density function is 0 to the left 
of a, so F(x) = 0 when x < a. Whena = x S b, 
F(x) = hii i a= oe = ; = - When x is 
to the right of b, the area between the graph of u and 
the horizontal axis to the left of x is the area of a rec- 
tangle with width b — a and height ;——. No more 
area is accumulated to the right of b because the height 
of the density function is 0 at all such points. Thus 
F(x) = 1 whenx > b. 











Percent of U.S. 
population 


100 p=-------=---2--222222222"22555 





F(40) 


F(20) 


Age 


10 20 30 40 50 60 70 80 90 100 125 (years) 


If F is the cumulative density function, then 
F(40) — F(20) is P(20 S age = 40). 


Chapter 7 Answers to Odd Activities AS7 


b. 


Percent of U.S. 
population per 
year of age 


2.0 





P(20 < age < 40) 





1.5 

1.0 

0.5 

0.0 nate 
0 10 20 30 40 50 60 70 80 90100 125 


0 whenx<0 
23. a. F(x) = 4x? when0Sx<1 
1 whenx=1 


b. P(x < 0.67) = 0.4489 
c. P(x > 0.25) = 0.9375 
d. f(x) 
2 
1 
x 
0 1 
F(x) 
9) 
1 
EG 
0 1 
AY. 





F(100) is not 100 because the incomes of $100,000 or 
more are not counted in the table. 
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Yes, there appears to be an inflection point near x = 
40, and the limiting value as x increases appears to 
be 0. 


. The overall fit is very good. 


100 
; | flx) dx ~ 96.41% ~ F(100) 
0 





Exe 1) 
= dx ~ $31,000 
le I 100 : 


. The distribution on the top (the bell-shaped curve) 


is characteristic of a normal breeding population. 
Malcolm argues that the one on the bottom (with 
three peaks) is what would be expected from three sepa- 
rate (controlled) populations. 


. The dinosaurs were supposed to be all female and 


therefore not to reproduce, so Ian first saw the normal 
curve. 


. Neither graph is that of a probability density function. 


Even though all the outputs are non-negative, the area 
under each curve is more than 1. 


Chapter 7 Review Test 


1. 


pop o 


(Ge 


. R(t) = (0.1)(3000-12 + 500t) = 3600 + 50t 


dollars per year after t years 


. $29,064 
. $17,664 
. $35,143.80 
. $18,277.65 


Approximately 1 fox 


. fit) = 500(0.63)”° * foxes born t years after 1990 that 


will still be alive in 2010 
= 1083 foxes 


. ~ $635.4 hundred 
. 411 fountains. No, because D(10) = 594, supply is 


smaller than demand at this point. 
=~ $6236.0 hundred 

~ 37.5 million 

~ 6.72 million per year 


. P(x < 3.8) = 0.9025; The value of x will be smaller 


than 3.8 about 90% of the time. This event is likely to 
occur. 


. P.3 =x <5) ~ 0.8944 


fx) 





pL. ~ 2.6667 


d. 


( 


Repetitive Change: Cycles and Trigonometry 





0 when x < 0 
F(x) = 4 0.0625x*7 when0=x=4 
1 when x > 4 
F(x) 
1 
{_—_+—__+——_++ % 
0 1 2 3 4 
P(1.3 St =5) ~ 0.8944 


CHAPTER 8 


Section 8.1 


Ile 


a. 


b. 


(G 


sin 4 ~ -0.8, cos 4 ~ -0.7, sin () ~ -0.4, 
cos (=) ~ 0.9 (Answers may vary.) 
sin (-1) ~ -0.8, cos(-1) ~ 0.5, sin 4 = 0, 


cos “42 = -1 (Answers may vary.) 





. sin2™ ~ 0.866, cos 27 = -0.500 
. The point on the unit circle corresponding to an angle 


of 27 is approximately (-0.5, 0.866). 


. Two possible answers are *f and —**. 


3m 


asin cos 0 
. The point on the unit circle corresponding to an angle 


of = is (0,-1). 
—u 71 


Possible answers include >, 4, and 45*. 


. It is not possible to have an angle 8 such that cos @ = 0.5 


and sin 0 = -0.5 because cos @ and sin 0 are x- and 
y-coordinates on the unit circle and must satisfy the equa- 
tion cos’ 6 + sin? 6 = 1. 


9. a. Zero, positive, positive, positive, zero 


Negative, negative, negative, zero 


b. 0, 0.707, 1, 0.707, 0 


SOO 7e al = O0710 


Chapter 8 Answers to Odd Activities 





The figure is a scatter plot of some values of f(x) = sin x. 


17. 


19. 


AS9 


c. x + 0.785 + 2kt, where k is an integer, and 
x ~ 3.927 + 2kn, where k is an integer. 


Amplitude = 1 
Frequency = 1 
Period = 27 


Vertical shift = none 

Horizontal shift = 7 to the right 

The function is reflected across the horizontal axis, so the 
cycle starting at x = a begins by decreasing. 

Amplitude = 235 

Frequency = 300 

Period = ji 

Vertical shift = 65 down 

Horizontal shift = } to the right 


NE Angle in The function is reflected across the horizontal axis, so the 
radians cycle starting at x = 3 begins by decreasing. 
Input 5 : x ae 
PAs iy E ih ll. a 
| iv. f v. d vi. b 
78%, If 63) 
Rule s 
4 
| 3 
Output 
S(x) 2 
y-coordinate on unit circle 
corresponding to angle x 
13. a. The maximum is | and occurs at x = 5. Q oy ae 
b. The absolute maximum is 1 and occurs at the values 
x = 5 + 2kn, where k is an integer. D5 f@) 


fe) 


. The minimum is -1 and occurs at x = *. 

d. The absolute minimum is -1 and occurs at the values 
j= om + 2ka, where k is an integer. 

e. Sin @ is the y-value of points on the unit circle with 

equation x + y’ = 1. Because the unit circle has radius 1 

and is centered at the origin, no points on the circle have 

x- or y-coordinates greater than 1 or less than 1. Thus 


the maximum of y = sin 9 is 1, and the minimum is -1. 


T5svaz 


5(x) = sin x 





b. c(x) = s(x) ~ 0.707 when x ~ 0.785, and 
c(x) = s(x) ~ -0.707 when x ~ 3.927. 


27s 





F(x) 

2 

0 x 
D 2} 
2 Min 

2 


29. The members of each pair of graphs are identical. Gener- 


alization: Begin with a sine graph that is not vertically 
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shifted, and reflect it across the horizontal axis. Begin with 
the same sine graph and shift it right or left by an integer 
multiple of half of the period of the original graph. This 
new graph will be identical to the reflected graph. 


Section 8.2 


ena: 


Ss 0. 25° 


. Amplitude ~ 2254" 


g(x) = 1.610 sin(0.534x — 0.211) + 1.591 therms per 
day x months after November 2000 

Amplitude = 1.610 therms per day 

Period = 94q ~ 11.8 months 

Frequency = 0.534 period 

Horizontal shift = $254 ~ 0.395 month to the right 


Vertical shift = up 1.591 therms per day 


. Approximately 1.6 therms per day 
. Approximately $26.89 
. The data are cyclic because the average daily tempera- 


ture repeats itself over a year’s time. 


Daily mean 
temperature 
(°F) 


Month 





(January) (December) 


abt = 27.9°F 
Vertical shift = 21.1 + 27.9 = 49°F 


. Period ~ 12 months 


Horizontal shift ~ 4 months to the right 


. m(x) = 27.9 sin(Ex — 2m) + 49°F during the xth 


month of the year 


m(x) 
(CF) 





. a. 


Repetitive Change: Cycles and Trigonometry 


The model gives an estimate of 76.9°F as the average 
July temperature. (Note that this value agrees with the 
data.) Although the function is an excellent descrip- 
tion of the normal mean daily temperature for the 
years 1961-1990, it cannot predict with any certainty 
the mean daily temperatures in Omaha this July. 
Amplitude ~ #254 = 0.9 

Vertical shift ~ 2.7 + 0.9 = 3.6 





. Period ~ 6 years 


Frequency ~ 3 

Horizontal shift ~ 1.5 units right 

L(x) = 0.9 sin(3x = 15m) + 3.6 log(base 10) reduc- 
tion in year x + 1965 


log (base 10) 
beetle reduction 
4.5 





2.5 
0 11 since 


1965 


EH fine BEX oa : 
d. B(x) = 10 sin (§x—"5") +3.6 beetles not surviving in 


. a. 


year x + 1965 


B(x) 
Beetles 
32,000 
x 
100 gous 
0 11 Since 
1965 


The two graphs in this activity have the same period 
and horizontal shift, but the amplitudes and vertical 
shifts are different. The graph of the number of beetles 
not surviving has much higher peaks than the 
log(base 10) reduction model. 

The low temperatures should have the same period 
and approximately the same amplitude and horizontal 
shift as the average temperatures, but they should have 
a smaller vertical shift. 


. Amplitude ~ 225 = 27.5°F 


Vertical shift ~ 10.9 + 27.5 = 38.4°F 
Horizontal shift ~ 4 months to the right 
Period ~ 1 year = 12 months 


11. 


13. 
15. 


a. 


- We calculate b using the equation 12 = 2,59) == 


As expected, the period and horizontal shift are the 
same. The amplitude is slightly lower than for the 
mean temperature data, and the vertical shift is less. 


b>? 6° 
ee 
We calculate h using the equation va = 4and the infor- 
mation that the horizontal shift is to the right, so h is 


negative: h = -4b = a0 Using a = 27.5andk = 38.4, 


we have 
fix) = 27.5 sin(Zx — 27) + 38.4°R 


during the xth month of the year 

The data appear concave up between 1949 and 1955. 
concave down between 1956 and 1960, and concave up 
between 1961 and 1963. A cubic model is not a good fit 
and is not appropriate because more than one inflec- 
tion point are indicated by the data. Possibly a piece- 
wise continuous model that is quadratic between 1949 
and 1955 and cubic between 1956 and 1963 would fit 
the data. However, the sine model seems most appro- 
priate. 


b. f(x) = 41.547 sin(0.528x — 2.913) + 194.493 aircraft 


C. 


x years since 1949 
f(15) ~ 155 aircraft 


d. Answers will vary. 





b. y = 8.709 sin(0.261x — 2.840) + 47.090 °F 


x hours after midnight on Wednesday 
The period is approximately 24 hours. 


c. High ~ 56°F and low ~ 38°F 
d. The greatest discrepancies between the model and the 


data occur on Friday afternoon and Saturday morn- 
ing. The hydroelectric plant’s energy may also be 
needed Wednesday afternoon and Sunday morning. 


Answers will vary. 

Without technology: D(t) = 7 sin(22t — t) + 11.5 
hours of daylight, where t is the number of days since 
December 31 of the previous year. 

With technology: d(t) = 6.677 sin(0.016t + 1.908) + 





11.730 hours of daylight, where ¢ is the number of days 


since December 31 of the previous year. 


Chapter 8 Answers to Odd Activities 


Aé1 


17. Cherry odor: c(x) ~ 6.930 sin(0.113x + 2.038) + 
8.856 firings/ms with period ~ 56 
Apple odor: a(x) ~ 7.073 sin(0.133x + 1.621) + 
10.526 firings/ms with period ~ 47 
Cherry/apple odor: t(x) ~ 3.221 sin(0.120x + 1.958) + 
5.618 firings/ms with period ~ 52 (Your model parame- 
ters may differ slightly from these.) Answers will vary. 


19. a. 
b. 
DAW By. 


AS, BY. 


Maximum is 62°F: minimum is -12°F 

The average is 25°F, which equals k, the vertical shift. 
Yes. Individual daily fluctuations are “smoothed out” 
over the month, and they should come close to repeat- 
ing each year. 


. 29.8°F for New Orleans; 46.1°F for Boston. On average, 


the daily high temperatures in Boston vary more over a 
year’s time than the temperatures in New Orleans. 
*5—° = 16.5 thousand lizards 





Amplitude ~ 
Period ~ 12 months 
Vertical shift ~ 16.5 thousand lizards 


. L(m) = 16.298 sin(0.537m — 1.801) + 11.206 thou- 


sand lizards in month m, where m is the number of 
months since the beginning of year 1. The amplitude 
of this model is approximately 16.3 thousand lizards, 
only 0.2 thousand lizards less than the estimated 
amplitude in part a. The period is 535 ~ 11.7 months, 
compared with the 12 months estimated in part a. The 
vertical shift is significantly less than that estimated in 
part a. 

The graph appears to match the period of the data 
well, but it falls below the horizontal axis and doesn’t 
reach the highest values. 


L(m) 
Lizards 
(thousands) 


38} 3p 





Ne, 


. I(x) = 15.388 sin(0.787x — 1.667) + 16.346 thousand | 


lizards in month x where x = 1 through x = 8 corre- 
spond to March through October of year 1 and x = 9 
through x = 16 correspond to March through October | 
of year 2. The amplitude of this function is 15.388, 
about 1 less than the amplitude of the equation in part | 
b. The period is approximately 8 months instead of the 
11.9 months in part b. This smaller period is the result | 
of deleting the data for 4 months of each year. The 
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vertical shift of 16.3 is greater than the vertical shift of 
the equation in part b. This vertical shift better 
matches the shift calculated in part a. This equation 
fits the modified data well. 


Section 8.3 


1. f (x) = 3 cos 3x 
3. t'(r) = -2.34 sin(0.45r + am) + 80 
5. h'(x) = -0.3328 cos(-0.16x + 12.3) — 
9.666 sin[1.35(2x + 6)] 
h"(x) = -0.053248 sin(-0.16x + 12.3) — 
26.0982 cos[1.35(2x + 6)] 
Taras Rx) 07. ex) 10. 2p(%) 
= 1.32727 sin(0.0186x + 1.1801) + 
1.46052 cos(0.0197x — 3.7526) + 7.90076 
million dollars, where x is the day of the year 

b. R'(x) ~ 0.0247 cos(0.0186x + 1.1801) — 

0.0288 sin(0.0197 x — 3.7526) million dollars per day 
where x is the day of the year 

c. R'(46) ~ -0.003 million dollars per day. Combined 
daily sales were decreasing by about $3000 per day on 
February 15, 1992. 

d. Approximately 220 days and 293 days after the begin- 
ning of 1992. (These values correspond to August 7 
and October 19. Note that 1992 was a leap year.) 

e. x ~ 90 days (March 30) or 166 days (June 14) or 339 
days (Dec. 4). 

9. B'(11) ~-11.1°F/month 
B'(4.5) = 11.6°F/month 
11. a. 2 hours 
b. 3050 km at 48 minutes after launching 


C. 
d(x) 
(kilometers) 
3050 
N 
North of 2050 
equator 
1050 
0 X 
(minutes) 
South of ae 
equator 


-2050 


-3050 





d. Approximately 93.9 kilometers per minute 
e. No; speed is the rate of change of the total distance 
traveled with respect to the traveling time. 


Repetitive Change: Cycles and Trigonometry 


13. a,b. 














Wind speed 6-10 10-14 14-18 
interval m/sec m/sec m/sec 


Change 
=. Sieh 20,3 
Percentage 38.4% 61.7% 2.7% 
change decline decline decline 
Average rate 
-4.3 -0.07 


of change 
(kilowatts/m/sec) 
c. Ps) ~ 5.2126 cos(0.258s + 0.570) kilowatts/m/s 
when the wind speed is s meters per second 
Ghe, 


wndsweed [6 | vo | « | 2 | 
P(s) 
(kilowatts/m/sec) ‘ita 


Percentage rate 
of change 
(%/m/sec) 













The power output of the engine is decreasing at the rate 


of 2.7 kilowatts per meter per second at a wind speed of 

6 meters per second. When the wind speed is 10 meters 

per second and increases to 11 m/sec, the power output 

of the engine decreases by approximately 5.2 kilowatts. 

When the wind speed is 14 m/sec and increases to 15 m/sec, 

the power output of the engine decreases by approxi- 

mately 2.6 kilowatts. At a wind speed of 18 m/sec, the 

power output of the engine is increasing at the rate of 

2.5 kilowatts per meter per second. 

15. a. Approximately -8 mm per day 

b. 47.1% decline; -1.6 mm per day per month 

c. Approximately 2.4 mm per day per month. Extrater- 
restrial radiation in Amarillo is increasing by 2.4 mil- 
limeters of equivalent water evaporation per day per 
month in March. 

d. 18.4% per month 

17. a. d(t) = 60.7407 sin(0.1206t + 0.3134) + 99.9194 

deaths per 100,000 people per week, where t¢ is the 
number of weeks since January 1, 1923; Answers will 
vary. 


-7.0111 deaths per 
Middle : 
78 100,000 people per 
of 1924 
week per week 





ee -7.0252 deaths per 
104 100,000 people per 
of 1924 
week per week 


19% 


21. 


Ds 


2 


a. 


fe) 


a. 


Period ~ 12 hours, amplitude = 2 feet, average water 
height = 0 feet 


. f(t) = 2.019 sin(0.514t — 2.963) + 1.793 - 10° feet 


from mean sea level, where t is the number of hours 
since 12 midnight on March 1. (Model parameters 
may vary slightly.) 


. f'(12) ~ -1.04 feet per hour 
. f'(60) ~ -0.95 feet per hour 
. The water level will be at least 1 foot above mean sea 


level between about 31.2 hours and 35.0 hours and 
between 43.5 hours and 47.6 hours after midnight on 
March 1. In terms of actual time, the boat could float 
off between 7:14 a.m. and 11:20 a.m. on March 2 or 
between 7:30 p.m. and 11:34 p.m on March 2. 

D(d) = 23.677 sin(0.017d — 1.312) — 0.292 degrees 
on the dth day of the year; The amplitude of the model 
is 23.7 degrees. This is the greatest angle of declination 
that the sun reaches. The period is approximately 374 
days (calculated with the unrounded b-value). We 
expect the sun’s declination to complete a cycle every 
year. The period in the model is slightly long. 


. The equinoxes occur at d ~ 78.7 days and d ~ 264.4 


days. D(78.7) ~ 0.4 degree per day, and D'(264.4) ~ 
-0.4 degree per day. At the equinoxes, the declination of 
the sun is changing by approximately 0.4 degree per day. 


. The summer and winter solstices occur when the dec- 


lination is greatest in both north and south directions. 
On the graph, the summer solstice corresponds to the 
maximum, and the winter solstice corresponds to the 
minimum. At these points, the rate of change is zero. 


Inside: u(x) = 3 sinx — 12 
Outside: y(u) = 2.4” 


y= (3 cos x)(In 2.4)2.49 82 *— 


Inside: u(x) = sin x — 7 
Outside: y(u) = 4u* + 8u + 13 


y’ = 8cosx(sin x — 6) 
27. Inside: u(x) = sin x 
Outside: y(u) = In u 
_ cos x 
+ sin x 
Section 8.4 


1. a. The maximum daily mean temperature is approxi- 


mately 76.9°F (in July). 
The minimum daily mean temperature is approxi- 
mately 21.1°F (in January). 


. t(x) = 28.533 sin(0.479x — 1.801) + 47.98°F in the 


xth month of the year. The highest point on the model 
is (7.041, 76.517), and the lowest point is (0.481, 
19.452). The maximum normal daily mean tempera- 


Chapter 8 Answers to Odd Activities 


. A relative maximum of about 104.6 occurs at t 


A63 


ture in Omaha between 1961 and 1990 was 76.5°F and 
occurred at the beginning of August. The normal daily 
minimum temperature was at a minimum of 19.5°F | 
near the middle of January. 


. The maximum and minimum temperatures obtained 


with the model are slightly lower than those found 


using the data. Because the data are based on a |@ 


monthly average over a 30-year period, actual high and 
low temperatures in any given year are likely to vary 
from those found in parts a and b. 


. The maximum of approximately 105.3 males per 100 


females occurred in 1908. 
The minimum of approximately 94.6 males per 100 
females occurred in 1982. 


. The inflection point occurs in 1945 with a correspond- 


ing rate of change of approximately -0.23 male per 
100 females per year. 


. Approximately 467.2 milliseconds 
. The pulse speed was at its highest value, 227 counts 


per second, after about 233.6 milliseconds and 
700.7 milliseconds. The pulse speed was at its lowest 
value of 146 counts per second after approximately 
4.2 milliseconds and 467.2 milliseconds. Answers 
may vary. 


. The speed of the pulses emitted from the star was 


increasing the fastest after approximately 116.8 mil- 
liseconds. The speed at that time was about 186.5 
counts per second. The speed of the pulses emitted 
from the star was decreasing the fastest after approxi- 
mately 350.4 milliseconds when the speed was also 
186.5 counts per second. 


. A(t) = 60.741 sin(0.121t + 0.313) + 99.919 deaths per 


100,000 people per week, where t is the number of 
weeks since January 1, 1923. 


. The period is >i3ng ~ 52 weeks, so the death rate 


should peak again at t ~ 166.8 weeks since January 1, 
1923. Answers will vary. 

t ~ 153.7, d(t) ~ 100. The first time after 150 weeks 
since January 1, 1923 that the weekly pneumonia death 
rate was increasing the fastest was about 154 weeks. 
The weekly death rate at that time was approximately 
100 deaths per 100,000 people per week. 


. Ten maxima of the sine function i are near a relative 


maxima of the actual index w. Note that the maxima 
appear as minima because of the inverted scale. 
(Answers may vary.) 


. Ten minima of the sine function i are near a relative 


minima of the actual index w. (Answers may vary.) 


ul 


120.25 and a relative minimum of 95.8 occurs at t ~ 
116.25 years after 1761. Thus the next maximum and 
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minimum of i(t) after 1874 are predicted to have 
occurred in 1878 and in 1882, respectively. 

. Answers will vary. 

. The blue graph represents daylight hours. 

The black graph represents nighttime hours. 

. Period ~ 12 months, amplitude ~ 7.5 hours, vertical 
shift ~ 12 hours 

. Values in table may vary. 





. H(m) = 7.021 sin(0.480m — 1.619) + 11.786 hours at 
the beginning of the mth month. 

Period ~ 13 months, amplitude ~ 7 hours, vertical 
shift ~ 11.8 hours 

. The number of hours is increasing most rapidly in 
early March and is decreasing most rapidly at the end 
of September. 

. Answers may vary. 

. R(x) = 1.32727 sin(0.0186x + 1.1801) + 
1.46052cos(0.0197x — 3.7526) + 7.90076 

million dollars, where x is the day of the year 

. R'(x) = 0.02469 cos(0.0186x + 1.1801) — 

0.02877 sin(0.0197x — 3.7526) million dollars per day, 
where x is the day of the year 

. $8.03 million, x ~ 193 (July 12) 

. The absolute minimum value is $7.66 million occur- 
ring at x ~ 66 (March 7). A local minimum value of 
$7.68 million occurs at x ~ 318 (November 14). 

. cx) = (0.010345x + 2.105676) (6.283) - 
(6.283)|-cos(6.283x — ¥)] - 

(0.02069)(6.283) sin(6.283x — 3) + 

2(0.013783) ppm per year per year x years after 1900 

. In each year, the most rapid increase occurs at the end 
of the year, and the most rapid decrease occurs at the 
beginning of July. 













Level at time of 
most rapid increase 
(parts per million) 


315.1 Van.) 
315.8 (Dec.) 


Repetitive Change: Cycles and Trigonometry 


Both the amplitude and the expected value are increas- 
ing each year, causing the output at the points of most 
rapid increase to rise each year. 

a'(m) = -6.3745975 sin(0.485m — 1.707) watts per 








Wis @: 
cm’ per month per month where m = | in January, 
m = 2 in February, and so on. 
b. The point of most rapid increase occurs in mid-April 
(m ~ 3.5), and the point of most rapid decrease occurs 
at the beginning of October (m ~ 10). 
c. 32.9 watts per cm? 
19. a. The period of the function is a 2a(2) = 6 years 
b. Solving 
cin (Fx — 990) 

R'(x) = 0.9(2) cos(Sx — $28)(In 10)10°? 75%" 17>" = 0 
can be done by determining where cos\}x — lis 
zero on the cycle beginning at x = 6.5 and ending at 
x = 12.5. The derivative is zero at x = 8 and x = 11. 
The maximum of approximately 31,623 beetles occurs 
in 1968 when x = 8. The minimum of approximately 
501 beetles occurs in 1971 when x = 11. 

Section 8.5 
Ile 
[iro 
JO dt 
A D 


on Tw 


11. 


oO Uh 


ee OS Se 





5 hs) COses ar WAS de (CS 
. 55 cos(7.3x + 12) + C 
. F(x) = -194.583 cos(0.024x + 3.211) + 14.63x + C 


S(t) = 24.259 sin(0.987t + 1.276) + 35.324 thousand 
dollars, where t = 1 in January, t = 2 in February, and 
so on. 


. Peak sales occur at t ~ 0.30 (January 10) and t ~ 6.66 


(July 21). Sales are lowest at ft ~ 3.48 (April 14) and 
t ~ 9.85 (October 26). 


ils}, 


15. 


17. 


. Height in counts per second, width in milliseconds, 


area in (counts per second) (milliseconds) 


. p(s) = 0.0405 sin(0.01345s — 1.5708) + 0.1865 counts 


per millisecond after s milliseconds 


467.151324 
3 | p(s)ds ~ 87 counts 
0 


Approximately 87 pulses are emitted by the star over 
one period (about 0.5 second). 


. Approximately $0.548 thousand. June sales were 


approximately $548 more than January sales. 


. $86.4 thousand 
. $29.2 thousand 


16 
: | L(x) dx ~ 259 thousand lizards 
1 


. 261 thousand lizards. This value is 2 thousand more 


than the answer to part a. 


. Answers will vary. 


Chapter 8 Review Test 


1. 


a. 


Amplitude = 712.5, vertical shift = 787.5, period = 
12 months, and horizontal shift ~ 3. (Remember we 
look for an inflection point where the function is 
increasing.) 


. Ux) = 713.251 sin(0.525x — 1.557) + 777.883 lawn 


mowers ordered x months since December of the pre- 
vious year. The amplitude is very close, whereas the 
vertical shift of the model is about 10 lawn mowers less 
than that found using the data. The period of the 
model is approximately 12 months. The horizontal 
shift of the model is approximately 3. Both the period 
and the horizontal shift are very close to those found 
using the data. 


. 1116) ~ 1157 lawn mowers. For this estimate to be 


valid, the cyclic pattern shown by the data should con- 
tinue for the following year. 


. Lawn mower orders were highest in June x = 6. 
. Solving (x) = 0, finding where /'(x) is greatest, or 


using a in the sine model, we find that orders were 


increasing most rapidly in March (x = 3). 
56 — 103 _ 





. Average rate of change ~ 3 -1.6 units per 


year 


. Slope of price index ~ 0 unit per year 


S(72) = S(42) _ 
3 


. Average rate of change = —~3)——— = -1.32 units per 


year 


. S'(42) ~ 0.37 unit per year. According to the model, 


- the Sauerbeck index of general wholesale prices was 


increasing at the rate of 0.37 unit per year in 1860. 
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1 72 
aig] Sidr ~ 908 
42 


4. a. The rate of change was greatest when t ~ 111 days, 
which corresponds to March 20 (1992 was a leap year). 
b. R(t) ~ 7.3046 cos(0.0197t — 3.7526) + 20.383 million 
pints ¢ days after January 1, 1992. 
c. The answer to part a is the input corresponding to the 
inflection point for the model in part b. 7 
5. Approximately 1.24 million pints. At the end of February | 
1992, Campbell’s was selling approximately 1.24 million 
more pints than it was selling at the beginning of February. 


CHAPTER 9 
Section 9.1 
1. a h 
Inputs K years | inches 
Rule W 
| Output 
W(a, h) 
pounds 
ab 8 t 
degrees degrees 
longitude latitude 
Inputs | . | 
Rule T 
| Output 
T(g, t) 
°F 
5. b bulls Cc COWS 
Inputs | | 
Rule R 
| Output 
R(b, c) 
hundred dollars 
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11. 


13. 


15. 


a. 


BAG ee 


CHAPTER 9 


. P(1.2, s) is the profit in dollars from the sale of a yard 


of fabric as a function of s, the selling price per yard, 
when production cost is $1.20 per yard. 


. P(c, 4.5) is the profit in dollars from the sale of a yard 


of fabric as a function of c, the production cost per 
yard, when the selling price is $4.50 per yard. 


. When the production cost is $1.20 per yard and the 


selling price is $4.50 per yard, the profit is $3.00 for 
each yard sold. 


. P(100,000, m) is the probability of the senator voting 


in favor of the bill as a function of the amount m mil- 
lion dollars invested by the tobacco industry lobbying 
against the bill when the senator receives 100,000 let- 
ters supporting the bill. 


. P(1, 53) is the probability of the senator voting in favor 


of the bill as a function of the number / of letters in 
favor of the bill received by the senator when the 
tobacco industry spends $53 million lobbying against 
the bill. 

A(h, 96) = 0.01h? — 0.26h + 95.298 °F when the rela- 
tive humidity is h%. 


ACOs 1) = 0.068 — 9.2857 + 389.133 °F when the 


temperature is ¢°F. 

When the air temperature is 89°F and the relative 
humidity is 70%, A(70, 89) ~ 103°F is the apparent 
temperature. 


. 60% of the time 
. C(9, f) =-1.651f? + 2.686f? — 1.597f + 1.019, where 


fis the fraction (expressed as a decimal) of the sky cov- 
ered by clouds. 


. P(x) = -0.857x + 7.781 pounds/person/year, where 


$(1.50 + x) per pound is the price of peaches; 
P(0.05) ~ 7.7 pounds/person/year 
4.696 + 2.025ln y pounds per person 
per year, where $10,000y is the family income; 
P(3.5) ~ 7.2 pounds/person/year 


. C(p, 4) = 21n 4 + 2.7183? + 4 pounds/person/year, 


where $(1.50 + p) per pound is the price of peaches; 
C(0.05, 4) ~ 7.7 pounds/person/year 

C(0,30; 1). = 21n 1 + 2.7183°° + 4 =~ 2 Ini + 4,741 
pounds/person/year, where $10,000: is the family 
income; C(0.30, 3.5) ~ 7.2 pounds/person/year. The 
discrepancies in the equations are the result of round- 
ing the data in the table. 


17. 


19. 


Adil 


Wah 


Ingredients of Multivariable Change: 


a. 


. K(0.8, 0.85, G, P, A) = “a 


Models, Graphs, Rates 


K(0.7, 0.7, 17, 15,000, 64,000) ~ 1.95 cows per hectare. 
Approximately 2 cows can be supported by 1 hectare. 
Using the fact that 1 hectare ~ 2.471 acres, we have 


(125 cows) 1 hectare 


hectare /\2.471 a) ~ 0.8 cow per Cae Ae 


0.68GP 





animals per hectare, 
where G is the gross energy content of the crop, P is the 
net crop production, and A is the annual energy 
requirement of the animal. 


. K(0.7, 0.8, 17, P, A) is the carrying capacity of a crop as 


a function of net crop production and the energy 
requirement of the animal when 70% of the crop is 
consumed, 80% of the crop is digested as useful nutri- 
ents, and the gross energy content of the crop is 17 
megajoules per kilogram. 


K(07,0.8) 17,2, A) = 2:52P animals per hectare. 


5 SEO /SEE5 II 
. A(0.075, n, m) = 160m(1 — 1.00625") dollars for a 


period of n months and a monthly payment of m dol- 
lars 


. A(r, 36, m) is the output of the cross-sectional func- 


tion for the loan amount (in dollars) when 36 monthly 
payments are made. 


_ A(0.06, 36, m) = 200m|1 — (1 + 998) *"| ~ 32.9m 


dollars, when the monthly payment is m dollars. 


. H(15, -15) ~ 1640.6 kilogram-calories per square 


meter per hour 


. Solving (10.45 + 10/10 — 10)(33 — t) = 2000 for t, 


we find that t ~ -29.4°C. 


. Approximately 117°F 


b. 42% 


. A(h, 96) = 0.009h? — 0.114h + 91.308 °F when the 


relative humidity is h% 


. A(70, t) = 0.0694 — 9.508t + 399.049 °F when the air 


temperature is t°F. The equations in parts c and d and 
the corresponding equations in Activity 11 are all 
quadratic with similar coefficients. The differences in 
coefficients are the result of the values in Table 9.5 
being rounded to integers. The graphs of the functions 
are similar over the interval of input data given in 
Activity 11. (Note that the differences depend on 
whether the humidity in each case is expressed as a 
decimal.) 


Ac7 
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Relative humidity (%) 
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c. Answers will vary. 


3. a. 11.97 hours 
b. 11.97 hours 


Latitude 


[ 


10.09 


35 10 


r 





pala aera 


Cal eae 





18 17 16 15 14 13 
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5. a. Answers will vary. 











‘ Weight 
E (pounds) 
(0. ) aia! 

c w= 80 ” gee l6 e pounds, where h is the height in 
inches and K is the BMI 

d. 

w 

(pounds) 
200 35 30 
25) 
20 
15 
h 
90 : 

60 72 (inches) 
This graph is the upside-down mirror reflection of the 
graph in part b. It is also more accurately drawn. 

7 k 
2 
1.5 
200 
400 
1 600 

0.5 

6 >= s 
20 40 60 





Height (inches) 


100 


60 


n 





2+ 


11, a. P(Gs) =. 108958 —0.730s + 0.02757. O:l7pe tora 


supermarket with s thousand square feet of sales space 
and a customer base with a per capita income of $c 


thousand 
b. 
: 
(thousand 
dollars) 
35 
§ 
13 (thousand 
5.10715. ..20 25.5 ‘square. feet) 
_ IR = IOS = Hil Syy Kee Ol65ea 045 
2h hb S orw = 








1.04 — 5.83w U3 = S886 


Leas 


Saas 


19a: 


Dae: Eke 





0 1 


When y increases, the contour curves have smaller 
numbers, so f(x, y) decreases. Therefore, the function 
must increase when y decreases. 


. Because the contour curves are more closely spaced 


to the left of (2.5, 2.5) than they are directly below 
that point, the function decreases more quickly as x 
decreases than it does as y decreases. 


. The change is greater when (2, 2) shifts to (1, 2.5), 


causing the contour values to change from about 21 to 
about 14, than it is when (1, 0) shifts to (4, 1), causing 
virtually no change in contour values. 

The three-dimensional graph has two peaks approxi- 
mately the same height—one around (0.7, 0, 0.25) and 
the other near (-0.7, 0, 0.25). 


. The descent is greater from (0.7, 0.1) to (0, 0.3). 
. The output increases as x increases. 
. There are many correct answers. One possible answer 


is (-0.4, -0.2). 

The center of the 184,000-contour curve corresponds 
to approximately 10,000 tons of 40% fat cheese and 
55,000 tons of regular cheese. 


. From the contour graph, we see that the maximum 


revenue is greater than 184,000,000 guilders but less 
than 214,000,000 guilders (or else we would see the 
214,000-contour curve). From the three-dimensional 
graph, it appears that the maximum revenue is near 
200,000,000 guilders. One possible approximation is 
190,000,000 guilders. 


. R(10, 55) = 200,594,000 guilders 


Input: P ~ 10 hours, H ~ 70%; Output: approximately 
12.5 days 

When C. grandis is exposed to 70% relative humidity 
and 10 hours of light each day, it will take approxi- 
mately 12.5 days to develop. 


. Input: P ~ 10 hours, H ~ 60%; Output: approximately 


11.5 days 
When C. grandis is exposed to 60% relative humidity 


and 10 hours of light each day, it will take approxi- 
mately 11.5 days to develop. 
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Section 9.3 


1. 


3s 


5 


Ts 


ih. 


oe pounds per inch 


or 
ot 


OR 


Oc 


a. 





°F per degree of latitude 
g=23 


dollars per cow for c = 100 
b=2 





ge ie 100,000 18 the rate of change of the probability that 
the senator will vote for the bill with respect to the 
amount spent by the tobacco industry on lobbying 
when the senator receives 100,000 letters in opposition 
to the bill. We expect this rate of change to be negative 
because if the number of letters is constant but lobby- 
ing funding against the bill increases, the probability 
that the senator votes for the bill is likely to decline. 


, | =ss is the rate of change of the probability that the 


senator votes for the bill with respect to the number of 
letters received when $53 million is spent on lobbying 
efforts. We expect this rate of change to be positive 
because if the number of letters increases (while lob- 
bying funding remains constant) the probability of the 
senator voting in favor of the bill is likely to increase. 


af = 1.5872 + 0.75xy? + 8.97ly + 14.390 
Of = 1 195x292 + 8.971x 


= 1,587x? + 6x + 32.332 





5 IMA Thai se Beis 
; M,| =, = In3.+3.75 
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Ohman APY is 100r%. This equation is the same as the one in 
ehh rn irae) Activity 17 part a. 

B08 Din @ of = 6 100 ntage points 

b. ay =e = — 2(st — t)(s — 1) » Or \(P, r) = (14,000, 0.127) pean eg OY aN 

e a Bae 2) (Silent) c. The slope of the line tangent to A(14,000; r) at r = 0.127 
aes is $31,566 per 100 percentage points. 

d. ug = 14 21. a. R(March, 1) = -0.007P — 0.035] + 49.749 watts per 
Ol n=0.2-0 square meter per month, where / is the number of 

= 2 ° 
15. a. Th, 96) = 0.01h* — 0.26h + 95.298 “FE when ig degrees north of the equator (negative values of I cor- 
humidity is h%. When h = 50%, oie O74 respond to locations south of the equator). An alterna- 
per percentage point of humidity. Fee SAE 

b. T(50, t) = 0.0512 — 7.299t + 339.681 °F when the 
temperature is °F. When t = 96°F, C0” ~ 2.5°R R(March, 1) = 35.943 sin(0.023/ + 1.633) + 15.513 
per °F of air temperature. watts per square meter per month 

dT(h, 96 °F — ° ; 

c. When h = 50%, SNPS) = UE = 0.7°F R(m, -50°) = 27.105 sin(0.485m + 1.707) + 32.911 
per percentage point of humidity. When t = 96°F, watts per square meter per month, where m = 1 corre- 
ar 2D ~ UAE = Loy F = 25°F per °F of air temper- sponds to January, m = 2 corresponds to February, etc. 
ature. An alternative model is 

17. a. A(14,000, r) = 14,0007? + 28,000r + 14,000 dollars shih aia 
where r is the APY expressed as a decimal oe 4 - ad AN —~ ae 

b. When r = 0,127, 44420 = $31,556 per 100 per- oa aaa 

centage points watts per square 
t th 

c. A(14,000, r) = 1.47 + 280r + 14,000 dollars, where r R(m,-50°) = me Hay mon 
is the APY expressed as a percentage ‘ AUSSIE NSS a oon 
i 

r 137.689m + 381.183 Exige WW 

d. When r = 12.7%, aA = $315.56 per percentage ‘ 


19. a. A(14,000, r) = 


point. The derivative an us approximately how much 
the output will change when the input increases by 
one unit. If the input is a percentage expressed as a 
decimal, then an increase in one unit corresponds to 
100 percentage points. For example, if r = 0.127 and is 
increased by 1 to r = 1.127, the corresponding per- 
centages are 12.7% and 112.7%. 

14,000(1 + r)* dollars. This function 
gives the value of an investment after 2 years when the 


A(14,000, r) 
(dollars) 
20,000 
bh Slope = 
31,556 
14,000 r 
0 OD OFS 


watts per square 
meter per month 


b. Quadratic model: For J = -50°, Rj| »,—ytarch ~ 0-70 watt 
per square meter per month per degree of latitude. 
Sine model: For 1 = -50°, Rj| m=March ~ 0-75 watt per 
square meter per month per degree of latitude. 





c. Sine model: For m = 3, R,,,|,=-59° © -13.13 watts per 


m > 
square meter per month per ane 

3, i eae | 
per square meter per month per month. 


Piecewise model: For m = -12.85 watts 


R(March, /) 
(watts/m?/month) 
60 





a 


2s 


Dis 


de 


R(m, —50) 
(watts/m?/month) 


60 


. Using the partial derivative ae = 


<— Slope = —13 


m 
ee 
12 (months) 


7.6 — 6.2 pounds per person per year _ 
4 — 2 thousand dollars = 0.4 
pound/person/year per thousand dollars of income 





6.9 — 7.1 pounds per person per year 
0.3 — 0.1 dollar per pound = vl 
pound/person/year per dollar per pound 





. Answers will vary. One possible answer follows. 


Using a quadratic model to answer part a results in 


ae ~ 0.8 pound/person/year per thousand dollars of 


income. 

Using a linear model to answer part D results in 

_ ~ -0.8 pound/person/year per dollar per pound. 

Be 
1 

$ ~ 0.7 pound/person/year per thousand dollars of 

income. Using a = -In 2.7183(2.7183") with p = 0.2 


gives approximately -0.8 pound/person/year per dollar 


with 7 = 3 gives 


per pound. 


e. Answers will vary. 


. H,=-10.45 — 10Vv + vkilogram-calories per 


square meter per hour per degree Celsius 
H, = (33 — NF = 1) kilogram-calories per 
square meter per hour per meter per second 


: ay should be positive because an increase in wind 


speed (when temperature is constant) should increase 
heat loss. 


. When v = 20 and t= 12, aH =~ 2.48 kilogram-calories 


per square meter per hour per meter per second. 


: oH should be negative because an increase in tempera- 


ture (when wind speed is constant) should decrease 
heat loss. 


. When v = 20 and t = 12, aH =~ -35.17 kilogram-calo- 


ries per square meter per hour per degree Celsius. 


. We expect food intake to increase as either milk pro- 


duction or size increases. Therefore, we expect both 
partial derivatives to be positive. 


: a = -1.244 + 0.1794s + 0.214915m kilograms per day 


per unit of size index. This equation is the rate of 
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31. 


a. 


A71 


change of the amount of organic matter eaten with 
respect to the size of the cow (when the amount of 
milk produced is constant). 

al = -0,20988 + 0.071894m + 0.214915s kilograms 
per day per kilogram of milk per day. This equation is 
the rate of change of the amount of organic matter 
eaten with respect to the amount of milk produced 


(when the size of the cow is constant). 
ol 


- 3m ~ 0.65 kilogram per day per kilogram of milk per 


day 
al 


. 9, ~ 0.40 kilogram per day per unit of size index 


S m 
s | 0.1794 0.214915 
m|0.214915 0.071894 


Because all second partials are positive, we know that 
the rates of change in the s and m directions increase as 
both s and m increase. This indicates that the surface is 


concave up in the s and m directions. 
0A 


. 5, = 1000re™ dollars per year, a = 1000te” dollars | 


per 100 percentage points 


t r 
t 1000r°e" 1000e” + 1000rte” 
r | 1000tre” + 1000e” 1000t°e" 


For t = 30 andr = 0.047, the second partials matrix is | 
9.05 9871.25 
Eo 3,686,359.86 
ment has been earning 4.7% compounded continu- 

ously for 30 years, 

1. The rate at which the amount is growing with 
respect to time is increasing with respect to time by 
$9.05 per year per year. 


| At the time a $1000 invest- 


2. The rate at which the amount is growing with 
respect to time is increasing with respect to the 
interest rate by $9871.25 per year per 100 percent- 
age points. 

3. The rate at which the amount is growing with 
respect to the interest rate is increasing with respect 
to time by $9871.25 per 100 percentage points per 
year. 

4. The rate at which the amount is growing with 
respect to the interest rate is increasing with respect 
to the rate by $3,686,359.86 per 100 percentage 
points per 100 percentage points. 


94 = (1 + r)'In(1 + 1) million dollars per year 


0A 


. 5, = t(1 + 1)! million dollars per one hundred per- 


centage points 


. When t= 5andr= 0.15, a =~ 0.28 million dollars per 


year. 
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d. 


A(0.15, t) 
(million dollars) 





slope = 0.28 
1 
t 
5 (years) 
33. x y 
Sy sil i 
tals —+— 
ag ae y o 
y all fi 1 ag 
eee naan?” 
SDs x y 
Xa) Bere Oe pe? 
y.|-6e"_ 2% 9% 
Section 9.4 
1. 
x Vy 
100 10 
77.94 5 
60.75 yo x 
0 5 10 60.75 77.94 100 
dx dy 
re 3 8 —_ = -(.26 
ay 8 or ae 
3 b 
1.2 
0.87 a 
0 3.9 10 
db 
— ~ -(.016 
da 0 
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a 
10 
0 b 
0.87 12 
da 
pei 6 327, 
oe 
: dX aes 43K fe Ok 
ody any 30xy? 2y 
Cn  %, -49.283m 
Re Re gee 1 
7 Sm s9.372(2) + 49.283n 
m 
9. (3,1) = 21 
dn des ih 2 (6nt2n) 
A eal f, es Ea eae 
-14 
= —(0.2) = -0.2 
ye 


The value of n should decrease by approximately 0.2 in 
order to compensate for an increase of 0.2 in m. 


11. f(3.5, 1148) ~ 3.7217 


pS Kee 
As ~ 7, Ah = Ah 


_ -0.00091s(0.103) (In 2.505) (2.505") 

~ — 0,00091[0.103(2.505") + 1] 
The input s should increase by approximately 379.14 in 
order to compensate for a decrease of 0.5 in h. 


13. a. A(6, 250) ~ $7.16 





(Ah) ~ 379.14 


b. 
0A P 
ae = (-0.02c? + 0.35c + 0.99) (In 0.99897) (0.99897") 
= -$0.002 per shirt 
o, an Ae 
' des A 


n 


A -[(-0.04c + 0.35)(0.99897") + 0.46] 
(-0.02c? + 0.35¢ + 0.99) (In 0.99897) (0.99897") 





shirts 
per color 


We expect % to be positive because if the number of 
colors increases, the order size would also need to 
increase to keep average cost constant. 

d. a ~ 450 shirts per color. For each additional color, 
the order size would need to increase by approxi- 
mately 450 shirts. Similarly, if the number of colors 
decreases by 1, the order size could decrease by 
approximately 450 shirts and the average cost would 
remain constant. 











15. a,b. 
i 
(@) 
88 
87 
86 
85 —_—_+__—_+ ——jo— =i r 
20 45 (mL) 
dt _ -p, _ ~(1.9836 — 0.05916r) , By 
ee P: ~9.6544 + 0.14736t C per milliliter 


Wie 


I). 


Pile 


d. At t = 86.5°C and r ~ 23.125 ml, 4 ,  ~ -0.199°C per 
milliliter. 
At t = 86.5°C and r ~ 43.9 ml, 4 ~ 0.199°C per 
milliliter. 

Answers for the alternative view with t on the horizontal 

axis are given in the Student Solutions Guide. 





a w= (agers Tele pounds, where K ~ 20.044 
b. Be = euteeei pounds per inch. When h = 67, 
dw 


dh ~ 3-85 pounds per inch. 

c. The answer to part b agrees with the answer given in 
Example 1. 

The person would need to lose approximately 6.25 pounds 

in order for the skin surface area to remain constant if the 

person grows 2 inches. 

a, b. 


Height (inches) 











16.7 


15.8 


18.2 
oe Pas 187 


einch growth) = ara Pa] 190 | 
23 | 

















To remain on the 20 BMI contour curve, the girl 
should have grown by about 6 inches. 


c. Using the cross-sectional models f(110, h) = 0.012h* 


— 2.118h + 105.689 and f(w, 62) = 0.183w + 0.009, 
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. Using the equations S(1.00, P) = 


A73 


where h is height in inches and w is weight in pounds, 
we estimate that the girl needs to grow by 


es Ay oa 
hae 


-0.813 
en 0.642 + inches/pound) (20 pounds) 
=~ 5.7 inches 


h 
-0.812 
~ (ee 0.643 inches per pounel}(20 pounds) 


~ 5.7 inches 
Answers will vary. 


From the table, we estimate that Coke would need to 
lower its prices by more than $0.50 per can. 


Coke products and S(c, 1.25) = -50.286C” + 7.771C + 
312.6 cans of Coke products, where $P is the price of | 
Pepsi products and $C is the price of Coke products, 
we estimate the change in Coke prices as 

Ac ~ SAP = (=395)(-0.25) ~ 
need to lower its price from $1.00 a can to about $0.47 
a can. 

Rather than lower its prices so drastically, Coke should 
probably consider such alternatives as more advertis- 
ing on campus. 
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b. 


Cc. 






s 
°C months 
Inputs | ; | 
| Output 
CGs) 
centimeters 
C(3, 71) = 2.9 cm. When apples are stored for 3 


months and blanched at 71°C, the applesauce flows 
2.9 cm down a vertical surface in 30 seconds. 


-0.05s? + 0.35s+ when0=<s <2 
3 cm 

-0.05s? + 0.15s+ when2<s<4 
3.4 cm 


C(s, 35) = 


where s is the storage time in months. 


196P + 25 cans of | 


-$0.53. Coke would © 





A74 


. Using C(4, t) = (6.944 - 


» For t = 27°C and h = 77%, © e 


ae say ae 


. When t = 25°C and h = 


CHAPTER 10 


Assuming that 1 month ~ 4.3 weeks, 2 weeks 
corresponds to s = 75 ~ 0.465 month. So we have 
C(0.465, 35) ~ 3.2 cm. 


; a |, is the rate of change of the consistometer value 


with respect to the blanching temperature when the 
storage time is 4 months. 

10*)# — 0.087t + 5.412 cm 
when the apples are blanched at t°C, we have ae ; 





s= =4— 


(1.389 - 10°)t — 0.087 cm per °C. When t = 45°C, 
& <4 ~ ~0.0244 cm per °C. When the storage time is 


a constant 4 months and the blanching temperature is 
45°C, the consistometer value is decreasing by approx- 
imately 0.024 cm per °C. That is, if the blanching tem- 
perature is increased to 46°C, the consistometer value 
should decrease by approximately 0.024 cm. 





. E(24, 60) ~ 466 eggs. A female insect kept at 24°C and 


60% relative humidity will lay approximately 466 eggs 
in 30 days. 

2.2, C895 pel PeL- 
centage point. When the temperature is held constant 
at 27°C and the relative humidity is 77%, the number 
of eggs is decreasing by 2.2 eggs per percentage point 
of relative humidity. That is, if the relative humidity 
were increased to 78%, the number of eggs would 


decrease by approximately 2. 
dh _ ~E, _ ~(299.7038 — 10.442t — 0.4023h) 
23.1412 — 0.1874h — 0.4023t 





percentage 
points per °C 

63%, a ~ -10.4 percentage 
points per °C. So Ah ~ #At ~ (-10.4)(-0.5) = 5.2 
percentage points. 

On the contour curve corresponding to the egg pro- 
duction for tf = 25°C and h = 63% (the 490.1601 
egg contour curve), the slope ot the tangent line at 
t = 25°C and h = 63% is dh ~-10.4 percentage 
points per °C. The h value on the tangent line when 
t = 24.5°C is h ~ 63 + 5.2 = 68.2%. This is an 
approximation to the value of h that corresponds to 
t = 24.5°C on the 490.1601 egg contour curve. 
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3. a. Inputs: t ~ 26°C, h ~ 56%; Output: approximately 
485 eggs 

b. An increase in temperature of 3°C 

c. The number of eggs laid will decrease more rapidly 
when the temperature decreases than when the 
humidity decreases. 

d. By sketching a tangent line on Figure 9.42 and calcu- 
lating its slope, you should obtain an estimate of 
approximately 13 percentage points per °C. 

e. un = ie = =H x -12.9 percentage points per °C 
When the temperature is 24°C and the humidity is 
62%, the change in humidity needed to compensate 
for a small change in temperature (so that the number 
of eggs remains constant) can be estimated as 
Ah = (-12.9)At percentage points. 

4. t h 

t|-10.442 -0.4023 

h epee | 

CHAPTER 10 


Section 10.1 


1. a. 


b. 


A relative maximum occurs when a table value is 
greater than all the values surrounding it. 

A relative minimum occurs when a table value is less 
than all the values surrounding it. 

If a value appears to be a maximum in one direction 
but a minimum in another direction, then the value 
corresponds to a saddle point. 


d,e. If all the edges of a table are terminal edges, then the 


absolute maximum and minimum are simply the 
largest and smallest values in the table. If all the edges 
are not terminal edges, then you must know whether 
any critical points exist outside the table in order to 
determine whether absolute extrema exist. If no criti- 
cal points exist outside the table, then in determining 
absolute extrema, you must consider relative extrema, 
output values on terminal edges, and the behavior of 
the function beyond the edges of the table. 

It is often helpful to sketch several contour curves on 
a table when determining critical points and absolute 
extrema. 


3. The point is a relative maximum point because the values 


of the contour curves decrease in all directions away from 
the point. 


5. Relative maximum point: g ~ 2,h ~ 3, R ~ 95 
Saddle point: g ~ 6, h ~ 3, R ~ 30 
(Answers may vary.) 


Relative 
maximum 
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point 


7. a. Relative maximum point: (May, 1995, $1.45 per 


pound) 
b. Relative maximum point: (May, 1998, 88 cents per 
pound) 


9. The point is a saddle point because the values of the con- 


tour curves decrease in one direction and increase in 
another direction away from the point. 
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11. a. The table gives yearly averages, so it doesn’t make sense — 


to extend the columns. However, the choice of January © 
as the first column is not mandatory. The best way to | 
visualize this table is to wrap it around a cylinder so | 
that the January and December columns are adjacent | 
columns and there are no left and right edges of the — 
table. The top and bottom rows are terminal edges. 
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CHAPTER 10 


Relative maximum points: (June, 40° N, 9.3 kW-h/m’), 
(June, North Pole, 8.9 kW-h/m?), (December, 40° S, 
9.9 kW-h/m7) 

Relative minima: It is difficult to estimate these accu- 
rately because of the dashes in the table, which we can 
interpret to mean radiation levels of essentially zero. 
Thus we conclude that the regions of the underlying 
function represented by the dashes in the table are 
those in which the minimum radiation level occurs. 
There are two such regions: one at and near the North 
Pole between March and October and one at and near 
the South Pole between April and September. If there 
are two specific relative minima of the underlying 
function, then we estimate that they occur at the end 
of December at the North Pole and in the middle of 
June at the South Pole. 

Saddle points: (April, 10° N, 8.5 kW-h/m’), (June, 
70° N, 8.5 kW-h/m’), (August, 10° N, 8.4 kW-h/m/’), 
(December, 70° S, 9.1 kW-h/m?) 


. The greatest radiation level shown in the table is 


9.9 kW-h/m/?, which occurs in December at 40° S. The 
smallest radiation level shown is 0.06 kW-h/m7?, which 
occurs in November at 70° N. If we consider the dashes 
to be zeros, then the smallest radiation level is zero and 
occurs many times in the table. 

The absolute maximum value is 9.9 kW-h/m2, and the 
absolute minimum is approximately zero. Because the 
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table cannot be extended in any direction, these 
answers do correspond to those in part d. 

The largest and smallest values in a table will be the 
absolute maximum and minimum, respectively, if the 
table cannot be extended in any direction. That is, 
either the edges are terminal edges or the table “wraps 
around,’ as in this case. 

The expected corn yield is 100% of the annual average 
yield. That is, there is no expected increase or decrease 
in yield from the average. 


. 40% 


See table below. 


. The maximum percentage yield is 109%. This maxi- 


mum occurs twice, at the points (40%, 0°C, 109%) 
and (20%, -1°C, 109%). A yield of 109% above normal 
can be expected when temperatures are average and 
there is 40% more precipitation than normal or when 
temperatures are 1°C below normal and precipitation 
is 20% above normal. 


. Answers will vary. 
. Relative maximum: 17.3 mm per day in June between 


40° and 42° 


. The table wraps around as in Activity 11; however, the 


rows can extend above the top row for degrees of lati- 
tude greater than 50. 


. The greatest amount of extraterrestrial radiation is 


approximately 17.3 mm/day, which occurs in June for 





17. 





Storage time 
(months) 


IG), 





latitudes between 40° and 42°. We cannot accurately 
estimate the least amount of radiation from the table, 
although we suspect that it is near zero and occurs in 
December at the North Pole. 


Temperature (°C) 


ofa 





. Saddle point: (71°C, 2-3 months, 2.9 cm) 

. Absolute maximum: 3.5 cm at 35°C and 2 months 
Absolute minimum: 2.6 cm at 59°C and 71°C and 0 
months 


. We first note that thick applesauce is desirable, and 


small consistometer values correspond to thick apple- 
sauce. Thus minimum values are of the greatest inter- 
est. From the table, we can infer that to produce the 
thickest applesauce possible, fresh apples should be 
blanched between 59°C and 71°C. 


. Maximum volume 
. The maximum occurs at approximately 4.3 grams of 


leavening and a baking time between 29 and 30 min- 
utes. 


. The maximum volume index appears to be approxi- 


mately 114. This probably means that the maximum 


volume possible is 114% of the volume of the cake 
batter. 
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The absolute maximum nearest the fat layer has a 
value between 12 and 13 and the relative maximum at 
the bone has a value between 3 and 4. 

b. Both points are maxima. 


Section 10.2 

1. A relative minimum of 16 is located at k = 4 and m = 2. 
3. Asaddle point is located at (In 3, 0, 0). 

5. A relative minimum of approximately -68.35 is located at 


11. 


13. 


15. 


17. 


19. 


21. 


z= 4.72 and w = 18.49. (0, 0, 0) is the location of a saddle 
point. 

Relative minimum point: (0, 0, 60) 

Relative maximum point: (2, 1, 68) 

Saddle point: (0, 1, 64) 

Saddle point: (2, 0, 64) 


a. The manager should try to buy ground beef at $1.91a @ 


pound and sausage at $2.52 a pound. 
b. Because the determinant is positive and R,, is negative, 
the critical point corresponds to a relative maximum. 
c. $28.5 thousand 
a. The critical point is ~ (26.1°C, 67.4%, 500 eggs). 
b. When exposed to 26.1°C and 67.4% relative humidity, 
a C. grandis female will lay approximately 500 eggs in 
30 days. This is the maximum number of eggs possible. 
A pH of approximately 5.3 and a temperature of approxi- 
mately 59.3°C will maximize the initial rate. We verify 
that this is a maximum by calculating the determinant of | 
the second partials matrix: 


hile 8) 


ees oe tc 


= 129.38 








Because D is greater than zero and Re is less than zero, the ~ 

critical point must be a maximum. 

a. The maximum appears to be approximately 2.35 mg 
when pH ~ 9 and temperature ~ 65°C. 

b. A pH of approximately 9.02 and temperature of 
approximately 64.6°C will maximize the amount of 
peptides produced. 

The model has a saddle point for s ~ 0.19, w ~ 0.18, and © 

6 = 0:63. 

a. The critical points are A = (0.5185, 0.4994, 799.91) 
and B = (0.8872, 0.4994, 800.16). 

b. Point A is a saddle point, and point B corresponds to a 
relative maximum. 


c. The determinant at A is D ~ -55.98, which indicates = 


that A is a saddle point. Because the determinant at B | 
is D ~ 55.98 and E,,, is negative, point B must corre- 
spond to a relative maximum. 
a. The critical point is g = 42.6%, m ~ 17.1%, s ~ 11.2%, 
h ~ 12.8 days, and A = 7.29. 
b. By evaluating the function at many points close to the © 
critical point, it is possible to conjecture that the point 
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is a relative maximum. There are also other methods of A contour graph is shown at lower left. This graph 

arriving at this conjecture. confirms that the point is a constrained minimum, 

because the contour to which the constraint line is tan- 

Section 10.3 gent is the smallest-valued contour that the constraint 
line touches. > 


1. a. One possible estimate is (45, 45, 2025). 


3 
ane. : b. Evaluating f(r, p) for values of r near 7 and p near § 
b. The point is a constrained maximum. 


gives values greater than 4, which suggests that the 


: i equations Ree ; ah 
> SOMERS EGS pete: point is a constrained minimum. 


b= (1) 7. Solving the system of equations 
anions [135 835 
oleaahi 1.04 — 5.83w = 
gives a = 45 and b = 45, corresponding to f(45, 45) = eee 


2025. 


5 a 5 i = ().46 and w ~ 0.44. These values corres ond to 
3. a. Approximate relative minimum point: (35%, 17%, 2.5) OP Fil ne al P 


an output P(0.44, 0.46) ~ 10.45%. The approximation in 
Example 2 was 10.46%. 
. : 9. a. The health club should allocate $336 for 28 radio ads 
is 35 and the percent of moisture is 17. 
b M and $168 for 28 newspaper ads. 
re b. A(28, 28) ~ 2195 responses 
c. The Lagrange multiplier is \ ~ 13.07 responses per 


The minimum measure of cohesiveness is about 2.5, 
which occurs when the percent of glucose and maltose 


dollar. The change in the number of responses can be 
approximated as 


AA ~ (13.07 responses per dollar) ($26) 
: ~ 340 additional responses 


11. a. The point of absolute minimum cohesiveness is 
(34.7%, 16.4%, 2.5). This point is close to the estimate 
in Activity 3. 

b. The minimum cohesiveness is approximately 7.2, 
which corresponds to approximately 25.4% glucose 
and maltose and 14.6% moisture. 

c. To verify that the value in part a is a minimum, evaluate 
the cohesiveness function at close points on the con- 


(%) 





straint curve, or examine the constraint curve graphed 
ona contour graph of the cohesiveness function. 


Ss ; d. The answers are comparable. 
The minimum is approximately 7, which occurs when 


G = 26% and M = 15%. 
5. a. The constrained optimal point is (3, 3, Z). 


13. a. 750 worker hours and $9375 in capital expenditures 
will yield maximum daily production. 

b. To verify that the value in part a is a maximum, evalu- 

ate the production function at close points on the con- 


Pp straint curve, or examine the constraint curve graphed 
ge ona contour graph of the production function. 
c. The marginal productivity of money is \ ~ 3.15 radios 
Sie a [ per thousand dollars. An increase in the budget of 
We $1000 will result in an increase in output of approxi- 
8p) 03 mately 3 radios. 
0.4 
\ 03 . 2 dc : : 
ay 0.4 A 8 15Sa5 Ne als ~ -0.85 unit per percentage point 
] 02 b. AC = (-0.85 unit per percentage point) (2 percentage 


0.1 eee SSN : points) = -1.7 units. The minimum cohesiveness 
0 ~ 


measure should decline by approximately 1.7. 
c. The relative minimum when there are no constraints 
is approximately 2.5, which is obtained when the 


percentage of glucose and maltose is approximately 
34.7 and the percentage of moisture is approxi- 
mately 16.4. 

dP 


17. a. ha 3.15 radios per thousand dollars 


. AP = (3.15)(1.5) ~ 4.7 ~ 5 radios 

. Approximately 56 radios 

. S(r,h) = 2arh + oP? + a(rt 3)? square inches when 
the radius is r inches and the height is h inches 

. V(r, h) = tr? h = 808.5 cubic inches 

c. Solving the equations 


© oO of 


19. 


Te 


2th + 2ar + amr + 2) = d27rh 


2ur = dor 
wr°h = 808.5 
gives r ~ 4.87 inches, h ~ 10.86 inches, and S(r, h) ~ 
519.5 square inches. 

d. The answers are the same as those in Section 5.3. 

e. The solution method in Section 5.3 involves using 
the constraint to write the multivariable function 
as a single-variable function and then finding 
where the derivative of that function is zero. The 
method of Lagrange multipliers involves finding 
three partial derivatives and solving a system of 
three equations. 


Section 10.4 


1. a. fla, b) = (7 —a— b+ (11 — 6a — b)? + 
(19 2a by 
b. 2 = -2(7 — a — b) — 12(11 — 6a — Bb) - 
_ 24(19 — 12a — b) 
2 = -2(7 — a — b) — 2(11 — 6a — b) - 


2(19 — 12a — b) 
362 38 

= = 728 
« e 6 





c. The minimum value of f(a, b) is approximately 1.407. 
We verify that this is a minimum by noting that D > 0 
and f,, > 0. 

d. y = 1.099x + 5.374 

SeaiG.b) = (3 — b)- (2— 10a — by + 
(1 — 20a — b)’ 

b. The minimum value of f(a, b) is zero. We verify 
that this is a minimum by calculating D = 2400 and 
faq = 1000 and noting that both are greater than zero. 
Because the minimum SSE is zero, we know that the 
line of best fit is a perfect fit—that is, all of the data 
points lie on the line. 

c. y = -0.1x + 3 percent, where x is the number of years 
since 1970 

d. Answers will vary. 
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y 
Cost 


(dollars) 
18 


15 


x 
Omer? 6 9 ESS 
b. y = 1.176x + 1.880 dollars to make x cases of ball 
bearings. The vertical intercept is the fixed cost per 
case. The slope is the cost to produce one case. 
c. The deviations are approximately 0.044, 0.018, 0.013, 
-0.176, and 0.102; SSE ~ 0.044. 
d. To find the best-fitting line, first construct the function 
f with inputs a and b, which represents the sum of the 
squared errors of the data points from the line y = 
ax + b. Find the partial derivatives of f with respect to 
a and b. Simplify the partials, and find the point (a, b) 
where the partials are simultaneously zero. These are 
the coefficients of the model given in part b. The func- 
tion f evaluated at (a, b) gives the value of SSE shown 
in part c. : 
7. Minimizing fla, b) = (5.5 — b)? + (5 — 5a — b)? + | 
(4.8 — 8a — b)? + (4.6 — 10a — b)? | 
gives a ~ -0.089, b ~ 5.484, and f(a, b) ~ 0.00256. The 
line of best fit is y = -0.089x + 5.484 million experiments 
x years after 1970. 


Sh 
Population 

(billions) 
8 . 
i 
6 
5 
4 ° 
3 
2 ° 
1 
‘ Years since 

0 80 125 163 1850 


The data points appear to be concave up. 
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b. 
Natural log 
of population 
9) e 
1 
Years since 
0 80 125 163 1850 


The data are also concave up, but less so than in part a. 
c. y = 0.012x — 0.037, the natural log of the population 
in billions x years after 1850 


d. 
y 
Population 
(billions) 
8 : 
7 
6 
5 
4 6 
3 
YD ° 
1 % 
0 Years since 
0 80 125 163 1850 


y = €97(¢09l2)* billion people x years after 1850 
e. y = 0.964(1.012*) billion people x years after 1850. The 
model in part d simplifies to this model. 


Chapter 10 Review Test 


Aram see 1p et. 
Answers may vary. 

b. Highest ozone level ~ 450 thousandths of a centimeter 
at 90°N (the North Pole) in mid-March. Lowest ozone 
level ~ 250 thousandths of a centimeter at or just 
north of the equator between October and March. 

2. a. See table at right. 

b. The maximum crispness appears to be about 11.4, 
when the blanching temperature is 70°C and the 
blanching time is 15 minutes. 











Latitude 











c. A crispness index of approximately 10 occurs at x ~ 
26.4 minutes and y ~ 62.7°C. 

d. Because the determinant of the second partials matrix 
is greater than zero (D = 1.92) and C,, is negative 
CC 


'. = 10.4), the point found in part a is a maximum. 
There is only one critical point, and the table of values 
indicates that the function decreases in all directions 
away from that critical point. These two observations 
lead to the conclusion that the relative maximum is 


also an absolute maximum. 


. a. The maximum profit is approximately $202,500 for 
about 52,000 shirts and 9000 hats. (Answers may 
vary.) 

ONE si 20) (el 5) 0) 


Blanching time (minutes) 


Blanching temperature 





h 
Hats 
(thousands) 





200,000 





10 
5 
RY 
0 T-shirts 
30 40 50 60 70 (thousands) 


The constrained maximum profit is slightly more than 
$185,000 for about 34,000 shirts and 10,000 hats. 
(Answers may vary.) 
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4. 


a. 


A81 


“104.45 + 5935.5 — 59.1h = 4d 
99:15 510,299.35" =" 768.61) = 1-25N 
4s + 1.25h = 150 


. h ~ 10.04 thousand hats, s ~ 34.36 thousand shirts, 


P = $186,599 


. \ = 439 dollars of profit per thousand dollars spent 


For each additional thousand dollars budgeted, profit 
will increase by approximately $439, 


. Profit would increase by approximately $877. 
an @s 0) "(29.9 Fel gta) st 33. 40-81 5a) 0D) 


(675 — 20a —b)? 


. The minimum value of fis 0.06. We verify that this is a 


minimum by calculating the determinant of the sec- 
ond partials matrix (D = 600) and noting that it is 
positive and that f,, = 1450 is also positive. The mini- 
mum value is the sum of the squares of the deviations 
of the data from the best-fitting line. 


. y = 0.76x + 22.2 kg, where the temperature is x°C. 
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INDEX OF APPLICATIONS 


Business and Economics Applications 

Advertising effectiveness, 298, 445, 459-460 

Advertising with fliers, 363 

Airline profit, 79, 149, 197, 229 

Airline company expansion, 490-492 

Airline ticket sales, 79, 229 

Alaska cruise ticket sales, 198-199 

Amazon.com stock price/customer base, 30 

Amount of a loan, 124 

Annual yield of U.S. corn production and precipitation, 302, 
700 

Answering machine supply, 515 

Apartment complex fees, 338 

APR, 119-120, 123, 124, 178, 326, 494495, 498, 499, 628 

APY, 118-119, 123, 178, 180 

ATM transaction fee, 84, 136, 200, 278 

Baggage complaints, 328-330 

Balance in an account, 15, 23, 39—40, 44, 78, 96, 99-100, 261 

Ball-bearing costs, 149-150, 729-730 

Ball-bearing production, 149-150 

Beef demand/supply, 516 

Blender sales, 148-149 

Book sales, 281, 467, 517 

Bottled water consumption increase, 111-112 

Burger King waiting time, 538 

Butter price increase, 314-317 

Cable company revenue, 331—332 

Cable systems offering Internet access, 114, 287 

Cable television costs per person, 362 

Cable television line costs, 350 

Cable television subscribers, 296, 361 

Calculator prices, 517 

Campbell Soup Company sales, 579-580, 593, 603 

Car dealership advertising, 326 

Car down payment, 124 

Car sales in Quebec, 664, 700 

Car sales/used car resale value, 173 

Car value depreciation, 83 

Cattle prices, 244, 263 

CD revenue, 300, 445 

CD sales growth and decline, 111, 126-127, 303 

Ceiling fan demand, 514-515 

Cellular phone average monthly bills, 242 

Cellular phone cumulative capital investment, 219, 241-242 

Cellular phone demand/supply, 216, 504-505, 511-512 

Cellular phone roaming charges, 219 

Cellular phone service subscribers, 215-216, 446 

Certificate of deposit future value, 124 

Chapter 13 bankruptcy filings, 83 

Cheese production, 646-647 

Civil-transport aircraft production, 581 


Cobb-Douglas production function, 372, 667-669, 671, 718, 
724 

Cola price/sales, 66 

Comcast employees, 258-259 

Compact disc production/cost/sales, 396, 460 

Compact disc shipments, 163 

Company advertising, 360 

Company price competitions, 616, 682 

Company production costs, 280-281, 304, 339 

Company profit decline, 196 

Company quality decline, 312 

Company revenue change, 224—225, 484 

Compaq Computer Corporation salary/profits, 42-43 

Compound interest, 21—22, 25 

Computer chip profits, 43 

Concert/show ticket purchase, 340 

Construction company worker hours, 133, 364-365, 412 

Consumer price index, 77—78, 262, 269-270 

Continuously compounded interest, 552 

Corporation sales/costs/profits, 30-32, 82 

Cotterill model for supermarket performance, 644 

Credit card debt, 161 

Credit card finance charge/payment, 123, 283-284 

Credit card spending, 109 

Cruise to Cancun, 346-347 

Cumulative sales, 26 

Customer account assets, 109 

Customers per minute, 383-385, 412 

Customers served by ATM machines, 547 

Dairy company costs/industry/production, 287, 297 

Dell Computer Corporation employees, 248 

Demand function, 512 

Department store revenue change, 188 

Depreciation of value of machine, 171-172 

Designing a packaging carton, 724-725 

Diamond pricing, 624, 661 

Dog grooming business, 13-14 

Dog kennel, 349 

Dr. Laura Schlessinger’s radio program, 100-101, 125 

Duplex rent increase, 349 

DuPont stock, 395 

Economic inflationary cycle, 597-598 

Egg production, 299-300 

Employee hiring rate, 447—448 

European tire sales, 478-481] 

Factory sales of electronics in U.S., 6, 261, 410, 525 

Famous painting prints supply, 516 

Fast food restaurant customers, 231 

Film sales decline, 110-111 

Financial market meaning of derivatives, 233 

Financing new and used cars, 17 
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Fish production, 177, 281, 337 

Flexible work schedules, 15, 44 

Fork lift production costs, 152-153 

Frozen yogurt sales, 373, 546 

Fund-raising campaign, 184-185 

German bonds, 446 

Gold purchase, 294 

Golf ball production costs, 325 

Grapefruit production costs, 409-410 

Health club advertising, 724 

Heating oil for an apartment complex, 83-84 

Heating oil sales, 598-600 

Hot dog sales, 324—325 

Houghton Mifflin employees, 218 

House painting income, 306 

Hydroelectric facility forecasting, 582 

Ice cream sales, 583, 593, 596-597 

IGo Corp. stock, 296 

Imported passenger car sales, 153, 280 

Indexed price of wheat in the United Kingdom, 602 

Interest on a student loan, 124 

International Investment, 106-107 

Internet subscribers, 429 

Investment clubs, 156-159, 163 

Investment growth, 15, 40, 44, 66, 115-121, 123, 124-125, 
198, 229, 230, 251, 287, 288, 295, 302, 326, 409, 446, 
488, 489-490, 493-494, 495, 497-500, 555, 622-624, 
654-655, 662-663, 666 

Investment percentage yields, 116-118, 288 

Investments with 401(k) plans, 726-728 

Jewelry sales, 84 

Kelly Services, 199-200 

Kerosene lantern demand, 515 

Land value, 12 

Lawn mower sales, 611 

Life insurance premiums, 196, 322, 447 

Lift ticket sales and snow depth at a Utah ski resort, 624, 661 

Long distance telephone call rates, 525 

Manufacturing transistor radios, 725 

Marble fountain demand and supply, 556 

Marginal analysis, 322 

Market value of a house, 86 

Mattress manufacturing plant, 667-669, 718-720, 724 

Mechanical component assembly time, 175 

Median house size, 361 

Microsoft Corporation stock price, 66, 180, 308-309 

Minivan demand/supply, 507, 513-514 

Mobile home sales, 149 

Monthly payment on a loan, 124, 626, 628, 643, 666-667 

Mortgage debt, 309 

Mortgage monthly payments, 631-633, 634-635, 636-638 

Motor vehicle taxes, 84 

Mountain bike sales, 263, 294 

Movie sales, 135-136, 412 

Mulch sale profit, 713 

Natural gas prices, 146-147, 361 


New business profit, 429, 488-489, 555 

New Zealand bond rates, 114 

Newspaper deliveries, 67 

Newspaper subscriptions/subscribers, 68-70 

Oil production, 393-394, 410, 456-457, 458, 526 

Operating costs of used car dealership, 19 

Pencil production profit, 409 

Pepsi and Coke product shapes, 735-736 

Pepsi and Coke vending machine revenue/ sales, 627, 665, 
677-678 

Perishable raw material storage, 296-297 

Pizza sales revenue, 323, 712 

Postal rates, 14, 44, 162 

Postal service rate of change, 485 

Poultry production, 447, 527 

Price of CDs, 16, 515-516 

Product demand, 467, 501 

Production of handcrafted benches, 280 

Quarterly sales of a corporation, 23-24, 25 

Radio growth, 100-101 

Revenue in deutsche marks, 263, 294 

Revenue expansion, 492 

Revenue flow rate, 412, 458 

Roofing company jobs, 137-138, 140, 149, 197-198 

Roses sold per week, 516-517 

Russell Corporation sales, 364 

Saddle supply, 515 

Sale of cheeses in the Netherlands, 650-654, 715 

Sculptures demand/supply, 516 

Seafood restaurant buffet prices, 320-322 

Seasonal sales, 608, 613 

Shipments of LP/EP albums and CDs, 174 

Shipping charges, 46—47 

Small business sales/taxes, 71—73, 74-76, 80, 228-229 

Sparkling water demand, 515 

Stock market “October Madness”, 196-197 

Stock prices, 196 

Storm windows production costs, 281 

Street vendor sale of roses, 338 

Suaerbeck index, 602, 611-612 

Super Bowl T-shirts and hats sales, 733 

Survival of businesses, 73-74 

Swimsuit sales, 129-130 

Technology stock, 428 

Telephone marketing sales, 29 

Ticket sales for musical, 91 

Tire production/sales, 101-103, 445, 479-481 

Tissue paper sales, 303 

Toaster oven production/costs, 320, 442-443, 452-453 

Trade deficit, 485-486 

T-shirt production costs, 675 

T-shirt sale profits, 84-85, 230, 322, 377 

T-shirt/sweatshirt sales, 16-17, 85 

TV owners who subscribe to cable, 361 

TV production costs, 324 

Unleaded gasoline demand/price, 502-504, 505-506, 508-510, 513 


U.S. exports/imports, 485 

Used cars sales profit, 226, 244-245 
Used cars sold by franchised dealers, 176 
Violin production, 290-291 

Visa credit cards, 15, 248 

Washing machine service, 111 

Water ski sales, 46 

Wooden chairs demand, 514 


General Applications 

Accidents in British coal mines, 551 

Adhesiveness of honey, 648-649, 666, 684, TDS, ME IS 
Agriculture research spending, 305 

Aircraft accidents, 526 


Airplane travelers in Seattle-Tacoma International Airport, 30 


Amount spent reducing class sizes, 152 

Athletic organization donors, 447 

Australian grasshopper eggs, 217, 336, 361, 398-399 

Banana chip crispness, 732-733 

Banana prices, 696 

Baseball diamonds, 372 

Baseball photography, 369-370 

Basketball radius, 366 

Beach contest, 348 

Board game learning time, 547 

Booth dimensions, 349 

Bus waiting time, 548-549 

Calculus class exam scores, 548 

Campus transportation, 535 

Caribbean island shoreline, 348 

Census Bureau, 94 

Cereal in a box, 545 

Class registration waiting time, 541-542 

Cohesiveness of honey, 684, 692-694, 723 

Computer diskettes, 351 

Computers per student in U.S. public schools, 262 

Concealed-weapon permit renewals in Utah, 162 

Consistency of processed cheese spread, 659-660, 693-694, 
WANS 

Consistometer values for applesauce, 680, 701-702 

Consumer Price Index, CPI for different countries, 325 

Consumer Price Index, CPI for refuse collection, 163, 200 

Corn farming, 43, 229, 302 

Costumer waiting period, 545 

Cottage cheese consumption in U.S., 395 

Cotton gins, 261-262 

Countries issuing postage stamps, 132-133, 169-171 

Cow and bull revenue, 624, 661 

Crickets chirping, 272-273 

Crop yield, 618 

Dinosaur height distribution, 551-552 

Draining water, 381-382 

Elephant population in West Africa, 500 

Fabric costs, 624 

Faculty salaries, 8, 114 

Federal income tax, 624, 661 


Index of Applications A85 


Fencing area, 342-344, 347 

Flea population, 496—497 

Flower arrangements for weddings, 347 

Football ticket prices/sales, 85 

Foreign travelers to U.S, 301 

Fox population, 555 

Frozen juice can construction, 349 

Garbage in a landfill, 338-339 

Gender ratio, 94, 153, 336 

Girl Scout membership, 87 

Golf putts, 18 

Grocery check-out counter waiting times, 546 

Growth of pea seedling, 216 

Hepatitis A incidents, 76 

Hospital stays, 154, 395-396 

Households with computers, 302 

Households shopping online, 556 

Households with TVs, 304 

Households with TVs that have VCRs, 289, 305, 324 

Households with VCRs, 261, 293 

Households with washing machines, 445 

Hunting license fees, 376 

Iceberg lettuce average prices, 696 

Intel processor chips, 112-113 

Internet use in China, 196 

Ladder movement speed, 372 

Licensed drivers, 270-271 

Life of light bulbs, 540 

Mail weight/fee, 65-66, 86 

Milk consumption/price/sales, 30-32, 612 

Milk cow ownership decline, 112 

Milk cows supported by rye grass, 45—46, 627-628, 665-666 

Missouri farmland, 618-622, 629-631, 638-639, 655-659, 
696-697, 714-715 

Muskrat population in Iowa, 501 

Mylar usage, 557 

National defense spending, 339, 363-364 

National Rifle Association membership, 204 

Natural gas prices/production rates, 337, 375, 459 

NBA point guard, 302 

New York City subway token costs, 109 

Northern fur seal population, 501 

Northern Great Plains cows food consumption, 628, 666, 
711-712 

Overseas telephone calls, 173-174, 399 

Parking garage fee, 66 

Peach consumption, 626-627, 664, 678 

Pectin and pigment extraction from sunflower heads, 647, 
676, 714 

Peptides released in crayfish processing, 713-714 

Personal computers used in China, 112 

Plant growth, 416-419, 428, 451-452 

Popcorn tins, 344-345, 348-349, 725 

Processing mail at a post office, 294 

Rate of change, 270, 412-413, 482-483, 522, 610, 670 

Refuse collection, 163 


A86 Index of Applications 


Restigouche River fishing club salmon catch, 581-582, 601 

Rush hour average speeds, 525 

Salt leakage, 373 

Sausage additives to reduce cooking loss, 644-645, 714, 
715-716, 718, 721-722, 724 

Sooty tern population, 500-501 

Sorority bus trip, 349-350 

Student grades, 35, 624, 661 

Student grades/study time, 7, 14, 44, 221-223, 224, 231, 279, 
324, 358, 360, 362 

Styrofoam use in elementary school, 348 

Super Bowl ticket price, 448 

Swimmer’s times, 45, 173, 248, 261, 269, 337-338 

Telephone support call, 545 

Total stem volume for Douglas fir trees in British Columbia, 
644 

Total stem volume for red pine trees in Canada, 676 

Tourists visiting Tahiti, 375 

Traffic counts of vehicles, 161 

Transportation Committee, 311 

Tree girth/water consumption, 371 

Tree wood volume, 372 

Turkey consumption, 309 

Typing speed, 229 

University enrollment, 84 

Vegetable consumption, 153-154 

Vehicle maintenance costs, 275 

Visitors to an amusement park, 135 

Volume index for a cake, 671—672, 703, 709-710 

Voter turnout, 159-160 

Wagers in Nevada on the Super Bowl, 15, 44 

Waiting at a red light, 546 

Weight of airline-passenger luggage, 547 

Willie May’s stolen bases, 136 

Wine consumption in U.S., 406—408, 454—455 

Yard waste, 174 

Yeast dough, 287 


Life Science Applications 

AIDS cases, 150, 175-176, 186, 199, 232, 242, 260-261, 269, 
526 

Alcohol-related deaths, 232—233 

Algae growth, 409 

Animal experiments in England, 730 

Animal population growth, 495-496 

Arthritis research funds, 29, 201 

Atmospheric carbon dioxide, 289-290, 393, 558, 588-589, 
590-591, 603-604 

Atmospheric ozone levels, 732 

Average body-weight of a piglet, 733 

Average daily weight gain/loss of a pig, 625, 661-662, 701 

Average global radiation, 697-699 

Bacteria growth, 9-10, 97, 109, 392, 429-430 

Baby weight from birth to 4 weeks, 18 

Bicyclists’ distance, 125 

Bicyclists’ weight/speed, 125 

Birth rate of African country, 439, 442 


Births to single mothers, 86, 230 

Births to women 15-19 years, 174 

Births to women 45 years and older, 152, 280, 338, 362-363, 
396 

Body heat loss due to wind, 46, 628, 633-634, 635-636, 665 

Body-mass index, 641-643, 672-673, 67 

Cancer death rates, 91, 174, 231-232, 245 

Carbon monoxide emissions, 46, 487, 527-528 

Carrying capacity of a crop, 372, 645, 665-666 

Catolaccus grandis propogation, 648, 713 

Chlorofluorocarbons (CFCs) in atmosphere, 2, 87-88, 
176-177, 281-282, 323 

Cleaning up a chemical spill, 66 

Deaths due to influenza epidemic, 133-134, 197, 296 

Dehydration recovery time, 533 

Diastolic blood pressure, 413, 527 

Dieting/weight loss, 196, 208-209, 229 

Drug absorption/concentration/decomposition, 20, 66, 114, 
122, 126, 223-224, 333-334, 385-388, 400-402, 445, 
458 

Emergency room arrivals, 538-539, 546-547 

Emission of nitrogen oxides, 109, 339-340 

Endangered bird protection, 430 

Environmental pollution, 366 

Extraterrestrial radiation, 595, 601, 700-701 

Fertility rate, 310 

Height/age of a person, 15,18 

Height/weight of a person, 15, 44, 371, 624, 660 

Heights of college men, 130-131 

Insect egg production, 680-681 

Kidney transplants in the U.S., 42 

Lake contamination, 33-34 

Lead concentration, 113-114 

Lead emissions, 136, 364 

Lead paint usage, 151 

Liberation of fatty acids from milk fat, 713 

Life expectancies, 322, 398 

Liver transplants, 42 

Lizards gathered for pets, 584-585, 609 

Male brain weight, 175 

Male growth rate, 473 

Male metabolic rate, 278-279 

Milk storage and temperature, 109-110, 730 

Multiple birth rates, 201 

Olestra synthesis, 688-691, 705-709, 710-711 

Organ donors in the U.S., 83 

Osteopathic medicine students, 28, 29-30 

Patient’s temperature during illness, 583-584 

Patients admitted to and discharged from a hospital, 476-478 

Penicillin absorption, 126 

PH of solutions, 113 

Physical therapy and microwave radiation, 703-704 

Pneumonia death rate in U.S., 595-596, 602 

Polio epidemic, 134-135, 256-257, 356-357 

Regional analgesia during childbirth, 305 

Skin surface area, 676-677 

Snowball size, 373 


Spread of a virus, 127-128, 484 

Ultraviolet radiation, 574-576, 604, 607, 663-664 
United States death rates, 150-151 

U.S. wetlands, 91 

Weight change, 4, 6, 8, 21, 25, 470 

Weight of laboratory mouse, 113, 287, 410, 446, 458 


Physical Science Applications 
Acceleration of a car, 392, 398, 410-411, 436-437, 459, 526 
Air pressure, 103-106 
Air temperature, 32-33, 82-83, 189-192, 194-195, 204, 371, 
520-521,624-625, 628-629, 640, 661 
Air temperature during and after a thunderstorm, 317-319, 
396, 410, 459, 526 
Air travel, 372 
Air travel demand, 643 
Airplane ticket cost, 525-526 
Airplane travel, 229 
Airspeed of airplane, 322, 396-397, 458, 527 
Altitude, 103-106 
Altitude of airplane, 32-33 
Apparent temperature, 675-676 
Balloon pressure/size, 372-373 
Building a tunnel, 4-6 
Car distance, 314, 457, 545 
Carbon-14 dating, 125, 465, 467, 524 
Carson River flow rates, 389-390, 405-406, 453-454 
Changing sea levels, 455-456 
Chemical element decay, 121-122 
Chemical reactions, 135, 362 
Crude oil flow rates, 378, 470-471 
Daily temperatures in Boston, MA, 584, 593 
Daily temperatures in Fairbanks, Alaska, 583, 593 
Daily temperatures in New Orleans, LA, 584 
Daily temperatures in New York, 608 
Daily temperatures in Omaha, Nebraska, 580, 581, 591-592, 
600 
Daily temperatures in Philadelphia, PA, 180, 586-587, 
606-607 
Dam difficulties, 486 
Falling penny, 447 
Firing times of neurons in response to odors, 583 
Florida rainfall, 430 
Flow rate of a river, 337 
Frequency of cloud cover over Minneapolis, 626 
Fuel consumption, 138-140, 192-194, 242-243, 446 
Fuel efficiency, 230 
Gas expansion, 394-395 
Gas pressure/volume changes, 373 
Growth rate of corn, 229, 446 
Heart beats, 196, 518-519 
High diving, 447 
Highway speed for trucks, 350-351 
Hours of darkness in Anchorage, Alaska, 582, 602-603 
Hours of darkness at the Equator, 582-583 
Hours of darkness at the Tropic of Capricorn, 582-583 
Hours of daylight at the Arctic Circle, 576-579 
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Hours of daylight in Honolulu, Hawaii, 608 

Hours of daylight for the northern and southern 
hemispheres, 641-642 

Hours of daylight in a town or city, 582, 603 

Humidity level, 322 

Hurricane speed, 470 

Isotherms and precipitation, 649, 734 

Kite movement, 372 

Lake Tahoe level, 197, 336-337, 362, 398, 614-615 

Leaking dam, 458 

Leaking gasoline tank, 294 

Mean temperatures and air pressure at Halley Bay, 640-641 

Missile misfires, 148, 199 

Mountain bike speeds, 395 

Mountain lake level, 409 

New York City rainfall, 730 

Newton’s Law of Cooling, 125, 178 

Piano acceleration, 443-444 

Polar night region temperature, 227 

Power output of diesel engine and wind turbine, 594, 
601-602 

Precipitation in U.S. corn belt, 700 

Radioactive decay, 125 

Raindrop size/speed, 230-231 

Rainfall in New Orleans, 545 

Rainfall and wind speed during a tropical storm, 28-29 

Robot speed, 394 

Savannah River entrance tides, 596, 605-606 

Snow cover/depth, 394 

Snow rate of change, 458-459 

Speed of a roller coaster, 248 

Speed of a vehicle, 201-202, 213 

Speeding fines, 49 

Spread of a chemical spill, 368-369 

Stopping distance for a car, 392-393 

Sun angle from the equator, 217, 597, 604, 609 

Survival rate of flour beetle, 216-217, 580, 604 

Temperature in the south Gobi desert, 594-595 

Temperature in a southwestern city, 543-544 

Toyota Supra and Porsche 911 Carerra speeds, 472, 484-485 

Tractor speed, 270 

Travel distance of a car, 414-416 

Uranium decay rate, 467 

Velocity of a crack, 411, 526-527 

Velocity of a vehicle, 375, 380-381, 428, 683 

Weather satellite orbit, 594 

Wind turbine optimal placement, 649 

Work required to propel a rocket, 467 

X-ray pulse emission from a neutron star, 601, 608-609 
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Social and Behavioral Sciences Applications 

ACT composite average, 196 

Aging of American population, 252, 397 

Aluminum can recycling, 390-392 

American Humane Association, 88 

Cab fares, 37-38 

Calls to a sheriff’s office, 243-244, 296, 587-588 

Campus organization membership, 243 

Children living with grandparents, 162-163, 180, 295 

City population growth, 227-228 

Civilian labor force in South Carolina, 446 

Club membership, 109 

College enrollment/tuition/financial aid, 45, 86, 92, 123, 124, 
269-270, 287-288, 295, 298-299, 673-674, 677 

College fee-refund schedule, 250 

College tuition rates in the southeast, 44, 86 

Compulsory school laws, 182-183 

Concealed-weapon permit renewals in Utah, 162 

Consumer credit, 85-86, 446 

Cost of living, 17 

Cost of public defender services, 26-27 

Disposable personal income in U.S., 262 

Distribution of wealth, 325-326 

Donation solicitation, 66 

Donations to athletics, 361-362 

Donner Pass, 19-20 

Employment in Slovakia, 218-219 

Energy production and consumption, 70—71, 393, 582 

Federal funding for education, 85 

Female computer science Ph.D. graduates, 399 

Foreign-born U.S. residents, 265-266 

Health insurance complaints, 45 

High school enrollment and dropouts, 230 

Housing inflation, 124 

Housing units lacking complete kitchen facilities, 729 

Hutterite Brethren children, 641-642 

Infants born to 5 generations of a family, 730 

Jail capacity, 244, 263 

Land subsidence in the Santa Clara Valley, 703 

Mayoral election, 302-303 

Median age at first marriage, 149, 168-169, 199 

Median family income, 288 

Median income, 486 

Median sale price of one-family homes, 16 

Medicare prescription drug plans, 200-201 

Military rank/pay, 15, 44 

Military veterans in U.S. House of Representatives, 279-280 

Minimum wage, 17—18 

Missouri and Mississippi Rivers flooding, 704 

New-home prices, 35-36 

Political organization members, 230 

Population of American Indian, Eskimo, and Aleut, 196 


Population of Aurora, Nevada, 289, 528 

Population of California, 317, 319-320 

Population change due to civil war, 484 

Population of a city and garbage trucks, 294 

Population of Cleveland, Ohio, 142, 238-239, 322-323 

Population control, 314 

Population of a country, 83, 408 

Population density of Nevada, 195-196 

Population of Great Lakes region, 527 

Population of Hawaii, 279 

Population of Indiana, 209-212 

Population of Iowa, 161-162, 177, 225-226, 242, 276-277, 
289 

Population of Kentucky, 327-328, 340, 352-354 

Population of Mexico, 46, 111, 199, 323-324, 526 

Population of moths, 486-487 

Population of New England, 397, 458 

Population of North Dakota, 87, 395 

Population of people 65 years or older, 279 

Population of people between 65 and 74 years old, 336, 361 

Population shift as a result of a dictator, 50-51 

Population of a small town, 97-99, 103 

Population of South Carolina, 176, 323, 522-523 

Population of United States, 140-141, 217-218, 304, 549-550, 
730 

~Population of West Virginia, 41, 86-87 

Populations of United States and Canada, 281 

Populations of United States, Canada, and Mexico, 281 

Poverty in U.S., 304 

PTA organization, 133, 200, 296 

Public day-school enrollment/drop-out rate, 302, 306 

Purchasing power of U.S. dollar, 305-306, 447 

Ratio of males to females in the U.S., 152, 153, 365, 601, 609 

Residential gas use in Reno, Nevada, 579 

SAT I: Reasoning Test math scores, 529-533, 536, 548 

SAT scores, 547-548 

Small town population decline, 97-99 

Social Security checks, 17 

Social Security trust fund, 397 

Social Security workers per beneficiary, 109 

Students graduating from high school in South Carolina, 
354-355 

Texas household income, 550-551 

Time to learn rules/a task, 547 

Time parents spend with children, 249 

Tobacco ban bill support letters, 624, 661 

Unemployment rates, 196 

Vacant office space in Chicago, 36-37 

Women in the civilian labor force, 267—268, 271 

World population growth, 88, 110, 136, 181, 203, 457 

Worldwide arable and permanent cropland, 91 

Young adults not yet married, 729 


SUBJECT INDEX 


A 


absolute maxima and minima, 328, 329, 
333, 334, 340, 341, 540, 686, 
690-695 

acceleration, 443, 444 

accumulated changes 

averages and, 517-524 

biological streams and, 495-497 

differences of, 476-483 

explanation of, 380-382 

income stream and, 487-495 

integrals in economics and, 501-514 

left- and right-rectangle approxima- 
tions and, 382-388 

midpoint-rectangle approximations 
and, 388-390, 400-403, 434 

perpetual, 463-465 

in sine and cosine functions, 604—607 

working with count data and, 390-392 

accumulated value, 622-624 

accumulation function graphs, 417-426 

- accumulation functions 

and area, 422, 423 

concavity and, 424-426 

explanation of, 421, 444 

formulas for, 426-427, 432-433, 
449-453 

for lines, 421—423 

accumulation graphs, 414-420 

algebraic method for finding slope, 
263-269 

aligning data, 74-76, 107-108, 154 

amplitude, 566, 575, 597 

angle measure, radian, 560-562 

angles 

initial side of, 560 
in standard position, 560, 562 
terminal side of, 560, 562, 564 

annual percentage rate. See APR (annual 
percentage rate) 

annual percentage yield. See APY 
(annual percentage yield) 

antiderivatives 

composite functions and, 462—463 

Constant Multiplier Rule, 438, 440, 
44] 

Constant Rule, 441 

constant term, 452 

e Rule, 440, 441 

e* Rule, 440, 441 


explanation of, 435—436, 476 
Exponential Rule, 440, 441 
general, 437, 444, 448, 460-461, 604, 
605 
limitations of, 460-463 
Natural Log Rule, 440, 441 
products and, 461-462 
rules for finding, 456-457 
Simple Power Rule, 438—441 
of sine and cosine functions, 604-606 
specific, 442-444 
Sum Rule, 439-441 
approximating change 
examples of, 317-320 
explanation of, 314-317 
formula for, 316 
instantaneous rate of change, 
211-213, 220, 226 
marginal analysis and, 320-322 
approximations 
with derivatives, 224-226 
left- and right-rectangle, 382-388 
midpoint-rectangle, 389-390, 
400-403 
results of change and area, 380-392 
APR (annual percentage rate) 
determining, 119-120 
explanation of, 115 
APY (annual percentage yield) 
comparing, 116 
of continuous compounding, 
118-119 
explanation of, 115 
area 
beneath a curve, 403-404 
between two curves, 478-483 
as probability, 530-534 
of rectangles, 383, 386, 387, 389, 390 
asymptotes, 58, 126, 127 
average, 517-519 
average cost, 14 
average rate of change 
calculation of, 190 
explanation of, 188, 220, 522-524 
using equations to find, 194-196 
using graphs to find, 190-194 
average value 
of a cycle, 566 
of functions, 519-521 
of rate of change, 522-524 


of sine models, 606-607 
axes intercepts, 13, 68, 69 


b* rule for antiderivatives, 283 
b* rule for derivatives, 283, 286 
best fit, 77, 128, 727 
biological streams 
explanation of, 495-497 
future value of, 496 
body heat loss, 633-634 
body-mass index, 641-643, 672-673 
break-even points, 13 
break points, 41, 55 


C 


calculus 
explanation of, 4 
goals of, 188 
Cancellation Rule, 55 
capital value, 500 
Carbon-14, 465, 524 
carrying capacity, 645, 665 
Centers for Disease Control (CDC), 186 
certain events, 531 
Chain Rule 
first form of, 289-291 
second form of, 291-292 
use of, 292-293, 367, 440, 462, 586, 
670 
change 
accumulated (see accumulated 
changes) 
approximating (see approximating 
change) 
average rate of (see average rate of 
change) 
compensating for, 667-675 
descriptions of, 189-190, 192 
in functions, 314-316 
instantaneous rate of, 201-213, 220, 
226 
interconnected, 365-370 
in multivariable functions, 650 
percentage, 96, 99-103, 188, 190-196 
rate of (see average rate of change; 
rate of change) 


A89 


A90 Subject Index 


results of, 317, 382 
circle, unit, 560, 562-565 
Cobb-Douglas production function, 
667, 668, 671, 718-721 
compensating for change, 667-675 
composition, function, 32-34, 291-292 
Composition Property of Inverse 
Functions, 37, 38 
compound interest 
continuous, 117—120 
formula for, 115, 116 
future value and, 120 
present value and, 120-121 
concave down/up, 128, 141, 142 
concavity 
accumulation and, 424-426 
second derivative and, 358-359 
constant, graph, 10 
Constant Multiplier Rule, 53, 273-275, 
277, 438, 440, 441, 586, 587, 
652, 654-655 
constant percentage change, 96 
Constant Rule 
for antiderivatives, 441 
explanation of, 53, 272, 277 
consumer price index (CPI), 77-78 
consumers 
expenditures and surplus of, 505-507 
willingness and ability to spend, 
502-505 
continuous 
definition of, 55-56 
without restriction, 25 
continuous curves, 7, 21—22 
continuous functions 
compound interest rate as, 115 
contour graph of, 687 
with discrete interpretation, 21-27, 
115 
explanation of, 56-57 
maxima and minima and, 333, 357, 
690 
periodic, 560 
piecewise, 22, 40-42, 55, 164, 
209-211, 257-258, 510, 532 
probability density functions as, 532 
producer revenue and, 510 
rates of change of, 210-211, 220 
smooth, 257, 258 
continuous income streams 
explanation of, 488 
future value of, 489-491 
present value of, 491-492 
continuous information, 21 
continuous models, 23-27, 68 
continuously compounded interest, 


117-120 
continuously compounded interest 
formula, 118 
contour curves 
compensating for change and, 
668-672 
explanation of, 629-630 
formulas for, 634-636 
locating absolute extrema using, 
690-695 
sketching, 632-634, 689 
slope of line tangent to, 670-671 
contour graphs 
explanation of, 630 
function of, 630 
locating absolute extrema using, 
690-695 
locating critical points on, 687-689 
output and change in output using, 


636-639 
use of, 631-632, 688 
contours 


farming, 638-639 : 
simple closed, 687, 688 
temperature, 649 
controlled variable, 7 - 
cosine functions 
antiderivatives of, 604—606 
derivative of, 590-592, 598 
explanation of, 562-565 
frequency of, 566-567 
graph of, 564, 565 
values of, 563-564 
costs, 13 
count data, 390-392 
critical points 
algebraically finding, 705-708 
on contour graphs, 687-689 
explanation of, 687 
in tables, 689-690 
of three-dimensional functions, 708 
cross section, 620 
cross-sectional models/functions 
from equations, 622-624 
example of, 621-622 
explanation of, 620 
rates of change of, 655 
for revenue, 650-652 
use of, 652, 655-658, 673, 674, 706, 707 
cubic equations, 143, 144 
cubic functions, 143, 144 
cubic models 
explanation of, 143-145 
use of, 146-147 
cumulative density functions, 541-545 
cumulative sales, 26 


curves 
area between two, 478—483 
constraint, 716 
continuous, 7, 21—22 
contour, 629-636, 716 | 
demand, 502 
logistic, 130, 157, 234-235 
normal, 539, 540 
smooth, 164, 207 
supply, 508-509 
tangent line to, 207, 208 
cycles 
accumulation in, 604—607 
average of, 566 
inflection points and, 597-600 
cyclic data, 573-574 
cyclic functions. See also cosine 
functions; sine functions 
explanation of, 560 
as models, 573-579 


D 


data 
aligning, 74-76, 107-108, 154 
best fit for, 77 
count, 390-392 
cyclic, 573-574 
describing, 6 
discrete, 21, 27 
linear, 72 
multivariable, 620 
shifting, 154-160 
decreasing without bound, 49-50 
definite integrals 
antiderivative definition for, 450-453 
antiderivative limitations and, 
460-463 
and area, 404 
and area beneath curve, 403—404 
divergence and, 465-466 
evaluating, 450 
explanation of, 404-405, 413-414, 444 
interpretation, 405-408 
as limit of sums, 400—408, 444, 476 
perpetual accumulation and, 
463-465 
of a piecewise continuous function, 
453, 454 
sums of, 453—457 
demand curves, 502—504 
demand functions, 502—504 
density functions 
cumulative, 541-545. 
exponential, 537-539 


normal, 539-540 
probability, 531-545 (see also proba- 
bility density functions) 
uniform, 534-535, 541 
dependent variables, 7, 366 
depreciation, 171-172 
derivative graphs. See also rate-of- 
change graphs 
of accumulation function, 433-434 
maxima and minima and, 352, 357 
derivatives 
of accumulation function, 435 
algebraic method, 263-264 
approximating with, 224-226 
Chain Rule, 289-293, 586 
Constant Multiplier Rule, 273-275, 
277, 285, 286, 586 
Constant Rule, 272, 277, 285, 286 
of cosine function, 590-592, 598 
Exponential Rules, 282-286 
formulas for, 267, 285, 286, 585-586 
Four-Step Method, 266-268 
general formula, 266-269 
interpreting, 224 
of linear function, 272 
Linear Function Rule, 277, 286 
maxima and minima and, 326-330, 
340-347 
of natural log function, 284 
notation and terminology for, 
219-221 
numerical method, 254-255 
partial, 652-660, 670 
percentage rate of change and, 
227-229 
of piecewise continuous function, 
275-277 
Power Rule, 277, 285, 286 
Product Rule, 298-301, 460, 461 
second, 352-359 
Simple Power Rule, 273 
of sine function, 585—586, 598 
Sum Rule, 274, 275, 277, 285, 286, 
586 
determinant, 708-709 
Determinant Test, 709-712, 715 
deviation, 77, 727 
differences 
of accumulated changes, 476-483 
first, 98, 121, 143, 172 
percentage, 172 
second, 143, 172 
third, 143 
diminishing returns, 358 
discrete, 22 
discrete data, 21, 27 


discrete graphs, 21, 25 
discrete income streams 
explanation of, 488, 492 
future value of, 492-495 
discrete information, 21 
discrete interpretation 
continuous functions with, 22-27, 
iS 
Piecewise continuous with, 25 
distribution 
median of, 548-549 
normal, 531, 539-540 
probability, 329-331 (see also proba- 
bility; probability distributions) 
divergence, 465—466 
domain, 7 
dominant terms, 59-60 


E 


e, continuous compounding and 
number, 117-118 
e™ Rule, 440, 441 
e* Rule, 440, 441 
for derivatives, 282 
effective rate, 115 
elimination half-life, 122 
end behavior 
algebraically determined, 59-60 
limits describing, 58 
of log functions, 106 
numerically estimating, 58—59 
of scatter plots, 167 
equations 
constraint, 716 
contour curve, 669, 671 
cross-sectional models from, 622-624 
determining percentage change and 
average rate of change using, 
194-196 
exponential, 96, 97 
linear, 68 
linear system of, 708 
logarithmic, 105 
Siple and Passell heat-loss, 633-635 
equilibrium, market, 512, 513 
equilibrium point, 512, 513 
error 
deviation, 77, 727 
round-off, 79 
sum of squared, 77—78 
expected value 
of a cycle, 566 
of density function, 535-536 
expenditures, 505-507 


Subject Index A91 


exponential decay, 97, 121-122 
exponential density functions, 537-539 
exponential equations 
aligning data for, 103 
explanation of, 96, 97 
shifting data and, 155-156 
exponential functions 
explanation of, 96 
graph of, 140 
output of, 155 x 
percentage change in, 99-103, 108 
properties of, 38-40 
exponential growth 
with constraints, 126-127 
explanation of, 97 
exponential models 
for compound interest, 115-116 
for continuous compounding and 
number e, 117-120 
for decay, 121-122 
finding, 97-99 
for present and future value, 120-121 
use of, 96-97 
Exponential Rules 
for antiderivatives, 440, 441 
for derivatives, 282-284 
extrapolation, 72, 86, 145 
extreme points 
determining, 598-599 
explanation of, 326, 334, 597-598 
inflection points and, 599-600 
relative and absolute, 327-334 


F 


first differences, 72 
fixed costs, 13 
Four-Step Method, 266-268 
frequency, of sine or cosine function, 
566-567 
function composition 
explanation of, 32-34 
use of, 291-292 
functions 
accumulation, 413—427 
adding, 32 
average value of, 519-521 
Cobb-Douglas production, 667, 668, 
671, 718-721 
combining, 30-35 
constraint, 716 
constructed, 30—42 
continuous (see continuous functions) 
cosine, 563-567, 590-592, 598, 
604-606 


A92 Subject Index 


cross-sectional (see cross-sectional 
models/functions) 

cubic, 143 

cumulative density, 541-545 

cyclic, 560, 573-579 

demand, 502 

explanation of, 6-7, 564 

exponential, 38—40, 96, 99-103, 108, 
140, 155 

inputs of, 6, 564 

inside, 33 

inverse, 35—40 

linear, 67, 68, 71 

logarithmic, 38, 103-107, 131, 
159-160 

logistic, 126, 127, 155-159 

multivariable, 618-624 

natural logarithm, 38-40 

output, 6 

outside, 33 

periodic, 560 

piecewise continuous (see piecewise 
continuous functions) 

polynomial, 137-147 

probability density, 531-545 (see also 
probability density functions) 

product, 31 

quadratic, 137-140 

rate of change of, 69, 71, 96 

rational, 53-54, 264 

recognizing, 11-13 

recovering, 436—437 

renewal, 496 

sine, 562—570, 574-579, 586-590, 
598, 604-606 

subtracting, 32, 33 

supply, 508 

survival, 496 

trigonometric, 560-570 (see also 
cosine functions; sine functions) 

Fundamental Theorem of Calculus, 435, 
437, 448, 449, 456, 460, 462, 
476, 490, 604 
future value 

of biological streams, 496 

explanation of, 120 

of income streams, 489-495 


G 


general antiderivative, 437, 444, 448, 
460-461 
General Rule for Tangent Lines, 207, 209 
graphs 
accumulation function, 417—426 
constant, 10 


continuous, 7, 21—22 

contour, 630-632, 636-639, 687-689 

of cosine function, 564, 565 

cubic equations, 143-144 

of cumulative density functions, 
542-543 

decreasing, 10 

discrete, 21, 25 

in economics, 501—502 

finding percentage change and aver- 
age rate of change using, 
190-194 

increasing, 10 

of probability density functions, 
544-545 

rate-of-change, 233-240, 327, 332, 
352 

slope of, 69, 202, 204, 205, 254 

growth, exponential, 97, 127-127 


H 


half-life, 121, 122 
histograms 
explanation of, 529 
probability, 531 ; 
use of, 530-531 
horizontal asymptotes 
explanation of, 58 
logistic functions and, 126, 127 
horizontal axis, 8 
horizontal axis intercept, 69 
horizontal shifts 
explanation of, 154, 155 
in sine function, 567-570, 575, 577, 
578 


impossible events, 531 
improper integrals, 463 
income streams 
continuous, 488 
determining, 488-489 
discrete, 488, 492-495 
explanation of, 487-488 
future value of, 489-491, 494-495 
present value of, 491-492 
increasing without bound, 49 
independent variables, 7, 366 
index 
body-mass, 641-643, 672-673 
consumer price, 78-79 
infinity, 59, 60 
inflection points, 128, 351-359, 575, 
597-600 


information, 21 
initial side, 560 
input/output diagrams, 6, 31, 32, 34, 35, 
353, 436 
inputs . 
of continuous functions with discrete 
interpretation, 23-25 
determining, 341-342 
explanation of, 6, 7 
outputs corresponding to, 8 
of trigonometric functions, 564 
inside function, 33, 291, 292 
instantaneous rates of change 
approximating, 211-213 
existence of, 209-211 
explanation of, 201—202, 220 
local linearity and tangent lines and, 
203-205 
secant and tangent lines and, 
206-209 
time and, 226 
integrals 
definite (see definite integrals) 
in economics, 501-514 
improper, 463 
in situations of change, 529-545 
intercepts 
axes, 13, 68, 69 
explanation of, 14, 69 
horizontal axis, 69 
vertical axis, 68, 69 
interconnected-change equations, 
366-368 
interest 
compound, 115-116 
compounded continuously, 117—120 
interpolation, 72, 86 
interpretation, 222 
inverse functions 
algebraically finding, 37—40 
Composition Property of, 37, 38 
explanation of, 35-37 
irrational numbers, 117 
isotherms, 649 


L 


label, 81 
Lagrange multiplier, 717—722 
leading coefficients, 141 
least-squares line, 727 
least squares method, 78, 726-728 
left rectangles, 384 
Left and Right Limits Rule, 49 
limits 

algebraically determined, 53-55 


algebraically determined end behav- 
ior and, 59-60 
Cancellation Rule, 55 
Constant Multiplier Rule, 53 
Constant Rule, 53 
continuity and, 55-57 
definite integral and, 400-408, 444, 476 
definition of, 48-49 
describing end behavior, 58-59 
graphically estimating, 50-51, 60-61 
with improper integral, 463 
at infinity, 60 
introduction to, 47-48 
left and right, 49 
numerically estimating, 51-53, 60-61 
Piecewise Continuous Rule, 55 
Replacement Rules, 53-54 
Sum Rule, 53 
of sums, 400-408, 413 
that do not exist, 49-50 
using multiple methods for, 61-63 
line of best fit, 727 
linear equations, 68, 77 
Linear Function Rule, 277 
linear functions 
derivative of, 272 
explanation of, 67, 68 
rate of change of, 71, 96 
linear models 
data alignments and, 74-77, 107-108 
explanation of, 71 
finding, 71-74, 107 
numerical considerations and, 78-82 
parameters of, 68-70 
representations of, 67-68 
sum of squared errors and, 77-78 
linear system of equations, 708 
lines 
best-fit, 77 
secant (see secant lines) 
slope of, 68-70 
tangent (see tangent lines) 
local linearity, 203-204, 210 
local maximum, 327 
local minimum, 327 
logarithmic equations, 105 
logarithmic functions 
end behavior of, 106 
modeling and, 103-107 
properties of, 38, 131 
shifting data for, 159-160 
logarithmic models 
aligning data for, 107-108 
definition of, 105 
logistic curves 
example of, 130, 157 
slope graph of, 234-235 


logistic functions 
explanation of, 126 
horizontal asymptotes and, 126, 127 
leveling-off/limiting value, 127 
output of, 155 
shifting data and, 155-159 

logistic models, 127-131 


M 


marginal analysis, 320-322 
marginal cost, 320, 442-443 
marginal productivity of money, 721 
marginal profit, 320 
marginal revenue, 320-322 
market equilibrium, 512, 513 
market price, 504 
mathematical models, 4-6. See also 
models 
matrix, second partials, 658-660 
maximum 
absolute, 328, 329, 333, 334, 686 
relative, 327, 330, 331, 340-341, 357, 
686, 687 
maximum value, 328, 574, 575 
mean 
computing, 536-537 
explanation of, 535-536 
median, 548-549 
method of least squares, 78, 726-728 
midpoint rectangles, 388-390, 400-403, 
434 
minimum 
absolute, 328, 329, 333, 334 
relative, 327, 330, 331, 340-341, 357, 
587, 687 
minimum value, 328, 574, 575 
mixed second partial derivatives, 658 
models 
best-fit, 128 
business, 13-14 
choosing, 164-172 
continuous, 23-27, 68 
cross-sectional (see cross-sectional 
models/functions) 
cubic, 143-147 
cyclic functions as, 573-579 
elements of, 81 
explanation of, 4 
exponential, 96-99, 103, 115-121, 
140-142 
label, 81 
linear, 67—82. See also linear models 
logarithmic, 103-107 
logistic, 128, 129 
mathematical, 46 
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piecewise continuous, 25, 41-42 
polynomial, 137-147 
quadratic, 137-142 
rounded, 79, 80 
sine, 574-579, 606-607 
unrounded, 79 
writing, 80 
multiplication, 96 
multivariable functions 
analyzing change in, 650 
cross-sectional models and, 620-624. 
See also cross-sectional mod- 
els/functions 
examples of, 618-619 
explanation of,618 
partial derivatives and, 652-656 
second partial derivatives and, 
656-660 
Multivariable optimization 
Determinant Test and, 708-712, 715 
finding critical points algebraically 
and, 705-708 


N 


Natural Log Rule 

for antiderivatives, 440, 441 

for derivatives, 285 
natural logarithmic functions, 38-40 
nominal rate, 115 
normal density functions, 539-540 
normal distribution, 531, 539-540 
numerical method, 254-257 
numerical results 

accuracy of, 78, 79 

irrational, 117 

rounding, 78-79 


O 


observed variable, 7 
optimal points. See extreme points 
optimization 
under constraints, 715-722 
explanation of, 326 
Lagrange multiplier and, 717-722 
least-squares, 726-728 
multivariable, 705-712 
problem-solving strategy for, 342-347 
setting up equations and, 341 
output 
of continuous functions with discrete 
interpretation, 23-25 
determining, 8-9, 341-342 
estimating, 636-639 
explanation of, 6, 7 
of trigonometric functions, 564 


A94 Subject Index 


outside function, 13, 291, 292 
overhead, 13 


Pp 


parabola, 137, 140, 141 
partial derivatives 
explanation of, 652-654 
mixed second, 658 
second, 656-660 
use of, 670 
partial rates of change, 652-660 
percentage change 
explanation of, 188 
in exponential functions, 99-103, 108 
in exponential models, 97-98 
in linear functions, 96 
using equations to find, 194-196 
using graphs to find, 190-194 
percentage rate of change, 227-229 
period, 560 
periodic functions, 560 
perpetual accumulation, 463-465 
piecewise continuous functions 
break points of, 55 
definite integrals for, 453, 454 
derivatives of, 275-277 
explanation of, 22, 40-41 
finding slope of, 257-258 
forming, 164 
modeling using, 41-42 
probability density functions as, 532 
producer revenue and, 510 
tangent lines and, 209-211 
Piecewise Continuous Rule, 55, 57 
piecewise functions, 257-258 
plasma half-life, 122 
plot. See scatter plots 
point of tangency, 203 
points 
break, 41, 55 
break-even, 13 
critical (see critical points) 
of diminishing returns, 358 
equilibrium, 512, 513 
extreme, 326-334 
of inflection, 128, 351-359, 575, 
597-600 
of least rapid change, 352 
of most rapid change, 352 
saddle, 686, 687, 690 
shutdown, 508 
polio, 256-257 
polynomial functions 
limits of, 53-54 
use of, 137-147 


Power Rule. See Simple Power Rule 
present value 
explanation of, 120 
of income streams, 491492 
price index level, 644 
principal, 21 
probability 
area as, 530-534 
explanation of, 529-531 
probability density functions 
construction of, 533-534 
cumulative, 541-545 
explanation of, 531-532 
exponential, 537-539 
graphs of, 544-545 
mean and, 535-537 
median, 548-459 
normal, 539-540 
standard deviation and, 536-537 
uniform, 534-535, 541 
probability distributions 
explanation of, 529-530, 532 
exponential, 537-539 
uniform, 534-535, 541 
probability histograms, 531 
producers — 
revenue and surplus of, 509-512 
willingness and ability to receive, 
508-509 
product functions, 31, 667, 668 
Product Rule 
explanation of, 298-300 
use of, 300-301, 367, 460 
profit, 13, 14 
Pythagorean Theorem, 6 


Q 


quadratic functions, 137-140 
quadratic models 
explanation of, 137-138, 143 
use of, 138-143 


R 


radian measure, 560-562 
random variables 
distribution of, 531, 532 
explanation of, 530 
range, 7 
rate of change 
average, 188, 190-196, 220, 522, 
523 
average value of, 522, 523 
explanation of, 220-221 
of function, 69, 71, 96 


input and output variables and, 
365-366 
instantaneous, 201-213, 220, 226 
partial, 652-660 
percentage, 227-229 
rate-of-change formulas 
Constant Multiplier Rule, 273-275 
derivatives of piecewise functions, 
275-277 
explanation of, 272-273, 355 
Exponential Rules, 282-284 
Natural Logarithm Rule, 284 
Simple Power Rule, 273 
Sum Rule, 274-275 
use of general, 266-269 
rate-of-change graphs 
drawing, 233-237 
equation of, 268-269 
examination of, 237-239, 327, 332 
explanation of, 233 
maxima and minima and, 352 
points of undefined slope and, 240 
rates 
annual percentage (see APR; annual 
percentage rate) 
effective, 115 
nominal, 115 
related, 365-370 
rational functions 
elements of, 264 
limits of, 53-54 
recovering a function, 436-437 
rectangles 
left, 384 
midpoint-rectangle approximations, 
389-390, 400-403, 434 
right, 385 
related rates 
explanation of, 365-366 
method of, 369-370 
related-rates equation, 366-368 
relative maximum, 327, 330, 331, 
340-341, 357, 686, 687 
relative minimum, 327, 330, 331, 
340-341, 357, 686, 687 
renewal functions, 496 
Replacement Rules, 53-54, 57 
results of change, 317, 382 
revenue 
explanation of, 13 
marginal, 320-322 
of producers, 509-512 
rate of change in, 650-652 
right rectangles, 385 
rise, 69 
rounding, 79 
run, 69 


S 


saddle points, 686, 687, 690 
scatter plots 
examining, 164-172 
examples of, 36, 71, 98, 104, 129, 
140-142, 145, 146, 156, 191, 
574, 576, 577 
explanation of, 21 
secant line slope formula, 264 
secant lines 
explanation of, 191 
relationship between tangent lines 
and, 206-207 
slope of, 191, 254-257, 264-268 
second derivative 
concavity and, 358-359 
explanation of, 352-354 
use of, 354-358 
second differences, 137 
second partial derivatives, 656-660 
second partials matrix, 658-660 
shift 
horizontal, 154, 155 
vertical, 154-156 
shutdown point, 508 
simple closed contours, 687, 688 
Simple Power Rule 
for antiderivatives, 438-441, 461 
for derivatives, 273, 277 
sine functions 
derivative of, 586-590, 598 
explanation of, 562-565 
frequency of, 566-567 
graph of, 564 
as model, 574-579, 606-607 
values of, 563-564 
variations of, 566-570 
Siple and Passel heat-loss equation, 
633-635 
slope 
algebraic method for finding, 
263-269 
of curve, 202, 203, 220 
formulas for, 269, 292 
of graph, 69, 202, 204, 205, 254 
of line, 68-70 
numerical method for finding, 
254-257 


of piecewise functions, 257-259 
of secant line, 191, 254-257, 264-268 
of tangent line, 204, 240, 254-256, 
263-266 
undefined, 240 
slope graphs. See rate-of-change graphs 
smooth 
continuous functions as, 257, 258 
curves as, 164, 207 
social gain, total, 512-514 
specific antiderivatives, 442-444 
speed. See velocity 
SSE (sum of squared errors), 77—78 
standard deviation 
of density functions, 536-537, 539 
explanation of, 536 
standard position, 560, 562 
steepness, 68-69 
streams 
biological, 495-497 
income, 488-495 
Sum Property of Integrals, 454 
Sum Rule 
for antiderivatives, 439-441 
for derivatives, 274, 275, 277 
for limits, 53 
use of, 586-588 
supply curves, 508-509 
sure everts, 531 
surplus 
consumer, 505-507 
producer, 510-512 
survival functions, 496 
symmetric difference quotients, 211-213 


T 


tangent lines 
algebraic method for slope, 263-265 
approximating with, 224 
to contour curve, 670, 717 
explanation of, 203 
General Rule for, 207, 209 
horizontal, 330 
local linearity and, 203-205, 210 
numerical method for slope, 254-257 
piecewise continuous functions and, 

209-211 
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relationship between secant lines 
and, 206-207 
sketching, 207-209, 254 
slope of, 204, 240, 254-256, 263-266, 
670 
terminal edges, 691 
terminal side, 560, 562, 564, 691 
third differences, 143 
total costs, 13 
total social gain, 512-514 
trend, 401-403 
trigonometric functions. See also cosine 
functions; sine functions 
explanation of, 560 
inputs of, 564 
trigonometric models, 605-606 


U 

uniform density functions, 534-535, 541 
unit circle, 560, 562-565 

units of measure, 9 


V 


variable costs, 13 
variables 
controlled, 7 
dependent, 7, 366 
independent, 7, 366 
labeling, 81 
observed, 7 
random, 530-532 
velocity, 436, 444 
vertical axis, 8 
vertical axis intercept, 68, 69 
Vertical Line Test, 11 
vertical shifts, 154-156 


X 


x-coordinates, 563-565 


Y 


y-coordinates, 563-565 
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